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8 We propose a two step variational principle to describe helical structures in nature. 8
9 The first one is governed by an energy action which is a linear function in both 9
10 curvature and torsion allowing to describe nonclosed structures including elliptical, 10
11 spherical, and conical helices. These appear as rhumb lines in right cylinders con- 1
12 structed over plane curves. The model is completed with a conformal alternative 12
13 which, in particular, gives a description of closed structures. The energy action is 13
14 linear in the curvatures when computed in a conformal spherical metric. Now, 14
15 helices appear as making a constant angle with a Villarceau flow and so they are 15
16 loxodromes in surfaces which are stereographic projections of Hopf tubes, in par- 16
17 ticular, anchor rings, revolution tori, and Dupin cyclides. The model satisfies the 17
18 requirements of simplicity and beauty as reflected in the three main principles that 18
19 head its construction: least action, topological, and quantization. According to the 19
20 latter, the main entities and quantities associated with the model should not be 20
21 multiplied unnecessarily but they are quantized. In this sense, a quantization prin- 21
22 ciple, a la Dirac, is obtained for closed structures and also for the critical levels of 22
23 energy. © 2009 American Institute of Physics. [doi:10.1063/1.3236683] 23
24 24
25 |. INTRODUCTION: HELICAL CONFIGURATIONS IN NATURE 25
26 Helical configurations are structures commonly found in nature. They appear in microscopic 26

27 systems (biomolecules, bacterial fibers, nanosprings, protein chains in particular DNA, etc.) as 27
28 well as in macroscopic phenomena (strings, ropes, climbing plants, coiled springs, horns of moun- 28
29 tain goats, vortices, etc.) (see, for example, Refs. 2, 5, 10-12, 21, and 25 and references therein). 29
30 In particular, they are very important and ubiquitous in biology as a consequence of the following 30
31 known, in the biological community since the work of Pauling, theorem: Identical objects, regu- 31
32 larly assembled, form a helix (see Ref. 6 and references therein). These structures are so basic 32
33 ingredients of the spectacle of the universe, which becomes so much grander and so much beau- 33
34 tiful when one gets a small number of laws, most wisely established, which will suffice to obtain 34
35 mathematical models to describe the experimental phenomena. Several mathematical models have 35
36 been proposed to describe helices and protein fold, including lattice models, statistical mechanical 36
37 models, random energy models, and molecular dynamics simulations (see references in Refs. 19 37
38 and 20). In general, perhaps for simplicity, helical structures are usually identified, in the literature, 38
39 with the simplest idea of circular helix (see, for example, Ref. 8). However, that does not fit the 39
40 real world. Nobody can believe that squirrels chasing one another up and around tree trunks follow 40
41 a path of circular helix. First because the cross section of a tree trunk is not circular, but also 41
42 because the axis of a three trunk is not exactly a straight line. As another example we find many 42
43 types of bacteria, such as certain strains of Escherichia coli or Salmonella typhimorium, swim by 43
44 rotating flagellar filaments. These are polymers which are flexible enough to switch between 44
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FIG. 1. Closed extremals for a given slope. The y-intersect points are rational multiples of .

45 (different helical forms, which are really far from circular helices. Therefore the question is: What 43
46 kind of helices are there in nature? In this paper we try to answer this question by proposing a two 46

47 steps variational model to describe helices in nature. 47
48 (1) The first step describes a wide class of helices. That made up of Lancret helices or curves 48
49 making a constant angle with a flow of Euclidean parallel straight lines. They can be geo- 49
50 metrically seen as geodesics of right cylinders whose cross section lies in a plane orthogonal 50
51 to the flow. Furthermore, they appear, variationally, as extremals of an energy action whose 51
52 density is a linear function in both curvature and torsion. A quantization principle works for 52
53 critical values of that functional: “the energy of a helix is not arbitrary, but it comes as a 53
54 natural multiple of some basic quantity of energy.” In particular, the energy is constant if the 54
55 homotopy class of the cross section is preserved. 55
56 (2) The submodel we have just described is very rich in solutions. However, it does not allow to 56
57 get closed helical structures due, in part, to noncompactness of their flow lines. Then, we 57
58 have to consider a second step which, in particular, should allow us to describe closed 58
59 structures. Let us draw up the main ingredients to create it. 59
60 (1) Note first that the helical concept is related to a vector field or flow lines. Therefore, under 60
61 obvious considerations, it is preserved under conformal mappings. 61
62 (2) Then change the topology of the space in order to close Euclidean parallel straight lines. The 62
63 simplest way to do that is reached by adding a point at infinity to get a round three-sphere. 63
64 (3) The new space is endowed with a kind of parallelism of great circles, which is known as 64
65 Clifford parallelism. Then we use the flow of Clifford parallel great circles to solve the 65
66 problems associated with helices and, in particular, the so-called closed curve problem. We 66
67 will see, for instance, that helices will appear as geodesics of certain flat surfaces known as 67
68 Hopf tubes and they can be closed provided Hopf tubes are compact genus one surfaces, i.c., 68
69 Hopf tori. Furthermore, helices will also be extremals of an energy action whose density is 69
70 a linear function in both curvature and torsion. 70
71 (4) Now, use the stereographic projection, which is known to be conformal, to view the Clifford 71
72 parallelism as a flow of Villarceau circles. Then, Villarceau helices will be curves making a 72
73 constant angle with a Villarceau flow and they will appear as loxodromes in surfaces which 73
74 are stereographic projection images of Hopf tubes. 74
75 (5)  We will finally exhibit a new quantization principle working out for closed Villarceau heli- 75
76 ces. The corresponding moduli space can be identified with a certain domain in the plane 76
77 (see Fig. 1). 77
78 ll. THE FIRST STEP: A LEAST ACTION PRINCIPLE FOR HELICES 78
79 The intuitive idea of helical structure, as a one-dimensional configuration, is a curve that 79

80 makes a constant angle with an axis. The simplest idea of axis is a unit vector, say X. These curves 80
81 are known in the literature as generalized helices, Lancret helices or curves with constant slope, 81
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82 Béschungslinien (see, for instance, Ref. 3 and references therein). They are analytically charac- 82

83 terized by the constancy of the ratio between torsion and curvature. Geometrically, they are 83
84 characterized as geodesics of right cylinders over plane curves. As those surfaces are flat, a 84
85 Lancret helix is completely determined from the following data: first the curvature function of a 85
86 plane curve which makes the role of cross section in the cylinder and then the ratio between 86
87 torsion and curvature which works as the slope of the helix regarded as a geodesic in this cylinder. 87
88 Next, we give a simple variational characterization of Lancret helices. 88
89 Least action. Lorsqu’il arrive quelque changement dans la Nature la quantité d’action, néces- 89
90 saire pour ce changement, est la plus petite possible (Pierre Louis Moreau de Maupertuis, Lyon 90
91 1756, Vol 1V, p. 36). Admissible helical structures in Nature should be, as possible, extremals of a 91
92 reasonable elastic energy action. Obviously the choice of such an energy action involves some 92
93 requirements. Therefore, it must be invariant not only by reparametrizations but also by motions of 93
94 the Euclidean space.22 Consequently, it yields to choose a Lagrangian density that is a function of 94
95 the geometrical invariants: arc length s, curvature «, and torsion 7, 95

5('y)=J F(«k, 7)ds.
y

96 96

97 The Euler-Lagrange equations, also called field equations, for these kind of functionals, acting on 97

98 suitable spaces of curves, can be obtained using standard arguments that involve several integra- 98

99 tions by parts. Actually, they were obtained in Ref. 19 for more general actions where density also 99
100 involves the first derivatives with respect to s, i.e., F(k,7,«’,7’). These equations have been 100
101 manipulated in Refs. 19 and 20, having no outstanding progress, even in special cases. For 101
102 example, the case where the energy is a linear combination of both length, total bending, and total 102
103 twisting, 103

