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ABSTRACT. We study Schauder basis properties for the Haar system in
Besov spaces B;yq(Rd). We give a complete description of the limiting
cases, obtaining various positive results for ¢ < min{1, p}, and providing
new counterexamples in other situations. The study is based on suitable
estimates of the dyadic averaging operators Ey; in particular we find
asymptotically optimal growth rates for the norms of these operators in
global and local situations.

1. INTRODUCTION

The purpose of this paper is to complete the study of the basis properties
of the (inhomogeneous) Haar system in the scale of Besov spaces Bz’q(Rd).
In view of previous results, only the endpoint cases are of interest. This is
a companion to the forthcoming paper [6], in which the authors consider
the same endpoint questions for the Triebel-Lizorkin spaces. The outcomes
for Besov and for Triebel-Lizorkin spaces, in both non-endpoint situations
([14, 19, 11, 12, 4]) and endpoint situations, are markedly different.

To state the results, we first set some basic notation. Consider the one
variable functions h(®) = Ljo,1) and R = Ljo,12) — Ipy2,1)- For every
€= (e1,...,6q) € {0,1}% for k € Ng and p = (p1, ..., pq) € Z¢ one defines

d
() = H e (ke — ), @ = (x1,...,2q4) € RL
i=1

Denoting T = {0,1}¢\ {0}, the Haar system is given as
_ 0 € . d
W, = {hw}uezd U { . keNy, pelZl ce T}.

We refer to 2¥ as the Haar frequency of hy. .- We consider an enumera-
. o . _ 1¢€(n)

tion U = {u,}52, of the Haar system, and write u, = Py u(ny fOr the
corresponding frequency and position parameters k(n), u(n).
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Given R € N, the partial sum operator Sg = S% is defined as the projec-
tion onto span{uy,...,ug}, that is

R
(1) SHf =D un(f)un,
n=1
where for u,, = hz((z)) () the linear functional v is defined by
2) () = 2O )
at least when f € L}OC(Rd). Below we shall only consider Besov spaces so

that u, € By , and u;, extends to an element of (B, ,)* for all n € N, so that
(2) will actually have a meaning for all f € B, .

We say that U is a Schauder basis of By (R?) if
(3) dim S f — flls;, =0

holds for every f € By ,. We say that U is a basic sequence if (3) holds
for every f in the B, ,-closure of span},. Finally, we say that J{; is an
unconditional basis of By , if every enumeration U is a Schauder basis.

The above basis properties are related with the uniform bound

(4) Cy := sup HS%| < 00.
R>1

Bpg—Bp.4
Indeed, one has
|S%f — f] s, < (Cu+DIf = hlls;, + |S%h — hl

Thus, (4) implies that U is a basic sequence in B, .. If span(Hy) is dense
in By, then U is a Schauder basis if and only if (4) holds. If in addition
the bound in (4) does not depend on the enumeration I then H, is an
unconditional basis of By ;. By the uniform boundedness principle such a
uniform estimate is also necessary for unconditionality. This is well-known

for Banach spaces, and a proof for quasi-Banach spaces can be found in [1].

h € span H,.

s )
Bpiq

We consider the full range of indices s € R and 0 < p,q¢ < oco. When
p = 00 or ¢ = oo the space By, is not separable, but in those cases one may
consider the Schauder basis property in the Bj -closure of the Schwartz
class S, which we will denote by , (as in [10, Def 1.1.3]).

The pentagon ‘B depicted in Figure 1 shows the natural index region
for these problems. More precisely, Triebel showed in [14, 19] that, for all
g < oo, the Haar system J; is an unconditional basis of B;jq(]Rd) for the
(1/p, s) parameters in the interior of the pentagon 3; i.e. those satisfying
one of the conditions (i), (ii) in Theorem 1.1. He also showed that for the
parameters in the complement of the closure of 3 the Haar system does
not form a basis. Except for a few trivial cases, the behavior at the points
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FIGURE 1. Parameter domain 3 for H, in B;q(Rd). The left
figure shows the region of unconditionality, and right figure
the region for the Schauder basis property.

(1/p,s) lying in the boundary of I8 seems to be unexplored; see however the
separate work [8] and Remark 1.7 below.

In this paper we attempt to fill these gaps, by giving an answer, positive
or negative, depending on the secondary index gq. Moreover, in some cases,
the negative answer is replaced by slightly weaker properties, such as the
local Schauder basis, or basic sequence properties.

We begin by stating complete results about unconditionality, which con-
tain new negative cases compared to [14, 19]. We remark that the corre-
sponding results in Triebel-Lizorkin spaces are much more restrictive, see
the discussion in [19, Remark 2.2.10] and the counterexamples in [11].

