ISOLATING SUBGAPS OF A MULTIPLE GAP

ANTONIO AVILES AND STEVO TODORCEVIC

ABSTRACT. Given an analytic multiple gap I' = {I'; : ¢ < n}, we study the
family B(T") of the sets A C n for which there is a restriction {I';|, : ¢ € A}
which is still a multiple gap, while a € Fil for ¢ € A. This family always
contains at least two sets of cardinality 2, and every set of cardinality k is
contained in a set from B(I") of cardinality J(k), a number that grows as

3 _ .ok ;
PWoETS 9%. All these results can be stated in terms of the topology of the

Cech-Stone remainder w* and in terms of sequences in Banach spaces. For
example, for any finite family of analytic open sets of w* with non-disjoint
closures there is always a point that lies in exactly two closures. And given
a sequence {Zn fn<w of vectors in a Banach space that contains subsequences
equivalent to £1,¢s,...,¢, in a way that cannot be separated, it always con-
tains a subsequence {Zn, }r<. where the ¢; and f2 subsequences cannot be
separated, while there are at most 6 (and this is sharp) of the remaining p’s
for which {@n, }r<. contains subsequences equivalent to £.

1. INTRODUCTION

Let N be a countable infinite set, and Fin(N) the family of its finite subsets.
Let us say that a family I of subsets of N is a preideal if whenever we have a C b
with a infinite and b € I, it follows that a € I as well. For two preideals I and
J, it is equivalent to say that I N.J C Fin(N) or that z Ny is finite for all x € T
and y € J. In such a case we say that I and J are orthogonal. A trivial reason for
I and J to be orthogonal is that there exist two disjoint sets a,b C N such that
x C*aandy C*bforall z € I and y € J (here, u C* v means that u is almost
contained in v in the sense that w \ v is finite). When such a and b exist we say
that I and J are separated. A pair (I, J) of orthogonal but not separated preideals
is the classical well-studied notion of a gap [6, 7]. This was generalized to higher
dimensions [1] in the following way:

e The preideals I'g,...,I,,_1 are separated if there exist ag,...,a,_1 C N
such that ag N---Na,_1 =0 and z; C* a; for all i < n.

e An n-gap (or, in this paper, simply a gap) is a family I' = {T'g,...,T\_1}

of n-many preideals that are pairwise orthogonal and are not separated.
For a preideal I and a C N we can consider the restriction I|, = {x € T :
x Ca}. T ={To,...,T—1} is a gap and a C N, then the restriction I'|, =
{Tolay .- n_1|a} may still be a gap or may become separated. And it may be the
case that while T'|, becomes separated, the subgap {T'; : i € A} remains a gap after
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restriction to a, for some subsets A C {0,...,n — 1}. We look at the family of all
subgaps of a given gap which can be isolated from the rest by a restriction:

[ AcH{o,...,n—1} ~ {T|a 14 € A} is still a gap,
%(F)_{ L<|Al<n P C N but I';|, C Fin(N) if i & A.

In the language of [1], I" is a B-clover when B ¢ B(I'). It is convenient for us to
have a name for the opposite property: we say that T is B-broken if B € B(T"). We
constructed n-gaps in [1] such that B(TI') = 0 but we needed to use Bernstein sets
for that. On the other hand, all the nicely definable gaps that we found seemed to
have a large family B(I"). Let us say that I' = {T'y,...,I',—1} is analytic if each
T'; is analytic as a subset of 2V with its natural product topology. So the natural
question arises: Can we build analytic gaps with any prescribed family B(T")? In
particular, can we construct, for n > 3, analytic n-gaps with B(T') = §7 In this
paper we show that the answer to these questions is negative. Indeed, the fact that
I is analytic implies a number of restrictions on the structure of the family B(T").
We are not able to give a completely satisfactory characterization of the families of
sets that can be found as B(T") for I' analytic gap. Instead, we give a number of
sample results that can be obtained with a general technique, like the following;:

Theorem 1.1. If T is an analytic n-gap with n > 3, then B(T) contains at least
two sets of cardinality 2.

Theorem 1.2. For every natural number k there is a natural number J(k) > k
such that for every analytic gap T' and every A € B(T') of cardinality k there exists
B e B(1) of cardinality at most J(k) such that A C B.

The optimal value J(k) in the above theorem can be computed as:

J(n)—2”1+zn:i< H?_l )B(i,jvn);

i=1 j=1

n n () n—p—1 n—p—1
wan-(1)(5)-E () ()
p=0
Its first values are J(2) = 8, J(3) = 61, J(4) = 480... with an asymptotic

behavior ;
J(n) ~ - 9™,
() 8V 2mn

Through Stone duality, our results can be restated in terms of the topology of
w* = fw\ w, the Cech-Stone remainder of the natural numbers. Let us say that an
open set U C w* is analytic if {a Cw :a@\ a C U} is an analytic family of subsets
of w. As an illustration, this is the translation into this language of Theorem 1.2
when n = 3:

Theorem 1.3. If Uy, ..., Uy are pairwise disjoint analytic open subsets of w* and
gl NUx NUs # 0, then there exists a point x € Uy N Uy N Us such that |{i : z €
U} < 61. The number 61 is optimal in this result.

Another natural context where our results can be applied is for sequences of
vectors in a Banach space, where many classes of subsequences which are usually
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considered (¢1-sequences, co-sequences, etc.) are in fact analytic. Again, for the
purpose of illustration, this is a corollary of Theorem 1.2 for n = 2:

Theorem 1.4. Let F be a finite set of reals with {1,2} C F C [1,400), and let
{zn}nen be a sequence of vectors in a Banach space. Then one of the following

holds:

(1) either there is a decomposition N = aUb such that {xy }nea does not contain
any {1-subsequence and {x,}nep does not contain any la-subsequence,

(2) or there is an infinite subset ¢ C N which does not admit any decomposition
like above, and moreover there are at most eight many p € F for which
{Zn}nee has an £,-subsequence.

The number 8 is optimal in this result.