104 F(k,7)=m+nk+pr mn,p € R, 104

105 is not sufficiently exploited there. The authors affirm that the only solutions, of the Euler— 105
106 Lagrange equations in this model, are circular helices. However, this is quite false. Precisely the 106
107 case where m=0 provides a simple model, with a wide space of field configurations, which is able 107

108 to describe a lot of helices in nature. 108
109 Let A be the space of curves connecting two points x,y € R? in the Euclidean space and 109
110 having the same Frenet frame at those points (clamped curves). For any three real numbers, 110
111 m,n,p € R, we consider the action 111

112

Fomp A — R, fmnp(7)=J (m+nk+prds.
Y 112

113 The field equations for these functionals have been computed in several places, including Ref. 19, 113
114 getting 114

115 mik+ (nt—pr)7=0, n7 -pk’ =0. 115

116 These equations can be easily solved. If m # 0, the solutions are circular helices (both curvature 116
117 and torsion are constant) as asserted in Ref. 19. However, when m=0, the space of field configu- 117
118 rations consists, up to motions in R3, of those curves such that the ratio between torsion and 118

119 curvature is a constant, namely, 119
T P

120 kK n’ 120

121 Hence, given a pair of real numbers, n,p € R, the space of field configurations of the energy 121

122 action, 122
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123 123

FupA =R, F,(y)= f (nk+ p7)ds,
Y

124 is, up to congruences in the Euclidean space, that of Lancret helices with slope p/n. Consequently, 124

125 it can be identified with the space of plane curves. In other words, the corresponding moduli space 125

126 is just the space of real valued functions of one variable, each function working as the curvature 126

127 function of a cross section. The following algorithm allows one to construct all helical configu- 127

128 rations of the model F,,. 128
129 (1) Choose any plane curve, say afs), s being the arc length parameter, and let € be a unitary 129
130 vector normal to the plane that contains the curve. 130
131 (2) The right cylinder C,, with cross section «a(s), is defined by the map 131
132 &(s,0) = als) + vé. 132
133 (3) In C, we choose the geodesic with slope h=p/n, that is, 133
134 Y1) = (nt,pt) = a(nt) + pié. 134
135 Then 1y, is a Lancret helix which is an extremal of F,,,. Furthermore, each extremal of this 135

136 energy action is constructed in this way. 136

137 It should be noted that if the weight of the twisting effect, in the action, increases, then the 137
138 slope of helical configurations of the model also increases. However, if the weight of bending 138
139 effect increases then, the slope of helical configurations decreases. As it was pointed out in Ref. 19 139
140 (see also Ref. 28) besides circular helices there are many different shapes of helical configurations 140
141 that might also be of considerable interest for protein folding, including elliptical, spherical, and 141
142 conical. Then, as an illustration, they exhibited conical helices and tried to get them as extremal of 142
143 energy actions, however, the result is confused and unnecessary complicated. In our model, not 143
144 only conical but also elliptical and spherical helices appear naturally as extremals. Next, we 144
145 exhibit these helical structures as an illustration. Namely, we get elliptical, spherical, and conical 145
146 helices in the space of field configurations associated with the energy action F,, for any pair of 146
147 real numbers n, p. 147
148 Elliptical helices. Besides protein folding, they apply to different contexts, from construction 148
149 of antennas (see, for instance, Ref. 31) to nanotechnology (see, for instance, Ref. 18). These 149
150 helical structures appear as geodesics, with slope h=p/n, of right cylinders with elliptic cross 150
151 section. Therefore, we start with an ellipse, say in the plane z=0, 151

152 a(u) = (r; cos u,ry sin u,0). 152

153 The arc length function is given by s(u)=r,f{V1—N\ sin> 6d6, which is the elliptic integral of 153
154 second kind, where A:l—r%/r% and r,>r,. This function, as well as its inverse, can be numeri- 154
155 cally handled because they are standard in mathematical software. For instance, one can use 155
156 MATHEMATICA as in Ref. 14 to get numerical solutions of elliptical helices. 156
157 Spherical helices. Energy functionals such as F,, have extremals lying in spheres. They are 157
158 essentially geodesics of right cylinders with cross sections being epicycloids. An epicycloid is a 158
159 planar curve traced out by a point on a circle (of radius b) rolling outside another circle (of radius 159
160 a).” In fact, pick out a Lancret helix v,, with slope h=p/n, which is an extremal of F,,. Then 160
161 7=hk. Moreover, v, is contained in a sphere of radius, say r, if and only if R>+(TR’)?>=r?, where 161
162 R=1/« and T=1/7. We can solve both equations to obtain 162

1 h
K= ,  T=T] .
163 \’/r2 _ h2S2 VrZ _ h2s2 163

164 An easy computation allows one to see that the corresponding cross section is the epicycloid, 164
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(a+b)u : _(a+Dbu
165 alu) = ((a+b)cos u—>bcos———;(a+b)sinu—->b smT , 165
166 where radii are a=rh/\1+h? and b=(r/2)(1—=rh/\1+h?). The arc length function is given by 166
167 s(u)=—(4(a+b)/ab)cos(au/2b). Therefore, 167
a+Db)t(ns a+Db)t(ns
168 vu(t) = ((a + b)cos t(ns) = b cos(b#;(a + D)sin 1(ns) — b sin% ;t(ps)), 168
169 1 being the function defined by #(r)=(2b/a)arccos(—(ab/4(a+b))r). 169
170 Conical helices. They appear as geodesics of right cylinders whose cross section is either a 170
171 logarithmic spiral (like that given in Ref. 19) or an Archimedean spiral. Therefore, consider the 171
172 former 172
173 a(u) = (au cos(b In u);au sin(b In u)), u>0, 173

174 where u works, up to a scaling constant, as the arc length parameter. Now, given the energy action 174

175 F,,,, we choose in the right cylinder ¢(u,v)=a(u)+vd,, the geodesic with slope h=p/n to get 175

176 v,(2) = (ant cos(b In(nt));ant sin(b In(nt));pt), 176

177 which is a conical helix, lying in the cone x*+y*=(a’n?/p*)z%, which is an extremal of F,,,. Other 177
178 conical helices being extremals of this energy action can be obtained starting from an 178

179 Archimedean spiral. The simplest one is 179
180 a(u) = (au cos u;au sin u), 180
181 then choose in the right cylinder, with cross section «, the geodesic 181
182 vi(1) = (ant cos(nt);ant sin(nt);pt) 182
183 with slope h=p/n. 183

184 Remark: The set of solutions of the Euler-Lagrange equations associated with F,,,,, is sum- 184
185 marized in the following table. For simplicity of interpretation, we have represented different 185
186 cases according to the values of the three coupling parameters specifying the free energy proposed 186

187 model. 187
188 m n p Moduli space of trajectories 188
189 #0 =0 =0 Geodesics k=0 189
190 =0 = #0 Circles « constant and 7=0 190
191 =0 #0 =0 Plane curves 7=0 191
192 £0  #0 =0 Helices with k=" 192
193 #0 = #0 Helices with arbitrary « and T:;—'; 193
194 =0 #0 #0 Lancret curves with 7=« 194
195 #0  #0  #0  Helices with k=<, 7= and a e R—{-2} 195
196 A quantization principle for energy critical values. Pluralitas non est ponenda sine neccesitate 196

197 (William of Ockham logician and franciscan friar of the 14th cetury). Let v,(t)=¢(nt,pt) 197
198 = a(nt)+pté, with h=p/n, be a critical point of the action F,,. Denote by {T=a’,N} and «,(s) a 198
199 Frenet frame and the curvature function of the cross section «, which we have assumed to be arc 199

200 length parametrized, respectively. As for the Frenet apparatus of v, in R® we have 200
n p -
T,= T+ .