Theorem 1.1. Let 0 < p,q < 0o and s € R. Then, Hy is an unconditional
basis ofB;’q(Rd) if and only if one of the following two conditions is satisfied.

(i) 1<p< oo, —1+%<5<%, 0<qg< 0.

(i) 745 <p<1, d(I-1)<s<1, 0<g<oo.

The region (i)-(ii) is shown in the left of Figure 1. In the next results we
shall be concerned with the endpoint behavior when we drop unconditional-
ity. To do so we must single out specific enumerations of the Haar system,
labeled ‘admissible’, or ‘strongly admissible’.

Definition 1.2. (i) An enumeration U is said to be admissible if there is a
constant b € N with the following property: for each cube I, = v+[0,1]%, v €
72, if u,, and wu,, are both supported in I, and | supp(u,)| > 2% supp(u,/)|,
then necessarily n < n’.
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(i) An enumeration U is strongly admissible if there is a constant b € N
with the following property: for each cube I, v € Z%, if I** denotes the five-
fold dilated cube with respect to its center, and if u,, and w, s are supported
in I** with | supp(uy,)| > 2%¢| supp(u,/)| then necessarily n < n'.

The notion in (i) was used in [4] for the case b = 1, but the results stated
in that paper continue to hold with this slightly more general definition.

The stronger notion in (ii) turns out to be more appropriate in the end-
point cases, for which the characteristic functions of cubes may not be point-
wise multipliers; cf. [10]. Loosely speaking, in a strongly admissible enu-
meration if a Haar frequency 2* shows up at step n (i.e. if u, = hi# for

some k € Np) then all Haar functions with Haar frequency < 2¥~% which are
‘nearby’ (in a well defined sense) have already been counted before step n.
We refer to §11 for concrete examples.

Finally, we remark that the above distinction is void for the classical Haar
system in the unit cube, 3([0, 1)¢), where admissibility is a straightforward
property; for b = 1 it means that n < n’ implies | supp(u,)| > |supp(u,/)|
(and could be slightly weakened if b > 2). The typical example is the
lexicographic ordering.

We now formulate a theorem involving all strongly admissible enumera-
tions of the Haar system. A positive endpoint result is obtained for B; ,
when s = d/p — d and #‘ll < p < 1. Also new negative results are obtained
for suitable strongly admissible enumerations; see the right of Figure 1.
Theorem 1.3. Let 0 < p,q < 0o and s € R. Then, the following statements
are equivalent, i.e. (a) <= (b):

(a) Every strongly admissible enumeration of Hy is a Schauder basis of
Bs (RY).
(b) One of the following three conditions is satisfied:

(i) 1 <p<oo, %—1<5<%, 0<q< oo,

(ii) %1<p<1’ g—zl<s<1, 0<q< oo,

(i) F7<p<l, s=7—-d q=p.

Next we explore various weaker properties at the boundary of 3. We say
that an enumeration U satisfies the local Schauder basis property for By , if

(5) |(S%f— £)x|

for all f € B;’q(Rd) and all y € C®(R?). This implies that the basis
expansion holds, g = >>°, u’(g)uy in B, ,, for all compactly supported

. —0
BP»Q

g € B;q(Rd). Similarly we say that U satisfies the local basic sequence
property in B;’q(Rd) when (5) holds for all f € spanﬂ{dB;”q and all x €
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C>®(R%). The next theorem and Figure 2 show the region of validity for the
first of these properties.

Theorem 1.4. Let 0 < p,q < 0o and s € R. Then, the following statements
are equivalent, i.e. (a) <= (b):

(a) Every strongly admissible enumeration of the Haar system Hy satisfies
the local Schauder basis property for B;q(Rd).

(b) One of the following four conditions is satisfied:
(i) 1<p<oo, —1+%<s<21;, 0<q< oo,
(i) 1<p<oo, s=-1+1, 0<qg<l,
(iii) 45 <p<1, %—d<s<1, 0<q< oo,

s

(iv) ﬁ‘ll<p<1, :g—d, 0<qg<p.

We remark that these local properties can be given slightly stronger state-
ments using the Bourdaud definitions (B, ;)¢ of localized Besov spaces; see
§9.2 below.

-1

F1GURE 2. Region for the local Schauder basis property in
the spaces B;q(]Rd), depending on the value of ¢ € (0, 00).

