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Abstract

In this paper we introduce a reference along a null curve in ann-dimensional Lorentzian space
with the minimun number of curvatures. That reference generalizes the reference of Bonnor
for null curves in Minkowski space-time and it is called the Cartan frame of the curve. The as-
sociated curvature functions are called the Cartan curvatures of the curve. We characterize the
null helices (that is, null curves with constant Cartan curvatures) inn-dimensional Lorentzian
space forms and we obtain a complete classification of them in low dimensions.

2000 Mathematics Subject Classification: 53C50, 53Z05, 53A35.

1. Introduction

The general theory of curves in a Riemannian manifoldM have been developed a long time
ago and now we have a deep knowledge of its local geometry as well as its global geometry.
WhenM is a proper semi-Riemannian manifold (that is, the indexν of the metric ofM satisfies
1 6 ν 6 dim(M)−1) there exist three families of curves (spacelike, timelike, and null or lightlike
curves) depending on their causal characters. It is well-known[1] that the study of timelike curves
has many analogies and similarities with that of spacelike curves. However, the fact that the
induced metric on a null curve is degenerate leads to a much more complicated study and also
different from the non-degenerate case, even sometimes the geometry of a lightlike hypersurface
in a semi-Euclidean space can be investigated by using the geometry of the hypersurface as a
Riemannian hypersurface in a Euclidean space[2].

In the geometry of null curves difficulties arise because the arc length vanishes, so that it is not
possible to normalize the tangent vector in the usual way. A method of proceeding is to introduce a
new parameter called the pseudo-arc (already used by Vessiot[3]) which normalizes the derivative
of the tangent vector. This was the point of view followed by W.B. Bonnor[4] which defined two
curvaturesK2 andK3 in terms of the pseudo-arc and a third curvatureK1 which takes only two
values, 0 and 1, according as the null curve is a straight line or otherwise without any points of
inflexion (see also the work by M. Castagnino[5]). J.L. Synge[6] follows a different procedure by
supposing that in addition to the equation of the null curveγ(w), a null vectorp parallel toγ′(w)
is also given. Then there exists a unique parameteru such thatp = γ′(u), and this new parameter
allows us to study the geometry of the curve. From a physical point of view, this corresponds to
specify both the world-line and the momentum of a photon.

The importance of the study of null curves and its presence in the physic theories is clear
from the fact that the classical relativistic string is a surface or world-sheet in Minkowski space
which satisfies the Lorentzian analogue of the minimal surface equations[7]. The string equations
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simplify to the wave equation, plus a couple of extra simple equations, and by solving the 2-
dimensional wave equation it turns out that strings are equivalent to pairs of null curves, or a single
null curve in the case of an open string (see also [8, 9, 10, 11, 12]). Recently, A. Nersessian and E.
Ramos[13] show that there exists a geometrical particle model based enterely on the geometry of
the null curves in Minkowskian 4-dimensional spacetime which under quantization yields the wave
equations corresponding to massive spinning particles of arbitrary spin. The same authors[14]
consider the simplest geometrical particle model associated with null curves in 3-dimensional
Lorentz-Minkowski space and show that under quantization the action, which is proportional to
the pseudo-arc length, yields the(2 + 1)-dimensional anyonic field equation supplemented with a
Majorana-like relation on mass and spin, i.e. mass× spin = α2, with α the coupling constant in
front of the action.

Motivated by the growing importance of null curves in mathematical physics, A. Bejancu[15]
initiated an ambitious program for the general study of the differential geometry of null curves in
Lorentzian manifolds and, more generally, in semi-Riemannian manifolds. From a complementary
vector subbundle to the tangent bundle of a null curve, he obtains the Frenet equations (with respect
to a general Frenet frame) and proves certain theorems of existence and uniqueness for null curves
in Lorentzian manifolds (see also his book[16]).

In this paper we generalize the results of Bonnor in a double sense. First, for a null curve in
ann-dimensional Lorentzian space form we introduce a Frenet frame with the minimun number
of curvature functions (which we call the Cartan frame), and then we study the null helices in
those spaces, that is, null curves with every constant curvatures. Secondly, we find a complete
classification of these curves in the Lorentzian space forms of low dimensions: the 5-dimensional
Lorentz-Minkowski spaceR5

1, the 4-dimensional De Sitter space-timeS4
1 and the 4-dimensional

anti-De Sitter space-timeH4
1. The main theorems of this paper (Theorems 4.8, 5.4 and 6.12) state

that inR5
1 there are 3 different families of helices, inS4

1 there is only one type of helices and,
surprisingly, inH4

1 we can find up to nine distinct types of helices. The importance of helices and
generalized helices in physical theories is also well known, as one can see, for example, in the
previous work of the authors[17] and references therein.

2. Preliminaries

Let (M̄, g) be a proper(m + 2)-dimensional semi-Riemannian manifold of indexq and let us
considerC a smooth curve inM̄ locally parametrized byγ : I ⊂ R→ M̄ . The curveC is said to
benull or lightlike if the tangent vectorγ′(t) to C at any point is a null vector.