201 "Rt ke ng 201

202 To compute the unit normal and the curvature, one proceeds as usual, 202
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n2 I’l2
VT,=kN,=———V,T= K N,

203 =k =yl = e kal 203
204 so that 204
Ny=*N "

=N, K=—5"5|K,.

205 h n24p?e 205
206 Finally, the unit binormal and the torsion are given by 206
B,=T,AN AR P__r
h=dp ANp= - >
207 V2 +pr \n?+p? 207

np np
VyB,=—1™N,=————5V,;T=- K N,

208 Tih PRt T T 2 p? N 208
209 and 209
L
210 nr4p? e 210

211 Assume now that a:[0,L]— R? is parametrized by the arc length, then the Lancret curve 7,(1) 211
212 =a(nt)+pt§, with h=(p/n), is parametrized by 7,,:[0,L/n]— R? with arc length function 5 satis- 212
213 fying ds=\n?+p*/nds=\n*+p*dt. Then 213

Lin 2
Foton= [ tespmas= [ (na 2ol

214 0 214
215 Now ||y, (#)||=Vn?+p? and k=[n*/(n>+p?)]|k,], so that 215
Fo =m T [ i
216 a 216

217 Therefore, up to a constant, the energy critical values are provided by the total absolute curvature 217
218 of the cross section. 218
219 To describe an explicit situation, let P and Q be any two points in R® and E:(Q—P)/|Q 219
220 — P|. Choose a coordinate system in R* with P in the plane z=0 and £ parallel to the z-axis. Now, 220
221 pick up a unit vector, say U, and define a space A of clamped curves B:[a,b]— R? satisfying 221

222 Bla)=P, BMb)=0Q, T(@)=T{b)=v and (N(a),& = (N(b),&) = 0. 222

223 Let h be the slope of U measured with respect to the plane z=0 and consider the energy action 223
224 F,,: A—R with h=p/n. The critical points of (A, F,,) are Lancret helices with slope / and cross 224
225 section being a closed curve in the plane z=0. Therefore, start with a closed curve «:[0,L] 225
226 —R2, in the plane z=0, with length L>0, such that the corresponding Lancret helix 7,(t) 226
227 =a(nt)+ pté, starting at P (+y,(0)=P) with slope h, reaches the point Q after d consecutive liftings, 227
228 i.e., y,(Ld/n)=Q. Now, to compute the critical value F,,(y,) we must evaluate the total absolute 228
229 curvature of the d-fold of a. To do it, we consider a convex curve @ in the plane z=0. Geometri- 229
230 cally this curve is obtained from « by a process of symmetrization, namely, reflecting concave 230
231 parts by using straight lines at the inflection points of a. In other words, & is the arc length 231

232 parametrized curve with curvature function kz=|k,|. After these remarks we obtain 232
233 Fop(wn) =2mmd\1 + 1?i(@), 233

234 where i(@) is the rotation number of a. 234
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235 Thus, we get the following Dirac quantization principle for extremals: The energy of a helical 235

236 configuration is not arbitrary but it comes only in natural multiples of some basic quantity of 236
237 energy, 277n\/rh2. In particular, it only depends on the homotopy class of the corresponding 237
238 cross section. 238
239 An open problem and a conjecture. In Ref. 8 the authors proposed a model to study protein 239
240 chains which is governed by a Lagrangian whose density is a linear function in «, the curvature of 240
241 the centerline of the protein molecule, namely, F(«,7)=m+n«. This is supported in the spiral 241
242 stationary form of the protein chains. The helical structure of proteins implies the choice of a 242
243 Lagrangian whose extremals would be only helices. However, the extremals of the corresponding 243
244 energy are circular helices (see the table above). 244
245 On the other hand, several arguments could be given in order to include the torsion in the 245
246 Lagrangian governing the protein model, even in a linear way as a variable of the energy density. 246
247 Perhaps, it is enough to mention that, in this way, it is an essential ingredient in the equations of 247
248 Calugareanu7 and White,”® which have became very important in connection with the theory of 248
249 DNA supercoiling. 249
250 Consequently, an interesting, and still open, problem is to determine those energy densities 250
251 F(k, 7), such that the extremals of £ are Lancret curves. We already know that F(k,7)=m+nk 251
252 +pT, with m,n,p € R, provide nice solutions to the above stated problem. Although it is open, we 252
253 have a conjecture in the sense that linear densities are the only solutions. We know partial answers 253
254 to this conjecture. In fact, it is true when energy density is linear in either the curvature F(x, 7) 254
255 =mk+G(7) or the torsion F(k,7)=H(x)+p7. We will give the details in a forthcoming paper. 255

256 lll. THE SECOND STEP: A CONFORMAL EXTENSION IS NEEDED 256

257 The above model certainly covers a wide variety of helical structures. However, there exist 257
258 helical configurations which are not yet modeled. To clarify that we start making the following 258
259 considerations. 259

260 (1) The first new ingredient to be considered is that related with the axis. To be precise, the 260

261 notion of Lancret helix can be nicely expressed in mathematical form as follows. First, 261
262 observe that the axis X, via parallel transport, defines in the space a Killing vector field of 262
263 constant length, i.e., an infinitesimal translation, say X, which generates a flow of curves, 263
264 namely, straight lines parallel to X. Now, X-helices are those curves crossing this flow at the 264
265 same angle. Certainly, this idea may be extended to a more complicated axis. Any vector 265
266 field X in the Euclidean space R generates, at least locally and via integration, a flow of 266
267 integral curves. Then we call X-helices those curves crossing this flow under a constant 267
268 angle. In this case, X works as an axis. Therefore, it seems natural to look at the helices in 268
269 nature as curves making a constant angle with some geometrical flow. It should be noted that 269
270 when the helix lies in a certain surface S of R? and the axis is tangent to S, then we get the 270
271 notion of loxodrome (also called rhumb line) relative to X € X(S). In this way, circular 271
272 helices (Lancret helices with both curvature and torsion constant) admit a second axis, a 272
273 rotational Killing vector field Y, perpendicular to X, which is tangent to the cross sections of 273
274 the right cylinders containing circular helices. However, the role played by both axes is quite 274
275 different. In fact, it is clear that Lancret helices are loxodromes in cylinders over plane 275
276 curves. Now, this property is obtained from the existence of the first axis. The existence of an 276
277 axis being a rotational Killing vector field does not imply that the helix was contained in a 277
278 cylinder over a plane curve. 278
279 (2) Moreover, it is clear that Lancret helices can never be closed. This happens because the 279
280 tangent vector field of a Lancret helix always has a positive component, just that in the 280
281 direction of the axis. On the other hand, cyclic peptides, such as the antibiotic gramicidin S 281
282 and the immunodepressive agent cyclosporin, have been known for some time in contrast 282
283 with circular proteins that were little known a decade ago. In recent years, a great number of 283
284 circular proteins have been discovered in bacteria, plants, and animals. This class includes 284

285 the so-called rounded proteins or cyclotides (see, for example, Ref. 5). A priori, it could 285
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286 seem natural to admit that circular protein chains are modeled by some kind of helices with 286
287 a circular axis. 287
288 For a better understanding of these difficulties, consider the following test due to Weiner.”’ 288
289 For any n € N, the curve a,: R —R? defined by 289

n—cost t n—cost\  (t) sint
290 n n n n n 290

291 which is closed with period 27n, winds n times around the anchor ring obtained when revolving 291
292 the circle with center (1,0,0) and radius 1/n about the z-axis. Thus, it admits an axis being a 292
293 rotational Killing vector field which is orthogonal to the revolution axis. In addition, these curves 293
294 have the following curious property (see Ref. 29). For a curve a:[0,L]— R? define the function 294

295 1:[0,L]— R by w(r)=7(r)/ k(¢) and then the breadth of the graph of u, 295
B[u]=max u—min u.