Remark 1.5. Strong admissibility may be replaced by admissibility (for the
positive results in Theorems 1.3 and 1.4) in the cases where 1jjj is a

pointwise multiplier of B;q(]Rd). By [16, §2.8.7] or [10, §4.6.3], the latter
holds when

(6) max{d(z%—l),%—l} <s<l,

so it applies to the interior points of 3. It also applies in other positive
results (such as the local basic sequence property, which will follow from

Theorem 1.8) in the case s = 1, ff_l < p < 1 corresponding to the interior
of the horizontal edge of B.
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Remark 1.6. A similar statement to Theorem 1.4 holds for H(T%), the Haar
system in the torus in the standard lexicographic enumeration. Namely, it
is a Schauder basis on B;q(’]I'd) if and only if one of the conditions (i), (ii),
(iii), (iv) in Theorem 1.4 are satisfied. Moreover, in the range (6) the class of
C*-functions with compact support in (0,1)? are dense in B, (0, 1)9) (see
[18, §3.2]) and thus it is easy to see that the Schauder basis problem for the
Haar systems on T¢ and on (0,1)? are equivalent in this range. So far this
observation does not apply to the cases corresponding to the non-horizontal
edges of P in higher dimensions, however see Franke’s better result [3, §4.6]
for the interval (0,1).

Remark 1.7. (i) In a classical work [7], P. Oswald considered, for 0 < p < 1,
the Schauder basis property (including some endpoint results) for a class of
Besov spaces on the interval, B;,q,(l)(I ), defined by first order differences.
In these classes, which in general differ from B ;, one has a positive answer
in the larger region 1/p — 1 < s < 1/p (in particular, for some s > 1); see
[7, Theorem 3].

(ii) In a very recent separate study [8], Oswald pursued further these
questions for both, the class B;q,(l)(ld) and the standard Besov spaces

B;q((O,l)d). He obtained analogs of the positive results in (ii)-(iv) of
Theorem 1.4, and presented similar counterexamples as ours for the case
s = d/p — d. Contrary to what is stated in that paper, these local results
do not transfer to the spaces on R? by simply enumerating the Haar sys-
tem, as one may see from Theorem 1.3 above and the specific example in
Proposition 12.1.

Dyadic averaging operators. A crucial tool in our analysis will be the dyadic
averaging operator Ey, defined as the conditional expectation with respect
to the o-algebra generated by the set Dy of all dyadic cubes of length 27
That is, setting

IN,,LL = 2_N(/L + [07 1)d)a JURS Zda
we have

(7) Enf(z)= > 1y, (z)2" fy)dy,

uEZd IN»M

at least for f € L} (R9).

loc
The relation with the Haar system is given via the martingale difference
operator Exn11 — En which is the orthogonal projection onto the space gen-
erated by the Haar functions with frequency 2%, i.e.

(8) Eyi1f —Enf = Z Z 2Nd<f7 §V,u> 5\7,;1‘
e€Y pezd

In addition to Ex we shall need another operator which involves Haar
functions of a fixed frequency level. For N € N and any a € £*°(Z¢ x T) we
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set

(9) Tnlfoal = D an 2V by )iy,

e€Y pezd

One aims for estimates of the operators f — Tn[f, a] that are uniform in
|aljoc < 1. The relation between the partial sum operators S% and the op-
erators Ey and Ty[, a] is explained in §9. In particular, the uniform bound-
edness of these operators in By | implies the local basic sequence property for
all strongly admissible enumerations /. The region of uniform boundedness
for these operators is given in the next theorems, and depicted in Figure 3.

Theorem 1.8. Let 0 <p <00, 0<q< oo and s € R.

(a) The operators Ex admit an extension from S(R?) to B;’q(Rd) such
that

sup e I3 -5, < o

if and only if one of the following sixz conditions is satisfied:

(i) p>1 s=1 q=o,

(i) p>1, —14+,<s<g, 0<g<oo,

(iii) p>1, s=-14+5, 0<q¢<l,

(iv) 4 <p<l, s=1 0<q<p,

(v) FH<p<l, d3-1)<s<1l, 0<g<oo,

(vi) #‘llgp<1, s:d(%—l), 0<qg<np.

(b) If one of the conditions (i)-(vi) is satisfied and if ||al|goo(zaxr)y < 1 then
the operators Tn|-, a] are uniformly bounded on B;Q(Rd).

Finally we state a result for p = oo.

Theorem 1.9. (i) If —1 < s < 0 then the operators Exn have uniformly
bounded extensions to ngq(]Rd), for all 0 < ¢ < 0.

(it) If s = 0 then Ey admits a bounded extension to BY, ,(R?) if and only
if ¢ = 0o. Moreover, we have supy |[En||po, gy _ < 00.

(iii) If s = —1 then supy ”EN||B;1q—>B;olq = 00, for all 0 < ¢ < cc.

Moreover, below we also investigate situations when the individual opera-
tors Ex are bounded but not uniformly bounded, and derive precise growth
conditions for the operator norms in such cases. See Theorem 6.1 for com-
plete results in the case s = 1, and Theorem 10.2 for the case s = d/p — d
and p < 1. A more detailed description of these and other local results is
given the next subsection.
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S S
1 o~ 1
/,, //
0<g<p /
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The cases 0 < g < 00 The case ¢ = oo

FIGURE 3. Regions for uniform boundedness of Ex (hence
for the local basic sequence property) in the spaces B , (R9).