The following concepts are taken from [16]. LetTC denote the tangent bundle ofC and
define, as in the non-generate case, the bundleTC⊥ by

TC⊥ =
⋃

p∈C

TpC
⊥; TpC

⊥ = {ξp ∈ TpM : g(ξp, Vp) = 0} ,

whereVp is a null vector tangent toC atp. It is well known thatTC⊥ is of rankm + 1. SinceVp

is a null vector, it easily follows thatTC is a vector subbundle ofTC⊥ of rank 1. Then we may
consider a complementary vector subbundleS(TC⊥) to TC in TC⊥ such that

TC⊥ = TC⊥S(TC⊥),
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where⊥ means orthogonal direct sum. It is known that the subbundleS(TC⊥), called thescreen
vector bundleof C, is non-degenerate and of dimensionm. Note that, in contrast with the non-
degenerate case, the tangent bundle is contained in the normal bundle, and the screen bundle is not
unique. These two properties leads to a much more difficult and also different geometry of null
curves with respect to non-degenerate (spacelike or timelike) curves.

SinceS(TC⊥) is non-degenerate, we have the decomposition

TM̄ |C = S(TC⊥)⊥S(TC⊥)⊥,

whereS(TC⊥)⊥ is the complementary orthogonal vector bundle toS(TC⊥) in TM̄ |C . The
following result is well-known[15].

Theorem 2.1 LetC be a null curve of a semi-Riemannian manifold(M̄, g) and considerS(TC⊥)
a screen vector bundle ofC. Then there exists a unique vector bundleE overC, of rank 1, such
that on each coordinate neighbourhoodU ⊂ C there is a unique sectionN ∈ Γ(E|C) satisfying

〈
γ′(t), N

〉
= 1

and
〈N, N〉 = 〈N,X〉 = 0, for all X ∈ Γ(S(TC⊥)|U ).

The above vector bundleE will be denoted byntr(C) and it is called thenull transversal bundle
of C with respect toS(TC⊥). The vector fieldN is called thenull transversal vector fieldof C
with respect toγ′(t). We define the transversal vector bundle ofC, tr(C), as the vector bundle

tr(C) = ntr(C)⊥S(TC⊥),

and then we have

TM̄ |C = TC ⊕ tr(C) = (TC ⊕ntr(C))⊥S(TC⊥),

from which the following result easily follows[16].

Proposition 2.2 Let C be a null curve of a semi-Riemannian manifold(M̄, g) of indexq. Then
any screen vector bundle ofC is semi-Riemannian of indexq − 1. Hence, ifM is a Lorentzian
manifold, then any screen vector bundle is Riemannian.

LetMn
1 be an orientable Lorentzian manifold and considerC a null curve locally parametrized

by γ : I ⊂ R→ Mn
1 . Assume that

{
γ′, γ′′, . . . , γ(n)

}
is a linearly independent family and define

Ei = span
{
γ′, γ′′, . . . , γ(i)

}
, i = 1, . . . , n. We denote byE⊥

i the complementary vector bundle
to Ei in Ei+1, that is,Ei+1 = Ei ⊥ E⊥

i . Now we are going to construct a Frenet frame onM̄
alongC.

To do that, letL ∈ E1, so thatγ′ = k̄1L, for a certain function̄k1. SinceE2 = E1⊕ span{γ′′},
we have

dimE⊥
1 = dimE2 − dimE1 + dim(Rad(E2)∩E1) = 1 + d21,

where we writedij = dim(Rad(Ei)∩Ej). It is easy to see thatd21 = 1 and thenE⊥
1 = E2,

so that we can choose a unit spacelike vectorW1 satisfyingE2 = span{L,W1}. Now, since
E3 = E2⊕ span{γ(3)} we obtain thatd32 = 0 and thenE⊥

2 = E1. SinceE3 is a Lorentzian
subspace ofEn, then there exists only one null vectorN such that〈L, N〉 = 1, 〈W1, N〉 = 0 and
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E3 = span{L,N,W1}. In general, fori = 2, . . . , n − 3, we can find orthonormal spacelike vec-
tors{W1, . . . , Wi} such thatEi+2 = span{L,N, W1, . . . ,Wi} and the basis{γ′, γ′′, . . . , γ(i+2)}
and {L,N,W1, . . . , Wi} have the same orientation. Finally, the vectorWm, m = n − 2, is
chosen in order that the basis{L, N, W1, . . . , Wm} is positively oriented. The vector bundle
span{W1, . . . ,Wm} is a screen vector bundle ofC. An easy computation shows that there exist
functions{k̄1, . . . , k̄m+3} such that the following equations hold (compare with [15])

γ′ = k̄1L,

L′ = k̄2L + k̄3W1,

N ′ = −k̄2N + k̄4W1 + k̄5W2,

W ′
1 = −k̄4L− k̄3N,

W ′
2 = −k̄5L + k̄6W3,

...

W ′
i = −k̄i+3Wi−1 + k̄i+4Wi+1,

...

W ′
m−1 = −k̄m+2Wm−2 + k̄m+3Wm,

W ′
m = −k̄m+3Wm−1.

(3)

The setF = {L,N, W1, . . . , Wm} satisfying the above equations is called theFrenet frameon
M̄ alongC with respect to the screen vector bundle span{Wi}. The functions

{
k̄1, . . . , k̄m+3

}
are called thecurvature functionsof C with respect toF . Those equations are called theFrenet
equationsof C with respect toF .

