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1. Introduction

The quadric representation of a submanifold has become a very useful tool in certain classi-
fication problems of Riemannian submanifolds (see [3], [4], [5], [9] and [16]). In [13], in order
to classify constant mean curvature surfaces into non-flat pseudo-Riemannian space forms, we
brought the quadric representation into the realm of indefinite space forms. Recently, in [12]
and [14], the quadric representation has been also defined for product of pseudo-Riemannian sub-
manifolds and has been used to solve some open questions related with a Chen’s conjecture on
biharmonicity (see for instance [8]). The purpose of this paper is to present the quadric represen-
tation in the most general setting and then look for a classification of submanifolds such that the
mean curvature vector field of its quadric representation is proper for the Laplacian.

The reason for dealing with this condition is twofold. On one hand, viewing the quadric
representation as an isometric immersion, we pointed out that is a natural assumption in terms of
finite type submanifolds. On the other hand, the equation∆̃H̃ = λH̃ has provided a source of
properties for indefinite submanifolds without counterparts for Riemannian submanifolds (see for
instance [2], [10], [11]). Furthermore, we know that̃∆H̃ = λH̃ allows to get 1-type and null
2-type submanifolds, as well as infinite-type submanifolds (see [7]). Here, in Part I, we provide
preliminary computations and examples which we need in Part II. Sinces Parts I and II represent
a whole, we also give in advance the main results of our work which are contained in Part II. Our
main theorem gives a complete characterization of hypersurfaces whose quadric representation
satisfies the equatioñ∆H̃ = λH̃ + µ(ϕ − ϕ0). As a consequence, in dealing with surfaces into
de Sitter and anti de Sitter worlds, we have got nice characterizations, among others, for minimal
B-scrolls and complex circles. A characterization of submanifolds whose quadric representation
satisfies∆̃H̃ = λH̃ is also given.

2. Basics

LetRm+2
s be the pseudo-Euclidean space of dimensionm+2 with metric〈, 〉 having a matrix,

with respect to the standard coordinate system, given byG = diag[ε1, . . . , εm+2], whereε1 =
· · · = εs = −1 andεs+1 = · · · = εm+2 = 1. Let us denote bySA(m + 2, s) the space of
selfadjoint operators onRm+2

s , that is,SA(m + 2, s) = {P ∈ gl(m + 2,R) : P tG = GP t}, P t

standing for the transpose ofP . LetSm+1
s (r) andHm+1

s−1 (−r), r > 0, be the central hyperquadrics
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of Rm+2
s defined by

Sm+1
s (r) = {x ∈ Rm+2

s : 〈x, x〉 = r2},
Hm+1

s−1 (−r) = {x ∈ Rm+2
s : 〈x, x〉 = −r2}.

These hypersurfaces are of constant curvature1/r2 and−1/r2, respectively. Without loss of

generality, assume thatr2 = 1. For short we will writeM
m+1(k), k = ±1, to indicateSm+1

s (1)
orHm+1

s−1 (−1), according tok = 1 or k = −1, respectively.

Let us consider the mapf : M
m+1(k) → SA(m + 2, s) defined byf(u) = uutG, whereu

is regarded as a 1-column matrix. It is easy to see thatf is an isometric immersion provided that
SA(m+2, s) is endowed, as usual, with the metricg̃(P, Q) = k

2 tr(PQ). Thenf is said to bethe

second standard immersionof M
m+1(k) into SA(m+2, s). This map has been deeply studied in

the Riemannian case (see for instance [5], [9] and [16]).
At any pointu ∈ M

m+1(k), the normal space ofM
m+1(k) in SA(m + 2, s), atf(u), is

T⊥f(u)M
m+1(k) = {P ∈ SA(m + 2, s) : (P − λI)u = 0, for someλ ∈ R},

I being the identity matrix. Thusf(u) ∈ T⊥f(u)M
m+1(k). The second fundamental form̃σ of f is

given by
σ̃(X, Y ) = (XY t + Y Xt)G− 2k〈X, Y 〉f(u),

for X, Y in TuM
m+1(k). It is well known thatM

m+1(k) is minimally immersed byf in a
pseudosphere or a pseudohyperbolic space ofSA(m + 2, s) centered at k

m+2I (see [13]).