296 [0.L] [0.L] 296

297 If w,, denotes the breadth of «, in a period, say [0,27n], then 297

lim{B[w,]} =0,
298 pet 298
299 so that, in this sense, these curves can be regarded as a sort of Lancret at the infinity. 299
300 In this section, we propose a conformal variational model to solve those difficulties. It will 300
301 allow us to describe circular proteins as well as other more complicated helical configurations of 301
302 protein chains. To this end, we draw up the main ideas and ingredients to create it. 302

303 (1) The nonexistence of closed helices in the submodel that we have just exhibited is due, in 303

304 part, to the noncloseness of the straight lines that constitute its axis flow lines. To close 304
305 parallel straight lines, we need to change the topology of R*. In this sense, it seems natural 305
306 to choose its once-point compactification, that is, the three-sphere S*=R>U{Z,}. Roughly 306
307 speaking, we add the infinity point. 307
308 (2) Then, we equip S® with a metric as similar as possible to that Euclidean in R3. Certainly, the 308
309 answer is obvious. Choose one in the same conformal class in order to preserve the angles. 309
310 In addition, we dispose of metrics with constant curvature which allow to see S° as a round 310
311 sphere. 311
312 (3) In this background, the straight lines are geodesics, i.e., great circles. Furthermore, we have 312
313 a classical structure which allows one to talk about parallel straight lines, the so-called 313
314 Clifford parallelism. Now, flows of Clifford parallel great circles are well described through 314
315 Hopf vector fields, i.e., infinitesimal translations which can be regarded as the vertical flows 315
316 of Hopf maps. In this way, we have a kind of cylinders or tubes in the round three-sphere, 316
317 playing the role of right cylinders, that are obtained by lifting, via a Hopf map, curves in the 317
318 two-sphere which work as cross sections for tubes. Then we can characterize Lancret helices 318
319 in the three-sphere, i.e., curves which admit an axis being an infinitesimal translation, or a 319
320 Hopf vector field, as those curves that are geodesics in a Hopf tube. 320
321 (4) However, the surprise continues. We can exhibit Lancret helices in S3 as extremals of an 321
322 energy action involving the corresponding geometrical invariants. Moreover, we obtain the 322
323 whole space of closed Lancret configurations. Said otherwise, solve the so-called closed 323
324 curve problem for Lancret helices in S°. 324
325 (5) Once the problem is solved in the three-sphere, project conformally over the Euclidean 325
326 space. To do it, we use a stereographic projection, for example, from the added point {,. The 326
327 Hopf flow goes to a Villarceau flow, so conformal helices make a constant angle with this 327
328 flow, the axis being a conformal Killing vector field. They can be viewed as loxodromes in 328
329 conformal Hopf tubes including anchor rings. However, we can stereographically project 329
330 from an arbitrary point to nicely deform surfaces and helices which can appear as thumb 330

331 lines in Dupin cyclides. 331
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332 () Roughly speaking, the underlying idea in the new geometrical picture we are proposing is to 332
333 see Villarceau flow of circles, which is the conformal image of the Clifford parallelism in the 333
334 three-sphere, replacing Euclidean flow of parallel straight lines. In this sense, the whole 334
335 model provides solutions which are helical structures with axis being either a flow of Eu- 335
336 clidean parallel straight lines or a flow of Clifford parallel Villarceau circles. 336
337 Therefore, once we have chosen the three-sphere with a metric of constant curvature, i.e., a 337

338 round sphere, without loss of generality we may assume that it has radius one and all this 338
339 framework will be denoted simply by S*. From now on, we give some details on the above stated 339

340 program. 340
341 IV. THE CLIFFORD PARALLELISM IN THE THREE-SPHERE 3
342 The Hopf map S®— S? is a very important object not only in mathematics but also in physics 342

343 (see Ref. 27, for a nice survey). In this section, we use this map to describe a classical structure in 343
344 the three-sphere, the Clifford parallelism, which is reminiscent of the classical parallelism of lines 344

345 in the Euclidean space. 345
346 In the three-sphere, S*={{=(z,,2,) € C*:|{]*=|z,|*+|z5/*=1}, we consider the usual action S' 346
347 X S — 53 defined by 347
348 (e",0) > "= (e"z1,€"2y). 348
349 The orbits under this action are great circles (geodesics) of S*. If C and C’ denote any two orbits 349
350 and d stands for the distance in S°, then we have 350
351 d({,C")=d(n,C") for any {,n e C. 351

352 Moreover, if { € C and ' € C’ satisfy d({,{’)=d(C,C’), then any great circle containing { and ' 352
353 intersects orthogonally both C and C’. This leads to the following definition. Two great circles, C 353
354 and C', in S? are Clifford parallel if d(£,C") does not depend on { e C. If this is the case, then we 354
355 write C||C’. Given a great circle C and 0 € [0, 7], define 355

356 Cy={¢ e 8%d(£,C) = 6}. 356

357 If C* denotes the great circle associated with the plane, through the origin, that is, orthogonal to 357
358 that corresponding to C, then Cy=C, C,,=C*, C,_,=—C,, and Cﬂ./z_g:C;_. Therefore, it is 358

359 enough to consider 6 (0,7/2) to describe the geometry of these subsets as follows. 359
360 (1) For any #e (0,7/2), the set C, is the intersection of S* with a cone in R*=C2. More 360
361 precisely, in a suitable coordinate system (z;,z,) in C?, we can check that C4=5>N (), where 361
362 Qp={0=(z1,20) € C%|z;|*sin? 6 |z,|*cos? 6=0}. 362
363 (2) Even more, C, can be identified with the following torus: 363
364 Cy={¢=(z1.22) € C%|z)| =cos 6,|z,| = sin 6}. 364

365 (3) For any e (0,7/2), any great circle C and { e Cy, there exist exactly two great circles 365
366 through ¢, C’, and C”, that are Clifford parallel to C. This shows that the Clifford parallelism 366
367 is not an equivalence relation. 367

368 Despite that, the Clifford parallelism can be decomposed in two equivalence relations. Let us 368
369 sketch how to do it. Given a great circle C, we have C*, so that the planes through the origin P 369
370 and P+, containing these two great circles, satisfy P& P+ =R* We also fix an orientation on P and 370
371 P+ to get the canonical orientation in R* according to the above decomposition. Next, define 371
372 subgroups of O*(P) X O*(P+) CO*(R*) by 372

373 c={(w:f,° wof.):w € OF(P)}, 373



1-10 M. Barros and A. Ferrandez J. Math. Phys. 50, 1 (2009)

374 Ge={(0:f-cweof):0w e OF(P)}, 374

375 where f, € Iso*(P,P1) (- e Iso"(P,P1)) is an orientation preserving (nonpreserving) isometry. It 375
376 should be noticed that this construction does not depend on f, (or f_). Now, an orbit under the 376
377 Gz-action is a great circle, say C’, that is called a Clifford parallel to C of the first kind, while 377
378 second kind of Clifford parallels, C”, is obtained via the second subgroup. These are two equiva- 378
379 lence relations which are denoted by CII*C’ and ClI"C”. Furthermore, we have the following facts. 379

380 (1) The condition CIIC is equivalent to either CII*C or CIC. 380
381 (2) For each € S3, there exist two great circles through ¢ that are Clifford parallel to C, one of 381
382 the first kind, C’, and one of the second, C". Furthermore, C’' # C" if £ € S>\(CUC™"). 382

383 The great circle Clifford parallel to C of first kind (second kind) can be viewed as orbits of a 383
384 standard action of the group G¢. (G¢). In fact, in the appropriate coordinate system, the action of 384
385 G¢ on S° is the usual one described by the action 385

386 GLXS =8, (e eld)=€"-L. 386

387 Hence, the orbits under this action, i.e., the first kind great circles Clifford parallel to C, are 387
388 nothing but the fibers of the usual Hopf map I1:S%—8%(1/2), Tl(z;,2,)=(21Z5, 3 (21> ~|z2]?), 388

