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1 Introduction (see [8])

A subriemannian geometry is a manifold endowed with a distribution and a fiber inner
product on that distribution.

A distribution here means a family of k-planes, that is, a linear sub-bundle of the
tangent bundle of the manifold. We refer to the distribution as the horizontal space, and
the objects tangent to it as “horizontal”.

Given such geometry we can define the distance between two points just as in Rieman-
nian geometry, except that we are only allowed to travel about horizontal curves when
we joining two points.

The simplest non trivial subriemannian geometry is called Heisenberg group [10].

It is very interesting to study the relation between this subriemannian geometry and
the classical isoperimetric problem, where the following 1-form has a important rolle:

1
w=dz— §(xdy — ydx)

we can write



H = Kerw = {w(z,y,z) =0}

1
= {(v1,v9,v3) : V3 — 5(1’?]2 —yvy) =0} C R®.

This H is a field of two-planes in three-space.

The restriction of the usual metric to these two-planes defines a smoothly varying
family of inner products

Definition 1 R? endowed with the structure of this distribution H and this family of
inner products ds®> on H is called the Heisenberg group (complex contact group).



The Bianchi-Cartan-Vranceanu (BCV) spaces (see [4])

For real numbers [ and m, with [ > 0, consider the set
BCV(l,m) = {(x,y,2) € R* : 1+ m(z*+y?) >0}

equipped with the metric

2 _
dSz,m =

dx? + dy? +( I xdy — ydx )2

d _
Grm@ 22\ 2 Tem@+

Observe that this metric is obtained as a conformal deformation of the planar Eucli-
dean metric by adding the imaginary part of zdz, for a complex number z.

Take the vector fields F; and its corresponding dual 1-forms w?

dx
Eo— (1 2, .2 1 1_
=1+ m(2®+ 7)) 0 — 5y0: w T m@ 57
Ey = (1 +m(2? +¢?)) 9, + Ltad w? = dy
i Vo L+ m(a? + 4?)
[ dx — xd

2 (1+m(a®+y?)



Let D be the distribution generated by {1, E>}. The manifold (BCV (I,m), D, ds;,,)
is called a Bianchi-Cartan-Vranceanu (BCV for short) space ([1, 2, 3, 12]), which is an
example of sub-riemannian geometry (see [4, 10]) and the horizontal distribution is a
2-step breaking-generating distribution everywhere.

2 Extended Bianchi-Cartan-Vranceanu spaces

Observe that letting z = x + iy, we see that Im(zdz) = ydr — xdy, which reminds
us the map C x C — R x C given by (21, 22) — (|z1]* — |22/%, 2(2122)), that easily leads
to the classical Hopf fibration S' < S* — S§?, where coordinates in S? are given by
(|21* — |22|%, 2Re(2122), 2Im(21 22)).

In the same line we get the fibration S? < S” — S*, but using quaternions H instead of
complex numbers. Quaternions are usually presented with the imaginary units 7, j, k in the
form ¢ = xo + 211 + 297 + 3k, 10, T1, T2, v3 € R with 12 = j2 = k? = ijk = —1. They can
also be defined equivalently, using the complex numbers ¢; = z¢ + 17 and ¢ = x5 + 231,
in the form ¢ = ¢; + ¢j. Then for a point (¢ = a + Bj,q2 = v+ §j) € S7, we get
the following coordinate expressions (|q1|? — |g2|2, 2Re(ay + 39), 2Im(ary + 39), 2Re(ad —
57), 2Im(ad — 37)).

For any ¢ = w+zi+yj+ zk € H we find that ¢gd7 = wdw + zdx + ydy + zdz + (vdw —
wdzr + zdy — ydz)i + (ydw — wdy + xdz — zdz)j + (zdw — wdz + ydx — xdy)k. As the



quaternionic contact group H x ImH, with coordinates (w, z,y, z,7, s,t) can be equipped
with the metric

1 2
ds? = (dw? + dz? + dy? + dz?) + (dr + é(zdw — wdx + zdy — ydz))

1 ? 1 ?
+ (ds + E(ydw — wdy + xdz — zdx)) + (dt + §(zdw — wdz + ydr — xdy))

Then, by extending this metric, it seems natural to find a 7-dimensional generalization
of the 3-dimensional BC'V spaces endowed with the two-parameter family of metrics

dw? + dz? + dy? + d2* l wdx — xdw + ydz — zdy 2
2 -
ds;,, = 72 + (dr + 5 e )
l wdy — ydw + zdx — xdz 2 lwdz — zdw + zdy — ydx 2

where [, m are real numbers and K = 1 + m(w? + 22 + y* + 22).

