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We obtain isoperimetric inequalities for the Willmore energy of Hopf tori in a wide class of
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conformal Berger spheres and, on the other hand, a one parameter family of Lorentzian
conformal structures. This allows us to give the best possible lower bound of Willmore
energies concerning isoareal Hopf tori.
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1. Introduction Certainly, the Willmore variational problem has been
The conformal geometry of surfaces S in semi-Riemann-
ian spaces (M,h) mainly deals with those properties of S
remaining invariant when the metric h moves within its
conformal class [h]. In other words, it is concerned with
conformal invariants of surfaces.

Up to where we know, the subject was initiated by Dar-
boux in the latter part of the nineteenth century and was
taken up again by Blaschke [9] and Thomsen [28] in the
1920’s. They proved that the energy density (H2 + R)dA,
for surfaces in the Euclidean 3-space ðE3;hÞ, is conformally
invariant in the conformal class of the Euclidean metric,
where H is the mean curvature, R is the sectional curvature
of the space on the tangent to the surface (sometimes
called the extrinsic Gaussian curvature) and dA is the area
element, all of them computed with respect to metrics in
that conformal class. The strategy of Blaschke was ex-
tended to any conformal class of semi-Riemannian metrics.

In the 1960’s, Willmore proposed the study of the vari-
ational problem associated with that conformally invariant
energy density defined on the space of closed (compact
and without boundary) surfaces in E3. In this respect, one
has the functional, nowadays known as Willmore functional
or Willmore energy, defined by

WðSÞ ¼
Z

S
ðH2 þ RÞdA:
. All rights reserved.

arros), aferr@um.es
extended in several directions including the following
ones: different conformal classes (see [2,17,23] and refer-
ences therein), surfaces with boundary (see [3,10,11] and
references therein), and Lorentzian conformal classes (see
[4,6] and references therein). Those extensions have given
place to what we will call the Willmore program, which
has turned into one of the most popular problems in the
geometry of surfaces. This popularity is due, partly, to the
Willmore conjecture which states that, in the Euclidean
conformal class, the Willmore energy, constrained to
closed surfaces of genus one, admits 2p2 as a lower bound
and it is reached precisely on a revolution torus with radii
in the ratio

ffiffiffi
2
p

(the stereographic projection of a Clifford
torus). As far as we know, the related conjecture in S3

has been solved in some special cases, including tori in
the three sphere which are invariant under the antipodal
map (see [26] and references therein). It should be noted
that the existence of Willmore surfaces of arbitrary genus
in E3 was shown by Simon in [27].

The Willmore energy of surfaces is important not only
in variational geometry but also in Physics. It constitutes
the core of enough apparently unrelated nonlinear phe-
nomena in Physics. We mention some of them:

(1) The elastic theories of membranes. They are gov-
erned by energy actions which essentially coincide
with the Willmore elastic energy from its origins
[12,24] to nowadays [13,18,31].

(2) The bosonic string theories. The Willmore energy also
appear as a string action governing the bosonic string
theory in the sense of Kleinert [14] and Polyakov [25].

http://dx.doi.org/10.1016/j.chaos.2011.04.003
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mailto:aferr@um.es                       
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(3) The two dimensional nonlinear sigma models with
either spherical symmetry or Poincaré symmetry.
The Willmore action is equivalent, via the Gauss–
Bonnet formula, to the boundary free compact, two
dimensional, non linear, sigma model with spherical
symmetry [19]. However, this equivalence also
holds for suitable boundary conditions [3]. Even
more, that equivalence also works in Lorentzian
sigma models [4].

It is clear that Hopf tori in the three sphere are invariant
under the antipodal map. Then 2p2 is the best possible
lower bound for Willmore energy, measured in the round
conformal class, of Hopf tori. Nevertheless, by fixing the
area of Hopf tori, then the previous estimate is not the best
one. So a natural problem is to search for the best possible
estimates for the Willmore energy in the class of Hopf tori
having the same area. In some sense, we are proposing a
kind of isoperimetric problem for the Willmore energy. In
this note, we solve this problem in the three sphere, not
only in the round conformal structure, but also in a one
parameter family of conformal structures which contains
the class of conformal Berger spheres, as well as a one
parameter family of Lorentzian conformal structures. Each
conformal class in that family includes just a metric of con-
stant scalar curvature. Then, up to constant curvature, they
represent the high level of rigidity in dimension three from
the point of view of the curvature.

