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Abstract

We study particle paths determined by an action which is linear in the torsion.
The Euler-Lagrange equations associated are solved obtaining the curvatures
of the paths. We also integrate the corresponding Frenet equations and find out
explicitly the trajectories.
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1 Introduction

The model of a particle with torsion in (2+1)-Minkowski space has been deeply in-
vestigated. For example, it was shown that, at classical level, the squared mass of
the system is restricted from above and that, besides the massive solutions of the
equations of motion, the model must also have massless and tachyonic solutions, [1].
The same author obtains in [2] the classical equations of motion of the model whose
Lagrangian isf = —m + a7. This model of relativistic particle with torsion (whose
action appears in the Bose-Fermi transmutation mechanism) is also studied in [3],
where it is canonically quantized in the (2+1)-Minkowski and 3-Euclidean spaces.

In d=(3+1) there are also some geometrical models of relativistic particles that
involve the curvatures of the particle path. In these cases, it seems interesting to
investigate the models and establish which of them have a maximal symmetry, [4].
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Recently, in [5] the authors consider a relativistic particle whose dynamics is deter-
mined by an action depending on the torsion The Euler-Lagrange equations are
obtained but unfortunately, as the authors pointed out, these higher order differential
equations do not appear to be tractable in general.

The main goal of this work is to solve the Euler-Lagrange equations when the
action depends linearly on the torsion and the background is 4-dimensional and flat.
Furthermore, we are able to integrate the Frenet-Serret equations of the critical curves
obtaining explicit expressions for its coordinates.

This paper advances some results contained in [6].

2 The model and the equations of motion

Let R? be the4-dimensional pseudo-Euclidean space with background gravitational
field ds? = (,) given byds? = — 3% dz? + Y1 | da?, where(a1, o, 23, 74)
denote the usual rectangular coordinates. As usual leenote the Levi-Civita
connection orR?.

A non-null differentiable curvey : [0, L] — R? is said to be a Frenet curve
if there exist functiong k1, k2, k3 } and vector fieldT = +/, N1, Na, N3} along~y
such that the following equations (called the Frenet-Serret equations) hold:

V7T = e1ki1Ny,

VrN1 = —eokiT + e2kaNo,
VrNy = —e1koNy + e3k3N3,
VTNg = —EgngQ.

Hereey = (T, T) ande; = (IV;, N;) for ¢ = 1,2,3. It should be noted that curves
in Euclidean spaciB* and time-like curves in Lorentzian spaté are always Frenet
curves.

We are now to investigate Lagrangians which are linear functions on the torsion
of the relativistic particle. The spack of elementary fields in this model is that
of Frenet curves fulfilling given first order boundary data to drop out the boundary
terms which appear in the first variation formula of the action. We consider the action
L : A — R given by

L(y) = /(pk2 + q)ds,
il

p andq being constant.

By using a standard argument involving some integrations by parts we find, after
a long and messy computation using the Frenet equations, the first-order variation of
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this action, which is given by

£0) = B Wk = [ (Vo) ds, (1)
Y

where the vector fiel® reads
P =¢e9qT + Eop(kl — Ekg(p)NQ + (,0’]\73

and the boundary term is given by
BW) = (TEW.a LNy ) + (Vi —ercappi) + (V.P),
1

W standing for a generic variational vector field alongs = ege1e9e3 andp =

k3/k1. To drop out the terniB(y, W)]., we must consider curves with the same
endpoints and having the same Frenet frame on them. Then we have obtained the
following result.

The trajectory v € A is the worldline of a relativistic particle in our model if
and only if the vector field P is constant alongy.

A straightforward computation from the above equations showsihiatcon-
stant if and only if the following equations of motion hold:

pha(l —ep®) —q = 0, )
ki (1—ep?) — 3ekipp’ = 0, ©)
—ese3” —ekip(l —ep?) = 0. 4)

Before integrating these equations, we are going to present some easy consequences.
First, let us consider the functioh = k?(1 — £»?)3. Then from Eq. (3) we find

¥’ = 0, so that? = A is constant. Second, assume without loss of generality that

k1 # 0 (otherwise;y would be a geodesic). A = 0 theny? = 1, so thatks = k1,

and from equation (2) we deduce that 0. Note that this situation can not appears

in the Lorentzian background. The most interesting case happensAviah which

will be solved in the next section.