3. The Cartan frame of a null curve

The goal of this section is to find a Frenet frame with the minimal number of curvatures and
such that they are invariant under Lorentzian transformations. Without loss of generality we may
assume thatγ is parametrized by the pseudo-arc parameter, that is,〈γ′′, γ′′〉 = 1. Now choose
L = γ′ andW1 = γ′′, so that̄k1 = 1, k̄2 = 0 andk̄3 = 1.

It is not difficult to show that the null transversal bundle is generated by the section

N = −γ(3) − 1
2

〈
γ(3), γ(3)

〉
γ′,

and then the forth curvature is given by

k̄4 =
〈
N ′,W1

〉
=

1
2

〈
γ(3), γ(3)

〉
.

From the equation

k̄5W2 = N ′ − k̄4W1 = −γ(4) −
〈
γ(4), γ(3)

〉
γ′ −

〈
γ(3), γ(3)

〉
γ′′,

we easily deduce

k̄5 = ±
√〈

γ(4), γ(4)
〉− 〈

γ(3), γ(3)
〉2

,

W2 = ∓ 1
k̄5

(
γ(4) +

〈
γ(3), γ(3)

〉
γ′′ +

〈
γ(4), γ(3)

〉
γ′

)
.
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A direct computation shows thatW ′
1 = −k̄4L − k̄3N . After rename the curvature functions

(k1 = k̄4, k2 = k̄5 andk3 = k̄6), the first four Frenet equations write down as follows:

L′ = W1,

N ′ = k1W1 + k2W2,

W ′
1 = −k1L−N,

W ′
2 = −k2L + k3W3.

If the dimension is greater than 5, then by a similar reasoning we have the following Frenet equa-
tions

W ′
i = −kiWi−1 + ki+1Wi+1, i ∈ {3, . . . , m− 1} ,

W ′
m = −kmWm−1, m = n− 2.

Then we have shown the following theorem.

Theorem 3.1 Let γ : I −→ Mn
1 , n = m + 2, be a null curve parametrized by the pseudo-arc

such that
{
γ′(t), γ′′(t), . . . , γ(n)(t)

}
is a basis ofTγ(t)M

n
1 for all t. Then there exists only one

Frenet frame satisfying the equations

L′ = W1,

N ′ = k1W1 + k2W2,

W ′
1 = −k1L−N,

W ′
2 = −k2L + k3W3,

W ′
i = −kiWi−1 + ki+1Wi+1 i ∈ {3, . . . ,m− 1} ,

W ′
m = −kmWm−1,

(3)

and verifying

i) For 2 6 i 6 m − 1,
{
γ′, γ′′, . . . , γ(i+2)

}
and{L,N,W1, . . . , Wi} have the same orienta-

tion.

ii) {L,N, W1, . . . , Wm} is positively oriented.

Definition 3.2 A null curve inMn
1 satisfying the conditions of the above theorem is called aCartan

curve. The above Frenet frame and curvatures{k1, k2, . . . , km} are called theCartan reference
and theCartan curvatures, respectively, of the curveγ.

LetA andB denote the references
{
γ′, γ′′, . . . , γ(n)

}
and{L,N, W1,W2, . . . , Wm}, respec-

tively, and writeA andB for the matrices of the metric with respect toA andB, respectively. Let
Di denote thei-th order main determinant of the matrixA, that is,

Di =

∣∣∣∣∣∣∣∣∣

〈γ′, γ′〉 〈γ′, γ′′〉 · · · 〈
γ′, γ(i)

〉
〈γ′′, γ′〉 〈γ′′, γ′′〉 · · · 〈

γ′′, γ(i)
〉

...
...

...
...〈

γ(i), γ′
〉 〈

γ(i), γ′′
〉 · · · 〈

γ(i), γ(i)
〉

∣∣∣∣∣∣∣∣∣
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Proposition 3.3 Letγ : I −→ Mn
1 be a Cartan curve. Then the Cartan curvatures{k1, k2, k3, . . . , km}

are given by

k1 =
1
2

〈
γ(3), γ(3)

〉
, k2

2 = −D4, k2
i =

DiDi+2

D2
i+1

.

Moreover,k2 < 0, ki > 0 for all i ∈ {3, . . . , m − 1}, andkm > 0 or km < 0 according toA is
positively or negatively oriented, respectively.

Proof. The formula fork1 (old k̄4) was computed in (1). After a straightforward computation, it
is not difficult to see that




γ′

γ′′

γ(3)

γ(4)

γ(5)

γ(6)

...
γ(n)




=




1 0 0 0 0 0 . . . 0
0 0 1 0 0 0 . . . 0
−k1 −1 0 0 0 0 . . . 0
−k′1 0 −2k1 −k2 0 0 . . . 0
∗ ∗ ∗ ∗ −k2k3 0 . . . 0
∗ ∗ ∗ ∗ ∗ −k2k3k4 . . . 0
...

...
...

...
...

...
.. .

...
∗ ∗ ∗ ∗ ∗ ∗ . . . −k2k3 . . . km







L
N
W1

W2

W3

W4

...
Wm




.

If we denote byP the above matrix, then fromA = P tBP , P t standing for the transpose matrix,
we get

detA = (detP )2 detB = −k2
mk4

m−1 . . . k2m−2
2 .