389 where 7, is the complex conjugate of z,. To simplify, we write Ge={¢,:7 € R}. 389
390 Next, we deal with second kind Clifford parallel circles. As before, in a suitable coordinate 390
391 system, write Go={x,:? € R} and the action of G on S* is described by 391
302 Ge XS =8 (X (@122) = X2, 22) = (€21.67"2,). 302
393 Similarly to the usual Hopf map, the projection map to the quotient space is 393
394 8% - 8%(112), T(z1.2) = (2122321 = [22P). 394
395 As before, the fibers of II_ are nothing but the second kind circles Clifford parallel to C. 395
396 Now, we just need to see that the isometry J:S3—S3, J(z,,2,)=(z;,2,) yields to the following 396
397 commutative diagram: 397
3 7 o3
S - S
Im| LI
2a2) 1 s1n)
398 : — ° : 398
399 Then, up to small changes, we can reduce ourselves to the case of first kind Clifford parallel great 399
400 circles. 400
401 V. LANCRET HELICES IN THE SPHERE 401
402 Once we have established the general ideas governing the second part of this model and the 402
403 main technical ingredient provided by the Clifford parallelism, it should be considered the follow- 403
404 ing program. 404
405 + Find the meaning of a helical structure or a Lancret helix in S°. 405
406  + Obtain Lancret helices in S° geometrically, i.e., use geometry to solve the natural equations 406
407 for Lancret helices in S°. 407
408 » Characterize Lancret helices in S® as solutions of a variational principle associated with an 408
409 action that involves only geometrical invariants of trajectories. 409

410« Find an explicit algorithm to characterize the closed Lancret curves in S°, i.e., solve the 410
411 so-called closed curve problem for Lancret helices in S3. 411
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412 To answer this program, we first observe that the natural way to define the notion of Lancret 412

413 helix, not only in S* but also in any Riemannian manifold, say M, was given in Ref. 3. A curve 7y 413
414 in a Riemannian manifold M is a Lancret one if it makes constant slope with respect to a Killing 414
415 vector field in M which has constant length along 7. In other words, there exists a Killing vector 415
416 field V in M satisfying 416

!
[V(¥(s))|| = constant  and Vls), v (s = constant.
a7 ly'(s)] a7
418 It should be noted that this is the natural extension of the classical Lancret curve notion in 418
419 Euclidean three-space. In this sense we will say that V is an axis of the Lancret helix y anywhere. 419
420 Analytical approach. Lancret helices in S, like those in Euclidan three-space, can be nicely 420
421 characterized in terms of the geometrical invariants, curvature, and torsion (see Ref. 3). Therefore, 421
422 a curve, y in S? is a Lancret one if and only if either (1) 7=0 and so v lies in a totally geodesic 422
423 round two-sphere S? or (2) the curvature and the torsion of 7y are constrained as follows: 423

424 7=hxk =1 for some constant h. 424

425 In general, when one works in a round three-sphere with radius R >0, then the above equation 425
426 should be changed by 7=hx = 1/R. 426
427 Geometrical approach. Lancret helices in S* can be also nicely characterized as geodesics in 427
428 some flat tubes. To better understand this geometrical meaning, note first that the Hopf map 428
429 becomes a Riemannian submersion by choosing in the two-sphere the metric with constant cur- 429
430 vature 4 (see Refs. 4 and 23, for details on Riemannian submersions). Now, the one-parameter 430
431 group G{={¢,:t € R} generates the following vector field on S°, 431

d
V({) = d—t(%(é))} =if, V{e¥,

432 =0 432

433 which is a Killing vector field with constant length that defines the vertical flow of that Riemann- 433
434 ian submersion. This kind of fields in S? is usually called Hopf fields. 434
435 Now, for a curve 8:1CR—S%(1/2) in the round two-sphere with radius of 1/2, its complete 435
436 lifting T s=I1"'() is a flat surface in S°, the Hopf tube over & or the Hopf tube with cross section 436
437 6. This surface can be nicely parametrized by 437

438 XIXR—-TsCS, X(s,1)=e"8s), 438

439 where & stands for a horizontal lifting of 6. Thus, the coordinate curves are, respectively, 439
440 S-horizontal liftings (#=constant) and orbits or fibers (s=constant). Now, the following result (see 440
441 Ref. 3) shows, in particular, that the natural equations for Lancret helices in S* can be integrated 441

442 by quadratures. 442
443 Theorem 1: A curve vy in S* is a Lancret helix if and only if, up to motions in S°, it is a 443
444 geodesic of a Hopf tube. 444

445 Proof: Note first that a geodesic vy in a Hopf tube T s has curvature and torsion given by 445

Ks+2h — 1+ hkg+h?
K= T, TET 5,
446 1+h 1+h 446

447 where « is the curvature function of §in S*(1/2) and & denotes the slope, measured with respect 447
448 to fibers, of 7y as a geodesic in the flat surface T s This automatically implies that y is a Lancret 448
449 helix in S°. 449
450 Conversely, if y is a Lancret helix in S3, we have 7=hk=1 for some constant s. Now, 450
451 consider in S?(1/2) a curve &, with curvature function kz=(1+h?)k = 2h (this curve is unique up 451
452 to motions in the two-sphere). Now, in the Hopf tube T, choose the geodesic vy,, making an angle 452



1-12 M. Barros and A. Ferrandez J. Math. Phys. 50, 1 (2009)

453 & with fibers, where cot o= T h (the geodesic with slope &). It is not difficult to see that y and vy, 453
454 have the same curvature and the same torsion and so, up to parametrization, they are congruent in 454

455 S°. 455
456 Corollary 2: Up to motions in S°, Lancret helices can be described by one of the following 456
457 equivalent two moduli. 457
458 (1) (k,7): The curvature and torsion functions which must satisfy a well known constraint. 458
459 (2) (kg,h): The curvature function in S*(1/2) of the cross section & and the slope as a geodesic 459
460 inTg 460
461 In any case, the moduli space of complete Lancret helices can be identified with the space 461
462 C*(R) X R. 462
463 Variational approach. To complete a round, Lancret helices in S® can be also characterized as 463

464 solutions of a variational principle. In fact, like in Sec. III for Euclidean space, let q;,q, 464
465 € S*(R) (the three-sphere with radius R) and {%,,¥,}, {%,,7,} orthonormal vectors in quS3(R) and 465

Q3 . .
466 qub (R), respectively. We consider the space of clamped curves, 466
467 A={'y[tl,t2]—>53(R)'}/(tl)=ql,T(tl)=.X-)l,N(tl)=)7l,1 == 2} 467
468 In this space of curves, one has the following three-parameter family of functionals, {F,,,,: A 468
469 — R:m,n,p € R}, defined by 469
]-'mnp(a)=J (m+nk+pr)ds. (1)
470 a 470
471 The field equations associated with these Lagrangians, for curves in the three-sphere using a 471
472 standard method (see Ref. 1), are given by 472
1-R*7
-mk+pkT+n| ——— | =0,
473 R 473
474 (pk—n7' =0, 474

475 which can be nicely integrated. Moduli spaces of solutions are represented in the following table 475
476 where, for simplicity, we have distinguished different cases according to the values of parameters. 476

477 m n p  Moduli space of configurations in S*(R) 477
478 #0 =0 = Geodesics k=0 478
479 =0 =0 #0 Circles x constant and 7=0 479
480 =0 #0 =0 Horizontal lifts, via the Hopf map, of curves in S? 480
. . n(1-R*7)
ﬁg% #0 #0 =0 Helices with A i——— gg;
483 #0 =0 #0 Helices with arbitrary x and 7= = 483
484 » 484
1 -a’R? 1
ggg =0 #0 #0  Helices with k= nl= apzz ) and 7= prs and a € R-{0} 232
) . n(l —a’R%) p+maR?
Helices with k= >, T= > and
(m+ap)R (m+ap)R
487 #0 #0 #0 487
ae R-y- =
488 p 488
Lancret helices with T=£K— = and R= = L
488 #0 #0 #0 n p T m 480