Guide through this paper and discussion of further quantitative results. The
positive results in the interior of the pentagon B in Figure 1, including
the unconditionality property, are classical and due to Triebel [13, 14, 19].
Moreover, unboundedness results outside the closure of P are discussed in
those references and [4].

The new positive results in Theorems 1.8 and 1.9 at the boundary of
rely on LP bounds for the operators LiEnL;, where Lj are suitable local
means and the operators act on functions with compactly supported Fourier
transforms. These bounds were already contained in our previous paper [4]
(see also [5] for a proof of such results using wavelets). We review these
estimates in §2, see in particular Corollary 2.3. For both ranges p > 1 and
p < 1 further straightforward estimates imply four key propositions with
different outcomes in the four cases depending on the signs of j — N and
k — N. These propositions are stated for p <1 in §3 and for p > 1 in §4.

Concerning the negative results in Theorems 1.8 and 1.9, these are pre-
sented as follows. First, when s = 1/p, characteristic functions of cubes
/p
q

(and also Haar functions) do not belong to B;, when ¢ < oo which rules

out these cases. In §5 we shall further show that the space bzl,(& (the closure
of the Schwartz class under the B;/o% norm) intersects the algebraic span of
Hg only in {0}. This is in contrast with the fact, shown in §8.2, that blfﬁj

. . . ————ByE . o
is actually contained in spanJH,; 7™ if 1 < p < oo, s0 some positive result

will hold in this case; see Proposition 9.2.

In §6 we consider the cases s = 1. At the endpoint space Bioo we show
that the operators E are individually bounded, but not uniformly bounded,
and for large N we have ||IEN||B% B!~ N, see Theorem 6.1.
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When s = 1 and ﬁ‘il < p < 1 the operators Ey are also individually
bounded on B];q but not uniformly bounded if ¢ > p. In these cases The-
orem 6.1 implies that for large N we have HENHB;&_)B%& ~ N'/P=1/4_ The
situation is worse at the endpoint p = d/(d + 1), that is the vertex of P
where s = 1 = d/p — d. In this case Theorem 10.2 gives an exponential
lower bound even for compactly supported functions, while the Ex fail to

be individually bounded in the whole B J(d+1) q(Rd) when ¢ > p = d%‘il—l'

In §7 we discuss the simpler situation on the line s = 1/p — 1 with 1 <
p < 00. The cases ¢ > 1 are easily ruled out because Haar functions do not
belong to the dual space (B;,/qpfl)* = Bp,/z,. In the cases 0 < ¢ <1, a lower
bound ”ENHBO—OI’LI_)BO—OI’LI 2 N is obtained by duality in §7.2.

In §10 we gather the negative results for Theorem 1.8 at the edge s = d/p—
d with p < 1. Again, we rule out the cases ¢ > 1, as Haar functions do not
belong to the dual space (Bg,/qp _d)* = ng o~ Moreover, we show in Theorem
10.1 that the individual operators Ey are unbounded on Bg/qp ~4 when q>Dp.

We shall actually prove sharp results if one restricts to compactly supported
functions. To quantify these we use the following definition.

Definition 1.10. Let @ be an open dyadic cube in R? of side length > 1/2
and X be a (quasi-)Banach space of tempered distributions S’(R?). For a
linear operator 1" defined on those f € X which are supported in () we set

(1) Op(T. X, Q) =sup {|ITfllx : [Iflx <1, supp(f) C Q}.
In Theorem 10.2 the precise growth of Op(Ey, Bi/qp 7d, Q) is obtained for
the range d%‘il < p < q <1 where it is shown that
1
Op(En, By, Q) ~ (2VQl)*
We also show that the above-mentioned lower bounds for s = 1 have a sharp
local analogue, namely for every cube @ of sidelength > 1 one has

1
a .

1_1
Op(E]\HB;qu)%NP 1, #dl<p<17 QE[p,OO]

We now turn to the uniform boundedness of the operators S¥, associated
with strongly admissible enumerations ¢4. We prove in §9.1 that if Ex (and
TN[-,a]) are uniformly bounded in B, , then we also have, for each fixed @,

(11) sup Op(S%,B;,q,Q) < 0.
ReN

Assuming (11), one has the local Schauder basis property if and only if the
span of the Haar system is dense in B, .

The density of span 3, in B, , is studied separately in §8. It clearly fails
when p = 0o or ¢ = 0o because B, , is not separable in those cases. When
s = 1, we also show that density fails in B;q when #‘ll <p<1landgq<np.
This gives the negative results in Theorem 1.4 for those cases. We do not
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know, however, whether density should also fail in the remaining cases ¢ > p;
see our discussion in §8.1.