That metric is obtained as a conformal deformation of the Euclidean metric of R* by
adding three suitable terms which depend on [ and m concerning the imaginary part of
qdq, for a quaternion g. When m = 0 we get a one-parameter of Riemannian metrics
depending on [. Furthermore, if [ = 1, we find the 7-dimensional quaternionic Heisenberg
group (see [7] and [13]).



That metric can also be written as

where
w! = dr + 5 (wdz — zdw + ydz — zdy), wt = dw/K,
w? = ds + 5= (wdy — ydw + zdx — xdz), WS =dz/K,
w? = dt + 5 (wdz — zdw + xdy — ydz), W =dy/K,
w'=dz/K,

Xl - 87’7 X2 - 887 X3 - at?

lx ly lz B lw lz ly
X4_Kau}+587‘+5as+§ata X5_Kax_7ar_§as+§at>

lz lw lz ly lx lw
X6_Kay+5ar_7as_§at; X7—K3z—537«+535—?8t.

Then we find that



Lemma 2 {X;, Xy, -, X7} is an orthonormal basis of vector fields whit respect to the
given metric dsj,, = ().

Let D be the distribution generated by { X4, X5, X, X7}.

The manifold (EBCV (I,m), D, dsim) will be called Extended Bianchi-Cartan-Vranceanu
space (EBCV for short) and provides a new example of sub-riemannian geometry, D, the
horizontal distribution, is a 2-step breaking-generating distribution everywhere.



For the Lie brackets writing 1 < a,b < 3; 4 <wu,v <7, we find that

[XmXb] = 0; [XmXu] =0
as well as
[ 1] Xa | X5 X X7
Xy | 0 | =lm(a®+y*+2) X, + —lm(wz — $y)X1 Im(wy + z2)X; —
Im(wz + xy)Xo — | Im(a® + 2% + 2)X, Im(wz  — yz)X2 -
Im(wy — z2)X3 — | Im(wz + yz)X3 Im(2? + y* + =) X3 —
2max Xy + 2mwXs 2my X4 + 2mw Xy 2mz X4 + QmwX7
X5 0 —Im(wy + x2)X; Im(xy wz)Xl +
Im(wr — yz)Xs Im(w? + y* + L) X5 +
Im(L +w? + 22)X; Im(wz  + yz)X3 —
2myXs + 2mx Xg 2mzXs + 2max Xy
X6 0 —Im(w*+22++ )Xl
Im(wz + :L’y)Xg +
Im(wy — z2)X3 —
2mzXg + 2my X,
X7 0

For later use, when m = 0 brackets reduce to




X5 0 —1X3 | 1Xs
Xe 0 —1X,
X7 0

Remark 3 When | = 1, we have the brackets of the quaternionic Heisenberg group.

Definition 4 ([//)Let M be a differentiable manifold of dimension m+ p. A subrieman-
nian manifold (M, F,g) is called Heisenberg manifold if

0. It 1s step 2 everywhere
1. There are m locally defined vector fields X1,--- , X,, on M such that

F =span{Xy, -, X}

2. The vector fields of F are orthonormal.

3. There are p locally defined one-forms w® whit w*(X;) = 0 which satisfies the
nonvanishing conditions

det(W[X;, X)) #0; 1<i,j<m; 1<a<p

10



4. If the vector fields {X;}, {Y;},1 <i,j < m are defined in the local charts U and
U’ respectively, then the distributions match on the overlap

span{ X1, -, X}y = span{Ys, -+ Y }q for qeUnU’

Corollary 5 (EBCV(l,m),D,ds;,,) is a Heisenberg manifold whit p = 3 and {w*} =
{wh w? w3}.

Let’s note that condition 3 is satisfied using previous table of Lie brackets and the defi-
nition of w!, w?,w?, that is
det(W*[Xi, Xj]) = PK" #£0,1<i,j <m,=1,1 < a < 3;

In [4] we can see more examples of Heisenberg manifolds and interesting properties that
our manifold satisfies, particularly we can define the volume element dv for a Heisenberg
manifold.