On the other hand, a direct computation leads to

D3 = −1,

D4 = −k2
2,

D5 = −k2
3k

4
2,

D6 = −k2
4k

4
3k

6
2,

...

Di = −k2
i−2k

4
i−3 . . . k

2(i−3)
2 ,

...

Dm+2 = −k2
mk4

m−1 . . . k
2(m−1)
2 .

Now the result is clear by using Theorem 3.1.¤

Corollary 3.4 The Cartan curvatures of a curveC in Mn
1 are invariant under Lorentzian trans-

formations.

Definition 3.5 A curve is said to be ahelix if it has constant Cartan curvatures.

A long and messy computation shows that ifγ is a helix then it satisfies the following differ-
ential equation

γ(n+1) = a1γ
′ + a2γ

(3) + · · ·+ asγ
(n−1), if n is even,n = 2s,
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and
γ(n+1) = a1γ

′′ + a2γ
(4) + · · ·+ asγ

(n−1), if n is odd,n = 2s + 1,

where the coefficients are given by

ai = k2
2

∑

46j1<···<js−i−16n−2
jr−jr−1>2 ∀r

k2
j1 · · · k2

js−i−1
− 2k1

∑

36j1<···<js−i6n−2
jr−jr−1>2 ∀r

k2
j1 · · · k2

js−i

−
∑

36j1<···<js−i+16n−2
jr−jr−1>2 ∀r

k2
j1 · · · k2

js−i+1
, i = 1, . . . , s− 2,

as−1 = k2
2 − 2k1

n−2∑

j=3

k2
j −

∑

36j1<j26n−2
j2−j1>2

k2
j1k

2
j2 ,

as = −2k1 −
n−2∑

j=3

k2
j .

Bonnor[4] study and classify helices inR4
1. In this paper we are going to extend his results to

R5
1, S4

1 andH4
1.

4. Null curves inRn
1

Definition 4.1 A basisB = {L1, N1, . . . , Lr, Nr,W1, . . . , Wm} of Rn
q , with 2r 6 2q 6 n and

m = n− 2r, is said to bepseudo-orthonormalif it satisfies the following equations:

〈Li, Lj〉 = 〈Ni, Nj〉 = 0, 〈Li, Nj〉 = δij ,

〈Li,Wα〉 = 〈Ni,Wα〉 = 0, 〈Wα,Wβ〉 = εαδαβ,

where i, j ∈ {1, . . . , r}, α, β ∈ {1, . . . , m}, εα = −1 if 1 6 α 6 q − r and εα = 1 if
q − r + 1 6 α 6 m.

Lemma 4.2 Let B = {L1, N1, . . . , Lr, Nr,W1, . . . ,Wm} be a basis ofRn
q , with 2r 6 2q 6 n

andm = n− 2r. ConsiderB′ = {V1, . . . , Vq, Vq+1, . . . , Vn} where

Vi =





1√
2

(Li −Ni) i = 1, . . . , r

Wi−r i = r + 1, . . . , q
1√
2

(Li−q + Ni−q) i = q + 1, . . . , q + r

Wi−2r i = q + r + 1, . . . , n

The following conditions are equivalent:

(i) B is a pseudo-orthonormal basis.

(ii) B′ is an orthonormal basis.
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(iii) B′ satisfies

−
q∑

α=1

VαiVαj +
n∑

β=q+1

VβiVβj = ηij .

(iv) B satisfies

r∑

α=1

(LαiNαj + LαjNαi)−
q−r∑

β=1

WβiWβj +
m∑

θ=q−r+1

WθiWθj = ηij .

HereVρk, Lρk, Nρk andWρk stand for the components of vectorsVρ, Lρ, Nρ andWρ, respectively,
and(ηij) denotes the matrix of the canonical metric in the standard coordinates.

Proof. (i) ⇔ (ii) It is obvious.
(ii) ⇔ (iii) Consider the matricesV = (Vij), B = (bij) andC = (cij) in Mn×n(R) given by

bij = 〈Vi, Vj〉 ,

cij = −
q∑

α=1

VαiVαj +
n∑

β=q+1

VβiVβj .

Put

V =

(
A1 A2

A3 A4

)
, B =

(
B1 B2

B3 B4

)
and C =

(
C1 C2

C3 C4

)
,

whereA1, B1 andC1 are matrices inMq×q(R). Consider the complex matrix

A =

(
A1 iA2

−iA3 A4

)
∈Mn×n(C).

Then a straightforward computation shows that

AAT =

(
−B1 iB2

iB3 B4

)
and AT A =

(
−C1 −iC2

−iC3 C4

)
.

ThenB′ is orthonormal if and only ifC1 = −I, C4 = I andC2 = C3 = 0, and that concludes the
proof.
(iii) ⇔ (iv) From (1) we have

Lα =
1√
2

(Vα+q + Vα) and Nα =
1√
2

(Vα+q − Vα) , α ∈ {1, . . . , r} ,

and then

LαiNαj + NαiLαj = −VαiVαj + V(α+q)iV(α+q)j , α ∈ {1, . . . , r} , i, j ∈ {1, . . . , n} ,

which finishes the proof.¤
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Theorem 4.3 Letk1, k2, . . . , km : [−ε, ε] −→ R be differentiable functions withk2 < 0 andki >
0 for i ∈ {3, . . . , m− 1}. Letp be a point inRn

1 , n = m+2, and consider
{
L0, N0, W 0

1 , . . . , W 0
m

}
a positively oriented pseudo-orthonormal basis ofRn

1 . Then there exists a unique Cartan curveγ
in Rn

1 , with γ(0) = p, whose Cartan reference{L,N,W1, . . . ,Wm} satisfies

L(0) = L0, N(0) = N0,Wi(0) = W 0
i , i ∈ {1, . . . , m} .