Concerning the proofs, they essentially rely on the machinery developed in our
previous works [3] and [4]. The paper is structured as follows: In Section 2 we
recall some concepts and facts from [3, 4] that will be used later. In Section 3 we
give some examples and we prove a number of facts concerning the family 9B(T).
In Sections 4 and 5 we interpret our results in terms of the topology of w* and in
terms of sequences in Banach spaces, respectively. Finally, Section 6 is devoted to
the study of the function J(k).

It is worth noticing that although we state all our results for analytic gaps, they
also hold for more general projective gaps under the axiom of projective determi-
nacy, cf.[3]. Another remark concerns countable separation and strong gaps. The
preideals {T'; : i < n} are countably separated if there exists a countable family of
sets C such that whenever we pick z; € I'; for ¢ = 0,...,n — 1, there exist a; € C
such that x; C a; for all i < n and ﬂi<n a; = 0. When a gap is not countably
separated it is called a strong gap. In such case, we can consider the family of
subgaps

[ AcH{0,...,n—1} - {Tyla : i € A} is a strong gap,
BHI) = { T<|4 <n  OCNE LT, © Pin(N) ifi € A. }

There is a theory of strong gaps analogous to that of gaps, which is in fact
simpler. The role of types explained below is played by so-called (i, j)-combs, for
each couple 4,5 € k, cf. [2]. Similar results as the ones proved for B(I") hold for
B+ (') when T is strong, with analogous but much easier proofs. For example,
Theorem 1.2 is true for B (I') when T is strong but with &2 instead of J(k). The
analogue of Theorem 1.1 holds as well. Both follow from the results in [2].

2. PRELIMINARIES

In this section we introduce basic terminology and we state some results that we
need, that are coming from our previous works [3, 4]. Given a positive integer n,

the n-adic tree is the set n<“ of all finite sequences of numbers from {0,...,n—1}.
Ift = (t1,...,tp) and s = (s1,...,84) are elements of n<%, the length of t is p = |t],
and the concatenation of t and s is t7s = (t1,...,tp, S1,...,8¢). We consider two

orders on n<¥.

e The tree partial order: t < s if and only if there exists r € n<“ such that
s=t"r. Wewritet <sift<sandt#s.
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e The total order: t < s if and only if either |¢t| < |s|, or |t| = |s| and t; < s;
where i is the first index at which ¢ and s differ. We write ¢t < s if either
t<sort=s.

The meet t A s is the element 7 € n<% of maximal length that satisfies r < ¢ and

r <s. When ¢t < r, the difference r \ ¢ is the s such that r = ¢t s. For every k <n
we consider

Wi ={(t1,...,tp) €n~Y 1ty =k,ta <k,...,t, <k}

Definition 2.1. A type 7 is a triple (79,71, <) where 70 and 7! are subsets of
{0,...,n — 1}, and < is a total order relation on 7° x {0} U ! x {1} satisfying the
following constrains:

o 70 £,
If 71 # 0, then min(7°%) # min(7!).
(kyi)<«(l,4) if k <land i€ {0,1}.
The maximal element of the order < is of the form (k,0).

Definition 2.2. Consider a type 7 where 79 = {kg < -+ < k,} and 71 = {lp <

... <ly}. We say that a couple (u,v) is a rung of type 7 if the following conditions
hold:

(1) w can be written as up™ - -+ u, where u; € Wy,
(2) v can be written as vo™ - -+~ v, where v; € W,
(3) (k;,0)<«(l;,1) if and only if up™ -+~ w; <vo™ -+ vy,
When 7! = (), this means that v = () and u satisfies condition (1) above.

Definition 2.3. Consider a type 7. We say that an infinite set X C m<% is of
type T if there exists u € m<“ and a sequence of rungs (ug,vg), (u1,v1), ... of type
7 such that we can write X = {z¢,z1,...} and

T =u ug ur T Ug—1 Uk
for k=0,1,...

A direct application of Ramsey’s theorem shows that every infinite subset of n<%
contains an infinite set that is of some type 7 [3, Lemma 3.4]. The set of all types
made with numbers from {0,1,...,n — 1} is denoted by ¥,,. This is a finite list
of types, whose cardinality is the number that we will denote by J(n). If a subset
of n<% has type 7 according to Definition 2.3, then 7 € ¥,,. We denote each type
with two rows of numbers between brackets, the upper row being 7! (it is omitted
if 71 = @), the lower row being 7°, and the order < being read from left to right.
For example, there are 8 types in %5,

Ty = {[0], [1], [01], ["ox], [4]s ["o], [°*1], [0 1]}

If 71 = (), then 7 is called a chain type, and if 7! # (), then 7 is called a comb
type. These names correspond to the shapes of the respective sets of type .

Now, let us consider again gaps. If I is a preideal of subsets of N, let I+ =
{a C N : 1|, C Fin(N)}. Notice that I N I+ consists only of finite sets, and from
our point of view finite sets will be negligible. If T' = {T'y,...,T'\,_1}, we write
rt = Nicn I If T and A are two n-gaps on countable sets N and M, we write
I' < A if there exists a one-to-one function f: N — M such that

(1) If @ € T; then f(a) € Ay,



(2) If a € TF, then f(a) € Af.
This is relevant for us due to the following observation:

Lemma 2.4. IfT' < A then B(T') C B(A).

Proof. Let f: N — M be the map that witnesses that T' < A. If A € B(T") then
we have a C N such that {T';|, : i € A} is a gap but T';|, C Fin(N) for i ¢ A. We
claim that A € B(A) because {Ai|f(,) 11 € A} is a gap but Ayl C Fin(M) for
i ¢ A. The latter fact is just part (2) in the above definition of T' < A. For the
first fact, if {A|¢@q) : @ € A} were separated, we would have sets b; C M such that
N;bi =0 and y C* b; for y € A;, i < n. But then the sets a; = f~!(b;) would show
that {I';[, : 4 € A} are separated, because if x € I';|4, then f(x) € Aj|(q), hence
f(x) C* b;, hence by injectivity of f, x C* f=1(b;). O
This lemma and the following theorem show that we can restrict our attention
to a particular kind of analytic gaps: those made from types. Given a set S C T,,,
we denote by I'g the preideal consisting of all subsets of n<“ that are of type 7 for
some type 7 € S.
Theorem 2.5. Let n,m < w be natural numbers.