The main result states as follows:

Theorem. Let a be an immersed closed curve in S2ð1=2Þ ¼
ðS2; gÞ with length L, then the Willmore energy of Sa in

S3; �ge
r

� �� �
satisfies

We
rðSaÞPmax 2pr2½pþLðer2�1Þ�;2pr2 p2

L
þLðer2�1Þ

� �	 

with equality holding if and only if a is a circle of S2ð1=2Þ and

so Sa is a rotational torus with area 2prL in S3; �ge
r

� �
.

As a consequence, we give some applications. For in-
stance, choosing a point qo 2 S

3, we use the stereographic
projection Eo : S3 � fqog ! E3. Then take Lo > 0 and consider
the subclass of tori EoðT oÞ ¼ fEoðSaÞ : LengthðaÞ ¼ Log. Then,
we get the best possible lower bound

WoðEoðSaÞÞP max 2p2;
2p3

L

	 

for the Willmore energy in the class EoðT oÞ, with equality
holding if and only if Eo(Sa) is an anchor ring with known
radii.

2. On Berger 3-spheres

The 3-dimensional Berger spheres appeared by the first
time in [7] where Berger obtained the classification of sim-
ply connected normal homogeneous Riemannian spaces
with positive sectional curvature. They can be geometri-
cally realized as geodesic spheres of the complex projective
plane CP2 endowed with the Fubini-Study metric.
Therefore, Berger spheres are hypersurfaces of CP2 which,
with the induced metric, have constant scalar curvature.

It should be noted that in 3-dimensional Riemannian
geometry, the constancy of scalar curvature provides the
second degree of rigidity after the constancy of the sec-
tional curvature, because an Einstein metric has, automat-
ically, constant curvature. Using the usual Hopf map,
Berger spheres can be also viewed as 3-spheres endowed
with bundle-like or Kaluza–Klein metrics, which appear
in the so called canonical variation of the standard round
metric. Indeed, it is a special case of the general construc-
tion of those kind of metrics.

To proceed, we start with the usual Hopf map
p : S3 ! S2, defined by

pðz1; z2Þ ¼ z1�z2;
1
2
ðjz1j2 � jz2j2Þ

� �
;

which is a Riemannian submersion when the spheres are
endowed with metrics �g and g of constant curvature 1
and 4, respectively. Setting S3 ¼ fz ¼ ðz1; z2Þ 2 C2 : jz1j2þ
jz2j2 ¼ 1g, then S

1 naturally acts on S
3 by eit � z = (eit � z1,

eit � z2) and the orbit flow is generated by the unit Killing
vector field V(z) = iz, usually called Hopf vector field. Now
S2 can be identified with the space of orbits and the Hopf
map sends each point to its orbit.

The Hopf map can also be regarded as a circle bundle
endowed with a natural connection, or gauge potential,
x = V]. With these ingredients, the metric �g on S3 can be
written as �g ¼ p�ðgÞ þx�ðdt2Þ. Now, we can use scaling
factors, or squashing parameters, on the fibres to obtain a
one parameter class of metrics on S

3 that constitute the
canonical variation of �g. To be precise, we define the family

fðS3; �grÞ; with �gr ¼ p�ðgÞ þ r2x�ðdt2Þ and r > 0g;

of Berger spheres.
It will be convenient, for later use, to summarize the

properties of these metrics:

(1) S
3; �gr

� �
has constant scalar curvature.

(2) p : S3; �gr

� �
! ðS2; gÞ is still a Riemannian submer-

sion with fibres being geodesics in the Berger
sphere. Thus the first O’Neill invariant Tr vanishes
identically (see [8,20,21]).

(3) The action of S1 on S3 is carried out through isome-

tries of S3; �gr

� �
.