Proof. According to the general theory of differential equations, there exists a unique solution
{L,N, W1, . . . ,Wm} of (2), defined on an interval[−ε, ε], and satisfying the initial conditions of
the theorem. A straightforward computation, bearing in mind (2), leads to

d

dt

(
LiNj + LjNi +

m∑

α=1

WαiWαj

)
= 0, i, j ∈ {1, . . . , n}.

Since{L(0), N(0),W1(0), . . . , Wm(0)} is a pseudo-orthonormal basis, then the above equation
jointly with Lemma 4.2 implies

Li(t)Nj(t) + Lj(t)Ni(t) +
m∑

α=1

Wαi(t)Wαj(t) = ηij , ∀t ∈ [−ε, ε].

Then by using again Lemma 4.2 we deduce that{L,N, W1, . . . , Wm} is a pseudo-orthonormal
basis for allt, and this concludes the proof.¤

The following result shows that the Cartan curvatures determine curves satisfying the nonde-
generacy conditions stated in Theorem 3.1.

Theorem 4.4 If two Cartan curvesC andC̄ in Rn
1 have Cartan curvatures{k1, . . . , km}, where

ki : [−ε, ε] −→ R are differentiable functions, then there exists a Lorentzian transformation of
Rn

1 which mapsC into C̄.

4.1. Null helices inR5
1

The goal of this section is to classify the family of null helices inR5
1. Before to do that, we

present some examples. From the general equation, we know that a null helix inR5
1 satisfies the

following differential equation

γ(6) + (2k1 + k2
3)γ

(4) − (k2
2 − 2k1k

2
3)γ

′′ = 0,

which will help us to find the examples.

Example 4.5 [Helices of Type 1] Letω, σ andh be three non-zero constants such that1
σ2 < h2 <

1
ω2 and letγω,σ,h : R→ R5

1 be the curve defined by

γω,σ,h(t) =

(
ht,

1
ω

√
h2σ2 − 1
σ2 − ω2

sinωt,
1
ω

√
h2σ2 − 1
σ2 − ω2

cosωt,
1
σ

√
1− h2ω2

σ2 − ω2
sinσt,

1
σ

√
1− h2ω2

σ2 − ω2
cosσt

)
.
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Then it is easy to see thatγω,σ,h is a helix with curvatures given by

k1 =
1
2

(
σ2 + ω2(1− σ2h2)

)
,

k2
2 = −ω2σ2

(
ω2h2 − 1

) (
σ2h2 − 1

)
,

k2
3 = ω2σ2h2.

Example 4.6 [Helices of Type 2] Letω, σ and h be three non-zero constants such that0 <
h2ω2 < 1 and letγω,σ,h : R→ R5

1 be the curve defined by

γω,σ,h(t) =

(
1
ω

√
1 + h2σ2

ω2 + σ2
sinhωt,

1
ω

√
1 + h2σ2

ω2 + σ2
coshωt,

1
σ

√
1− h2ω2

ω2 + σ2
sinσt,

1
σ

√
1− h2ω2

ω2 + σ2
cosσt, ht

)
.

Thenγω,σ,h is a helix with curvatures given by

k1 =
1
2

(
σ2 − ω2(1 + σ2h2)

)
,

k2
2 = −ω2σ2

(
ω2h2 − 1

) (
σ2h2 + 1

)
,

k2
3 = ω2σ2h2.

Example 4.7 [Helices of Type 3] Letσ andh be two non-zero constants such that0 < 2h2 < 1
and letγσ,h : R→ R5

1 be the curve defined by

γσ,h(t) =
(

3
2

(
1− 2h2

σ2h2

)
t +

1
6
h2t + t3,

h√
2
t2,

3
2

(
1− 2h2

σ2h2

)
t− 1

6
h2t + t3,

√
1− 2h2

σ2
sinσt,

√
1− 2h2

σ2
cosσt

)
.

Thenγσ,h is a helix with curvatures given by

k1 =
1
2
σ2

(
1− 2h2

)
,

k2
2 = 2σ4h2

(
1− 2h2

)
,

k2
3 = 2σ2h2.

Theorem 4.8 Let γ be a null curve fully immersed inR5
1. Thenγ is a helix if and only if it is

congruent to a helix either of type 1, or type 2 or type 3.

Proof. Letk1, k2 andk3 be the constant curvatures ofγ such thatk2 6= 0 6= k3. By the Congruence
Theorem 4.4 it suffices to find a helix (of one of the above types) with these curvatures.

Case 1: Assume that(2k1 + k2
3) >

√
(2k1 − k2

3)2 + 4k2
2. Take the helixγω,σ,h of type 1

determined by

ω2 =
1
2

(
2k1 + k2

3

)− 1
2

√
(2k1 − k2

3)2 + 4k2
2,

σ2 =
1
2

(
2k1 + k2

3

)
+

1
2

√
(2k1 − k2

3)2 + 4k2
2,

h2 =
k2

3

2k1k2
3 − k2

2

.

