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1. Introduction

This paper is a natural continuation @] [and both of them represent a whole. Here we
present our main results. Actually, we prove that a hypersufggen Mm+1(k) satisfiesA H =
AH + w(p — o) ifand only if M is either (i) minimal with shape operator having a double real
eigenvalue; or (ii) a nonflat totally umbilical hypersurface; or (iii) a pseudo-Riemannian standard
product with appropriate radii. As a consequence, in dealing with surfaces into de Sitter and anti
de Sitter worlds, we have got nice characterizations, among others, for mifirsatolls and
complex circles.

A characterization of submanifolds whose quadric representation safisfies \H, A\ being
a real constant, is also given. Besides other conditions on shape operators, we find that only two
values of\ are permitted in order to that equation holds.

Throughout this paper references such as (1.xx) allude to equation (xx) of Part I.

2. A 2-type equation for hypersurfaces: Mean curvature

All examples exhibited in Section 3 of Part | are of constant mean curvature, so one can ask
himself why we have not exhibited any other example without that property. The assumption of
having constant mean curvature is not as restrictive as one could think, as the following result
shows (compare with2] Lemma 2.1] and], Section 2]).

Proposition 2.1 Letz : M® — M (k) be an isometric immersion satisfyidgfl = A\ +

u(p — o), wherel and p are real constants ang, a constant matrix. Thef/’ has constant
mean curvature.

Proof. By using (1.14) we get
(A(z), z) = —2ekma?® — 4(m + 1) + 2kX — p,
whereA = —pupg. Taking covariant derivative relative to a tangent vector fighde obtain
2k(AH,Z) = —4ekma(Va, Z),

where we have used thdtis a selfadjoint operator. From (1.10) the above equation yields

S(Va) = —gemaVa.
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Let i/ be the open set af/” given byld = {p € M" : Va? # 0} and suppose that # (). We
first claim that(Va, Va) # 0 in U. Otherwise, from (1.12) and (1), we should have

A(Va) = (36ma2 + %(2]4:(771 +1)— A)) Va

where

and thereforex is constant, which is a contradiction. So we can defihe=

|Val = /| (Va, Va) |. Now, by using (1.12) and (1), we get

Va
IVall’

(A(X),X) =46 <3ema2 + %(Qk(m +1) — )\)) ,

0 being the causal character ©f. Taking covariant derivate in the above equation relative to
Va, we obtaina||Val||? = 0, which is again a contradiction.

3. Main theorem

The goal of this section is to prove the following classification result.
Theorem 3.1 Letz : M} — Mm+1(k) C R™*2 pe an isometric immersion and = foz its
quadric representation. ThehH = AH + pu(p — o), where), i € R andgg € SA(m + 2, s),
if and only if one of the following statements holds:

(1) M is minimal ind7" " (k) and S2 = aI, a € R;

(2) M} is a non flat totally umbilical hypersurface;

(3) M is an open piece of a pseudo-Riemannian standard pratitkr,) x N™ P (kry) with
radii

s  pt+1 9 m-—p+1

a = —— and = ),
(@ry m+22 T m4 2
)2 =22 angpz= "L

m+ 2 m+ 2 5

C = and =
©ri = Gpandr=—""

Proof. Taking covariant derivate in equation (1.17) with respect to a tangent vectotfiele get
A(Z) = —ka(etr(S?) + (3m 4+ )k — N)S(Z) — (2ema?® 4+ 4k(m + 1) — 2\ + ku) Z.
Then from (1.15) we have

4eS? + ma(ek tr(S?) +3m + 8 — k\)S
+(2em?a? + 2(m 4+ 1)(2k(m 4+ 1) — X) + kmp)I = 0. 2)

Notice that taking covariant derivative {a (), N') we find thatr(S2) is constant. Then we have
got a polynomial of degree two with constant coefficients which vanishe$, @o the minimal
polynomial ofS'is at most of degree two. ¥/} is totally umbilical, a straightforward computation
shows that it must be non flat. So we can assumelifjats not totally umbilical and the minimal
polynomial is of degree two.
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By taking covariant derivative in (1.16) we get
A(S(2)) =— (fj tr(S?%) + 25ma2> S(Z) — a(tr(S?) + (3m + 4)ek — e)) Z,

and from (1.15) we obtain

4683 4+ 4maS? + 2(2e tr(S?%) + em?a® 4 2k(m +1) — \)S
+ma(tr(S?) + (3m + 4)ek — eX)I = 0.

From the above equation and (2) we find

0 = ma(ektr(S?) +3m +4 — k))S?
— (4etr(S?) — 2m(2k(m + 1) — \) — kmu)S
— ma(tr(S%) + (3m + 4)ek — eX)I = 0. (3)

If the mean curvature: vanishes, then from (2) we deduce that
5% = —%s(Q(m + 1)(2k(m 4+ 1) — \) + kmpu)I.
Then M, is one of the hypersurfaces exhibited in Example 3.1 in Part I. Hence, we can assume
’ 7,éF?;)m the hypothesis that” is not totally umbilical, we have thak tr(S?)+3m+4—k\ # 0.
Then we use (2) and (3) to get
2em?a® + 2(m +1)(2k(m + 1) — \) + kmpu + 4k = 0,
so that (2) writes down as follows
4eS? + ma(ek tr(S?) + 3m + 8 — k\)S — 4kl = 0.
Now, by computing the trace we obtain
detr(S?) + em?a®(ek tr(S?) + 3m + 8 — kA) — 4km = 0,
and therefore equation (4) reduces to

km — etr(S?)
_|_ - 0 7
mao

s? S — ekl =0.
If S is diagonalizable, thef!]’ is a pseudo-Riemannian standard product. Otherwise, the tangent
space can be expressed as a direct sum of mutually orthogonal subspaces (hence non-degenerate)
andS-invariant, andS restricted to each subspace has a matrix of form either

a 0
1 a .
a —
I .. or II. <b a)
1 a
0 1 a
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In case |, we deduce that = 1 andek = —1, so the system of equations (1.15)—(1.17) writes
as

A(Z) = %E(m +2) <aS(Z) + Tiz) , (©)
A(N) = %E(m +2) (-2 N +az), ™
A(z) = %s(m +2) (—aN + ix) . (8)

By using (5) and (6) we find that

(m +2)?
m?

m+ 2)4

A% — 8 44160 —1=0,

which we apply to the vector fielt/ — %x, and use (7) and (8), to get a contradiction.