(4) The second O’Neill invariant Ar, which measures the
obstruction to integrability of the horizontal distri-
bution, can be computed to be
ðArÞXV ¼ r2iX; X being horizontal:
It is known (see for example [30]) that any odd dimen-
sional sphere, in particular S

3, admits a standard Lorentz
metric which may be written in the above context as
follows

�gL ¼ p�ðgÞ �x�ðdt2Þ;

so that we have just changed the causal character of the fi-
bres and now they appear as timelike geodesics in ðS3; �gLÞ.
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Certainly p : ðS3; �gLÞ ! ðS2; gÞ is a semi-Riemannian sub-
mersion with geodesic fibres and so we can proceed, as
above, to define the corresponding canonical variation.
Then, we obtain a one parameter class of Lorentzian met-
rics on the family of Lorentzian 3-spheres

S3; �gL
r

� �
; with �gL

r ¼ p�ðgÞ � r2 x�ðdt2Þ and r > 0
n o

;

providing a family of semi-Riemannian submersions with
timelike geodesics fibres.

We can unify both families of metrics under the same
treatment by writing

S3; �ge
r

� �
; with �ge

r ¼ p�ðgÞ þ er2x�ðdt2Þ r > 0 and e� 1
n o

:

Therefore, we obtain a class of constant scalar curvature
metrics on the 3-sphere which are either Riemannian or
Lorentzian according to e = 1 or e = �1, respectively. Fur-
thermore, the Hopf flow V associated with the Hopf map
is carried out through isometries of any of the metrics in
this class and the O’Neill invariants of the semi-Riemann-
ian submersion p : ðS3; �ge

rÞ ! ðS
2; gÞ satisfy

Te
r ¼ 0; Ae

r


 �
XV ¼ er2iX; X being horizontal: ð1Þ
3. Willmore Hopf tori

Let a be a closed curve immersed in ðS2; gÞ with length
L > 0 and enclosing an oriented area A 2 (�p/2,p/2). Then
the surface Sa ¼ p�1ðaÞ is a Hopf torus, which can be de-
scribed from its universal covering

U : R2 ! Sa ¼ p�1ðaÞ; Uðs; tÞ ¼ eit �aðsÞ;
�a being a lifting of a. This map can also be used to paramet-
rize this torus with coordinate curves being fibres (s = con-
stant) and horizontal liftings of a (t = constant).

Hopf tori can be viewed in S3; �ge
r

� �
and then, with the

induced metric, they are flat tori. We assume that a is arc
length parametrized and so the metric in the above frame
is

�ge
rðUs;UsÞ ¼ 1; �ge

rðUs;UtÞ ¼ 0; and �ge
rðUt;UtÞ ¼ er2:

The isometry type of these flat tori is determined to be
that associated with the lattice Cr(a) = Span{(L,2A);
(0,2pr)} in either R2 if e = 1 or L2 if e = �1. Note that
Hopf tori are Lorentzian (or time-like) surfaces in the lat-
ter case.

The extrinsic geometry of Hopf tori in ðS3; �ge
rÞ is mainly

encoded in the shape operator. In the above framework, it
is given by the following matrix [5]

ja � p r

r 0

� �
;

where ja is the curvature function of a in ðS2; gÞ. In par-
ticular, the mean curvature function, Ha, of a Hopf torus,
Sa, is related with the curvature function of its cross sec-
tion a by

Ha ¼
1
2
ja � p: ð2Þ
As a consequence, a Hopf torus in S
3; �ge

r

� �
has constant

mean curvature if and only if its cross section a is a circle
in ðS2; gÞ. In particular, minimal Hopf tori correspond with
geodesics in ðS2; gÞ. From now on, the constant mean cur-

vature Hopf tori, even in S
3; �ge

r

� �
, will be called rotational

tori. Also, minimal Hopf tori, even in S
3; �ge

r

� �
, will be re-

ferred to as Clifford tori.
The critical points of the Willmore energy are called

Willmore surfaces (see [3,10,11] for boundary surfaces sat-
isfying Dirichlet boundary conditions). The class of Will-
more Hopf tori was obtained in [23] for the canonical
conformal structure on the 3-sphere ðS3; ½�g�Þ and in [2]
for conformal Berger spheres ðS3; ½�gr �Þ (see [17] for other
conformal classes close to the standard one). It should be
noted that all these metrics define different conformal
structures, so we can not find two of them in the same con-
formal class. The method used in [2,23] can be adapted to
the Lorentzian partners to determine the class of Willmore

tori in S3; �ge
r

� �� �
: r > 0; e ¼ �1

n o
. Let us briefly recall

how this approach works.