10
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A straightforward computation shows that
1
σ2

< h2 <
1
ω2

and that the curvatures ofγω,σ,h are

k1, k2 andk3.

Case 2: Suppose that(2k1 + k2
3) <

√
(2k1 − k2

3)2 + 4k2
2. Take the helixγω,σ,h of type 2

determined by

ω2 = −1
2

(
2k1 + k2

3

)
+

1
2

√
(2k1 − k2

3)2 + 4k2
2,

σ2 =
1
2

(
2k1 + k2

3

)
+

1
2

√
(2k1 − k2

3)2 + 4k2
2,

h2 =
k2

3

2k1k2
3 − k2

2

.

As before we have that the curvatures ofγω,σ,h arek1, k2 andk3.

Case 3: Finally, if (2k1+k2
3) =

√
(2k1 − k2

3)2 + 4k2
2, then we can take the helixγσ,h determined

by

σ2 =
k2

2 + k4
3

k2
3

and h2 =
k4

3

2
(
k2

2 + k4
3

) .

It is easy to see thath2 < 1/2 and the curvatures ofγσ,h arek1, k2 andk3. That concludes the
proof. ¤

5. Null curves in Sn
1

Let γ : I −→ Sn
1 ⊂ Rn+1

1 be a null curve and denote byDt the covariant derivative inSn
1

alongγ. Then for any vector fieldV alongγ we have

DtV = V ′ +
〈
V, γ′

〉
γ,

where〈, 〉 stands for the canonical metric inRn+1
1 . If {L,N,W1, . . . ,Wm} denotes the Cartan

reference, then equations (2) write down as follows:

γ′ = L,

L′ = W1,

N ′ = −γ + k1W1 + k2W2,

W ′
1 = −k1L−N,

W ′
2 = −k2L + k3W3,

W ′
i = −kiWi−1 + ki+1Wi+1, i ∈ {3, . . . , m− 1} ,

W ′
m = −kmWm−1.

(2)

Theorem 5.1 Let k1, k2, . . . , km : [−ε, ε] −→ R be differentiable functions withk2 < 0 and
ki > 0 for i ∈ {3, . . . , m− 1}. Letp be a point inSn

1 , n = m+2, and let
{
L0, N0,W 0

1 , . . . ,W 0
m

}
be a positively oriented pseudo-orthonormal basis ofTpSn

1 . Then there exists a unique Cartan
curveγ in Sn

1 , with γ(0) = p, whose Cartan reference{L,N,W1, . . . , Wm} satisfies

L(0) = L0, N(0) = N0,Wi(0) = W 0
i , i ∈ {1, . . . , m} .

11
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Proof. We proceed as in the proof of Theorem 4.3. Let{L,N, γ, W1, . . . ,Wm} be a solution
of (1) with initial conditions

{
L0, N0, p, W 0

1 , . . . ,W 0
m

}
. A straightforward computation yields

d

dt


Li(t)Nj(t) + Lj(t)Ni(t) + γi(t)γj(t) +

m∑

β=1

Wβi(t)Wβj(t)


 = 0.

Since
{
L0, N0, p, W 0

1 , . . . , W 0
m

}
is a pseudo-orthonormal basis, from Lemma 4.2, withq = r =

1, we obtain

Li(t)Nj(t) + Lj(t)Ni(t) + γi(t)γj(t) +
m∑

β=1

Wβi(t)Wβj(t) = ηij , ∀t ∈ [−ε, ε],

and then{L(t), N(t), γ(t),W1(t), . . . , Wm(t)} is a local pseudo-orthonormal frame. This con-
cludes the proof.¤

The following result is clear.

Theorem 5.2 If two Cartan curvesC and C̄ in Sn
1 have Cartan curvatures{k1, . . . , km}, where

ki : [−ε, ε] −→ R are differentiable functions, then there exists a Lorentzian transformation ofSn
1

which mapsC into C̄.

5.1. Null helices inS4
1

In this section we are going to classify the null helices in the 4-dimensional De Sitter space.
The Cartan frame of a null curveγ in S4

1 satisfies the following equations

γ′ = L,

L′ = W1,

N ′ = −γ + k1W1 + k2W2,

W ′
1 = −k1L−N,

W ′
2 = −k2L.

(4)

An easy computation shows that ifγ is a helix, then it satisfies the following differential equation

γ(5) + 2k1γ
(3) − (1 + k2

2)γ
′ = 0,

whose general solution is

γ(t) = A1 sinhωt + A2 coshωt + A3 sinσt + A4 cosσt + A5,

whereA1, A2, A3, A4 andA5 are constant vectors inR5
1.

Example 5.3 Let γω,σ : R→ S4
1 ⊂ R5

1 be the null curve defined by

γω,σ(t) =

√
1

ω2 + σ2

(
1
ω

sinhωt,
1
ω

coshωt,
1
σ

sinσt,
1
σ

cosσt,

√
ω4 − 1

ω2
+

σ4 − 1
σ2

)
,

whereω andσ are non-zero constants such thatω2σ2 > 1.
A direct computation shows thatγ is a null helix with curvatures

k1 =
1
2

(
σ2 − ω2

)
and k2

2 = ω2σ2 − 1.