(1) If So,...,Sn—1 are nonempty pairwise disjoint subsets of T,,, then the

preideals {T's,,...,T's,_,} form an analytic n-gap. This follows from [3,
Lemma 4.3] and [4, Theorem 4.5].
(2) For every analytic n-gap A there exist pairwise disjoint subsets Sy, ..., Sp—1

of T, and a permutation € : n — n such that [e(i)] € S; for each i <n
and {T's_ g5+, 's } < A [3, Theorem 4.5].

c(n—1)

In the above theorem, notice that [¢(¢)] is denoting a chain type 7 for which
79 has a single integer £(i), following the bracket notation that we introduced for
types. An analytic n-gap of the form {FSE(O), . ,FSE(%U} as above is called stan-
dard. Since ¥, is finite, there are only finitely many standard n-gaps, and what
the above theorem says is that any analytic n-gap contains a standard n-gap. For
simplicity, if we have a gap of the form {T'g, : i < n} where each S; is a set of types
in n<%, when we say that a type 7 belongs to I'g, we mean that 7 € S;.

In [4] we introduced the notion of normal embedding. We do not need to recall
the formal definition with all its technicalities, the only thing that we need to know
for our purposes is that a normal embedding is an injective map ¢ : m<% — n<%
with the property that it induces a function ¢ : T,, — T,, such that ¢(A) is a
set of type ¢ whenever A is a set of type 7. For gaps constructed from types, the
relation < is always witnessed by normal embeddings [4, Corollary 4.4]:

Lemma 2.6. Let Sy,...,Sk_1 be disjoint sets of types in n<* and 50, ey Sk
disjoint sets of types in m<%. The following are equivalent:
(1) {Ts, i <k} < {FS‘,; 11 < k}.
(2) There exists a normal embedding ¢ : n< — m<“ such that for every i < k
and for every T € T,, we have that T € S; if and only if p7 € S;.

For a type 7, max(7) is the largest integer that appears in that type. The
following are Theorem 4.5 and Corollary 4.6 in [4]:

Theorem 2.7. For a family {r; : i € n} C T, the following are equivalent:
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(1) There exists a normal embedding ¢ : n<% — m<* such that ¢[i] = 7; for
i=0,....n—1,
(2) max(rg) < -+ <max(7,-1).

Corollary 2.8. If ¢ : n<% — m<¥ is a normal embedding and 7,0 € T,, satisfy
max(7) < max(o), then max(¢7) < max(¢o).

A type 7 = (79, 71,<) is called a top-comb type if it is a comb type and moreover

the penultimate position in the order < is occupied by an element coming from
71 x {1}. We say that the type 7 dominates the type o if 7 is a top-comb type
and moreover max(7!') > max(c). By [4, Corollary 6.4], if 7 dominates o and
¢ m<¥ — n<¥ is a normal embedding, then ¢ either dominates or is equal
to ¢o. We shall frequently use the following fact, which is a particular case of [4,

Theorem 6.2]

Theorem 2.9. If 70,71 € Ty, are two types and 11 dominales 1o, then there exists
a normal embedding ¢ : 2<% — m<¥ such that ¢[0] = 79 and ¢o = 71 for all

o€ T\ {[0]}.

Finally, the following lemma is part of [4, Lemma 5.2], and it says that normal
embeddings send a comb type to a chain type only in trivial cases.

Lemma 2.10. Let ¢ : n<%¥ — m~%“ be a normal embedding and let k < n. The
following are equivalent:

(1) There exists a comb type T with max(t') = k — 1 and a chain type o such

that ¢(7) = 0. B
(2) There exists a chain type o such that ¢(7) = o for all types T with max(T) <
k.

3. STUDYING THE FAMILY ‘B(T")
Our main tool to study the family B(T") for analytic gaps is the following lemma:

Lemma 3.1. Let {S; : i < n} be nonempty pairwise disjoint sets of types in m=<¥,
and I’ = {T'g, : i € n} the corresponding n-gap. For a set B C n with 1 < |B|<n
the following are equivalent:
(1) Be®B().
(2) There exists some k and a normal embedding ¢ : k<% — m<* such that
the range of ¢ intersects each S; with i € B, but it is disjoint from S; for
Jj¢B.
(3) There exists some k, a normal embedding ¢ : k<“ — m~% and a bijection
u: k — B such that ¢[i] € Suiy for all i < k, but éT & S; whenever
TEZL and j ¢ B.

Proof. The obvious fact is that (3) implies (2). If (2) holds, then the image a =
¢(k<*) is the set that witnesses that B € B(I'). This is because, on the one
hand, T's,|, = 0 when i ¢ B since S; is disjoint from ¢(%;). And on the other
hand, {T's,|, : i € B} are not separated because otherwise {¢~!(T's,) : i € B}
would be separated, and ¢~1(I's,) D [5-1(s,) and these sets are not separated by
Theorem 2.5. So this proves that (2) implies (1). Now, suppose that B € B(I")
and a C m<* is such that a € '} for i ¢ B while {T's,|, : i € B} is a gap. Then
by Theorem 2.5, we can find a standard gap {T'z, : 4 € B} on some k<“ such that

{ng :iGB} < {Fsi|a:i€B}.

w
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By Lemma 2.6, this relation < is witnessed by a normal embedding ¢ : k<% —
a C m~¥, which satisfies condition (3). O

Lemma 3.2. Let ¢ : m<% — n<% be a normal embedding. Suppose that we have
j <n and a type T € T,, such that ¢ = [j]. Then there evists i < m such that
oli] =[]

