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Abstract

In a Lorentzian space (or more generally in a pseudo-Riemannian
space) appears a class of submanifolds where the induced metric is de-
generate; they are called lightlike submanifolds. This work tries to give
relations between geometric objects of a lightlike submanifold and those
of a (non-degenerate) Riemannian submanifold in a Lorentzian space.
These relations allow us to obtain some characterization results for to-
tally geodesic submanifolds in Lorentzian space forms.
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1 Introduction

It is well-know that in a Lorentzian manifold we can find three types of sub-
manifolds: spacelike (or Riemannian), timelike (or Lorentzian) and lightlike
(degenerate or null), depending on the induced metric in the tangent vector
space. The growing importance of lightlike submanifolds in global Lorentzian
geometry, and their use in general relativity, motivated the study of degenerate
submanifolds in a semi-Riemannian manifold. Due to the degeneracy of the
metric, basic differences occur between the study of lightlike submanifolds and
the classical theory of Riemannian as well as semi-Riemannian submanifolds
(see, for example, [1], [3], [5], [7], [11], and [14]).

Lightlike submanifolds (in particular, lightlike hypersurfaces) appear on
innumerable papers of physics. For example, the lightlike submanifolds are
very interesting for general relativity since they produce models of different
types of horizons (event horizons, Cauchy’s horizons, Kruskal’s horizons). The
idea that the Universe we live in can be represented as a 4-dimensional sub-
manifold embedded in a (4+d)-dimensional space-time manifold has attracted
the attention of many physicists. Higher dimensional semi-Euclidean spaces
should provide theoretical framework in which the fundamental laws of physics
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may appear to be unified, as in the Kaluza-Klein scheme. Lightlike hypersur-
faces are also studied in the theory of electromagnetism (see, for example, [4],
[15] and [16]).

In the following section we introduce the necessary geometric objects to
study the geometry of lightlike submanifolds. The aim of this work is to re-
late the geometry of a lightlike submanifold in a Lorentzian space with the
geometry of a Riemannian submanifold in the same Lorentzian space. Mak-
ing use of the well known results in the non-degenerate geometry we obtain
results for lightlike submanifolds. In the last section, and as application of the
results obtained before, we completely describe the totally geodesic lightlike
submanifolds in a Lorentzian space of constant curvature.

2 Preliminaries

Let us consider (M"*!,V°) an (n + 1)-dimensional Lorentzian manifold with
metric g (which will also be denoted by (,)). An m-dimensional submanifold
P™ in M{”l is said to be a lightlike submanifold if the induced metric on
P™ is degenerate. In the sequel, and for simplicity of notation, we will write
M and P instead of M{IH and P™, respectively. Also, we will suppose that
m > 3.

The basic facts on lightlike submanifolds can be found in [5]. In the nota-
tion of [5], the tangent vector bundle on M restricted to P can be decomposed
(in a non unique way) as

TM|p =TP @ tr(TP) = S(TP)L(K & K)LS(TPY), (1)

where K is the 1-dimensional radical distribution of TP, that is, K = TP N
TP+L. S(TP) and S(TP™), called a screen distribution and a screen transver-
sal vector bundle of P, verify

TP=S(TP)LK and TP+ =S(TPLK.

K is called a lightlike transversal vector bundle.
Bearing in mind the decomposition

TM|p=TP®tr(TP),
we obtain the Gauss formula for lightlike submanifolds,
VLY =VxY +0(X,Y), forall X,Y e I'TP,

where VxY = (V_%(Y)T is the tangent part and 0(X,Y) = (VYY) is the
transversal part. V is called the induced connection on P and 6 is called the
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lightlike second fundamental form of P C M. The lightlike second fundamental
form is bilineal and symmetric. If U and X are normal and tangent sections,
respectively, we can consider

Ap(X) = =5(VxU),

where S : I'TP — I'S(T'P) denotes the projection map on the screen distri-
bution. The operator Ay is called the lightlike shape operator with respect to
the section U. The properties of these operators can be encountered in [5].
Now we will restrict our attention on a special type of lightlike submanifolds
defined by Kupeli, [11].