The positive Schauder basis results in Theorem 1.3 are obtained in §9.2.
They follow from §9.1 and the fact that the B, , (R9)-norms can be ‘localized’
if and only if p = ¢. Moreover, we actually prove the Schauder basis (resp.
basic sequence) property in the Bourdaud spaces (B, ,)e, in the range of
Theorem 1.4 (resp. 1.8 and 1.9). We remark that these spaces coincide
with By . if and only if p = ¢. Alternatively, the positive statement in (iii)
of Theorem 1.3 is also a special case of a more general result for Triebel-
Lizorkin spaces sz’q(Rd) in [6].

In §11 we construct an explicit strongly admissible enumeration U for
which

Sy =Emf if supp(f) C (=5,5),

for a suitable sequence R(m). One can then apply the examples on un-
boundedness of E when restricted to functions on cubes, alluded to above,
to see that (11) fails. This gives the negative results in Theorems 1.4 and
1.3 at the edge s = d/p — d, for #‘ll <p<1landall qg>p.

This same enumeration U is used in §12 to show that, when ¢ € (0, p), the
operators S% are not uniformly bounded in the whole spaces Bg/qp 7d(Rd) if

ﬁ‘ll <p<1,or B;,/qp_l(Rd) if 1 < p < oo. Hence U is not a Schauder basis
in these cases.

Finally, regarding the negative results in Theorem 1.1, examples showing
the failure of unconditionality for parameters (1/p, s) on the boundary of B

are given in §13 for the case Bgy/qpfd with #‘ll < p <1, and in §14 for the

case B;,/qp_l with 1 < p < oco. Since the argument in §13 also applies to a
similar result for Triebel-Lizorkin spaces, we include lower bounds for those
as well.
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2. PREPARATORY RESULTS
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2.1. Besov quasi-norms. Let s € R and 0 < p < oo be given. Throughout
the paper we fix a number A > d/p and an integer
(12) M > A+|s|+2.

Consider two functions fg, 5 € C°(R?), supported in (—1/2,1/2)%, with
the properties |Bp(§)| > 0if |§] < 1, |8(§)] > 0if 1/8 < |¢| < 1 and S has
vanishing moments up to order M, that is

(13) B(x) " -+ x4 de =0, Vm;eNyg with my+...4+mg < M.
Rd
The optimal value of M is irrelevant for the purposes of this paper, and (12)
suffices for our results. We let §, := 2¥¢3(2%.) for each k > 1, and denote
Li(f) = Bi* f
whenever f € §'(R%). Tt is then known, see e.g. [17, 2.5.3], that an equivalent
quasi-norm in the Besov spaces B;q(]Rd), 0 < g < 00, is given by

(14) lglls, . ~ [{2"Eradis,

Recall also that b3, denotes the closure of S(R?) in the Bj , norm. When
p < o0 and g = oo, it not difficult to see that by, ., coincides with the set of
all g € S'(RY) such that

(15) lim 2%||Lyg||, = 0.
k—o0

ta(Lr)

The space b, ., coincides with the set of all g € 8'(R?) such that Lyg € Co
for all k € N and such that limy_, 2%°||Lig|lec = 0.
Next, let 9 € C®(RY) be supported on {¢ : [¢| < 3/8} and such that

no(§) = 1 if || < 1/4. We consider the following frequency localization
operators

16a Aof(€) = 2222 F(e),
(164) o716 = R FO
- ke o okl
(16b) a7

so that f = Z;io L;A;f with convergence in &'. It is also well-known that

(1) 1£lls;, ~ |2 anr}i,

eq(Lp) )
In particular, if we let IIy = Zé\fzo L;jA;, then
(18) Sup IMn fllss, < fB;,

Below we shall be interested in uniformly bounded extensions of the
dyadic averaging operators Ey defined in (7). Observe that

Eny -y =Enxy ([ —1y) — (I —En) Iy,
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so if we denote
Ey =1 -Ey,
then, using (14), we have

H{zks i LYENLA;f}-,

j=N+1

La(Lp)

+ H{stiLkE LA,
=0

ta(Lr)’

Thus, as in [4], the uniform bounds of Ey will be reduced to suitable esti-
mates for the compositions LipEyL; and LkEﬁLj, for each j,k > 0.