Proof. If 7 is a comb type, it follows from Lemma 2.10 that ¢[0] = [j]. So we
suppose that 7 is a chain type, and we write 7 = [ig 41 -+ ix] being ig < i1 < -+- <
ir, < m. We are going to prove that the desired 7 is precisely i = iy, the smallest
integer in 7. Let us use the following notation: given s,t two finite sequences
of integers and given an integer p, we write t ~, s if there exists » € W, such
that s = t7r or t = s7r. Thus, a [p]-chain is just an infinite set A such that
s ~p t for all different s,t € A. It is enough for us to prove that if x € m<“ and
r € W;, then ¢(x) ~; ¢(x~r). For this, pick m € W;,,...,r, € W;, and consider
w=7r"1"r T, 1 =27 w, T2 = 2w w, and in general x¢4q = T w.
Notice that both {x,z1,2z2,25...} and {7 r, 21,29, x3,...} are chains of type 7,

hence both {¢(z),d(z1), ¢(z2),...} and {p(x™r), d(x1), d(z2),...} are chains of
type [j]. This easily implies that ¢(x) ~; ¢(7r) as desired. O

Given two chain types 7 =1 < 72 < --- < Tp] and 0 = [01 < 02 < -+ < 7],
we define the chain type

7'*0':[7'1 <7'2<---<7'p<05<0'5+1<"'<0'q]

where ¢ is the least integer such that o¢ > 7,. If there is no such integer, we declare
7+0 = 7. By [4, Lemma 5.1], if ¢ : m=“ — n=“ is a normal embedding and o, 7,
¢o and ¢ are all chain types, then ¢(7 x o) = @7 *x po. As a corollary, we get:

Lemma 3.3. Let {S; : i < n} be pairwise disjoint sets of types in m<*, and
I' = {T's, : i < n} the corresponding gap. Fix A € BI). If T € S;, 0 € S; are
chain types and i,j € A, then o7 & Uyz4 Sk-

Proof. Find ¢ and u as in Lemma 3.1(3), and then use the property mentioned
above. ]

Before stating any positive results, we give some examples to set some limits on
what we can expect:

Theorem 3.4. We have the following examples:
(1) For every n, there is an n-gap with B(T') = {A:1 < |A| < n}.
(2) For every n, there is an n-gap with B(T')={A: 1< |A| <n, n—1¢€ A}.
(3) There is a 4-gap with B(T') = {{0,2},{0,3}, {1,2}, {1,3},{0, 1,2}, {1,2,3}}.

Proof. The examples that we are going to provide in order to check the three
statements above are all of the form {I's, : i < n} for some pairwise disjoint sets
of types S; C %,,. For (1), take m = n and S; = {[i]}. For A C n, the set
a = A<™ of all finite sequences with entries in A, witnesses that A € B(T"). For
the second example, take m = 2n — 2, S; = {[i],[n — 14|} for i < n —1, and
Spne1 =% \{[i]:i<m}. fn—-1€Adand B={i,n—1+i:i€ A\ {n—1}}
then the set B<“ witnesses that A € B(T'). On the other hand, suppose that
n—1¢ A e B(T). Then there exists a normal embedding ¢ : k<“ — m=<“ such
that the range of ¢ does not hit S,_; while hitting all S; for j € A. Lemma 2.10
implies that ¢ [k’lo] is a comb type, so it belongs to S,_1, a contradiction. For
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the third example, take n = 4, m = 3, Sp = {[0]}, S1 = {[12]}, S2 = {[012]} and
S3 = {[1]}. The inclusion [C] follows from Lemma 3.3, since [0] * [12] = [012] and
[1] % [012] = [12]. For the other inclusion, for a set W C 3<%, let us denote

a(W) ={wiwy -~ wy:wi,...,w, € W}

the set of all finite concatenations of elements of W. That each of the indicated
sets belongs to B(T') is witnessed by the sets a(0,012), a(0,1), a(12,012), a(12,1),
a(0,12,012) and a(12,012, 1) respectively. O

We are now ready to prove Theorem 1.1:

Proof. We can suppose that I' = {T'y : k¥ < n} is a standard gap of the form
{T's, : k < n} for some pairwise disjoint sets S C T, with [k] € Si. For each
pair {i,j} C m we can consider the restriction {I's, |f; 1<« : & < n}. We notice
that if A(7,j) is the set of all k such that Sy contains at least one type made of
integers only 4 and j, then we have that {I's, [(; jy<« : & € A(4, )} is a gap, while
Ts, € ({i,j}<*)* for k ¢ A(i,j). Notice that i,j € A(i,5) because [k] € Sk.
If |A(i,7)] = 2 for all pairs 4,j, then B(T") contains all pairs and we are done.
Otherwise, there is a pair {7, j} such that |A(4,j)| > 2. For simplicity, we suppose
that {i,5} = {0,1} and A(4,5) = {0,1,2,...,m} with 2 < m < 8. Remember that
there are just eight types in T5. The types [Y¢], [°!1] and [o!1] are top-comb types
with max(7!') = 1, so they dominate any of the other types. If any of these three
types 7 belongs to some Sy with k& < m, then we will be done. This is because in this
case we can choose two other types o1 and 02 in two other different sets S, and Sio,
and then Lemma 2.9 provides, for u = 0, 1, embeddings ¢, : 2<% — 2<% such that
$u[0] = ou and ¢,p = 7 for all p # [0]. This means that {k, k1}, {k, k2} € B(I).
So, we can suppose that the three types [1o], [*!1] and [p!1] do not hit any of the sets
Sk, and so 2 < m < 5. We can use the following table to visualize the distribution
of the types in the gap:

O [T [[01] [ Foa] [Pal [ o] [ lo"al [ °4]
So | S1| ? ? ? no | no no

We are going to give normal embeddings o1, s, ..., @9 from 2<% into itself. We
summarize in the following non-exhaustive table the facts about these embeddings
that will be most relevant for our discussion:

7 (o] [ ] [[o1] [[oal | [[0] [ ] [ [01] [ [Poa] [ [*4]
Gir [ O [Cl [C [ [ [ X[ -] - ]X
Gor [ [ [ o) [ [0 [ll]| [=[X] -] - | X
Ber [0 "] [0 W [ -] X[ - [X
Zar | °4] [ [Poa] | %] - - X X
@57 | 0] [[Poi] [ ["o1] X | -] - X
w7 | [1 | [t | [1] - X[ -1 X
27 [ [01] | [Mod] — |- X | X
os7 | [0] [01] X | -] X

Dot | [01] | [1] -1 X | X

In the left half of the table we indicate the value of @;7 for each of the four types
indicated in the top row. In the right half of the table we indicate with the symbol
X which of those five types is in the range of $; and with the symbol — those which
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are not. The purpose is, of course, to apply Lemma 3.1. We do not need to worry
about the remaining three types on the right half of the table because we already
assumed that they do not belong to any Sg.