Let x : Mn
ν → M

m+1(k) ⊂ Rm+2
s be an isometric immersion and consider the new isometric

immersionϕ = f◦x, that will be calledthe quadric representationof (Mn
ν , x). LetX(Mn

ν ) be the
C∞(M)-module of smooth vector fields onx.

Define a mapΦ : X(Mn
ν )× X(Mn

ν ) → C∞(Mn
ν ;SA(m + 2, s)) by

Φ(X,Y ) = (XY t + Y Xt)G,

whereC∞(Mn
ν ;SA(m + 2, s)) is the algebra of differentiable functions fromMn

ν into SA(m +
2, s).

Then it is not difficult to see thatΦ is symmetric,C∞(M)-bilinear and parallel, that is,
∇̃Z(Φ(X,Y )) = Φ(∇ZX,Y ) + Φ(X,∇ZY ), ∇̃ and∇ standing for the pseudo-Riemannian
connections onSA(m + 2, s) andRm+2

s , respectively. The endomorphismΦ(X, Y ) is character-
ized byΦ(X, Y )(Z) = 〈Y, Z〉X + 〈X, Z〉Y .

Notice that, in the Riemannian case, this formula has a simple geometric meaning: ifX and
Y is an orthonormal basis for a planeΠ, thenΦ(X, Y ) is zero onΠ⊥, and onΠ is a symmetry
sendingX to Y andY to X.

Let H and H̃ denote the mean curvature vector fields associated to
x : Mn

ν → M
m+1(k) ⊂ Rm+2

s andϕ, respectively. Then an easy computation shows that

H̃ = Φ(x,H) +
1
n

trΦ,

wheretr(Φ) =
∑n

i=1 εiΦ(Ei, Ei), {Ei}n
i=1 being a local orthonormal frame tangent toMn

ν and
εi = 〈Ei, Ei〉.
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GivenZ ∈ X(Mn
ν ), define a mapΨZ : X(Mn

ν ) × X(Mn
ν ) → C∞(Mn

ν ; SA(m + 2, s)) by
ΨZ(X, Y ) = Φ(X,∇Y Z).

In what follows∆ and∆̃ will denote the Laplacians associated to∇ and∇̃, respectively. Then
we have the following

Lemma 2.1 With the above notations we have

∆̃H̃ = −nΦ(H,H) + Φ(x,∆H) +
1
n

∆̃(trΦ)− 2 tr(ΨH).

Proof. Let p ∈ Mn
ν and consider a local orthonormal frame{Ei}n

i=1 such that∇EiEj(p) = 0,∇
being the pseudo-Riemannian connection onMn

ν . Then

∆̃H̃(p) = −
n∑

i=1

εi∇̃Ei∇̃EiH̃(p).

A straightforward computation yields

∇̃Ei∇̃EiH̃(p) = Φ(∇EiEi,H)(p) + Φ(x,∇Ei∇EiH)(p)

+ 2Φ(Ei,∇EiH)(p) +
1
n
∇̃Ei∇̃Ei(trΦ)(p),

and then the lemma follows.
Now we are going to give a complete description of∆̃(trΦ) by applying this endomorphism

on Z ∈ X(Mn
ν ) and ξ ∈ X⊥(Mn

ν ) ⊂ X(Mm+1(k)). Let p ∈ Mn
ν and {Ei}n

i=1 be a local
orthonormal frame tangent toMn

ν such that∇EiEj(p) = 0. Then

∆̃(trΦ)(p) = 2
n∑

i=1

εiΦ(∆Ei, Ei)(p)− 2
∑

i,j

εiεjΦ(∇EjEi,∇EjEi)(p),

and so

∆̃(trΦ)(Z)(p) = 2
n∑

i=1

εi{〈∆Ei, Z〉Ei + 〈Z, Ei〉∆Ei}(p)

− 4
∑

i,j

εiεj〈∇EjEi, Z〉(p)∇Ej(p)Ei.