2.2. Local estimates. We consider the following Peetre maximal operators:
if 7 > 0 and g is continuous, then

Mjg(z) = sup [g(xz+h)|,

|| <25+

. lg(x + h)|
MYy g(z)= sup ————~—,
g9 = S i) A

lg(z + 1)
My ;9(x) = sup ;
7 herd (14 27[R[)4
Clearly, we have the pointwise relations M;g < M% 49 <M.
The following lemma was proved in [4, Lemma 2.2] using the cancellation
properties of Lyax(jr-
Lemma 2.1. For j, k > 0 we have
(20) ‘LkLJg( )| < 27 Il =A) MA ,max{j, k}g( )

We remark that the larger maximal function fmj‘:max{j K} f was used in
[4, Lemma 2.2], in place of Mz’max{j’k} f. However, since the convolution

kernel of L;Lj is supported on a cube of sidelength 277 +27F it is clear
that (20) holds as well.

From our previous work [4] we have the following crucial estimates.

Proposition 2.2. Let 0 < p < oo and

gN—j 2 2(] )(d—l)(%—1)+ if j,k > N,
, QTQJ—N if § < N <k,
(21) By(5,k,N) = k—Noj—No(N—k)d(;—1)+ -fj ;
28— N9i=N3 if 0 <4,k <N,

k=i + SN HIN =+ (k) (d=D)] (5 -1+ ifk <N < j.

Then the following inequalities hold for all continuous functions g :
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(i) For j > N +1,

(22) |ILkEn[L;g]llp

< ) Bpld, B, N) Mgl | ifk>N+1,
~ A Bol ks N) Mgl + 27 HOT=A Ay g, if 0 <k < N.

(ii) For 0 < j < N,

(23) | LkEx([L;g]lly

< By(j, k. N)[[Mjgllp + 27|jik|(M7A)HM:k4,ngp if k> N +1,
A Bo(ds ks N) [ Mgl if0<k<N.

(iii) The same bounds hold if the operators Ey in (i) and Ex; in (i) are
replaced by Tn|-, a] (as defined in (9)), uniformly in ||a|lc < 1.

Remark. These bounds are contained in [4, §2], although the statement of
[4, Proposition 2.1] is slightly less general. Namely, applying these bounds
to g € S'(R?) such that suppg C {|¢] < 27!}, and using additionally the
Peetre inequality |95, gl < llgllp, for A > d/p, one obtains [4, Proposition

2.1]. The formulation here will be applied later to functions of the form
g=CAjf with f € S'(RY) and ¢ € C. O

The statement of Proposition 2.2 can be put into a more convenient form.
First, when g = A; f, the Peetre maximal inequality gives ||9T(j‘4*7j(Ajf)Hp <
|A; fllp, provided that A > d/p. Next, if M > A + 1 then in the cases k <
N < jand j < N < k the term 2-V=*(M=4) i5 dominated by By(j, k,N)
and thus the statement can be simplified. Finally, we shall use the quantities

(24) Up,s(s by N) 1= 2570 By (j i, N)

see also (27) and (33) below. We then obtain

Corollary 2.3. Let Uy, 5(j, k, N) be as in (24). Then for all f € S'(RY)
(25) 2PN LkBENLiAi fllp S Ups(is ks N) 2% A fllpy i 5> N +1,
and

(26) 2| LkENLiA; fllp S Upos(, b, N) 2% Ay fllp, i § < N.

The same holds with Ey and By replaced by T [, a] if [|a]joo < 1.
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3. UPPER BOUNDS FOR p <1

In the range p < 1, the constants in (24) take the following explicit form

ok(s=3)i(f=d=s)gNW=1)  4p . p o N
, 9h(s=3)9i(1-s)9N (~1) if j < N <k
(27) Up,s(]a k,N) = E(s+d+1—2) N(2—-d-2)
oM ) 21(1=5)9 if0<j, k<N
gk(stdt1=5)9i(5—d=s)g-N if k<N <

We now state four propositions corresponding to the four cases of (27). We
then sketch the straightforward proofs.

Proposition 3.1. For d%dl <p<landr >0,

(282) ( 3 o
k>N

rN\ 1/r
S LkENLjAij )
J>N P

sup oy 2°[|A; £ if d(y 1) <s <,
~ . 1/p )
(Sion27I0f) " ifs=di-1) <L

Forp=1 and s =1 we have

(28b) sup QkH Z LkENLjAij < sup 2j||Ajf”1-
k>N N L >N

The same inequalities hold when Ey is replaced with Tn[-, a] if ||aljco < 1.