Before describing what the embeddings ¢; are, let us note how we can deduce
from the information in the table that there are three different 4,j, & such that
{i,7},{i,k} € B(T'). This is easy, by a consideration of cases. In the first case, if
[°1] is in some S;, then two other types from [0], [1], [01] or ['p1] must belong to
two other S; and Sy, and then two of the embeddings 1, 2, @3 or ¢4 give, using
Lemma 3.1, that {i,j},{i,k} € B(I'). In the second case, we assume that [*;] is
not in any S; but [1g1] is in some of them. Then, similarly as in the first case two of
the embeddings 5, pg of @7 give the desired conclusion. Finally, in the third case
if neither [°1] nor [*g;1] is in any Sk, then ¢g and @9 show that {0, 2}, {1,2} € B(T).

Theorem 2.7 ensures that if 0,0’ € Ty are such that max(c) < max(o’) then
there exists a normal embedding such that ¢[0] = o and ¢[1] = ¢’. Thus, for each
row of the table above we can find a normal embedding which takes the prescribed
values on the types [0] and[1]. We take @5, ¢7, ps and pg in this way, just given by
Theorem 2.7. However, the value at [0] and [1] does not determine the action on
the rest of types, and we describe more precisely the rest of cases. The embedding
1 will be the one provided by Theorem 2.9 for 7o = [0] and 7 = [%], so that
?1[0] = [0] and @7 = [°1] for any type 7 # [0]. For the rest, we need some
notation. Given s% s!,s € 2<% we define a function ¢[s°, sl 5] : 2<% — 2<@
whose value on a given ¢t € 2<% is the sequence obtained by substituting each 0
by the sequence s, each 1 by the sequence s', and finally adding a single copy
of the sequence s at the end. We consider ¢ = 9[01,11,0], ¥3 = ¥[001, 111, 0],
¥y = [1111,0001, 10], ¥ = [1111,0001,1]. It is a straightforward exercise to
check that if A is a set of type 7, then 1;(A) is a set of the type $;7 given by
the table (in the cases where the table indicates what this type should be). The
functions v; are injective but we did not say that they are normal embeddings.
But [4, Theorem 4.2] states that for an injective function v; there is always a nice
embedding u; : 2<% — 2<% such that 1; o u; is a normal embedding. We do not
need to recall now the technical definition of a nice embedding;; it is enough to know
that a nice embedding is a function m<¥ — m<% that maps sets of type 7 onto
sets of type 7 for all 7 € T,,,, cf. Proposition 2.4 and remarks before Lemma 3.4
in [3]. So we can take @; = 1; o u; and in this way we already have all the normal
embeddings that satisfy the left half of our table.

Now let us check the right half of the table. The X’s are filled just by looking
at these values at [0] and [1], so the point is how to make sure that we can put a —
sign in the corresponding places.

The values for Py are clear by definition. The three excluded types [Yo], [*01]
and [°!;] dominate [1], hence their images under a ®; dominate (or equal) B;[1]
which has maximum 1 for ¢ > 2. Therefore the image of any of these three types is
again one of those three types or equals @;[i], so we do not need to care about their
values to fill the right half of the table. Since [°;] dominates [0], %;[°1] dominates
or equals 3;[0]. Hence $;[%] is either one of the three excluded types or [01] itself,
or ;[0]. Therefore, we do not need to care about the image of [°1] to fill the right
half the table. The values for @5 are given by [4, Lemma 8.1]. The — signs for
the columns of [0] and [1] follow from Lemma 3.2. The fact that [*g;] cannot be
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sent to a chain type follows from Lemma 2.10. The rest of — signs follow from the
observations above and the information on the left side of the table. O

A gap T on the set N is called dense if every infinite subset of N contains
an infinite subset of one the preideals of I'. In other words, if Tt = Fin(N).
By [3, Lemma 3.4] every infinite subset of m<* contains an infinite subset of one
type. Therefore a gap on m<* of the form {I's, : ¢ < n} is dense if and only if

Ui<n Si = Tm

Theorem 3.5. For every dense analytic n-gap I' there exists k € n such that
{k,i} € B() for alli € n\ {k}. Moreover, BU{k} € B(I') whenever B € B(T').

Proof. Suppose that I is a standard n-gap in n<% and let k be such that I'y contains
a top-comb type 7 with max(7') = n — 1. The theorem follows from application
of Theorem 2.9. The last statement follows similarly from the more general [4,
Theorem 6.2]. O

The above result is not true for general gaps, as example 3 in Theorem 3.4 shows.
On the other hand, by example 2 in Theorem 3.4, Theorem 3.5 is an optimal result
concerning the doubletons that we can find in B(T") for I" dense and analytic.

For a natural number m, let J(m) = |%,,| be the number of types in m<«.
Theorem 1.2 follows now from Theorem 3.6 below. The function J will be studied
in more detail later in Section 6.

Theorem 3.6. For every analytic n-gap T' and for every set A C n with |A| = k
there exists B D A with |B| < J(k) such that ' can be B-broken. The number J (k)
is optimal in this result.