By using the Gauss and Weingarten formulae we find that

∇Ej∇EjW (p) =
n∑

i=1

εi

{〈∇Ej∇EjW,Ei〉Ei + 2〈∇EjW,∇EjEi〉Ei

+ 2〈∇EjW,Ei〉∇EjEi + 2〈W,∇EjEi〉∇EjEi

+ 〈W,∇Ej∇EjEi〉Ei + 〈W,Ei〉∇Ej∇EjEi

}
(p),

and then

∆W (p) = (∆W )T (p)− 2
∑

i,j

εiεj〈∇EjW,∇EjEi〉Ei(p)

− 2
∑

i,j

εiεj〈∇EjW,Ei〉∇EjEi(p)− 2
∑

i,j

εiεj〈W,∇EjEi〉∇EjEi(p)

+
n∑

i=1

εi{〈W,∆Ei〉Ei + 〈W,Ei〉∆Ei}(p).
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At the pointp, this equation yields

∆̃(tr Φ)(Ek) = 4
∑

i,j

εiεj{〈∇EjEk,∇EjEi〉Ei + 〈∇EjEk, Ei〉∇EjEi}

+ 2(∆Ek)⊥

= 2(∆Ek)⊥ + 4
∑

i,j

εiεj〈σ(Ej , Ek), σ(Ej , Ei)〉Ei,

σ being the second fundamental form ofMn
ν in Rm+2

s . On the other hand, it is easy to see that

(∆Ek)⊥(p) = −n∇⊥Ek(p)H,

∇⊥ standing for the normal connection ofMn
ν inRm+2

s . Writeσ(Ej , Ek) =
∑m−n+2

r=1 δr〈SrEj , Ek〉ξr,
where{ξ1, . . . , ξm−n+2}, ξm−n+2 = x, is a local orthonormal frame of normal vectors toMn

ν in
Rm+2

s , δr = 〈ξr, ξr〉 andSr denotes the shape operator associated toξr. Then

∑

i,j

εiεj〈σ(Ej , Ek), σ(Ej , Ei)〉Ei(p) =

(
m−n+2∑

r=1

δrS
2
r

)
(Ek)(p)

=

(
m−n+1∑

r=1

δrS
2
r + kI

)
(Ek)(p).

Therefore

∆̃(tr Φ)(Ek)(p) = −2n∇⊥Ek(p)H + 4

(
m−n+1∑

r=1

δrS
2
r + kI

)
(Ek)(p),

so that

∆̃(trΦ)(Z) = −2n∇⊥ZH + 4

(
m−n+1∑

r=1

δrS
2
r + kI

)
(Z),

for all Z ∈ X(Mn
ν ).

Similar computations lead to
∆̃(trΦ)(x) = 4nH

and

∆̃(trΦ)(ξ) = −2n tr(ΨH)(ξ)− 4
m−n+1∑

r=1

δr tr(Sξ◦Sr)ξr + 4k tr(Sξ)x,

for anyξ ∈ X⊥(Mn
ν ) ⊂ X(Mm+1(k)). From equations (3)–(5) we have

∆̃H̃(Z) = 4

(
SH +

1
n

m−n+2∑

r=1

δrS
2
r

)
(Z)− 4∇⊥ZH + 〈∆H,Z〉x, (7)

∆̃H̃(ξ) = −4 tr(ΨH)(ξ)− 4
n

m−n+1∑

r=1

δr tr(Sξ◦Sr)ξr − 2n〈H, ξ〉H

+
(

2kn〈H, ξ〉+ 〈∆H, ξ〉+
4
n

k tr(Sξ)
)

x, (8)

∆̃H̃(x) = k(∆H)T + 2(n + 2)H + 2(〈∆H, x〉 − k(n + 2))x
+ k(∆H)⊥, (9)

4



Angel Ferrández, Pascual Lucas and Miguel Angel Meroño, Pseudo-spherical and pseudo-hyperbolic submanifolds via its quadric representation I

H being the mean curvature vector field ofMn
ν in M

m+1(k) and(∆H)⊥ the component of∆H

normal toMn
ν in M

m+1(k). Note that equations (7)–(9) completely characterize the endomor-
phism∆̃H̃.