For the EBCV manifold it has:

dv = fdwi N --- N dwr

11



For the Levi-Civita connection in a Riemannian manifold ([6], p. 160) we find

and

Vx, X, =0; Vx,Xu=Vx,X,

inXj X4 X5 XG X7

Xi |2+ 2 | B 2| 2we - | E(wytes)Xe-
D X5+ 2 (wz — | D)X+ 2 (wy+ | 2y) Xa— 2 (wy+ | 2 (wz—2y) X5—
P Xo— B (wy+ | 5 Xak B | 02)Xot (P | Blw? + 0? +
rz) X7 xy) X7 ? + 1)X L) X

X; | -2 (wy + | Bwz—zy)Xi— | Z(w? + 22 + | 2m(wXs+aXs+
xz)X1+%m(wa:— %m(wQ + 2 + %)X1+17m(wz+ yXe)
y2)Xo + 5 (0% + | )Xo — B (wa+ | ay) Xo— B (wy —
yv: o+ %Xg — | y2) X3 —2maxX; | 22) X3 — 2myX;
meX7

12




When m = 0, the Levi-Civita connection reduces to

Vx,X; | X4 X X X,
X X5 | —5Xa | X7 | —5 X6
X, X | =LiXx, | —LX, | LX;

X |iIx:] Ixe | -IX5 | -IXy
X, 0 | —iX; | —iX, | —iX;
Xs [ixi] 0o |-ix3| ix,
Xe |iX,| iX; 0 | —-ixy

X Ix, | -ix, | LXx, 0

Remark 6 Whenl = 1, we find the Levi-Civita connection of the quaternionic Heisenberg
group.

13



If R denotes the curvature tensor we can prove that

%R (X1, X4) : (X6, X7)

(X1, Xa) | m*[(y* + 2° + 1/m)* +
(wz — zy)* + (wy + 72)?]

(Xg, X7) | : : om _ 3m2[(w? + 2? +
1/m)?+(wz+zy)? +(wy—
az)?]

Remark 7 When m = 0, the curvature of the quaternionic Heisenberg group reduces to

R (X1, X4) : (X6, X7)
(X1, Xa) | &
(X6, X7) | 5 —¥
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3 The curvature of the horizontal distribution in EBCV
(see [8])

The Riemannian curvature tensor dominates discussions of Riemannian geometry. It
is the local invariant of a Riemannian metric. What is the analogue of the Riemannian
curvature tensor for subriemannian geometry? There is no good analogue. What we will
call the curvature depends only on the distribution, and not at all on the metric.

Definition 8 The curvature of a distribution H s the linear bundle map
F:NH—TQ/H

defined by F(X,Y) = —[X,Y] modH, X,Y € H.

This map is tensorial, that is, F'(X,Y)(q) depends only on the vectors X (q),Y (¢) € H
and not on how they are extended to form horizontal vector fields X, Y.

Thurston [11] calls the curvature “twistedness” of the distribution. Other authors call
it the “nonintegrability” tensor. We call F' the curvature of the distribution H.

15



We can see ([8]) what is the value of F' in some interesting examples such as:
-Principal bundle connections
- Involutive distributions

- Contact distributions

Remark 9 Let H be the distribution spanned by { X4, X5, X6, X7} in EBCV . Then it
is of codimension 3, that is, T(EBCV)/H is a real rank 3 bundle.

Remark 10 Using Lema 2, the curvature of the distribution H = {X4, X5, X6, X7} in
the EBCV manifold is given by

16



F<XU7XU) X4 X5 X6 X7

Xy 0 lm(a:2+y2+%)X1— Im(wz — zy) X1 + | =Im(wy + x2) X, +
Im(wz + xy)Xs + | Im(2®+2°+5) Xo— | Im(wz — yz)Xo +
Im(wy — x2) X3 Im(wz + yz) X3 Im(z? + 4> + L) X3
X5 0 Im(wy + 22)X1 — | =Im(zy —w2)X; —
Im(wz — y2)Xy + | Im(w? + y* +
Im(+£+w*+2%)X;3 | L)X, — Im(wz +

yz)Xs
X 0 Im(w* + 2* +
L)X; + Im(wz +
zy) Xy — Im(wy —

r2) X3

X7 0

17




For later use, when m = 0 the curvature of the distribution H reduces to

F() | Xa| X5 | Xo | X7
Xy | O | IXy | IXe | IX3

X5 0 | IXs5 | —lXs
Xg 0 1X5
X7 0

18



4 The Ricci tensor in EBCV

Proposition 11 The matrixz representing the Ricci tensor is given by

2/2(K2+1) 0

0 0

0

0 P/2(K*+1) 0

2/2(K? +1)