Proposition 3.2. For0<p <1 andr >0,

(292) ( 3 ke

k>N

rN\ 1/r
J;V LiENLiA; f Hp)

Sup;<n 2j5||Aijp , if s <1,
4 1/p
N .
< (Sozrinsfip) " irs=1

26 UN qup 275 || A fll,  if1<s<1/p.
J<N

Inequality (29a) also holds forp =1 and s < 1. When p=s =1 we have

N
(29b) sup 2’“” > LkEJ]\_leAijI S D21 f
k>N j<N 7=0

The same statements hold with Ef; replaced by Tx[-,a] if ||a]joo < 1.
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Proposition 3.3. For #‘ZZ <p<1landr >0,

(30) ( Z olsr

k<N

r 1/7
> LkEzlejAij )
J<N p
sup;<n 27°[1A; flp ifl-d-1<s<1,

. 1/p )
S 9 (Zo 27110 17) ifs=1
2(s—1)N Sup;<y 2j5||Aijp ifl<s<1/p.

The same inequality holds with Ex replaced by Ty |-, a] if ||lalls < 1.

Proposition 3.4. For 0 <p <1 andr >0,

(31) ( Z olisr

k<N

3 LkIENLjAijT>1/T
j>N P
upjo 2041 fs>dod
“U(Sv2insg) " s=1-a
The same inequality holds with Ex replaced by Tn|-, a] if ||a]jco < 1.

Proofs. The proofs of the four propositions involve Corollary 2.3 and an
application of the p-triangle inequality for p < 1.

Proof of Proposition 3.1. First observe that the range of s in (28a) is non-
trivial if and only if p > d/(d—1). Let X, denote the left hand side of (28a).
Then the p-triangle inequality and Corollary 2.3 give

( Z 21687“[2 ”LkIENLjAjf”Z]%)Ur

3, <
k>N j>N
] s Z\1/r
S (Z [Z Up,s(j, k, N)P 27 P||Ajf”£]z7> ‘
k>N  j>N

When d(% —1)<s< % this implies

1 (2 _d— _a—1 r 1/
5 S (30 [ 30 20N ) T ot ),
k>N j>N >N

which gives the asserted expression because the series above is bounded
(uniformly in N). At the endpoint s = d(% -1)< 113 we have

5, < (kg\[Q(k—N)(s—;)r)l/r (j§v 2j3p||Ajf||£)11”
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which also leads to the asserted expression in (28a). Finally, if s = p = 1,
using that U, s(j, k, N) = 2V =7 we obtain

Too S Y2V A f]lh < sup 2| Afll1. O

j>N

Proof of Proposition 3.2. The left hand side of (29a) is controlled by

( Z [Z Up,s(j,k,N)p 2jspHAij£} T/p) 1/r

k>N <N
(Z 219(5—7 N(L-1)r )i(z 0 (1- s)p 2]S||A Fll,I? )
k>N

If s < 1/p the first sum can be evaluated as Ca(p, s, r)2N(s*1) and the above
expression is dominated by a constant times

1

(32 2u=a-srpisa, )

J<N
(29a) follows immediately. The proof of (29b) is similar. O

Proof of Proposition 3.3. The left hand side of (30) is controlled by

( Z [Z Ups(j, k,N)P 2j8p||Ajf||£i| r/p) 1/r

k<N j<N
< (Z ok(stdt1-D)roN(d—d-2)r ) (Z 21 =90P 275 A f1| P )é
k<N

If s > % —d —1 the first factor can be evaluated to be Cs(p, s,7)2V=1) and
the above expression is again dominated by a constant times

(32 2= ™A=, £, 7).

J<N

1

Note that for the s-range in (30) to be nontrivial we want —_d—-1<1,ie.
P> g5 +2. Now (30) follows easily. O

Proof of Proposition 3.4. The left hand side of (31) is controlled by

( > [Z Up,s(j, k, N)P 2j5pHAij§r/p)1/r

E<N j>N
k(s+d+1-¢ T ,_d
s (e WN?(Z? A1)
k<N
In the range s > ¢ —d under consideration the first factor can be evaluated to

be Cy(p, s, T)QN(s+d 7 and the above expression is dominated by a constant
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times L
—(j—N S—* d S P
(2 27U o 1), 7).
J>N
This yields (31). O

Remark 3.5. The proofs of Propositions 3.1 and 3.4 show that each operator
Exn admits an extension to Bg’q(]Rd) in the ranges of indices (iv), (v) and
(vi) of Theorem 1.8, namely

(32) En(f):=> Ex[LjA;f], in By,

Indeed, for all » > 0 and for J, > J; > N one has, in cases (iv) and (v),

J2
[EN (D Lifs /)]

j=A
with e = s —d(1/p—1) > 0, and in case (vi)

Ja ‘ 1
| <N ( Z QJSPHAijZ)p

Jj=J1 Jj=Jh

by, SN 27N s

B (

Proof of Theorem 1.8: Sufficiency for d%& < p < 1. Inview of (18), (19) and
trivial embeddings of Besov spaces, the uniform boundedness of Ey follows
immediately from the above four propositions. O

4. UPPER BOUNDS FOR 1 < p < o0
When p > 1 the constants in (24) take the form
oF(s=3)9i(G=1=5)9N  ip i p S N,
9h(s=3)9i(1=)oNG=D 4 i< N <
2k(1+5)9j(1-5)9—2N if0<j,k<N,
k(1+s)9/ G150~ %  if k< N < j.