It is also quite easy to see thatH̃(Z) = (2/n)Z, H̃(ξ) = 〈H, ξ〉x andH̃(x) = kH − x.
Finally we state the following useful result, just obtained in the Riemannian case in [9].

Lemma 2.2 Let {E1, . . . , Em+1} be a local pseudo-orthonormal frame tangent toM
m+1(k).

Then at every pointx ∈ M
m+1(k) we have

I = kf(x) +
m+1∑

i=1

εiEiE
t
iG.

3. A 2-type equation for hypersurfaces: Examples

Throughout this section we shall deal with hypersurfacesMm
ν in M

m+1(k). Let N be a unit

normal vector field toMm
ν in M

m+1(k), S the shape operator associated toN andα the mean

curvature function ofMm
ν in M

m+1(k) defined byα =
ε tr(S)

m
. The following formula for∆H

can be found in [6, Lemma 3],

∆H = 2S(∇α) + εmα∇α + (∆α + εα tr(S2) + kmα)N − km(k + εα2)x,

whereε = 〈N,N〉.
Assume now that the quadric representationϕ satisfies the equation

∆̃H̃ = λH̃ + µ(ϕ− ϕ0)

for some real constantsλ and µ, ϕ0 being a constant matrix. It is not difficult to see that a
hypersurface of finite type less than or equal to two satisfies (11). However, the converse does not
hold as we have pointed out in [1].

For convenience, we shall callA = −µϕ0 and then equation (11) will be written down as
A = ∆̃H̃ − λH̃ − µϕ. Then a straightforward computation from (7)–(10) yields the following
system of equations

A(Z) =
4ε

m
S2(Z) + 4αS(Z) +

2
m

(2k(m + 1)− λ)Z

−4Z(α)N + 〈∆H, Z〉x, (12)

A(N) = −4ε∆α− 2ε

(
2
m

tr(S2) + mα2

)
N

+ε(∇α + (ε tr(S2) + (3m + 4)k − λ)α)x, (13)

A(x) = k(∆H)T + k(∆α + α(ε tr(S2) + (3m + 4)k − λ))N
−(2εmα2 + 4k(m + 1)− 2λ + kµ)x. (14)
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If we suppose that the mean curvatureα is constant, then the above system reduces to

A(Z) =
4ε

m
S2(Z) + 4αS(Z) +

2
m

(2k(m + 1)− λ)Z, (15)

A(N) = −2ε

(
2
m

tr(S2) + mα2

)
N

+ (tr(S2) + (3m + 4)εk − ελ)αx, (16)

A(x) = k(ε tr(S2) + (3m + 4)k − λ)αN

−(2εmα2 + 4k(m + 1)− 2λ + kµ)x. (17)

Now we are going to give some examples where these equations can be checked out.

Example 3.1 Let Mm
ν be a minimal hypersurface ofM

m+1(k) such that the shape operator veri-
fiesS2 = aI, a ∈ R. Then one immediately checks thatMm

ν satisfies equations (15)–(17) with

λ = 2(m + 1)(k + εa), µ = 4εk(m + 2)a

and

ϕ0 =
k

m + 2
I.

Example 3.2 (Generalized totally umbilical hypersurface)Let M
m+1(k) be either the anti De

Sitter spaceHm+1
1 (−1) or the De Sitter spaceSm+1

1 (1). Letγ : I ⊂ R → M
m+1(k) ⊂ Rm+2

s be a

null curve with a local pseudo-orthonormal frame{A,B, Z1, . . . , Zm−2, C} tangent toM
m+1(k)

alongγ such that
〈A,A〉 = 〈B, B〉 = 0, 〈A,B〉 = −1,

and

γ̇(s) = A(s),
Ċ(s) = −κ(s)B(s),

for a certain functionκ(s) 6= 0. Then the mapx : I ×R×Rm−2 → M
m+1(k) ⊂ Rm+2

s given by

x(s, u, z) = f(z)γ(s) + uB(s) +
m−2∑

j=1

zjZj(s), f(z) =
√

1− k|z|2,

parametrizes a minimal Lorentzian hypersurface which is called a generalized totally umbilical
hypersurface (it is called aB-scroll overγ whenm = 2). It is easy to show thatN(s, u) = C(s)
defines a unit normal vector field and the shape operatorS associated toN verifiesS2 = 0. The
example before says that this hypersurface satisfies that∆H̃ = 2k(m + 1)H̃.