—Imzx(K +2) —Imy(K+2) —Imz(K+2)

Imw(K +2)  Imz(K+2) —Imy(K +2)
—Imz(K +2) Imw(E +2)  Ima(K +2)
| Imy(K4+2) —lmx(K+2) Imw(K +2)
—Imz(K + 2) Imw(K +2) —Imz(K +2) Imy(K +2)
—lmy(K +2) Imz(K + 2) Imw(K + 2) —lma(K +2)
—Imz(K +2) —lmy(K +2) Ima(K +2) Imw(K + 2)
AK —1-muw?) + B Pm(K + 1wz Pm(K + 1)wy Pm(K + 1wz
Pm(K + 1wz AK —1-ma?)+ B Pm(K + 1)zy Pm(K 4 1)zz
Pm(K + 1)wy Pm(K+1)zy AK —1—-my®) + B Pm(K 4+ 1)yz
Pm(K + 1wz Pm(K + 1)zz Pm(K +1)yz AK —-1-mz?)+B |

19



where A = —1*(K + 1) and B = 12m — 3/2I.

Some particular cases could be interesting, for instance we get the following Ricci
matrix when K =1 (or m = 0)

2 0 0 0 0 0 0

0 2 0 0 0 0 0

0 0 2 0 0 0 0
Ric;=| 0 0 0 =3/21° 0 0 0

0 0 0 0 —3/21* 0 0

0 0 0 0 0 —3/21? 0

0 0 0 0 0 0 —3/2I?

Remark 12 When | = 1, we find the Ricci curvature of the quaternionic Heisenberg
group.

An easy computation leads to

Corollary 13 The EBCYV manifold has constant scalar curvature S = 48m.

20



5 Killing vector fields in EBCV

Remember that a Killing vector field is a vector field on a Riemannian manifold that
preserves the metric. Killing vector fields are the infinitesimal generators of isometries,
that is, flows generated by Killing fields are continuous isometries of the manifold. Spe-
cifically, a vector field X is a Killing vector field if the Lie derivative with respect to X of
the metric g vanishes: Lxg = 0 or equivalently

Edeim = (Lxw") @w' =0, (1)

where
Lxw' = 1xdw' + d(txw").

In terms of the Levi-Civita connection, Killing’s condition is equivalent to

9g(Vy X, Z)+ g(Y,VzX) =0. (2)

It is easy to prove that

Proposition 14 Lxg(Y,Z) = 0 if and only if Lxg(X;, X;) = 0 for basic vector fields
Xi, X;.

21



We know that the dimension of the Lie algebra of the Killing vector fields is
m<n(n+1)/2,

and the maximum is reached on constant curvature manifolds ([6], p. 238, Vol. II) , then
for our manifold m < 28. Then obviously

Proposition 15 The basic vertical vector fields X1, Xo, X3 are Killing fields.

From (2) it is easy to prove that the horizontal basic vector fields Xy, --- , X7 are not
Killing vector fields.

In her thesis, Profir [9] proved that the Lie algebra of Killing vector fields is 4-
dimensional. Our problem now is to determine the space of Killing vector fields in EBC'V'.
By using (1) and the values of w’ and dw® we obtain that the Killing vector fields are cha-
racterized by the following system of partial differential equations (28 equations).

22



The Killing equations

In the usual coordinate system (r, s, ¢, w, x,y, z) on EBCV  a vector field X = ZLI fi X

will be a Killing field if and only if the real functions f; satisfy the following system of
28-partial differential equations:

01

04

07

19

28

9:(f1) =0

Or(f2) +0s(f1) =0

Or(fa) + Ku(f2) + 2O(f1) + £0u(f1) — Im{ L + (5 + )5 — Im(wz — zy) fo + Im(wy + 22) fr = 0
k6w<f4> + %0.(f4) + L0u(f2) + 50,(f2) — 2mafs — 2my fo — 2mzfr = 0

0.(f7) — L0.(f) + L0,(f7) — LO,(f7) =0

It seems that the solution of the system is very difficult, so that we focus on solving

the system for m = 0, that is:

23



01 ar(fl) =0
04 | 9,(f2) +0s(f1) =0
07 | 8:(f1) + Ouw(f1) + L0u(f1) + £0:(f1) — 1fs =0

19 | Ou(fa) + %0:(f2) + L0u(f2) + £0u(f1) = 0

28 | 0.(f7) — %0.(f2) + 20.(f7) — Bu(f7) = 0

Proceeding as in [9], Profir considered a harder condition Lyw’ = 0, then we find the
following result

24



Proposition 16 When m = 0, the following vector fields

K1:X1
Ky =X,
K3 = X3

Ky=—lx Xy —lyXy —12X34+ Xy
Ky =1lwX, + 12Xy — lyX3 + X5
K= —12X1 + lwXs + lz X5+ Xg
K; =1lyX) —la Xy + lwX3 + X5

are Killing ones.
Remark 17 (1) If 1 = 1, we obtain Killing fields for the quaternionic Heisenberg group.

(2) We have just known that K; = X;,1 =1,2,3 are Killing vector fields, however the
Lie brackets of K; do not produce new Killing fields.
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6 BCV as a submanifold of EBCV

We define a basis of vector fields in BC'V, seen as a submanifold of EBCV, adapted
to the coordinates (r, s,t,w, z,y, z) as follows:

l l
My=0,,  My=Ldy+ 0,  My=Ld, — 70,
where L = 1+ m(w? + z?)
We complete this basis to obtain a new one B = {M;, My, M3, My, My, Mg, M7} for
EBCV, given by:

Ml = 67'7

M2 = Law + %387'7

M3 = Lax - l?waTv

M4 = asu

M5 = atv

M6 == Kay + %& — %"88 - %(915,
M; = K9, — %0, + 29, — 29,

This basis is well defined and {M,,a = 1,2, 3} span the tangent space of the subma-
nifold and {M,,u =4,5,6,7} span an orthonormal basis of the normal space.
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We define the metric

) dw? + da?
s =
Lm|goy L2

) 2
+ (dr + ﬁ(wda: — xdw)) :

We can also consider B as an orthonormal basis of EBC'V. Then we are going to get
the induced Levi-Civita connection to study the geometry of BCV as a submanifold of

EBCYV.
The only non null brackets are

MQ, Mg] —lMl — 2me2 -+ me]\/[g,

[

(Mo, Mg) = —3={2lmwzM,; + (K1 — 2lmw?) M, — 2lmwzMs — 4mw Mg},
(Mo, M7] = s {2lmwyM; — 2lmwz My — (K1 — 2lmw?) Ms + 4mw My},

[Ms, Mg = — 5= {2lmzzM; — 2lmwa My + (K1 — 2lma?)Ms — 4ma Mg},

[Ms, M7] = £ {2lmayM; + (K1 — 2lma?) My + 2lmwzMs + 4maM;},

(Mg, M7] = —LIM; — Im(xy + wz) My + Im(wy — x2) M5 — 2mzMg + 2myM;.
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Gauss and Weingarten formulas

Let us write the Gauss and Weingarten formulas (see [6])

VY = ViY +a(X,Y),

where X, Y € X(BCV), £ € X (BCV), V',V are the Levi-Civita connections on EBCV

and BC'V, respectively, and D is the normal connection. Then, for instance, we find that

Vi, My =0 Vi, Mo = LM + B (2 Mg — y M)
W Ms = =5 Mo + B2 (2 Mg — y M) | Vi, My = $Ms + K22 (2 Mg — yMy)
W My = —L My + Hme (2 Mg — yMy) | Vi, Ms = —LMy — 2maM,

Vi, Mz = 2ma M v M2 = §M1 — 2mwM;

Vi, Mz = 2mwM,

so that

28



leMl = Oa
Vo, My = LM,
Van Ms = =L M,

VM2M3 - _éMl —

we get

a(My, M) =0,
oMy, My) = Hmw (Mg —
a(My, M3) = lez(zMG
a(Msy, M3) =0

yM7)7
yM7>7

Corollary 18 Only when m =0, BCV is a totally geodesic submanifold of EBCV .

Using the theory of submanifolds of a Riemannian manifold, we can now study a lot

of problems such that the equations of Gauss, Codazzi and Ricci and their consequences.
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