Definition 1 A lightlike submanifold P of M is said to be irrotational if
V¢ € I'TP for all tangent section X of P, where £ is a section of the radical
distribution K.

It is easy to check that this definition is independent of the chosen section &,
and it is equivalent to the condition 8(X, &) = 0 for any decomposition.

A submanifold P is called geodesic or totally geodesic if it contains the
geodesics of M which are somewhere tangent to it. In other words, if ¢ € P
and v € T, P, then the geodesic v in M with initial conditions v(0) = ¢ and
~'(0) = v lies in P. This is equivalent to saying that the vector fields on P are
invariant by covariant derivation (this equivalence is valid for all torsion free
connections, [9]). Although there is no way to induce connections on arbitrary
lightlike submanifolds, the totally geodesic ones have such a connection, which
is compatible with the degenerate metric but not derived from it, as degenerate
metrics do not have Levi-Civita connections.

Trivial examples of irrotational submanifolds are the totally geodesic light-
like submanifolds, since VY = VY, or equivalently, § = 0. Another im-
portant example are the lightlike hypersurfaces, since (V$.&,&) = 0 and so the
transversal part vanishes.

Definition 2 Let P be an m-dimensional lightlike submanifold of an (n+ 1)-
dimensional Lorentzian manifold M. We say that P is a totally umbilical
lightlike submanifold if for all U € TP, there exist a differentiable function
Ay verifying

Ay(X) = \ySX, forall X e TTP. (2)

This definition is independent of the chosen screen distribution S(7'P).
If P is an irrotational lightlike submanifold, for ¢ € TK, U € TTP+ and
W e I'S(TP), we have

(VEUW) =~ (VaW.U) =0,
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then S(V¢U) = 0, which implies
Ap(X) = Ay(SX), forallU e TP X eTTP. (3)

From now on, {E1,...,En_1,&,m,N1,..., Np_p} will denote a pseudo-ortho-
normal basis of T'M|p adapted to the decomposition (1), where E; € I'S(TP),
N; e TS(TPY), ¢ eTK, n € 'K, verifying

<EiaEz'> = <Nj7Nj> = <§777> =1, <§7§> = <77777> =0.

The following proposition can be found in [11], page 80; here we present
a different point of view.

Proposition 1 Let P be an m-dimensional irrotational lightlike submanifold
of a Lorentzian manifold M. The following statements are equivalent:

(i) There exist a transversal section H wverifying that

0(X,Y)=(X,Y)H, foralX,Y eTTP.

(ii) P is totally umbilical.

Proof. Let {E1,...,Em_1,&,1n,N1,...,Np_m} be a pseudo-orthonormal
basis adapted to TM|p. We claim that 0(X,Y) = (SX,SY) for X, Y € I'TP.
The proof is a consequence of the following computation.

0(SX,SY) = (Ve SY, &) n+ Z (V2xSY,N;) N;
7=1
—(Vex& SY)n— <stNj75Y> N;j (4)
j=1
= (A¢(SX),SY)n+ Y (AN, (SX),SY) N;.
j=1

Let us assume (i), then §(SX,SY) = (SX,SY) H, H being

n—m

H =X+ Y NNy, (5)
j=1

and so, combining this equality with (4), we obtain

(Ae(5X),8Y) = A(SX,SY), (An,(SX),5Y)=);(5X,5Y).
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These equations are equivalent to

(Ae(SX) —ASX,8Y) =0, <ANj(SX) - \SX,8Y) =0, VX, Y eITP,
which implies

Ae(X) = Ae(SX) = ASX, Ay, (X) = AN, (SX) = NSX, VX, Y €eI'TP.

Taking into account that {&, Nq,..., N,_,} is a basis of TP+, we obtain (ii).