491 As a consequence, we have the following variational approach for Lancret helices in the three-sphere. 491
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492 Theorem 3: A curve in the round three-sphere is a Lancret helix if and only if it is an extremal 492
493 for some action F,,,, when acting on a suitable space of curves. 493
494 Quantization principle for closing Lancret helices. To finish the Lancret program in S°, we 494
495 need to describe closed Lancret helices. This is done through the following argument which 495
496 culminates in a quantization principle. 496
497  « Since Lancret helices are geodesic of Hopf tubes which are flat surfaces, one needs to start 497
498 from a closed curve 8in S2(1/2). Now, if the cross section closes then it is not difficult to see 498
499 that T 5 is a torus. To determine the isometry type of this flat torus, we consider the covering 499
500 map, 500
501 X:R2—Ts X(s,1)=e"8(s), 501
502 and use a well known machinery (see Refs. 15 and 24) to obtain that T 5 is isometric to R?/T, 502
503 where I' is the lattice in the Euclidean plane spanned by (L,2A) and (0,2). Here L>0 503
504 denotes the length of § and A € (-, ) is the oriented area enclosed by & in the two-sphere. 504
505  Consequently, a Lancret helix in S? closes if and only if its slope /4 satisfies the following 505
506 quantization constraint: 506

1
= Z(2A+q'n'), q € () rational.

507 507
508 < The existence of closed Lancret helices in any Hopf torus is guaranteed by the isoperimetric 508
509 inequality in S*(1/2). In fact, the length and the enclosed area for an embedded closed curve 509
510 are related by 510
511 L*+4A%-47A =0, 511
512 which can be written as 512
513 L’+QA-m)?= 7. 513
514 Therefore, in the plane (L,2A), define the region 514
515 A={(L2A):L*+2A-m)?*=m* and 0=A =< 7}. 515
516 Then for any point a=(L,2A) € A there exists an embedded closed curve & in S?(1/2) with 516
517 length L and enclosed area A. We compare with the above slope quantization principle to see 517
518 that the geodesic with slope /4 in the Hopf torus T s closes if and only if the straight line in 518
519 the (L,2A)-plane with slope & cuts the 2A-axis at a height which is a rational multiple of . 519
520 Therefore, the moduli space of closed Lancret helices in S3 is identified with the following 520
521 region of the plane: 521
A N (U e()<l_)L—2A =q77>>
522 1<%\ n 522
523 VI. SOME EXAMPLES 523
524 In this section, we give a general method to construct Hopf tubes in S*C (2. First of all, we 524
525 note that the Hopf mapping can be written as 525
526 :53C C? = 8%(112) CCX R, H(z,20) = (1152,%(|Z1|2 - |Zz|2))~ 526

527 Now, given a point p=(a+ib,c) € S*(1/2), its fiber, in S3, is given by 527
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P [
V1+2c¢ . V2 . )
mp) = ( e, (ae”+be’(’_’7/2))>:t eRy.
528 (p { 2 1+ 2¢ 528

529 Let 6:1CR—S%(1/2) be a curve &(s)=(a(s),b(s),c(s)). Then its Hopf tube is the following set: 529

» V1+2¢(s) . \5
T§: H (5) = =~ el s [
V2 V1 +2¢(s)

530 530

(a(s)e’ + b(s)ei(’_”/z))>:s elte R}.

531 To parametrize T,;:H"(é) as above, i.e., by means of fibers and horizontal lifts of the cross 531
532 section 8, we need to determine a horizontal lift 5 of 8. To do that, we put t=a(s) in the above 532
533 formula and then determine a(s) from the horizontality condition (ié(s), & (s))=0. We proceed in 533

534 this way to obtain 534
= =
V2af(s) V2b(s)
a'(s)=B'(s)A(s) —A’(s)B(s), where A(s)= —=, §)= ———.
535 V1 +2c(s) V1 +2c¢(s) 535
536 Then 536

—
- 1+2c(s) . . )
5(5‘) — <\’—E()€m(s),A(S)€m(s> + B(s)el(a(s)—ﬂﬂ)) ,

537 N 537
538 where 538
s
a(s) = f (A(s)B’(s) = A’ (s)B(s))ds,
539 So 539
540 so that 540
—
AN+ 2ce(s) . . .
_17-1 = — it \— ial(s) ia(s) i(als)-m/2)
541 Ts=11""(8) = X(s,r) =¢ ( e LA(5)e'™ + B(s)e ) ) 541
542 Let us exhibit some explicit examples of Hopf tubes. 542

543 The Clifford torus as a Hopf tube. Perhaps, the more popular compact surface, at least of 543
544 genus one, in the three-sphere is the so-called Clifford torus. It appears in a lot of problems and 544
545 there are some interesting and old conjectures in relation with that torus. The simplest way to 545
546 define a Clifford torus is given by the map 546

-

2 = .=
Y:R? - (2, Y(u,v):\?(e"“zu,e”z”). 2)

547 547

548 It is clear that Y(R?) CS®. Moreover, the map is biperiodic with period 27, and consequently, it 548
549 defines an embedding, which is also denoted by Y, of the squared torus or the Riemannian product 549
550 of two circles with radii \5/2 into the unit three-sphere, that is, 550

h - =
Y:Sl(\,’5/2) X Sl(\E/2) -8 Y(uv)= VT(e"““z",e"““z"),

551 551
552 this is the well known Clifford torus. 552
553 Now, we wish to see the Clifford torus as a Hopf tube with cross section being a geodesic of 553
554 S*(1/2). Therefore, we choose 554
555 SR —SX1/2), &)= (%cos 2s,%sin 2s,0). 555

556 We use the above stated argument to see that a(s)=s and so 556
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_ N
s57 SR — S, 5(s)=7(e”,6’”), 557

558 is a horizontal lift. Now, the Clifford torus can be parametrized by horizontal lifts (z=constant) and 558
559 fibers (s=constant) as follows: 559

—
N2 . )
X:R¥T —S*CC?, X(s,0)= ?(e’(”’),el(_”’)),

560 560

561 where I is the lattice, in R?, spanned by (7, ) and (0,27). 561

562 It is obvious that X(s,1)=Y((1/ \E)(s+t),(1/ \’E)(—s+t)), and so we have 562
X 1 Y 1 Y, X 1 Y ] Y,

563 ST LT T L ut N 563

564 Since the curves u=constant and v=constant are geodesic in the Clifford torus, they are Lancret 564
565 helices in S* with slope 4=1 and h=—1, respectively (in this case they are circular helices because 565

566 S has constant curvature). 566
567 Rectangular tori as Hopf tubes with cross sections geodesic circles. The above example can 567
568 be extended to Rectangular tori in the three-sphere which can be regarded as Hopf tubes over 568
569 geodesic circles in S*(1/2). Those tori can be defined by 569
570 Y:S'(r) X SY(ry) — S, Y(u,v) = (rie™n,re'™), 570
571 with r7+73=1. As above, the coordinate curves u=constant and v =constant are geodesics in these 571
572 tori Y(5'(r;) X S!(r,)) CS3. 572
573 On the other hand, consider a geodesic circle in S%(1/2), i.e., a small circle, say 573
2 s 8 2, oo 1
OR —S°(1/2), &(s)=|rcos—,rsin-~,m|, r+m-=-—.
574 r r 4 574
575 In this case, we see that a(s)=\s with A=+/(1-2m)/(1+2m), and so the curve, 575
- 14+2m . 1-2m .
576 &(s) = ( \/ ™, \/ e ’”), 576
2 2
577 constitutes a horizontal lift of J. 577
578 Therefore, the rectangular torus parametrized as a Hopf tube is given by 578