12
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Theorem 5.4 Let γ be a null curve fully immersed inS4
1. Thenγ is a helix if and only if it is

congruent to one of the family described in Example 5.3.

Proof. Let γ be a null helix inS4
1 with curvaturesk1 andk2. Consider the constantsω andσ given

by

ω =

√
−k1 +

√
k2

1 + k2
2 + 1 and σ =

√
k1 +

√
k2

1 + k2
2 + 1.

Then from (5) we deduce thatγω,σ has curvaturesk1 andk2, so that we get the result by using the
congruence Theorem 5.2.¤

6. Null curves inHn
1

Let γ : I −→ Hn
1 ⊂ Rn+1

2 be a null curve and denote byDt the covariant derivative inHn
1

alongγ. Then for any vector fieldV alongγ we have

DtV = V ′ − 〈
V, γ′

〉
γ,

where〈, 〉 stands for the canonical metric inRn+1
2 . If {L,N,W1, . . . ,Wm} denotes the Cartan

reference, then we have the following equations

γ′ = L,

L′ = W1,

N ′ = γ + k1W1 + k2W2,

W ′
1 = −k1L−N,

W ′
2 = −k2L + k3W3,

W ′
i = −kiWi−1 + ki+1Wi+1, i ∈ {3, . . . , m− 1} ,

W ′
m = −kmWm−1.

(2)

Theorem 6.1 Let k1, k2, . . . , km : [−ε, ε] −→ R be differentiable functions withk2 < 0 and
ki > 0 for i ∈ {3, . . . , m− 1}. Letp be a point inHn

1 , n = m+2, and let
{
L0, N0,W 0

1 , . . . ,W 0
m

}
be a positively oriented pseudo-orthonormal basis ofTpHn

1 . Then there exists a unique Cartan
curveγ in Hn

1 , with γ(0) = p, whose Cartan reference{L,N, W1, . . . , Wm} satisfies

L(0) = L0, N(0) = N0,Wi(0) = W 0
i , i ∈ {1, . . . , m} .

Proof. We proceed as in the proof of Theorem 5.1. Let{L,N, γ, W1, . . . ,Wm} be a solution
of (1) with initial conditions

{
L0, N0, p, W 0

1 , . . . ,W 0
m

}
. A straightforward computation yields

d

dt


Li(t)Nj(t) + Lj(t)Ni(t)− γi(t)γj(t) +

m∑

β=1

Wβi(t)Wβj(t)


 = 0.

Since
{
L0, N0, p, W 0

1 , . . . , W 0
m

}
is a pseudo-orthonormal basis, from Lemma 4.2, withq = 2 and

r = 1, we obtain

Li(t)Nj(t) + Lj(t)Ni(t)− γi(t)γj(t) +
m∑

β=1

Wβi(t)Wβj(t) = ηij , ∀t ∈ [−ε, ε],

13
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and then{L(t), N(t), γ(t),W1(t), . . . , Wm(t)} is a local pseudo-orthonormal frame with〈γ, γ〉 =
−1. That concludes the proof.¤

The following result is clear.

Theorem 6.2 If two Cartan curvesC andC̄ in Hn
1 have Cartan curvatures{k1, . . . , km}, where

ki : [−ε, ε] −→ R are differentiable functions, then there exists a Lorentzian transformation of
Hn

1 which mapsC into C̄.

6.1. Null helices inH4
1

Let γ be a null curve inH4
1, then its Cartan frame satsifies the following equations

γ′ = L,

L′ = W1,

N ′ = γ + k1W1 + k2W2,

W ′
1 = −k1L−N,

W ′
2 = −k2L.

(4)

If γ is a helix, then it is easy to see that it verifies the following ordinary differential equation

γ(5) + 2k1γ
(3) + (1− k2

2)γ
′ = 0.

Before we state the main result of this section we present some examples of helices in the
4-dimensional anti De Sitter space.

Example 6.3 [Helices of Type A1] Let0 < ω2 < 1 and letγω be the curve inH4
1 defined by

γω(t) =
(

t

2ω
coshωt,

1
ω2

(
coshωt− 1

2
ωt sinhωt

)
,

1
ω2

(
sinhωt− 1

2
ωt coshωt

)
,

t

2ω
sinhωt,

√
1− ω4

ω2

)
.

Thenγω is a helix with curvatures

k1 = −ω2 and k2
2 = 1− ω4.

Example 6.4 [Helices of Type A2] Let0 < σ2 < 1 and letγσ be the curve inH4
1 defined by

γσ(t) =
(

1
σ2

(
sinσt− 1

2
σt cosσt

)
,

1
σ2

(
cosσt +

1
2
σt sinσt

)
,− t

2σ
cosσt,

t

2σ
sinσt,

√
1− σ4

σ2

)
.

Thenγσ is a helix with curvatures

k1 = σ2 and k2
2 = 1− σ4.

14
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Example 6.5 [Helices of Type A3] Letω2 = 1 and letγ be the null curve inH4
1 defined by

γ(t) =
(

1− t4

24
,
ω(t3 + t)

2
√

3
,
t4

24
,
ω(t3 − t)

2
√

3
,
t2

2

)
.