Proof. Let ¢ : k<¥ — m<* be a normal embedding witnessing that we have a
standard k-gap I" < {T'; : : € A}. Since there are only J(k) types in k<, at most
J(k) ideals from T" can be present after this reduction, so this proves the statement
of the theorem. Concerning optimality, let {7; : 4 € J(k)} be an enumeration of all
types in k< where 7; = [i] for i < k. Consider the J(k)-gap I' = {I'(,,; : i € J(k)}
in k<. We claim that if ' can be B-broken for some B D A = {i : i < k}, then
B is the whole J(k). Suppose that we have a normal embedding ¢ : p<* — k<%
witnessing that I' is B-broken. Then since A C B, there must exist types o; for
i < k such that ¢o; = [i]. Since max[i] < max[j] when i < j, it follows from
Corollary 2.8 that max(c;) < max(c;) when ¢ < j. By Theorem 2.7, we get a
normal embedding 1 : k<“ — p<“ such that v[i] = o; for i < k. Then, ¢¢/[i] = [i]
for i < k and this implies that ¢or = 7 for all types 7 in k<%, hence B must be
the whole set J (k). O

4. INTERPRETATION IN w*

The phenomena studied in this paper have a nice topological interpretation
through Stone duality. Let us remind the reader that Sw, the Cech-Stone com-
pactification of w, is a compact Hausdorff topological space that is characterized
by the fact that it contains w as a dense subset of isolated points with the prop-
erty that @Nb = () whenever a and b are disjoint subsets of w. The Cech-Stone
remainder of w is the compact space w* = fw \ w. The clopen subsets of w* are
the sets of the form a \ w with a C w, and they form a basis of the topology of w*.
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To each open subset V of w* = fw \ w we associate the preideal (in fact the ideal)
I(V)={a Cw:a\w C V}. We say that V is analytic if I(V') is an analytic subset
of 2¢. The following lemma contains just some elementary manipulations in w™*.
The first four statements are implicit in [1] but we sketch a proof anyway.

Lemma 4.1. Let {U; : i < n} be open subsets of w*.

(1) The preideals {I(U;) : i < n} are pairwise orthogonal if and only if the open
sets {U; 1 i < n} are pairwise disjoint.

(2) The preideals {I(U;) : i < n} are separated if and only if (;z, Ui = 0.

(3) The preideals {I(U;) : i < n} are an n-gap if and only if the open sets
{Ui :i < n} are pairwise disjoint and (., U; # 0.

4) I(U)*r ={acw:anU, =0}.

(5) For B C n the n-gap {I(U;) : i < n} can be B-broken if and only if
niEB Ui\ UieB U #0.

Proof. For (1), if I(U) and I(V) are not orthogonal, then there is an infinite a €
I({U)NI(V), and then § # a\w C UNV. Conversely if UNV # (), then U NV
contains a basic open set of the form @ \ w, and then ¢ € I(U) N I(V). For (2),
if the preideals are separated by some ay,...,a,-1 C w, then since (,_, a; = 0,
we get that (,_, @ = 0. Moreover, U; C @; because if a \ w is a basic clopen
set inside U;, then a € I(U;) and therefore ¢ C* a; and @ \ w C @;. This proves
that ., Ui = 0. Conversely, if (,_,, U; = 0, then there are clopen sets C; D U;
such that ;_,, Ci = 0 (cf. [1, Lemma 9]). The sets C; can be taken of the form
Ci = @; \w with ,_,, a; = 0, and the a;’s separate the I(U;)’s. Part (3) just follows
from (1) and (2). Concerning (4), first notice that the closure of U; is superfluous
in that expression since @ is open. The expression in (4) is just saying that, for
a C w, a is disjoint from U; if and only if it is disjoint from all basic clopens inside
U;. For part (5), if the gap can be B-broken, then we have a set a € (,4p I(U)*
such that {I(U;)|, : i € B} is a gap. But this means that U; Na@ = for i ¢ B and
an;ep Ui # 0. Therefore,

AT\ JToan (T #0.

i€B igB i€B
Conversely, if ﬂieBE‘\ UigBﬁi # (b, then we can pick a point x in this set, and
a clopen neighborhood V' of x which is disjoint from UigB U;. This clopen set V

must be of the form V = @\ w for some a C w, and this set a witnesses that the
gap {I(U;) : i < n} can be B-broken. O

After this lemma, we can automatically start getting corollaries from the results
in Section 3.

Corollary 4.2. Let U be a finite family of pairwise disjoint analytic open subsets
of w*. Then

(1) either their closures {U : U € U} are also pairwise disjoint,

(2) or there exists a point x € w* such that |[{U e : x € U}| = 2.

Moreover, in the second case, unless all but two of those closures are disjoint from
all others, there are in fact at least two points x,y € w* for which the sets {Uel:
x €U} and {U €U : y € U} are different and both of cardinality 2.
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Proof. Suppose that (1) does not hold, and consider {U; : i € n} a maximal sub-
family of ¢ with (;c,, U; # 0. We can find a clopen set V' O (;, U; such that
VNU=0forallU e¢U, U # Uy, i <n. The result follows from Lemma 4.1 and
Theorem 1.1 applied to the gap {I(U; NV) :i < n}. O

Corollary 4.3. Let U be a countable family of pairwise disjoint analytic open
subsets of w*, and let {U; : i € k} C U be a finite subfamily with (;_, U; # 0.
Then, there exists a point x € (), U; such that {U € U : = € U}| < J(k).
Moreover, J(k) is optimal in this result.

Proof. First, consider the case when U is finite, and we write it in the form U =
{U; i € n}, for some k < n < w. Picky € (), Us, and let us suppose as well that
we have k < m < n such that y € (,_,,, U; but y & U, <;<,, Us- Let C be a clopen
subset of w* such that y € C and CNJ,,<;.,, Us = 0. Since C is a clopen subset
of w*, it is of the form C = ¢\ w for some infinite set ¢ C w. By Theorem 3.6, we
can find B D A = k with |B| < J(k) such that the gap {I(U; N C) :i < m} can be
B-broken. This implies, by Lemma 4.1 that

(TinC\ | TinC#0.

i€B i€m\B

Any point x in the intersection above satisfies that {i € n: 2 € U;} C B, so it is as
required.

Now, suppose that U is infinite, and write it as U = {U; : i < w}. We define
inductively a decreasing sequence of clopen subsets C, of w* and points x, €
C, N ﬂKk U;. We can start with Cy = w* and zg any point from ﬂKkﬁi. Using
the finite case proved above, we pick z, 41 € Cp, N[, kﬁi (this set is nonempty,
since we had z,, from the previous step) such that |{i < n+1: 2,41 € U;}| < J(k).
Then, we can choose Cp 11 C C), so that x,411 € Cp 41 and C)p 44 is disjoint from
all U; such that Tpy1 & U; and i < n+ 2. Let = be a cluster point of the sequence
{zn : n <w}. On the one hand, z € ", U; since all z,, belong to that intersection.
Suppose for contradiction that |{i < w : z € U;}| > J(k). Find n such that
{i <n:2z €U} > J(k). But the construction of our sequence was done in such
a way that [{i <n:y € U;}| < J(k) for all y € C,,, and = € C,, because x,, € C,,
for all m > n. This is a contradiction.