Conversely, if P is totally umbilical, then equation (2) implies that there
exist differentiable functions A, \; verifying A¢(X) = ASX and Ay, (X) =
A;jSX for all X € I'T'P. Substituting these equalities into (4) we complete the
proof, where H is given by (5). |

If P is irrotational, we know that S(Vg£) = 0, and so there exist a differen-
tiable function p such that Vgﬁ = —p€. As a consequence of this computation
we have the following result.

Proposition 2 Let P be an irrotational lightlike submanifold of a Lorentzian
manifold M. Then the integral curves of & € 'K are null pregeodesics of M.

Proof.  Let h be a function verifying {(logh) = p, and take € = he. Tt is
easy to check that V£ = 0, hence the integral curves of ¢ are geodesics and,

in consequence, the integral curves of £ are pregeodesics. |

The above statement is true for all lightlike hypersurfaces. Furthermore,
if M have constant curvature, it is well know that the null geodesics are null
lines, which implies that P is ruled by null lines.

3 Lightlike submanifolds and submersions

Let P be an m-dimensional lightlike submanifold immersed in a (n + 1)-
dimensional Lorentzian manifold M by v : P — M. Let 71 : M — B a
Lorentzian submersion of codimension one (that is, dim(B)=1), and consider
# = mo. Let us assume that # : P — B = #(P) is a submersion, or
equivalent, P is not contained in any fiber of .

Let us denote by F; and X, the fibers of 7 and 7, respectively. It is clear
that 3; is a Riemannian submanifold immersed in F;. The following diagram
illustrates the situation:

(F, V§) —— (M, V°) ——

th Tw L (6)

(5, Vi) —2— (P,V) —— B=#(P)
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The Levi-Civita connections Vt and Vt on F; and 3, respectively, can be
extended to connections V° and V on the vertical distributions V(T'M) and
V(TP), respectively.

Our aim now is to define geometric objects with respect to these submer-
sions.

Definition 3 Let P be a lightlike submanifold of a Lorentzian manifold M
and 7 : M — B a submersion as before. The screen vector bundle S(T'P) =
V(TP) on P is called the canonical screen distribution associated to the sub-
mersion 7.

Bearing in mind the above diagram, definitions and notations, we can
decompose the tangent vector bundle T'M|p in a different way that (1), as
follows,

TM|p =V(TM)|pLH(TM)|p

V(T
(fi(TP)LV(TP) ) LH(TM)|p (7)
=S(TP)& (f/(TP)ﬂﬂ(TP)) :

where V(T P)* denotes the orthogonal of V(T'P) in V(T'M)|p. Comparing the
decompositions (1) and (7) we deduce

(K® K)LS(TPY) = V(TP)* LH(TP).

Let x € H(T'M) be a unit local basic vector field with respect to 7 and
write X = x|p € H(TP). As P is not contained in any fiber of 7, then
(€,x) # 0 for € € TK, so that K @ H(TP) is a hiperbolic plane. Choose K
such that Il = K & K = K & H(TP). We can construct local references {&,7}
and {N, X}, with N € V(TP)* and 1 € f(, satisfying

=(N,N)==(x;x), &=—75(N+x), n=—%WN=-x), (8

ﬁ
where ¢ = £1. In this case S (TP1) is necessarily the orthonormal comple-
mentary of span { N} in V(TP)*.

Definition 4 The section ¢ and the vector bundle S(7TP+) defined above are
called the canonical radical section and the canonical screen transversal vector
bundle associated to the submersion 7.

If M is time-oriented, we can choose ¢ and n pointing out to the future. In
this case they are completely determined by the submersion 7. In these condi-
tions, if {Ng = N, N1, ..., Ny_,} is a basis of V(T P)*, where {Ny, ..., Ny}
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expands the canonical screen transversal vector bundle, we consider the oper-
ators

Ay, : V(TP) — V(TP) & : V(TP) x V(TP) — V(TP)*
-~ o~ ~ 1
W~ —V(ViN) Wi, Wo)  ~ (Vi 12)

where 0 < j < n — m. Moreover, these operators restricted to each fiber are
the shape operator respect to N; and the second fundamental form of the
immersion ¥ : ¥y — Fy, respectively.