(1) First, consider the S1-action on S3 and note that a
torus in the three sphere is invariant under this
action if and only if it is a Hopf torus. Conse-
quently the space of S

1 symmetric tori can be
identified with that of immersed closed curves in
ðS2; gÞ.

(2) Since the group S1 is compact, we can apply the
principle of symmetric criticality, [22]. Therefore,
a Hopf torus is Willmore if it is a critical point
of the Willmore energy restricted to the space of
Hopf tori.

(3) To compute the Willmore energy of a Hopf torus

in S
3; �ge

r

� �
, we observe that the tangent plane

along a Hopf torus is a mixed section which admit
the following orthonormal frame Us ¼ eit �a0ðsÞ;

�
1
r Ut ¼ 1

r VðUðs; tÞÞg, where we have assumed that s
is the arclength of the cross section. Thus, we
can compute the sectional curvature appearing in
the Willmore density as in [8] and then use (1)
to obtain
R ¼ e
r2 Ae

r


 �
Us

Ut

��� ���2 ¼ er2p:
Now, we use (2) and dAa = rdsdt, to get
We
rðSaÞ ¼

Z
a

Z 2pr

0
r

1
4
j2

a þ er2
� �

pdt
� �

ds

¼ pr2

2

Z
a

j2
a þ 4er2
 �

ds:
(4) Consequently, the Hopf torus Sa is Willmore in
ðS3; �ge

r

� �
Þ if and only if its cross section a is a critical

point of the elastic energy
R
a ðj2

a þ 4er2Þds acting on

the space of closed curves in ðS2; gÞ. These curves are
known to be elasticae (see [15,16] for details about
closed elastic curves).
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4. Obtaining Hopf tori

Let S3ð1Þ ¼ ðS3; �gÞ be the 3-sphere with radius one in C2

and S
2ð1=2Þ ¼ ðS2; gÞ the 2-sphere with radius 1/2 in

C� R. Let p : S3ð1Þ ! S2ð1=2Þ the Hopf map defined as
above. The fibre over a point p ¼ ðaþ ib; cÞ 2 S

2ð1=2Þ is
easily computed as

p�1ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2c
p ffiffiffi

2
p eit ;

ffiffiffi
2
pffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2c
p ðaeit þ beiðt�p=2ÞÞ

 !
: t 2 R

( )
:

Likewise, given a curve aðsÞ ¼ ðaðsÞ; bðsÞ; cðsÞÞ; s 2 R, in
S2ð1=2Þ, its Hopf tube is nothing but

Sa ¼ p�1ðaÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2cðsÞ

p ffiffiffi
2
p eit;

ffiffiffi
2
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2cðsÞ
p ðaðsÞeit þ bðsÞeiðt�p=2ÞÞ

 !
;

(
�ðs; tÞ 2 R2�:

To parametrize Sa ¼ p�1ðaÞ by means of fibres and hor-
izontal lifts of the cross section a, we need to determine a
horizontal lift �a of a. To do that, write t = h(s) in the above
formula to get �a from the horizontality condition
hi�aðsÞ; �a0ðsÞi ¼ 0. Then, we have

h0ðsÞ ¼ B0ðsÞAðsÞ � A0ðsÞBðsÞ; where

AðsÞ ¼
ffiffiffi
2
p

aðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2cðsÞ

p ; BðsÞ ¼
ffiffiffi
2
p

bðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2cðsÞ

p ;

so that

�aðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2cðsÞ

p ffiffiffi
2
p eihðsÞ;AðsÞeihðsÞ þ BðsÞeiðhðsÞ�p=2Þ

 !
;

where

hðsÞ ¼
Z s

so

ðAðsÞB0ðsÞ � A0ðsÞBðsÞÞds:

Therefore

Sa ¼ p�1ðaÞ 	 Xðs; tÞ

¼ eit

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2cðsÞ

p ffiffiffi
2
p eihðsÞ;AðsÞeihðsÞ þ BðsÞeiðhðsÞ�p=2Þ

 !
:

Hopf tori are, of course, Hopf tubes whose cross section
a is closed. Let us exhibit some explicit examples of Hopf
tori.