3 The solutions of the equations of motion

The main goal of this section is to integrate the motion equations of Lagrangians giv-
ing models for relativistic particles that involve linearly the torsion of the worldline.
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Let Z; andZ, be constant vector fields and consider the vector figld= v A
Z1 N\ Zs, then the boundary term reads

B(v,W) = ((p Nt AN Ny —e1e3pp T N N3 +~y A\ P)NZ1, Zs).
As P is a constant vector field, we obtain two constant vectors

Q = pNiANyAP—c1esppT AN N3 AP,
V= pNiANIANQ —e183pp TANSAQ+vYANPANQ.

ThenJ = —y A P A Q + V is aKilling vector field alongy. FurthermorepP, @ and
J read

P = eoq T +eopki(1 — ep?) Ny + e1e3p¢’ N3, (5)
Q = —coe1esp’’ T + eoesp’pki(1 — ep?) N1 + eoespg Ns, (6)
J = p*(—e3q T — eoc1€app’ki (1 — ep®) No — eoe1pp’ N3), )

and they can be interpreted as generators of the particle fdaasd spinS, with
the mass-shell condition and the Majorana-like relation betwidesnd S given by
(P,P) = M?and(P,J) = MS.

By using thatP and( are constant vector fields alongso that{ P, P) = &pu?
and(Q, Q) = e,v? also are, we obtain the following two first integrals far

e3p%(0)? + c0q® + 2P’ k2 (1 — ep?)? = epu?, (8)
p2[50p2(<p')2 + 61(p2p2k%(1 — 5902)2 + 53q2] = EQ’UQ. 9)
Then, asA is not zero, we get

(epu?

( /)2 _ - quz)(l - 5802) — €2p2‘4
4 e3p?(1 — ep?) '

This ODE can be integrate and its solution reads

aE (arcsin (by) , %) =t+Ch,

whereC) is an arbitrary constant, = \/ E(% b= \/ cepi—cod®)  and

epu?—eog?)’ —eop? Adepu—eoq
E stands for the elliptic function of second kind. From here and Eg. (2) we obtain the
curvatures in terms of the functiam
A q
k2 = ) k? = 5
(1 —ep?)? p(l—ep?)

Ap?

k2= —" .
P (1 —ep?)?
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4 Integration of the Frenet equations

As P and () determine privileged directions, it is natural to introduce cylindrical
coordinates irR? such that? and( are axes. Without loss of generality we can as-
sume thatP and(@ are linearly independent and one of them is non-null; otherwise,
we haveyp? = 1, which can not be integrated. Then ét= P A Q be the plane
determined byP and Q). We can introduce orthonormal (or pseudo-orthonormal)
coordinateg z1, z2) in II such thatP and @ are collinear withd,, andd.,, respec-
tively. On the other hand, Idl* a complementary plane, i.R} = II @ II* get-

ting coordinates zs, z4) on II* such that{d.,, 0.,, 0.,, 0., } is an orthonormal (or
pseudo-orthonormal) frame satisfying tidaf = 0., A 0., A O.,.

Let {Ry} be the uniparametric group of rotations ®f leaving invariant the
planell (the expression of this group depends on the causal charackeantl ).
Consider the parametrizatioh of R given by

\I/(Zl, 29, T, 9) = Rg(zlazl + 22832 + 7’823)

that provides us a new coordinate system zo, 7, 6) in R%. Note that the parameter
6 can be chosen in such a way that. 0, A 0., = 0.

By using the invariance under translations it is not difficult to see that the vector
field J can be written as
J = cp — equ’H,
whereH = —££9,, or H = 0,, according taP is non-null or null respectively, and

U

cis a constant. Here we have used thatJ) = — (Q, Q).

The unit tangent vector reads= (z1)s0., + (22)s0s, + 150, + 0509, and taking
into account Egs. (5)—(7) we can obtain three ordinary differential equations from
the productsT, P), (T, Q) and (T, J). These equations jointly with the equation
obtained from(J, J) allow us to determine.

We have to consider three cases: Ripnd @ are non-null; (ii)P is null and@Q
is non-null; (iii) P is non-null and? is null. All of them can be solved following the
method described above. For example, in case (i) we canliakes the orthogonal
complementI to IT and (r, §) the polar coordinates ifi*. Then(zy, z2,r,6) are
the cylindrical coordinates in the background space.

AST = (21)50s, + (22)s02, + 750y + 0509 We have
2
(ZI)S = Eng (ZQ)S = —€1&3&q USO .

On the other hand, frortJ, J) = g,r2u?v? +epv* /u? and (7) we are able to find the
radial functionr. Finally, as we can compute, T') in two different ways, we deduce
that —e,uvr?0s — epeg(v?/u)(21)s = —coe3p?q. Then we can easily integrate to
geto.
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