On the other hand, bearing in mind the diagram (6), we can consider the
operators defined by

A°:V(TM) — V(TM)  6°:V(TM) x V(TM) — H(TM)
Voo~ —Vix (Vi,Va)  ~  H (Vi 1a)

These operators, restricted to each fiber F;, are the shape operator and the
second fundamental form of the immersion i; : F; — M. We will consider
both operators acting on V(T M)|p.

We can write the following equations relating the above geometric objects,

WVe = Vi, Ve +6°(Vi, Vo) = Vig Vo — e (A°(V1), V2) X,

%%/1W2 = €W1W2 + &(Wl, WQ) (9)

:€W1W2+e<21 (W >N+n m<AN W), >N

J=1

where Wi, Wy are sections on V(T'P) = S(T'P) and Vi, Vs are sections on
V(TM)|p. These equations restricted to each fiber represent the Gauss equa-
tions of both immersions F; C M and ¥; C F, respectively.

We are going to state some results relating the different geometric objects
defined above. From these relationships we will obtain interesting applications
for particular cases.

Proposition 3 Let P be an m-dimensional irrotational lightlike submanifold
of a Lorentzian manifold M of dimensionn+1, and 7w : M — B a totally um-
bilical semi-Riemannian (Riemannian or Lorentzian) submersion. Let S(TP)
be the canonical screen distribution, £ the canonical radical section £ associ-
ated to m and {N,N1,..., Np_m} an orthonormal basis of V(T P)*. Then the
following statements hold:

(i) V&= Ag(W), for all W € T'S(TP).
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(i) Ay, = ANj for 1 <i<n—m, and A¢ = % (AN —i—,uId), where p is
the differentiable function verifying the equation AO(V) =uV.

Proof. “(i)” By hypothesis, V&€ is a section of TP. The proof is completed
by showing that (V{,&,n) = 0. Indeed,

<%&m=<éVMN+ﬁ\%W—@>
- g(— (Viy N, X) + (Viy X, V)
=€ <v?/V>~<7 N>

:g<—A°(W),N> ~0.

“(ii)” Trivially, Ay, = ANJ- since S(TP) = V(TP). Bearing in mind
the above statement and that the fibers of 7 are totally umibilical, that is,
A°(W) = uW, we obtain

Ac(W) = ——— V5, (N +7)

[\

1 o o ~
=75 (Vi N + Viyx)
=- (VWN | (W))

1
V2

-5

/N

An(W) + uW) . m

Proposition 4 Let P be an irrotational lightlike submanifold of a Lorentzian
manifold M and 7 : M — B a totally umbilical submersion with semi-
Riemannian fibers Fy. Let © be the submersion induced by m on P with fibers
3t. Then P is totally umbilical if and only if 3¢ is totally umbilical in F; for
all't € w(P).

The proof is a direct consequence of Proposition 3. In particular, for
totally geodesic lightlike submanifolds we have Ay, =0, 1 < j <n —m, and

Ay = —pId. Then if the fibers F; are totally geodesics (1 = 0), then the
immersions ¥; C F; are totally geodesics.

4 Applications to Lorentzian space forms

This section contains some applications to Lorentzian manifolds of constant
curvature Mf“(c). In particular we describe the totally geodesic lightlike
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submanifolds in M7"!(c). We study separately the ambient spaces R,
Sn—i—l and Hn+l
1 T

Lightlike submanifolds in R}*!

As it is well known, a irrotational lightlike submanifold is ruled by null geodesics,
and these geodesics can be naturally enlarged to complete geodesics. The
problem is the appearance of singular points, but we can work locally.

