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NEARLY-KAEHLER . CURVATURE OPERATORS
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Tet: V bt a Hermitian compk\ vector &pace ofreal 'dlmension 25 and Jed: 7 \T[\(n) be? the space
- of .cunvature joperators on” V¥ verifying the s¢cond -condition: of-cirvature 3). 1t is showi that
the representation of : U(n) on NK(n) has four components and I\early I\aehler curvaturt}upe-
rators are de{crmmed bv means of comple\ Ln&omorphlsms 01" é‘V . A

. irt R LA BN S L
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O Introductmn.. In [9], ’VIK SmaeL and J; A. Thorpe | c-onmder
dbstract curvature opératers;/on: a? real ,metrlc: vector space.: V. of real -di-
mension  p, a8, symmetric endomorphxsm& B ANV, o A¥Y) and they
grie g n@,maj} decempomtlon of; thegbpaeet (n) of sueh operators.  In
part1cu1ar they obtai, a., ca;nomml form for the curvature tensor. of .a
4- dlmensmna,l Einstein space. U:mw these reqult,s .D” hxm ,n {4]_
conmderﬁ g hermltlan complex Veet@r Space (V, %, J ) of 1ea1 dunensmﬂ

Hd@h‘ e'of N(Zn) of ’dheglicpe 1]01 "Vatule opemtom or

ﬁ';.e:qr 3 ura ogcra Lb,”’rhat ;s,i tl]léo;sg Saﬁblﬁfymo 'K( n) = 11?67\(27@ )|

Thorp

10:;;1 cof K(n) similar to, the Smweb
'8 O;rLe If.V is the tanaent space ‘of 2 Kae ﬂerlan ‘manifolf ”“‘(_(.w,)
repre%n%s the space of the eurvature operdtors bamstym(r the' first ¢ tdi-
lon of eurvature, which are well known in the literature, for ple

S,ltammaryyg{ [10]‘15\{01‘ [6]; {Vanfh,eeke [11] ete. 'therefore, the a,bsti'act
treatmﬁnt of, the cur Vature operators takes, geomdnc meanmg Wh

Jgé‘: }, getting  a decompo'i

-each. gl)ﬁ&i nt, V. s ’Fhe tanaent spage. of a Riemanm&n d, ] dfh@;‘e
exmis&; ‘,uml genemhm 011 when a,t each pomt Vls.‘ he sp,zi,ce

“ot’n N eafly—Ka;el

}Le 1 gﬁamental ObJ ectlve of th;q paper is, go glve Y %1m11a12 decomu
sitiori to the J ohnson $ 0D ’f, glore general lass' of e curvature

i hose satlsfymg the; gec dhcon?dléglgn of curvature. Ulitig thi
composmmn, it is given alio a. theo”}eig to obf:a,m "N K- curVaﬁw_:e _op" a,tors
b; Jueans of complex symmetrle endo orphlsms of V. Thls‘ls an’mte-
restmg “ggnerallga% n, bec&use tﬁet"e  eXiy eIy ”'ble *&lm()bt ¢omplex
is a N earl);r Kaekler : ‘but. & non: ‘Kaeliler ;
] g_ﬁée 1:1* problemf : prov*e tha,t S""’ ha no’éé’m-

XL

Y plex” structire’”.

1. Algebraie prehmlnames. Let (M, <) he. e dlxﬂensmnal Bie-
mannian manifold and let M, derote the tangent space of M at any
po‘mt dn of M. For each w, y-eM; the Riemann, ‘eurvature. transformation
at w- i a linear opérator B M pimn M flch’ that 19 Bye= — R

W-’f"?

2) Gy = (B, 5955 3) ¢ Ry, B Wi KBy, 3y W A Ry, wd = 0.

Note that any antisymmetric operator 4 on 1 vector space V =
= M, can be identified with, an-element, of; A2V ). yia ‘the, igomorphism
AE(V) — Antisim(V) defined by ¢ Aw — Alw, where A,,wa’ = (T AWy =

257 KOEIW . {w, s £V ; 80, each element v A € AAV), can he, considered
L elther. bivector or, o perator Therefare, R can be! detmed a8 a lmem apph—
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There are other identifications also used in the literature, usually
differing only in sign, for example, Kobayashi-Namizu [5], Mori [6] ete.
We choose the sign so that Ry = (Byzw) = (B{e Ay), 2 N\w).

Wit respect to the induced metric on AXV), (4, 4,40 =
= (v Aw, & Ay, condition (2) of the definition of R is equivalent to say-
ing that R'is an element’ of the symmetric tensor prodict ATV ) A V).
This situation motivates the Iollowing '

DEFINTTION. An algebraic curvature {ensor on & real metric vector
space (V, <, =) of dimension # is a symmetric linear operator on AX(V),
that is, an element of the space A¥(V)o AX(V).