(1) Clifford tori as Hopf tori. Perhaps, the more popular
compact surface, at least of genus one, in the three sphere
is the so called Clifford torus. It appears in a lot of problems
and there are some interesting and old conjectures regard-
ing that surface. The simplest way to define a Clifford torus
is to start with the map

Y : R2 ! C2; Yðu;vÞ ¼
ffiffiffi
2
p

2
ei
ffiffi
2
p

u; ei
ffiffi
2
p

v
� �

: ð3Þ

It is clear that YðR2Þ 
 S3. This map is bi-periodic with per-
iod

ffiffiffi
2
p

p and consequently, it defines an embedding, also
denoted by Y, of the squared torus or the Riemannian prod-
uct of two circles with radii

ffiffiffi
2
p

=2 into the unit three
sphere, which is the well known Clifford torus. Now, we
wish to see the Clifford torus as a Hopf torus with cross
section being a geodesic of S

2ð1=2Þ.
Let us choose

a : R! S2ð1=2Þ; aðsÞ ¼ 1
2

cos 2s;
1
2

sin 2s;0
� �

:

We use the above argument to see that h(s) = s, so that the
horizontal lift is given by

�a : R! S3; �aðsÞ ¼
ffiffiffi
2
p

2
eis; e�is

 �

:

Now, the Clifford torus can be parametrized by horizontal
lifts (t = constant) and fibres (s = constant) by

X : R2=C! S3 
 C2; Xðs; tÞ ¼
ffiffiffi
2
p

2
eiðsþtÞ; eið�sþtÞ
 �

;

where C is the lattice in R2 spanned by (p,p) and (0,2p).
(2) Rotational tori as Hopf tori with cross sections

geodesic circles. The Clifford torus is the only minimal flat
tori in the three sphere. Now the above construction can be
extended to flat tori with constant mean curvature in the
three sphere. This class of tori constitutes, up to congru-
ences, a one parameter family which can be viewed as
follows

Yh : Th ¼ S
1ðr1Þ � S

1ðr2Þ ! S
3 : r1 ¼ cos h;

n
r2 ¼ sin h and h 2 0;

p
2

� �o
;

where

Yhðu;vÞ ¼ r1eiu=r1 ; r2eiv=r2

 �

:

This class, obviously contains the minimal Clifford torus,
which is obtained for h = p/4. Now, any torus in this family
can be viewed as Hopf torus over a geodesic circle in
S2ð1=2Þ. So we start with a geodesic circle in S2ð1=2Þ, say

am : R! S
2ð1=2Þ; amðsÞ

¼ a cos
s
a
; a sin

s
a
;m

� �
; a2 þm2 ¼ 1

4
:

Working as above, we find that h(s) = ks, where k ¼
ffiffiffiffiffiffiffiffiffi
1�2m
1þ2m

q
,

and the following curve defines a horizontal lift of a

�amðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2m

2

r
eiks;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2m

2

r
eiðk�1=aÞs

 !
:

The corresponding Hopf torus is given by

Xm : R2=Cm ! S
3 
 C2; Xmðs; tÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2m

2

r
eiðksþtÞ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2m

2

r
eiððk�1=aÞsþtÞ

 !
;

where Cm is the lattice in R2 spanned by either

(i) ðL ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2
p

;2A ¼ pð1� 2mÞÞ and (0,2p) if
m > 0; or

(ii) ðL ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2
p

;2A ¼ pð1þ 2mÞÞ and (0,2p) if
m < 0.

Now choose h 2 (0,p/2) with cos h ¼ r1 ¼
ffiffiffiffiffiffiffiffiffi
1þ2m

2

q
and

sin h ¼ r2 ¼
ffiffiffiffiffiffiffiffiffi
1�2m

2

q
. Then, it is not difficult to check that



M. Barros, A. Ferrández / Chaos, Solitons & Fractals 44 (2011) 515–521 519
Xmðs; tÞ ¼ Yhðr1ðksþ tÞ; r2ððk� 1=aÞsþ tÞÞ:

Moreover, the length L ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2
p

of am and the angle h
are related by L = psin2h.