Fix a vector a € R} such that (a,a) = —1 and consider 7, : Rf*! — R
the map defined by m,(z) = (z,a). It is easy to prove that 7 is a totally
geodesic submersion with Riemannian fibers, and 7 is a submersion, since P
can not be contained in any fiber (they are Riemannian). In particular, if we
choose a = (1,0, ...,0) we obtain a submersion where the fibers are {t} x R".

We have the following situation:

{t} xR® s ROHL T, R-

wT | Tw L (10)

Y, 25 p T, z(P)

Remark 1 Whenever P is a lightlike hypersurface of the (n + 1)-dimensional
Lorentz-Minkowski space and 7, is as above, with a = (1,0, ..., 0), the lightlike
transversal vector bundle expanded by the vector field 7, given by (8), agrees
with the canonical lightlike transversal vector bundle introduced in [2] (up
the orientation). In particular, if n = 3, the Gauss map N! of the immersion
Y C Fy defined by

Nty — §?
p ~ Nlg,(p)

where the N is given by (8), agrees with the Gauss map associated to a lightlike
hypersurface P with base ¥; introduced by Kossowski in [10].

It is well-known that the only totally geodesic submanifolds of R™ are
pieces of r-planes, with 2 < r < n. Moreover, the only non geodesic totally
umbilical hypersurfaces of R™ are pieces of spheres. Then from this fact and
by using Proposition 4 we deduce the following results already known.

Proposition 5 The only totally geodesic lightlike submanifods in the Lorentz-
Minkowski space R?H are pieces of null m-planes.
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Proof. We know that P is ruled by null lines, and the sections ¥; provided
by the submersion 7 are (m — 1)-planes. We only have to prove that £ is a
parallel section with respect to V(T'P) = S(T'P). Using Proposition 3 we have

Vi€ =Ac(W) =0, forall WeI'S(TP),
which is the desired conclusion. [ |

The following result, already proved by Akivis and Goldberg in [1], can
also be easily deduced.

Proposition 6 The only totally umbilical lightlike hypersurfaces in R?H are
the lightlike cones.

Proof. Let P be a totally umbilical lightlike hypersurface, then the fibers
> are spherical. It is easy to see that there are only two lightlike hypersurfaces
that contain the fiber ¥;, but we can construct two lightlike cones containing
3. This concludes the proof. |

Lightlike submanifolds in the De-Sitter space Si*!

Fix a vector a € R?H such that (a,a) = —1 and consider as before 7, :
R — R the map defined by 7,(z) = (x,a). Tt is not difficult to prove that
Tq = ﬁa]S?H is a totally umbilical submersion with Riemannian fibers. To
make easier the computations, choose a = (1,0,...,0). Then, for each ¢t € R,
the fiber F; = m, (t) is a totally umbilical hypersurface with shape operator
Ae = wl, where pu = t/v/t?2 + 1. Therefore F; have positive constant curvature
1/(t? + 1), hence F; is a sphere of radius vt2 + 1. Note that the fiber Fy is
totally geodesic (u|z, = 0). We have the following situation:

{t} x R+ U LR T, R
‘] CR
{t} x SM(1/(1 + %)) —— SpHl "o, R- (11)
th Tw Tz
2, ., p T, q.(P)

Proposition 7 The m-dimensional totally geodesic lightlike submanifolds P
in the De-Sitter space ST C R are exactly the intersections of null (m+4-1)-
planes in R?+2 passing through the origin with S?H.
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Proof.  Consider 7, : SP™' — R with a = (1,0,...,0), defined as above.
Then the fibers F; are exactly S"(1/(1 + ¢?). Since totally geodesic lightlike
submanifolds are ruled by null lines, then it is very important to study the
immersion ¥y C Fo = S"(1). We work in Fy because it is the unique totally
geodesic fiber in S?H, and so the computations are easier.