[1+2m [1-2m
579 X-RYT = S3C CZ’ X(S,l‘) — ( Tmez()\sw)’ ; mgt(()\—l/r)ﬁt)) , 579

580 where I is either (i) the lattice in R? spanned by (7v1-4m?, (1-2m)) and (0,2) if m >0 or (ii) 580

581 the lattice in R? spanned by (7V1—4m?,m(1+2m)) and (0,2m7) if m<O0. 581

582 It is clear that 582
1+2 1-2

583 ri=1/ 5 m, ry= 5 m, and X(s,0)=Y(ri(As+1),r,((N=1/r)s +1)), 583

584 so that 584

585 X,=\rY,+rn(N=1/rY,, X,=rY,+nrY,. 585

586 As the curves u=constant and v=constant are geodesics in the rectangular torus, they are Lancret 586
587 helices in S* (in this case they are circular helices because & has constant curvature). 587
588 The Hopf tube with cross section the Viviani curve. In 1692, Vincenzo Viviani (1622-1703), a 588
589 student of Galileo, proposed the following problem: How is it possible that a hemisphere has four 589
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590 590

windows of such a size that the remaining surface can be exactly squared?
591 The answer to this question involves the so-called Viviani curve. This curve, regarded in 591
592 S%(1/2), is obtained when intersecting this sphere with the right cylinder (x—1/4)?+y*=1/ 16.%° 592
593 Therefore, we get the curve, 593

K
) sin—
1+coss sins 2

5(S) = 9 9 9
594 4 4 2 594

595 which closes with period 4, for example, in —277=s=2r. It should be noted that this curve is 595
596 not parametrized by the arc length, however, in the above argument to obtain the Hopf tube with 596
597 a given cross section the parametrization does not matter. Consequently, we can follow step by 597
598 step the stated argument to obtain 598

1 s
als)=—|s+2cos—|.
4 2

599 599
600 Now a horizontal lifting of the Viviani curve can be computed to be 600
.S
1 +sin— 5
3s)=| ——=—= eia(s);\“—( ¢10) 4 pila(s)=s))
V2 s
601 4~/ 1+sinz 601
2
602 This allows one to compute a nice parametrization of the Hopf torus over the Viviani curve, 602
603 X:[-2m27w] X R - TsCS*C (2, 603
604 given by 604
/ .S
1 +sinz =
2 . V2 . )
X(S,l) — - et(a(s)+t); (et(a(s)+t) + ez(a(x)—s+t))
V2 s
605 44/1+ s1n§ 605

606 VII. VILLARCEAU FLOWS: A CONFORMAL FIELD THEORY TO DESCRIBE PROTEIN 606
607 CHAINS 607

608 Let T be a revolution torus (or anchor ring) in R3. 1t is well known that T contains two 608
609 families of circles, the parallels of latitude, and the meridians. However, it is less known that T 609
610 contains other kind of circles, called Villarceau circles, as they were first discovered by A. J. Yvon 610
611 Villarceau (1813-1883) in 1848. Villarceau circles in T can be found by intersecting T with a 611
612 bitangent plane. In this way, one can find two families, 7, ={Y (#)} and JF,={E(¢)}, of these exotic 612
613 circles. Two circles from different families intersect in exactly two points, while two circles in the 613
614 same family not only do not intersect but they are also always linked."? 614
615 Clifford parallel great circles are nicely related with Villarceau circles through a suitable 615
616 stereographic projection. We take (,eS*CR* and consider the stereographic projection 616
617 E,:S°\{{,} — R? which, as it is well known, is the restriction of an inversion in R* with pole ,. 617
618 Now, fix a great circle, say C, going through ¢,. We choose in R3 a coordinate system {x,y,z}, 618
619 such that the z-axis will be E,(C\{£,}) and then E,(C*) will be the unit circle in the {x,y}-plane. 619
620 In this setting, it is not difficult to see that Ty=E,(Cy), 0 (0,7/2), is a revolution torus 620
621 around E,(C\{{,}) in R®. Furthermore, up to similarities, every revolution torus in R? is of the 621
622 form E,(C,) for a suitable value 6 e (0,7/2). Now, both families of Villarceau circles in T, 622
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623 =E,(C,) are obtained as images under the stereographic projection E, of the two kinds of great 623
624 circles in C, that are Clifford parallel to C. Then all Villarceau circles in R3\(z—axis) can be 624

625 described as follows: 625
626 Fi={Y®)}={E,(C"):C" is first kind Clifford parallel to C} 626
627 and 627
628 Fr,={E()}={E,(C"):C" is second kind Clifford parallel to C}. 628

629 From now on, we will refer to these circles as first and second kind Villarceau circles according to 629
630 they lie in JF,; or JF,, respectively. It should be observed that F, (F,) defines a foliation on 630
631 R3\(z—axis). 631
632 Note that in F; and in F, we have included a circle which is not of Villarceau type in a 632
633 revolution torus around the z-axis. That circle is E,(C*). However, we will treat it as a Villarceau 633
634 circle. 634
635 The Clifford parallelism is projected down to R, and so it can be described in terms of 635
636 Villarceau circles. Indeed, as C is the orbit through £, € C and we have chosen E,(C) to be the 636
637 z-axis in R?, we have a group of orientation preserving conformal maps in R*\(z—axis) associated 637
638 with C, and defined by 638

639 H{=E,°G¢oE,' ={,=E,° ¢,°E,":t € R}. 639

640 In this setting, the orbits in R*\(z—axis) associated with Hg. are just the first kind Villarceau 640
641 circles over a family of revolution tori around the z-axis. 641
642 Note that, given a pair of first kind Villarceau circles, say vy, and 7,, then y;=E,(C,) and 642
643 y,=E,(C,) for certain great circles which satisfy CI[*C,, ClI*C,, and so C,I*C,. In other words, 643
644 those Villarceau circles are images, via a stereographic projection, of two Hopf fibers. However, 644
645 they can lie on either the same revolution torus or two different revolution tori. The former occurs 645

646 when d(C,C,)=d(C,C,), while the latter happens when d(C,C,) #d(C,C,). 646
647 Similarly, let 647
648 He=E,°GgoE,' ={E,o x,°E,":t € R} 648
649 be the group of conformal maps that leave invariant the second kind Villarceau circles over a 649
650 family of revolution tori around the z-axis. 650
651 From now on, we will restrict ourselves to first kind Villarceau flows even though a similar 651

652 theory works for second kind Villarceau flows. Therefore, once we have solved the variational 652
653 problem whose solutions are Lancret helices in S°, we project down, via a stereographic map, to 653
654 obtain helices in Euclidean space whose axis is a conformal vector field (it generates a one- 654
655 parameter group of conformal transformations in Euclidean space). To be explicit, and without 655
656 loss of generality, consider £,=(0,i) € S*C (2. Then, in the above setting, the stereographic pro- 656
657 jection with pole ¢, is given by 657

21 . Re(Zz) )
1 -Im(z,) 1 -Im(z,) /"