The following facts should be noted:

(1) Even though the curve a was closed, the horizontal
lifts �a, in general, are not. This is because the holon-
omy of the potential gauge associated with the Hopf
map is not trivial. However, one can check that �a
closes, may be after a number of liftings, if and only if
the curve a in S2ð1=2Þ encloses an oriented area which
is a rational multiple of p. According to the latter
computations, the horizontal lifts of a circle are
closed if and only if m is a rational number.

(2) It can be proved (see [1]) that an anchor ring in E3 is
the stereographic projection of a rotational torus in
the unit three sphere if an only it is associated with
radii given by R ¼ 1

cos h and q ¼ sin h
cos h.

(3) The Hopf torus with cross section the Viviani’s
curve. In 1692, Vincenzo Viviani (1622–1703), a student
of Galileo, proposed the following problem: How is it pos-
sible that a hemisphere has four windows of such a size
that the remaining surface can be exactly squared?

The answer to this question involves the so called Vivi-
ani’s curve. This curve, regarded in S

2ð1=2Þ, is obtained
when intersecting this sphere with the right cylinder
(x � 1/4)2 + y2 = 1/16. Therefore, we have the curve

aðsÞ ¼ 1þ cos s
4

;
sin s

4
;
sin s

2

2

� �
;

which closes with period 4p, for example in �2p 6 s 6 2p.
It should be noted that this curve is not parametrized by its
arc-length, however this is no great matter. Consequently,
we can follow step by step the stated argument to obtain

h0ðsÞ ¼ 1
4

1� sin
s
2

� �
; hðsÞ ¼ 1

4
sþ 2 cos

s
2

� �
:

Now a horizontal lifting for Viviani’s curve turns out to be

�aðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sin s

2

q
ffiffiffi
2
p eihðsÞ;

ffiffiffi
2
p

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sin s

2

q ðeihðsÞ þ eiðhðsÞ�sÞÞ

0B@
1CA;

and hðsÞ ¼ 1
4 sþ 2 cos s

2


 �
.

This allows us to compute the following nice parametri-
zation of the Hopf torus over the Viviani’s curve

X : ½�2p;2p� � R! Sa 
 S3 
 C2;

given by

Xðs; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sin s

2

q
ffiffiffi
2
p eiðhðsÞþtÞ;

ffiffiffi
2
p

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sin s

2

q ðeiðhðsÞþtÞ þ eiðhðsÞ�sþtÞÞ

0B@
1CA;

where hðsÞ ¼ 1
4 sþ 2 cos s

2


 �
.

5. Willmore energy estimates

Given a positive real number Ao > 0, consider the class
T o of Hopf tori with area Ao. Then we state the following
isoperimetric problem: Find the best possible lower
bound of the Willmore energy We

r ; r > 0; e ¼ �1
� �

in
the class T o.

Certainly this problem can be also stated in terms of the
length of the cross sections, because, in ðS3; �ge

rÞ, we have
Area (Sa) = 2pr Length (a). So we are proposing the prob-
lem of minimizing Willmore energies in the class of Hopf
tori whose cross sections have the same length. The theo-
rem we have stated in the Introduction completely solves
this problem.

Proof of the Theorem. We already know that the Will-
more energy of a Hopf torus in S3; �ge

r

� �� �
is given by

We
rðSaÞ ¼

pr2

2

Z
a

j2
a þ 4er2
 �

ds; r > 0; e� 1:

In particular, we see that

We
rðSaÞ ¼ r2WðSaÞ þ 2pr2Lðer2 � 1Þ: ð4Þ

Therefore, we only need to control the Willmore energy in
the conformal structure ðS3; ½�g�Þ which satisfies

WðSaÞ ¼
p
2

Z
a
ðj2

a þ 4Þds ¼ p
2

Z
a

~j2
ads;

where ~ja is the curvature function of a in the Euclidean
space E3. The Schwartz and Fenchel inequalities then imply
that

WðSaÞP
2p3

L
:

On the other hand, every Hopf torus in the unit three
sphere is invariant under the antipodal map. In fact

AðUðs; tÞÞ ¼ �Uðs; tÞ ¼ �eit �aðsÞ ¼ eitþp�aðsÞ 2 Sa:

Now the Willmore conjecture for tori in the real projective
three space, equivalently for tori in the unit three sphere
which are invariant under the antipodal map, has been
proved in [26], so we have

WðSaÞP 2p2:

This proves that WðSaÞP max 2p2; 2p3

L

n o
getting the

inequality. As for equality, we distinguish two cases. If
L P p, equality yields WðSaÞ ¼ 2p2 and then Sa is a Clifford
torus in ðS3; �gÞ, which implies that a is a geodesic in
S

2ð1=2Þ and so Sa is a minimal rotational torus in

S
3; �ge

r

� �
. Otherwise, if L 6 p, equality says that

WðSaÞ ¼ 2p3

L , which we bring to Schwartz and Fenchel

inequalities to ensure that a is a circle in S2ð1=2Þ and so

Sa is a rotational torus in S3; �ge
r

� �
.

The above result, and its proof, has important conse-
quences and applications, some of them are listed below.

(1) Willmore energy estimates. The above stated result
allows one to obtain the best possible estimates for Will-
more energy on the class of Hopf tori with the same area.
In some sense it can be considered as a kind of isoperimet-
ric inequality for Willmore energy. Let Lo be a positive real

number and consider the class of Hopf tori in S3; �ge
r

� �
with

area 2pr Lo, that is
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T o ¼ fSa : a is a closed curve in S2ð1=2Þ with length ðaÞ
¼ Log:

Then we have

(i) If Lo P p then We
rðSaÞP 2p2r þ 2rpLoðer2 � 1Þ and

the equality holds if and only if Sa is the minimal rota-

tional torus (the Clifford torus) in S3; �ge
r

� �
.

(ii) If Lo 6 p then We
rðSaÞP 2p3r

Lo
þ 2rpLoðer2 � 1Þ and the

equality holds if and only if Sa is a rotational torus with

area 2prLo in S
3; �ge

r

� �
.

(2) A conformal picture in E3. We can use a stereo-
graphic projection to see a conformal picture, in E3. Pick
a point qo 2 S3 and denote by Eo : S3 � fqog ! E3 the ste-
reographic projection with pole qo. Choose C to be a
great circle through qo and Eo(C) as the {z}-axis in E3.
Now, the Hopf vector field, V, projets down to the vector
field Z = dEo(V) which is a conformal infinitesimal trans-
lation in the Euclidean metric, �go. In particular, it defines
a flow of circles in M ¼ E3 � EoðCÞ which are called
circles of Villarceau (see [7,29]). This Villarceau flow
can be explicitly obtained as follows. First, note that
any Villarceau circle intersects in exactly one point the
half plane P = {(x,0,z) : x > 0}. Then, for any p = (x,0,z) 2 P,
the Villarceau circle, cp : ½�p;p� ! E3, passing through p
is given by

cpðtÞ ¼
1

1� x2 sin t � y2 cos t
ðx1 cos t; x1 sin t; x2 cos t � y2

� sin tÞ;

where

x1 ¼
2x

1þ x2 þ z2 ; x2 ¼
2z

1þ x2 þ z2 ; y2 ¼
�1þ x2 þ z2

1þ x2 þ z2

Now, the class of Hopf tori projects down in the class of tori
that are foliated by Villarceau circles, namely {Eo(Sa) : a is a
closed curve in S2ð1=2Þg. So these tori are invariant under
the one parameter group of conformal transformations
fwt ¼ Eo �ut � E

�1
o : t 2 Rg, where wt : S3 ! S3 is given by

ut(z) = eitz.
For Lo > 0 consider the subclass of tori EoðT oÞ ¼

fEoðSaÞ : LengthðaÞ ¼ Log. Then, we have the following best
possible lower bound for Willmore energy, of E3, in the
class EoðT oÞ

WoðEoðSaÞÞP max 2p2;
2p3

L

	 

and the equality holds if and only if Eo(Sa) is an anchor ring
with radii R > q given by

R ¼
ffiffiffiffiffiffiffi
2p
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 � L2

o

qr and q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 � L2

o

qr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 � L2

o

qr :

More precisely, we have
(i) If Lo P p, then WoðEoðSaÞÞP 2p2 and the equality
holds if and only if Eo(Sa) is an anchor ring with radii
in the ratio R

q ¼
ffiffiffi
2
p

.
(ii) If Lo 6 p, then WoðEoðSaÞÞP 2p3=Lo, with equality

holding if and only if Eo(Sa) is an anchor ring with

radii in the ratio R
q ¼

ffiffiffiffi
2p
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p�
ffiffiffiffiffiffiffiffiffiffi
p2�L2

o

pp .