Thenγ is a helix with curvatures

k1 = 0 and k2
2 = 1.

γ will be called thenull quartic in H4
1.

Example 6.6 [Helices of Type B1] Let0 < ω2 < σ2 andω2σ2 < 1, and letγω,σ be the curve in
H4

1 defined by

γω,σ(t) =

√
1

σ2 − ω2

(
1
ω

sinωt,
1
ω

cosωt,
1
σ

sinσt,
1
σ

cosσt,

√
1 + ω4

ω2
− 1 + σ4

σ2

)
.

Thenγω,σ is a helix with curvatures

k1 =
1
2

(
ω2 + σ2

)
and k2

2 = 1− ω2σ2.

Example 6.7 [Helices of Type B2] Let0 < σ2 < ω2 andω2σ2 < 1, and letγω,σ be the curve in
H4

1 defined by

γω,σ(t) =

√
1

ω2 − σ2

(
1
ω

sinhωt,
1
σ

coshσt,
1
σ

sinhσt,
1
ω

coshωt,

√
1 + σ4

σ2
− 1 + ω4

ω2

)
.

Thenγω,σ is a helix with curvatures

k1 = −1
2

(
ω2 + σ2

)
and k2

2 = 1− ω2σ2.

Example 6.8 [Helices of Type B3] Letσ 6= 0 and letγσ be the curve inH4
1 defined by

γσ(t) =
(

2 + 2σ4 − σ2t2

2σ2
√

1 + σ4
,

t

σ
,

t2

2
√

1 + σ4
,

1
σ2

sinσt,
1
σ2

cosσt

)
.

Thenγσ is a helix with curvatures

k1 =
σ2

2
and k2

2 = 1.

Example 6.9 [Helices of Type B4] Letω 6= 0 and letγω be the curve inH4
1 defined by

γω(t) =
(

2 + 2ω4 + ω2t2

2ω2
√

1 + ω4
,

1
ω2

sinhωt,
1
ω2

coshωt,
t2

2
√

1 + ω4
,

t

ω

)
.

Thenγω is a helix with curvatures

k1 = −ω2

2
and k2

2 = 1.
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Example 6.10 [Helices of Type B5] Letωσ 6= 0 and letγω,σ be the curve inH4
1 defined by

γω,σ(t) =

√
1

ω2 + σ2

(√
1 + ω4

ω2
+

1 + σ4

σ2
,
1
ω

sinhωt,
1
ω

coshωt,
1
σ

sinσt,
1
σ

cosσt

)
.

Thenγω,σ is a helix with curvatures

k1 =
1
2

(
σ2 − ω2

)
and k2

2 = 1 + ω2σ2.

Example 6.11 [Helices of Type C] Letω2 + σ2 < 1 and letγω,σ be the curve inH4
1 defined by

γω,σ(t) =
1

2ωσ (ω2 + σ2)
(
2ωσ coshωt sinσt +

(
ω2 − σ2

)
sinhωt cosσt,

−2ωσ coshωt cosσt +
(
ω2 − σ2

)
sinhωt sinσt,

(
ω2 + σ2

)
sinhωt cosσt,

(
ω2 + σ2

)
sinhωt sinσt, 2ωσ

√
1− (ω2 + σ2)2

)
.

Thenγω,σ is a helix with curvatures

k1 = −ω2 + σ2 and k2
2 = 1− (

ω2 + σ2
)2

.

Theorem 6.12 Let γ be a null curve fully immersed inH4
1. Thenγ is a helix if and only if it is

congruent to one helix of the families described in Examples 6.3–6.11.

Proof. That result can be obtained following a similar reasoning as in the precedent cases. The
idea of the proof consists of finding, for any constantsk1 andk2 6= 0, a helix in one of the above
nine examples with curvaturesk1 andk2. The following table collects all the possibilities and
figure 8 represents a diagram of them.¤
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Case Type Parameters

k2
1 + k2

2 = 1, k1 < 0, 0 < k2
2 < 1 A1 ω2 = −k1

k2
1 + k2

2 = 1, k1 > 0, 0 < k2
2 < 1 A2 σ2 = k1

k1 = 0, k2
2 = 1 A3

k2
1 + k2

2 > 1, k1 > 0, 0 < k2
2 < 1 B1 ω2 = k1 −

√
k2

1 + k2
2 − 1,

σ2 = k1 +
√

k2
1 + k2

2 − 1

k2
1 + k2

2 > 1, k1 < 0, 0 < k2
2 < 1 B2 ω2 = −k1 +

√
k2

1 + k2
2 − 1,

σ2 = −k1 −
√

k2
1 + k2

2 − 1

k2
1 + k2

2 > 1, k1 > 0, k2
2 = 1 B3 σ2 = 2k1

k2
1 + k2

2 > 1, k1 < 0, k2
2 = 1 B4 ω2 = −2k1

k2
2 > 1 B5 ω2 = −k1 +

√
k2

1 + k2
2 − 1,

σ2 = k1 +
√

k2
1 + k2

2 − 1

k2
1 + k2

2 < 1 C ω2 =
1
2

(
−k1 +

√
1− k2

2

)
,

σ2 =
1
2

(
k1 +

√
1− k2

2

)
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