658

E,:S*\ R3=CXR, E,|z, =<
0 {go} - ()(Zl Zl) 658

659 Now, choose, for instance, a Clifford torus T cyigrorq= Y (u,v), parametrized as a Riemannian prod- 659
660 uct of circles (2). It is not difficult to see that its stereographic image, E,(T cjirora), 1S an anchor 660
661 ring in R® whose meridians are the curves E,(u=constant) and latitude parallels are E, (v 661
662 =constant). 662
663 On the other hand, that torus viewed as a Hopf tube Tcygrorq=X(s,?) is projected in the 663
664 conformally flat surface E,(Tcysora) Proving that this is foliated by first kind Villarceau circles, 664
665 the images under E, of fibers s=constant. Now, the Lancret helices in Tc,,q make a constant 665
666 angle with fibers and so with the curves v=constant. As E, is a conformal map, the stereographic 666
667 projection of a Lancret helix makes a constant angle with the latitude parallels in the anchor ring 667
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668 E (T ¢jifrora)- Choosing, in particular, closed Lancret helices in the Clifford torus and projecting s
669 them by E,, we get nice closed configurations which are good candidates to model circular protein 669
670 chains. 670
671 The story, however, does not finish here. It continues, since what we made with the Clifford 671
672 torus also works for rectangular tori and more generally for any Hopf tube (in particular, any Hopf 672
673 tori). In fact, the chief point in this discussion is a conformal vector field in the Euclidean space. 673
674 It is the corresponding stereographic image of the Hopf vector field V({)=i{ that governs the 674
675 theory of Lancret helices in S*. Therefore, we define in R*\(z—axis) the following vector field: 675

676 W e x(R*\ (z—axis)), W=dE,(V). 676

677 This is a vector field providing the Villarceau flow F,. Alternatively, it is a conformal one, 677
678 generating the one-parameter group of conformal transformations Hg. 678
679 First kind Villarceau flows, i.e., W-flows in R?\(z—axis), can be explicitly obtained as follows. 679
680 Observe that any Villarceau circle intersects in exactly one point the half plane P={(x,0,z):x 680
681 >0} and recall that two Villarceau circles of the same kind do not intersect. Then, for any p 681
682 =(x,0,z) € P, the first kind Villarceau circle, yp:[—ﬂ', 7]—R3, going through p, is given by 682

683 Y1) =E,(e"x,e"((xy + iy,)), 683
684 where E,'(x,0,2)=(x;,0,x,,y,) and consequently 684
0 1 ( i in )
1) = ; X COS t,x; sin £,x, cOS t —y, sin 7).
685 P sint—y,cos ! ! 2 2 685
686 The length and the radius of this circle are, respectively, 686
2 2
;= Ll L+ |pl
=——m, r=——" .
687 X 2x 687

688 Now, given any regular curve §in S*(1/2), consider its Hopf tube T, which is a flat surface in S°. 688
689 Then project it, via the stereographic map, to obtain a surface Ms=E, (T 5) C R® which we call the 689
690 conformal Hopf tube with conformal cross section . These surfaces are tangent to W=dE, (V) and 690
691 so they are foliated by Villarceau circles, that is, 691

M§= EU(TS) = UpeMéEo(CE;l(p))s

692 692

693 where Cj-1(,) stands for the fiber in S* through E'(p). 693
o

694 Given a Lancret helix y in S3itis a geodesic in some Hopf tube T, and it makes a constant 694

695 angle with the Hopf vector field V, which is a Killing vector field on the whole three-sphere. 695
696 Consequently, its stereographic image B=FE,(y) (we call these curves conformal Lancret helices) 696
697 lies in the conformal Hopf tube Ms=E,(Ts) and it makes a constant angle with the conformal 697
698 vector field W=dE,(V). Sais otherwise, the conformal Lancret helices lie in conformal Hopf tubes 698
699 and they make a constant angle with the Villarceau circles. 699
700 In the model that we are proposing to describe helical configurations in nature the solutions 700
701 are conformal Lancret helices. They are conformal images in Euclidean space of curves in the 701
702 three-sphere that are extremals of an action involving linearly in its Lagrangian density both 702
703 bending and twisting effects.'®” As a culmination of this discussion, we obtain the following 703
704 result which from a geometrical point of view can be considered as a conformal Lancret integra- 704
705 tion theorem. 705
706 Theorem 4: A curve B in Euclidean space is a conformal Lancret helix if and only if it makes 706
707 a constant angle with the conformal Hopf vector field W=dE, (V). Moreover, conformal Lancret 707
708 helices lie in conformal Hopf tubes and they make a constant angle with the Villarceau circles. 708
709 Remark 5: 709
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710 (j) It should be noted that when the Hopf vector field is provided by the second Hopf map T1_, 70
711 we obtain helices associated with the second kind Villarceau flow. 71
712 (ii)  Also, we can project down from a different point in the three-sphere, say {. Now helical 712
713 structures appear as loxodromes, with respect to a conformal vector field, in deformed 713
714 conformal Hopf tubes such as Dupin cyclides. 714
715 VIIl. CONCLUSIONS 715
716 In the variational model that we are proposing, helices in Nature appear as either (A) Lancret 716

717 helices, that is, critical points of an action which is linear in both curvature and torsion. In this case 717
718 helices are loxodromes, with respect to an infinitesimal translation, in right cylinders over plane 718
719 curves; or (B) conformal Lancret helices, that is, conformal images of critical points in the 719
720 three-sphere of an action which is linear in both curvature and torsion. 720
721 Furthermore, they are either helices with respect to a kind of Villarceau flow and so loxo- 721
722 dromes in conformal Hopf tubes (anchor rings, revolution tori) or helices with respect to a de- 722
723 formed Villarceau flow and so loxodromes in deformed conformal Hopf tubes (Dupin cyclides). 723
724 In both cases, the space of helical structures is completely determined, up to either rigid 724
725 motions in the submodel (A) or conformal motions in the submodel (B), by two moduli. 725

726 The cross section of either the right cylinder or the Hopf tube, which can be determined from 726

727 a real valued function playing the role of its curvature function in the plane or in the 727
728 two-sphere, respectively. 728
729  * A real number playing the role of slope. The geometrical meaning of this moduli is obvious. 729
730 However, it also has an important variational meaning. The slope of a helix measures the 730
731 ratio between twisting and bending weights in the energy actions admitting that helix as an 731
732 extremal. 732
733 In both submodels, helices appear as solutions of a simple variational problem. In the former, 733

734 helices appear directly in the Euclidean space, while in the later they appear in the three-sphere 734
735 and then we have to project down, conformally, in the Euclidean space. However, the main 735
736 difference between both submodels comes from the topology. The second submodel admits closed 736
737 structures while this cannot hold in the first one. Besides these two principles, least action and 737
738 topological, which are two requirements of our model, a third one must be remarked. A quanti- 738
739 zation principle works for the main entities of the model. Therefore, the energy of an extremal, 739
740 i.e., a helical configuration, is not arbitrary but it comes only in natural multiples of some basic 740
741 quantity of energy. So energy critical values only depend on the homotopy class of cross sections. 741
742 The moduli space of closed helical structures in this model is also obtained from a rational 742
743 constraint between both moduli, the cross section, and the slope. Assume, for instance, we wish to 743
744 determine the space of closed W-helices with slope i, where W=dE,(V) is a certain Villarceau 744
745 flow. These helices are images, under E,, of closed Lancret helices with slope % in the three- 745
746 sphere. To construct the corresponding cross sections we need essentially two ingredients: (1) the 746
747 isoperimetric inequality in the two-sphere S?(1/2). This allows us to determine the region A 747
748 ={(x,y):x*+(y=m)?=72,x>0 and 0=y=27} in the {x,y}-plane with the following property: 748
749 the coordinates of any point a=(x,y) € A provide the length and the enclosed oriented area of a 749
750 simple closed curve in the two-sphere according to L=x and 2A=y. (2) The isometry type of the 750
751 associated Hopf tori. It allows one to obtain, in terms of the slope, the constraint to close a Lancret 751
752 helix. Therefore, for any rational number g € (), consider the straight line R, given by y=hx 752
753 +g . Now, for any point a=(x,y) € AN R, there exists a closed curve &, C S%(1/2) with length 753
754 L=x and enclosed area A=y/2. The Lancret helix ﬂq([):eif’@“(m), with slope h=p/n, is closed. 754
755 Moreover, the moduli space of closed W-helices having W-slope & is obtained as {)f;lq:q 755
756 € () and a e ANRy}. 756
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