For the optimality, consider the gap on w that witnessed optimality in Theo-
rem 3.6. That is, we have I = {T'; : @ < J(k)} which cannot be B-broken for any
B Dk, B # J(k). Consider the open sets U; = J,cr, @ \ w. It is easy to see
that T'; € I(U;) and that every element of I(U;) is contained in a finite union of
elements of I';. From these facts we can transfer all properties of {I'; : i < n} to
{I(U;) : i < J(k)} which is, in this way, also a gap which cannot be B-broken for
any B D k, B # J(k). By Lemma 4.1, this means that the family {U; : ¢ < J(k)}
witnesses optimality. O

Finally, the direct translation of Theorem 3.5 is the following fact:

Corollary 4.4. Whenever {U; : i < n} are pairwise disjoint analytic open subsets

of w* such that N;,, Ui # 0 and |J,_,, U; = w*, then there exists k < n such that
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forall BCn
Ut = N T\ U T

i€B i¢B i€ BU{k} ig BU{k}

5. SEQUENCES IN BANACH SPACES

If (zk)k<w is a sequence of vectors in a Banach space, having a preideal I C w
is equivalent to having a class of subsequences of (zj)k<. which is hereditary,
that is, it is closed under taking further subsequences. Thus, a gap {I'; : ¢ < n}
is viewed as finitely many hereditary families of subsequences which are pairwise
orthogonal (that is, no subsequence can be in two different classes at the same time)
and are not separated. Separation would mean that there exists a decomposition
w = UK” b; such that (z,)nep, does not contain any subsequence from I';. This
is just a reformulation of separation by looking at the sets b, = w \ a; instead of
the a;’s in the original definiton. Classes of sequences considered in Banach space
theory are often analytic, sometimes coanalytic and rarely from higher projective
classes. In any case, they are typically definable in some sense so the results of this
paper apply. Just to give an example, for a real number p € [1,00), a sequence of
vectors © = {zj }r<w in a Banach space are said to be an £,-sequence if there exists

a constant L > 0 such that
m 1/p
<1 (3)
i=1

Al 1/p m
I <Z af) < Z a;T;
i=1 i=1

for all real numbers a,...,a,,. Clearly, the definition does not change if we take
L and ay,...,an rational. It is obvious then that the class of £,-subsequences of
a given sequence is Borel. After these explanations, it is clear that Theorem 1.4 is
a corollary of Theorem 3.6 for n = 2, except for the fact that the constant J(k)
is sharp. This requires to check that the corresponding counterexample can be
made with this particular kind of preideals, which is the content of the following
statement:

Proposition 5.1. Let {S; : i < n} be pairwise disjoint nonempty sets of types in
m<“, and let {p; : i < n} be numbers with 1 < p; < co. Then there exists a Banach
space E and a sequence of vectors {xy : k € m<“} C E in a Banach space such
that {xy : k € X} is an £, -sequence whenever X is a set of type T € S;.

Proof. Let {zy : k € m<“} be the canonical basis of the completion of coo(m<*)
(the set of all functions m<“ — R which vanish out of a finite set) endowed with
the norm

1/pi
[If|l = sup (Z |f(s,€)|m> :{s0,51,...} is of type 7 € §;

k<w

Just take into account that the intersection of two sets of different types has cardi-
nality at most 2. ]

6. ASYMPTOTIC BEHAVIOR OF THE NUMBER OF TYPES

The function J can be computed as follows:
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J(n)—2”—1+zn:§n:< H?_l )B(i,jvn);

i=1 j=1

man=(1)(5)- 8 () ()

p=0

In the first formula above, 2" — 1 is the number of chain types, B(i,j,n) is the
number of pairs (77, 71) corresponding to types where 79 has i many numbers and 7*
has j many numbers, while the combinatorial number that multiplies B(i, j, n) is the
number of possible order relations < once 7° and 7' are fixed increasing sequences
of ¢ many and j many numbers. In the second formula, the first summand is the
total number of pairs of increasing sequences (7°, 71) while in each summand of the
sum on the right we are subtracting those pairs of sequences that begin with the

same integer p, that must be excluded. The first values of J(n) are the following:

n |1]12] 3] 4 5 6 7
J(n) | 11861480 | 3881 | 31976 | 266981

It is possible to find some recursive formulas as well. But it is perhaps more
interesting to analyze the asymptotic behavior, to get an idea of the magnitude
of the numbers. This is stated in Proposition 6.3, which requires some previ-
ous computations along two lemmas. We are not experts in probability, and
for the proof of Lemma 6.1, we must acknowledge the hint provided in the web
math.stackexchange.com (cf. question 353748).

Given n < w, and p € Z, let M, (p) be the set of all 2 x n matrices with entries
{—1,0, 1} such that the number of —1’s in the upper row equals p plus the number
of —1’s in the lower row.

Given u,v € {1,—1}, let M,(p)[%] be the set of all matrices from M, (p) such
that the first (leftmost) nonzero element of the upper row takes value u, and the
first nonzero element of the lower row takes value v.

Let M (p)[%] be the set of all matrices in M, (p)[%] such that the first nonzero
element of the upper row and the first nonzero element of the lower row appear in
the same column. Let M7 (p)[%] be the set of all matrices in M, (p)[%] such that the
first nonzero element of the upper row and the first nonzero element of the lower

row appear in different columns.

Lemma 6.1. For fized p, as n goes to infinity,

3-97
M) ~ 5
Proof. We can consider our matrices as random matrices in which each entry takes
the value 0, 1 or —1 with equal probability. Let X; be the the random variable
that provides the difference between number of —1’s in the upper row and number
of —1’s in the lower row, but looking only at column . Thus X; takes value 0 with
probability 5/9, value 1 with probability 2/9, and value —1 with probability 2/9.
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‘We have that

| My, (p)] =9"-P<_in:p>.