Example 3.3 (Complex circle)Let x : R2 → H3
1(−1) be the map defined by

x(u, v) = (cos u cosh v, sinu cosh v, sinu sinh v,− cosu sinh v).

It is easy to see thatx parametrizes a minimal Lorentzian surface inH3
1(−1) that is called complex

circle (see [15]).
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A unit normal vector field is given by

N(u, v) = (sinu sinh v,− cosu sinh v,− cosu cosh v,− sinu cosh v),

and the shape operatorS associated toN has a matrix, relative to the usual basis

{
∂x

∂u
,
∂x

∂v

}
, of

form

S =
(

0 1
−1 0

)
.

So we haveS2 = −I and, again from Example 3.1, the complex circle satisfies

∆H̃ = −12H̃ + 16
(

ϕ +
1
4
I

)
.

Example 3.4 (Non flat totally umbilical hypersurfaces)A non flat totally umbilical hypersurface
is given by cuttingM

m+1(k) by a hyperplane inRm+2
s . Without loss of generality we can choice

the hyperplaneP with the latter coordinate being constant and given by
√

k − εr2, ε = ±1, r > 0.
ThenMm

ν can be described by the set{(y,
√

k − εr2) : 〈y, y〉 = εr2}, and therefore the quadric
representation has matrix of form

ϕ =




yyt
√

k − εr2y

√
k − εr2yt k − εr2


G.

Since

∆(yyt) =
2ε(m + 1)

r2
yyt + C,

∆y =
εm

r2
y,

C being a constant matrix, we deduce thatϕ is of 2-type and so equatioñ∆H̃ = λH̃ +µ(ϕ−ϕ0)
holds, for appropriateλ andµ.

Example 3.5 (Pseudo-Riemannian standard products)
Let Mp(ε1r1) × Nm−p(ε2r2) be a pseudo-Riemannian product withε1r

2
1 + ε2r

2
2 = k, where

Mp(ε1r1) andNm−p(ε2r2) are pseudo-spheres or pseudo-hyperbolic spaces according toεi = 1
or εi = −1, respectively. Letx andy be the standard immersions ofMp(ε1r1) andNm−p(ε2r2)
into the corresponding pseudo-Euclidean spacesRp+1

a andRm−p+1
b , respectively. Thenx × y is

an isometric immersion ofMp(ε1r1)×Nm−p(ε2r2) into M
m+1(k) whose quadric representation

ϕ = (x× y)(x× y)tG has matrix of form

ϕ =
(

xxtG1 xytG2

yxtG1 yytG2

)
,
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G1 andG2 standing for the metrics onRp+1
a andRm−p+1

b , respectively. A straightforward com-
putation yields

∆(xxtG1) =
2ε1(p + 1)

r2
1

xxtG1 − 2Ip+1,

∆(xytG2) =
(

ε1p

r2
1

+
ε2(m− p)

r2
2

)
xytG2,

∆(yxtG1) =
(

ε1p

r2
1

+
ε2(m− p)

r2
2

)
yxtG1,

∆(yytG2) =
2ε2(m− p + 1)

r2
2

yytG2 − 2Im−p+1.

Therefore∆̃H̃ = λH̃ + µ(ϕ − ϕ0) if and only if we only have two distinct eigenvalues. Hence
k = ε1 = ε2 and the radii are given by

(a) r2
1 =

p + 1
m + 2

andr2
2 =

m− p + 1
m + 2

,

(b) r2
1 =

p + 2
m + 2

andr2
2 =

m− p

m + 2
,

(c) r2
1 =

p

m + 2
andr2

2 =
m− p + 2

m + 2
.
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