We shall denote by N(x) the set of all algebraic curvature tensors
on V, that also have o structure of real metric vector space with (R, 85 =
trace (R<8). Moreover, R e N(») is said Riemann if I satisfies the first
Bianchl identity. ' :

The Grassmann manifold 6(2, V) of the oriented vector subspaces
of V ¢an be identified with the space of the unitary decomposable bivec-
tors v Aw e AXV); if P is a plane of V'  and {v, w} an oriented ortho-
normal base of P, then P is identified with v Aw € AXV). The curvature
funetion associated to R, rp: G2, V) - R by ry(P) = {H(FP), P) is
defined. i

LV, (D, J)is a hermitian complex vector space of real dimension
2n, an element of N(2n), also represented by J, is defined by J(v A w)=
= Jv A Jw. Since V is isomorphic to €, by abuse of notation and when
it were convenient, we shall write AXC") instead of AXV). Also G(2, V)
will be denoted by G(2, €*) or G(2, 2n). An oriented plane P < G(2, 2n) i8
said holomorphic if JP = P. ¥ v e P is 4 unitary vector, then v AJv =
= £ P is a representation of P a8 an eclement of AXV). Moreover
{PeG(220)JP = P} ~ CP"! X Z, = G(2,2n)" that is, by (2, 2n)’
we shall denote the holomorphic planes of G{2, 2n). The holomorphic sec-
tional curvature of R is the function rrgp,,, -

 We shall frequently identify AXV) and o(2n). Also u(n) < o(2n) is
the subspace of all elements M € o(2n) = AXV), matrices or planes, such
that J M =M, that is, u{n) are the complex matrices of o(2n). If J : €* (",
we put J € u(n) such that JI = I. Then, if {v;vu}, ¢ =1, ...,0 I8 &

13
unitary basis of €, we have I = ¥, v; A b
=] )
qf P eG(2, 2n), choosing an orthonormal basis {v,; of €, P =
=v Aw = (Y a1, AN(Y bety). If o, w are orthonormal, {(F,JP) =
a

= (P, I} Then F isi.}'loiomorph_i{: if and only if (P, 1) = +1.

2. Nearly-Kaehler eurvature operators.

DEFINITION. E e N(2n) will be called Nearly-Kachler curvature
operator or NE-curvature operotor i it satisfies the second condition of
curvature, that 18, e = Boervee & Bresw + Bopyomr I Wil be
denoted by NK(n) the set of sueh curvature operators, which what the
restriction of the inner product is a metrie vectorial subspace of N(2n).
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1 Let 2% denote the (0 4) -bensor- P B d, Vellfymg the following

: propertles (see [8]) o s Vi TR R A B S
i . s ’

. - B § R L. iL 4R
] (&) ‘?,\Eri'zw = ;‘fywv = ?*'mzw =4 VT2 3 (b) }\xva - )\-'WJ *Jw - }JEJ”J 2w 3
] T AT : . IR N Y I Py LR S

(C’) ) }\:t,y"w = 9 )\R w”;fwb ¥ H (d) }"x?l’wf . }\faJZJ”Jw'\'
‘ 13;;; L ,’Ayz

i N A L% Y I
i B sl %-fif-‘"

REMARKS 1) I Re’\sK(n,,, S I L A [3] 2y o }R =1,
NK(n)=K(n), that is, N’I{(n) i8 exctetly the, set .of the Kdehler curvature

ﬂpel‘ators [47. L

- toie-3q; Decomposition of the space NKi(n).1We!define: ;the ,f»ollomn g map
- By e b NK(W’ i 1\(27”)?‘}35;{5 MRJWM i;;.‘tgf;l*?}w“i H.f ; 7

£ th “’f*s‘ﬁlu : AN -;:,w EENEA S ’%f-*’a A REE Y ';% (T ’?fﬁ?‘:"i':?:h oy

e d iy o ‘\*K‘(n)q’!? V., gwen by

TadE (s —+R,,uw}

o ?2‘“__
1 g ohow 1 ”fﬂ ‘ vﬁ?é’éifi’i’*? 1]
““?TT&Q‘Q (B2 28 ). ?‘TI&GG {u, = ) ; S I O T I
(iii) tr : NK(»n) —» R, by (. — Traee a(R) AR
B sienn ERr i ”é = iy, 13 ) P};‘: sy AL
| REMARK. I R< NK(n) and b{R) =0, then tr(R) iy ( ;
. ’"“, *I,’j' 13
e T RIS N R AT LW e
+ Klfij) . =,,h' . ,"";‘.“‘w t."i\ x‘_.‘ N A .