The random variables X; are independent, equidistributed, have mean p = 0 and
variance o = 2/3. Let

3 n
Y,=—% X,
NS

be their standardized sums, which converge to a normal distribution N(0,1). Let
F, = P(Y,, < z) be the distribution function of Y;,. The X, are concentrated in
{-1,0,1} C {zg +dz : z € Z} for g = 0 and d = 1, so they are so-called lattice

random variables. The way in which the functions F,, (x) converge to the Gaussian
—t2/2
[&]

O(x) = ffoo Tor dt is estimated by the following Esseen’s formula [5, Theorem 3,
p. 56]:

_ag(1- z?) —z2/2 d (x —&n)ovn —z2/2 —1/2
F.(z)—®(x) = 605 I e + 0\/%@1 ( pi ) e +o(n= /%)
where Q1(t) = [t] —t + 1/2 is the translation of the decimal part of ¢ to the
interval (—1/2,1/2] and o(n~'/?) denotes a function f such that n'/2f converges
to 0 uniformly on = as n goes to +0o. The numbers &, are described in [5, (29),
p. 55] but in our case &, = 0 since zg = 0. The other constants appearing in the
formula take in our case the values d = 1, o = 2/3 and the third moment [5, p.40]
of the distributions X; is ag = 0, so we get:

3 200\ 20 —-1/2
Fn(x)—@(a:)ZQ\/%Ql( 3 )e /+0(n /).

Thus,

A )

3p 3(p—1)
= B (=) -F, ([
(avs) - (5
3p 3(p—1) —1/2
o L) (L2
<2\/ﬁ> < 2ym ) T
and taking into account that ®(z) = 1 + \/%x + o(z), we get

. 3 - 3
O IMu)] = oo Foln 1/2)N2\/27m

as desired. O

Lemma 6.2. For fized p, u, v, as n grows to infinity,
39"

M ()31 ~ 1M (p)[3]] ~ ovoen
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Proof. We are going to prove that [Mz(p) ]| 2 1M, (p) and |MZ(p)[2]] 2 1 My (p).
Since
I+

(My(p)| = My (p)G]l+ My (p)[51]] + 1My (0) [+ M (p)[ 23
I 1l

[+ )

M7 ()] + 1M (0)[F1]] + 1M (o) (111 + M7 (p)]

we conclude that [M (p)[4]| ~ §|Mn(p)| and |MZ (p)[]| ~ &M, (p)|, and the

statement of the lemma will follow from Lemma 6.1. One corollary of Lemma 6.1

that we are going to use in the sequel is that for any fixed ¢ and k, |M,,_x(q)| ~

97" M, (p)|. We start by proving that [M; (p)[4]| Z §Mn(p). If we fix m < n, we

can get a lower bound by counting only those matrices whose first nonzero elements
appear in one of the first columns, and we get

Mz )N = Y 1M ()]
k=1

where p’ equals either p,p+1 or p— 1, depending on the values of v and v. Asymp-
totically,

m
M (p)[]] 2 D97 F M (p)]-
k=1
Since this happens for every m, and Y ;- 97 = 871, we get that

MZ ) 2 M)

as desired. We check now that |M7 (p)[4]] 2 %|M.(p)|. Given k,s > 1 with
s+ k < n, the number of matrices in M7 (p)[%] whose first nonzero element of the

upper row appears at column s, and the first nonzero element of the lower row
appears at column s + k can be computed as

§£:|A4n—8—k(p£”

ek
where & runs over all possible entries in the upper row between s + 1 and s + k,
and p¢ is a number which depends only on &. Similarly, the number of matrices in
M7 (p)[%] whose first nonzero element of the lower row appears at column s, and
the first nonzero element of the upper row appears at column s+ k can be computed

as
Z ‘Mn—s—k(p/gﬂ
£e3k

In this way, if we fix m, we can estimate for n > 2m,

IMZ@)E = DTS Moo (pe)| + | Moo (%)
k=1s=1 ¢c3k

m

~ Yy A )

/;
NE
(]
Ne)
1%
ol
N———

k=1s=1¢e3k k=1 s=1
1 1
~  2|Mu(p)| 237 Z§ .
k=1 s=1

Since this happens for every m, and Y .;°37% = 271 and > ;797° = 87!, we get
that |M7 (p)[4]| Z &|Mn(p)| as desired. O
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Proposition 6.3.
3
8v2mn

Proof. To each type 7 in n=“ we associate a 2 x n matrix (aj;) with entries in
{=1,0,1}. This time it is convenient to enumerate the rows of the matrix by the
indices ¢ = 0,1, and the columns by the indices j = 0,...,n — 1. The matrix is
defined as follows:
=0ifj &7,
7 =1if j € 7° and the immediate predecessor of (j,4) in < is of the form
(k,i),
e aj, =-1ifj€ 7% and the immediate predecessor of (j,) in < is of the form
(k,1 —1), or there is no immediate predecessor.

n

J(n) ~

<w

-
° aij
o a’.

It is a simple exercise to check that
{(al;) : 7 is a comb type in n<“} = M7 (0)[Z1] U M7 (—1)[Z1).
The cardinality of the set of chain types in n<“ is 2" — 1, so
J(n) = M7 (0)[23]| + M7 (-D)[Ch]] + 2" — 1,

and using Lemma 6.2 the proof is over. 0

7. FINAL COMMENTS

The results stated in this paper are very far from giving an understanding of the
family B(I"). One may wonder if it is possible to find an internal characterization
of those families of subsets of n that are of the form B(T") for some analytic gap
I'. Even basic questions like the following are unknown to us: Are there always
sets in B(T) of any possible cardinality? How many at least? On the other hand,
what we do in this paper is to look at several families of subsequences of a given
sequence and studying how they can be separated. This seems a basic situation
that could arise in different areas of mathematics. The examples provided in w*
and with £,-sequences in Banach spaces illustrate this. It is natural to expect that
other applications may appear.
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