By using Proposition 3, for a suitable basis {N, N1, ..., Ny_p} of V(T P)*,
we have

1

A
SN

(Ay +pld), Ay, = Ay, 1<j<n—m.

Then P is totally geodesic iff lej =0and Ay = —upld.  In particular, if
we restricted these operators to the fiber ¥, then Ay = 0 and consequently
the immersion g C S™ is totally geodesic. It is well-known that the totally
geodesics submanifolds of S™ are (m — 1)-dimensional spheres of maximum
radius (that is, intersections of m-planes passing through the origin with S™).

Until now, we have proved that g = II"™ N S™ where II"™ is an m-plane
contained in Fy = R"*!. We are going to prove that ¢ is a parallel section on
Yo in R?2,

We denote by v the normal vector field of the immersion S’f“ C RZJ“Q, SO
that the shape operator of S} is given by A, = —Id. If W € S(TP) = V(TP)
and £ is the canonical radical section, then

v(I)/Vg = v(I)/Vg + <AV(W>7£> V= A§<W) =0.

Let II be the null (m + 1)-plane given by IT = IT"™ L span {v}, where v have the
same direction of £|x,, then it is easy to check that P =1IN S?H. |

Lightlike submanifolds of the Anti-De Sitter space H/} '

We can obtain analogous results as in the De Sitter space. Fix a vector a €
R%72 such that (a,a) = 1 and let us consider 7, : Ri*? — R the map defined
by 7.(x) = (z,a). Consider 7, = 7‘ra|H71L+1. It can be proved that 7, is a
totally umbilical submersion with Lorentzian fibers. The fibers F; = 7, 1(¢)
are totally umbilical hypersurfaces with shape operator A° = (—t/Vt2+1)1.
Then they are of negative constant curvature —1/(1 + ¢?) and therefore they
are pseudo-hyperbolic spaces H}(—1/(1+t2)). Note that the fiber F is totally
geodesic in H’f“. The induced map 7 is not in general a submersion, but in
this case, since the fibers are again anti De-Sitter spaces, we can suppose that
P is not contained in any fiber and then 7 is a submersion. Choosing the
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point a = (0,...,0,1), we are in the following situation.
{t} x RpH1 L, RpTZ T, Rt
ol bl
{t} x H{(-1/(1 +#3)) —"— HyH T RY (12)
th Tzﬁ Tz
5, o p T (P

Denote by 1:[2?1 an (m + 1)-plane passing through the origin of Ry 2, where
i and r denote the index and the dimension of the radical distribution, re-
spectively. In the semi-Euclidean space RSH there exist six different types of
(m + 1)-planes, they are: HB%H, H’f}Jl, Hg:”aq, H’f}fl, Hg?fl and HSEH.

The intersection of (m + 1)-planes of index 0 with the Anti De-Sitter

space is empty. On the other hand, 1:1717}3 'n H?H is an hiperbolic space H™

and ﬁgfgr 'n H?H is an Anti De-Sitter space H". The following proposition
describes the intersection 1_171"1+ I'n H’f“.

Proposition 8 The m-dimensional totally geodesic lightlike submanifolds P
of the Anti De-Sitter space ]H[?Jrl C RngQ are exactly the intersections of (m +
1)-planes HTIJFI in RYT2 passing through the origin with H.

Proof. Consider the submersion m, : H’f“ — R defined above and let 7
be the submersion induced by 7. Similar considerations as in the De-Sitter
space apply to this case, and prove that P is of the form Xy x £ where ¢
represents a constant null direction and ¥ is a (m — 1)—dimensional totally
geodesic Riemannian submanifold of Fy = HY, that is, X9 = H™ . Actually,
we can write 3o = I[I"™ NH", where II"™ is a Lorentzian plane of dimension m.
Take I_I’lnfr 1 — 11" 1 span {v}, where v have the same direction of ¢, then it is

easy to show that P = I:IE’{,LIJrl N HPH, |
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