U(n) acts on 'NK(4) by A(R) A”ﬂRA for i ¢ U{ﬂﬂ Tt i “known,

[9], that b is equivariant under the natural actlon of Un). A d}:reet com-

putatiol’ sflow' that “df A ,sziﬁ)g“ Ao B or! afl A inff’y(ﬂj Analo-

gously for'tr. So, the mips §; 4 and ¥ are equlvaﬁ"la;nt ‘under’ thé action

¥ of Utm} and the subgpaces Ker by Ker - Ker tr, 50 as; its complementa-

| ries and mterseetlom, are mvarlant 1300 Then We define the tollowing
:subspmces of NK(n)

g =3A

iy

= (Ker » w) i {Ker byg. s

R T %Hgﬂ SEEENTRU SIS RRNITE B
1) (Kex a;,g QK W)w

b i

‘f ayiit
K TRFA '@V and Re NK(%‘)?i‘EHS detined
€ , & i 11 N
: S <Q(y AN w*) L A 2*) == H‘—‘;"“R‘;z,;,- P

THEOREM; The:space: NK(n) is decomposed in an orthogonal direct
sum NK(n) = 4 (—B B®C @D Moreover : s i

1). If ReAd, thpn TRIG[ZZ}]' = 0

17, ¥ RENK(?@) an TRlg .20 J= 0 thén” .R cd @ C’

2. ReBaC @ D if and only it 'R is Riemann.
St 3) Wi Red @ Bythen TRIGIimiT 18 8% constant: b
R ﬁI}f ?waG(z " is a_constant, then RewA @ B0 RS
o 4)' F e ifand iny if b(R) =0, and a,(P) = (] ;. Jf and {mly”f W Ry=
’~0mdﬁn~ﬂwﬁg, SRS e
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5. Re B@ ¢ if and only it B(R) =0 and al Ry = Z(id}; if and

only n‘ HR) =0 and R(J) = I) | E(I).
6) ReC@Dif and only if B(R) =0 and (BU), I> = I), DD.
The proof is a direct consequence of [4], [7] and of the following
LEMMA. 4 < Ker a < Ker tr.
PROOF. If B e A, take the fwﬂﬂij,r of holomol phic planes
P, = (cos te, + sin ¢ ej.) A {cos t & | s ¢ eii).
- From rR(P) = 0, we obtain R = —2Ry. + A%, and RM,H, =
— 2RUU + }\ﬁw '
. If vy 18 an eigenvector of a(R), afR)y, = E_,fvl, by -the: abeve eispressions,
——0 So, A < Ker a.

. An inversion theorem in NK(n). Let S be a real symmetric li-
near operamr on € such that 8J = J8. Then, J§ is antisymmetric and
one can consider itself as an element of AX C”) Next we shall work with
the set T = {§c € - €*JS§ = SJ}

DEFINTTION. For each SeT we define
(1) o5(ay,000) = ug(Sa, ANy + o NSy — Sdo A Jy — Ju ASTy,z Aw)

(i) (L x, ’]> =_ Z "U: €y Y, €)-
F=1 -
where #, ¥, 2z, we C® aund {e;} is a unitary basis of €~
o LENH\’{A 1). (e, Yy 2y W) =~ a(y, Tz, w) = oy yy wv z) =
= o (2, w0, 7, Y);

2). cx.(?:, 'y,w,w) ma(.ﬂv, Y, Iz, Jw) = ﬁaf(J%,Jj,N,’LU)
= oNJx, Jy, Jz, Jw), ,
8). (@, 4, 2 W) = oy Iy, 2, Jw) = (T, y, Tz, w);
4). . LFel. |
. The proof of this lemma, is a stmw-htforwald verification.
DEFINITION [6], [11] For M, NeT and v, w € €" we define

MN(@, w) = Mv /\Nw 1 Nv ANMw - J My /\JNw - JN@ /\JMw _
' o Mv, JwyIN + %K, Nwyd M. .

Note that the change of sign in the last two terms with 1espeet to
the above mentioned authms is coming from the deflmtlon adopted in
the present’ note for the endomorphism u Av.

THEOREM. Zet o: T — NK(n) be the map given b'y

1. (3w - D)
L Ly,(v, w) +
o( 1) (e, 10) = A 4 2) 7l ) = 16(n + 2) (n + 1) ri(® 90}
(n -+ 1)t

T (S Aw — JoA Jw 3+ 2] v, Jwd.J),
Sw{n — 1) S

where T = T — 3L and t = trace (T). Then cr(T) e B® D afnd
' (A{o{T — LTV, wy = (T — L% v, w)

The proof is a laborious computation from the definitions and the
above results.

REMARKS. 1 ) This theor em is a natural generallzatlon of the cor-
responding theorem given by Johnson [4], since for a K-curvature ope-
rator we have A°® = 0 and of =0 = L7 for éa¢ch TeT. '
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2) The expression of o(T) provides directly Nearly-Kaehler curva-
ture operators by means of symmetric endomorphisms of €, that is, it
should be encugh to choose the appropriate T e T by obtaining o(T) <
e NK(n).
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