(3) Estimates in Anti de Sitter worlds. Let a be an im-
mersed closed curve in S

2ð1=2Þ ¼ ðS2; gÞ with curvature
function ja and length L. Then its total squared curvature
can be written asZ

a
j2

ads ¼ 2
p
WðSaÞ � 4L;

so thatZ
a
j2

ads P max 0;
4ðp2 � L2Þ

L

( )
ð5Þ

and the equality holds if and only if a is a circle of S
2ð1=2Þ.

On the other hand, the an anti de Sitter metric ~g, with
constant curvature �4, can be materialized by choosing
the model

H3
1 ¼ ðz1; z2Þ 2 C2 : jz1j2 � jz2j2 ¼ �

1
4

	 

;

endowed with the induced metric from that of C2
1 	 R4

2.
However, we wish to see the anti de Sitter metric as a
warped product and so as a bundle-like one associated
with a semi-Riemannian submersion where the horizontal
distribution is integrable and consequently the second
O’Neill invariant A vanishes identically. To do it, consider
the hyperbolic plane, endowed with the metric g with con-
stant curvature � 1

4, viewed in L3 as

H2 ¼ ðx; y; zÞ 2 R3 : x2 þ y2 � z2 ¼ �1
4
; z > 0

	 

:

Now, define the positive function f : H2 ! R by f(x,y,z) = z
and use it as a warping function to see H2 � S

1 equipped
with the metric g � f2dt2, also written as the warped prod-
uct H2�f ð�S

1Þ.
Next, define the map F : H2 � S1 ! H3

1 by F((x,y,z),eit) =
(x + iy,zeit). It is not difficult to see that F is a global isome-
try between H2�f ð�S

1Þ and H3
1; ~g


 �
. As a consequence, an

obvious conformal change allows us to see the conformal

anti de Sitter space H3
1;

1
f 2 ~g

� �
isometric to the semi-Rie-

mannian product H2; 1
f 2 g

� �
� ðS1;�dt2Þ. It is not difficult

to see that R ¼ ðH2; 1
f 2 gÞ is isometric to the once punctured

round two sphere with radius 1/2. Now, for any closed
curve a in this once punctured two sphere, one can con-
sider the Lorentzian tube Ta ¼ Fða� ð�S

1ÞÞ. As the Will-
more energy is invariant under conformal changes in the
ambient metric, we can compute the Willmore energy of
those tubes in the anti de Sitter space using the Riemann-
ian product conformal metric. Then, we have

fWðTaÞ ¼
p
2

Z
a
j2

ads;
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where ja denotes the curvature function of a in the once
punctured two sphere R ¼ S

2ð1=2Þ � fpg. Then, we can
use (5) to obtain

fWðTaÞP max 0;
2pðp2 � L2Þ

L

( )
and the equality holds if and only if a is a circle in the unit
two sphere.

Final remark. A natural question is to study how the
Willmore energy of a given Hopf torus Sa varies when
the scaling factor moves. That variation can be measured
from (4) which can be written as

We
rðSaÞ ¼ r2ð2pLer2 þ fWðTaÞÞ:

Therefore, the behavior of the Willmore energy is different
enough according to whether the metric is either Riemann-
ian or Lorentzian. In Berger spheres, that is, when e = 1, the
Willmore energy of Hopf tori increases with the scaling
factor. However, as for Lorentzian partners we have

We¼�1
r ðSaÞ ¼ r2ð�2pLr2 þfWðTaÞÞ

and so the Willmore energy reaches its maximum when
the scaling factor is

r2
o ¼

1
4pL

fWðTaÞ:

Then the maximum Willmore energy of a Lorentzian Hopf
torus is

We¼�1
ro
ðSaÞ ¼

1
8pL
ðfWðTaÞÞ2:
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