In case Il, we get? + b*> = 1 andek = —1, so that the system of equations (1.15)—(1.17)
reduces to
2
AZ) = Le(m+2)aS(2) — e <a2 - W) z, )
m m
A(N) = 2(—(m+4)a®+2)N + %6(m + 2)ax, (10)
2
A(z) = ——e(m+2)aN —4e <a2 - m+2;n+4) x (11)
m m

Now from (5) and (9), it is easy to show that the eigenvalued afe not real. However, (10) and
(11) implies thatA has at least a real eigenvalue. This finishes the proof.

If M is Riemanniani = 0) thensS is diagonalizable and s@[Theorem 3] andg, Theorem
3.1] can be deduced from our Theorem 3.1.

Corollary 3.2 Letx : M" — J\Z/mH(k) C R™*2 pe an isometric immersion of a Riemannian

hypersurface imZ"™ "' (k) andy = fox its quadric representation. TheRFl = A + (¢ — o)
if and only if one of the following statements holds:

(1) M} is a totally umbilical hypersurface,

(2) M is an open piece of a pseudo-Riemannian standard pro#itittkr, ) x N P(kry) with
radii

1 — 1
(a)rf:pi2andr§_m i;
p+2 2 p
b)r? = and L
Oy =" 2 t2
2 b 2 M—p
©)ry = 75 andry 12

Theorem 3.1 can be sharpened for surfaces as follows.

Corollary 3.3 Letx : M2 — S3(1) C R{ be an isometric immersion ang = fox its quadric
representation . TheA H = AH + (¢ — o) if and only if one of the following statements holds:
(1) M2 is an open piece of a minima&-scroll over a null curve;

4
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(2) M? is a non flat totally umbilical surface;
(3) M2 is an open piece of one of the following products:

S1(v2/2) x S1(v2/2), SL(V3/2) x S1(1/2), S}(1/2) x S'(V3/2).

Corollary 3.4 Letr : M2 — H3(—1) C R} be anisometric immersion angd= foz its quadric
representation. TheA H = \H + w(p — o) if and only if one of the following statements holds:
(1) M2 is an open piece of a minimat-scroll over a null curve;

(2) M2 is an open piece of the minimal complex circle;

(3) M2 is a non flat totally umbilical surface;

(4) M2 is an open piece of one of the following products:

H'(—v/2/2) x HY(—/2/2), H'(—/3/2) x H'(—1/2).

4. Submanifolds satisfyingA\H = \H

In this section we are going to characterize pseudo-Riemannian submanifolds satisfying the
equationAH = \H, where) is a real constant.

We know thatA H = AH ifand only if AH (Z) = NH(Z), AH(&) = AXH(§) andAH (z) =
M\H (z), which is equivalent, by (1.7)—(1.9), to the following system of equations

m—n+1
2(nSu+ Y 6:57) = (A—2k(n+ 1), (12)
r=1
ViH =0, (13)
m—n+1
2 > 6 tr(SeeS)Er +nP(H,EH =0, (14)
r=1
(AH,z) = —(\ — k(n+2)). (16)

We first observe that equation (14) can be rewritten, by usingthét) = n(H,¢), as
2 tI’(S&oSn) + tI‘(S&) tI‘(Sn) = 0. (17)

By taking traces in (12) and using (17) we deduce that

m—n—+1
(A=2k(n+1)n = 2m*(H,H)— Y 6tr(S,)*
r=1
= n?(H, H). (18)

Bearing in mind (13) and (17), the equation®ff given in [4] writes as follows

m—n+1
AH = > 6:tx(SgoeSp)& + ktr(SgoSy)a
r=1
= (kn - ”;<H, H>) H — kn(k+ (H,H))x. (19)
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On the other hand, from (13), (15) and (16) we have

m—n—+1
AH = > 6(AH, &) +k(AH, x)x
r=1
= (A=2k(n+2)H — k(A —k(n +2))z. (20)

Therefore, from (19) and (20), we find
A = 2k(n+1)+n(H H), (21)

AH = <3lm + 4k — f(H, H>> H. (22)

If M is minimal then\ = 2k(n + 1) and equations (12)—(16) reduceXy’," " 6,52 = 0 and
tr(SeoS,) = 0for &, n € X+(M). Otherwise, from (21) and (22) we get= 2k(n+2) and then
(12) writes asuSy + 3.7 ""1 5,52 = kI. Observe thatr(S¢oS,) = 0 is equivalent taS = 0,
S Xt (M) — X (M) being the Simons operator (s&&)[ Now let 7" be the operator defined
by T'(€,1) = SeoS,, where, n € X+(M*). So we have proved the following result.

Theorem 4.1 Letx : M) — Mmﬂ(k)Nc}R;"” be an isometric immersion. The mean curva-

ture vector fieldH satisfies the equatioAH = AH, A € R, if and only if one of the following
statements holds:

MWA=2k(n+1),H=0,tr(T) =0andS = 0;

()X =2k(n+2),V*H =0, tr(T) = kI —nSy andS = —(n?/2)HH", H® being the 1-form
metrically equivalent td.
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