(33) Ups(j, k,N) =

Again we state four propositions corresponding to the four cases of (33).

Proposition 4.1. Suppose 1 < p < oco. Then

(34a) sup2¥|| LkIENLjAij S sup 2| Ajfllp i L-1<s<
k>N Sw P >N

D=

Moreover, for all r >0

(34b) (D2 ZLkENLjAijDl/T
Jj>N

k>N
supjsy 2|8, fllp  if 5 - 1 <s< g,
2> 278 f Iy ifS =.-1

<

~
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The same inequalities hold with En replaced by Tn |-, a] if ||aljco < 1.
Proposition 4.2. Suppose 1 < p < oo. Then for allr >0

rN\ 1/r . )
(35a) ( Z oksr Z LkEﬁLjAij ) Ssup 2| A fllp,  if s < %.
k>N J<N P JsN
Moreover, if s = zl? < 1 then

> LERLA | S sup 27| £l
J<N boaEn

(35b) sup 2k
k>N

and if s=p =1 then

(35) sup 2°| 3" LiERLA || S 3 20Ai £l
BN TN <N

The same inequalities hold with Ex replaced by T |-, a] if ||aljoo < 1.

Proposition 4.3. Let 1 <p < oo andr > 0. Then

1/ .
(36a) ( 3ok 3T LkE]lVLjAijT> S sup 2 Al if —1<s < 1.
k<N J<N P JsN

Moreover, for the case s = —1 we have
(36b) sup 2*’@” 3" LENLA, fH < sup 279 A; £,
k<N i P j<N

and for the case s =1 we have

(36¢) ( 3ok
k<N

The same inequalities hold with By replaced by T [+, a] if ||a]joo < 1.

N
rN\ 1/r .
S LERLA]| )T S S 2
J<N P =0

Proposition 4.4. Let 1 < p < oo. Then for all r > 0,

r\ 1/7 . )
(372) (25| > mEwrns| ) S s 2 A, i s> -1
k<N >N p J>N

Moreover, for the case s = % —1land1l<p<oo,

(37h) ( S okGobr
E<N

Finally, for the case s = —1 and p = c©

> mExn ) 5 S 2
j>N p j=N+1

o)
—k i
= >N j=N+1

The same inequalities hold when Ey is replaced by Tn |-, a], with ||a]ec < 1.



BASIS PROPERTIES OF THE HAAR SYSTEM IN LIMITING BESOV SPACES 19

Proofs. The proofs of the four propositions involve Corollary 2.3 and an
application of the triangle inequality for LP when p > 1.

Proof of Proposition 4.1. Assume s < 1/p. By the triangle inequality and
Corollary 2.3 the left hand side of (34b) is estimated by

(X2 [ InEs i) )

k>N >N
L
S (X [ e M2l sy] ')’
E>N  j>N
S (30 20T) Y 2 Ve g,

k>N J>N

When s < 1/p the first factor is ¢(p, s, r)2N(S*1/p) and we see that the entire
expression is dominated by a constant times

N—j)(s+1=1)qis
S oD s A £,
>N

which proves (34b) and of course also (34a) when s < 1/p. Replacing the ¢"
norm by a supremum in the above proof we see that (34a) is valid even for
s=1/p. O

Proof of Proposition 4.2. Let s < 1/p. The left hand side of (35a) is esti-
mated by a constant times

(3 [ sk M2l 1] )

S =

k>N <N
1
< (30 2Pn) T S 20N G,
k>N J<N
< 3 2 Mgis A,
J<N
This easily yields (35a). The proofs of (35b), (35¢c) are similar. O

Proof of Proposition 4.3. Assume s > —1. The left hand side of (36a) is
estimated by a constant times

(3 [ Uik M2 0511 )

k<N j<N

3=

< (30 20) T YD g,

k<N J<N
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and since the first factor is &(p, g, 7)2" (1+5) we estimate the expression by a

constant times
3 20-NA=95 |, .

J<N
This easily yields (36a) and also (36¢). The proof of (36b) which has a
supremum in k for the case s = —1 is similar. O

Proof of Proposition 4.4. Let s > —1. The left hand side of (37a) is esti-
mated by a constant times

([ Unsliok 2511 )

1
r

k<N j>N
1 , '
S (X 20r) 3 2T gl
k<N >N
< 202G g
j>N

which yields (37a) and also (37b). The proof of (37c) for the case s = —1 is
similar. g

Remark 4.5. Similar reasonings as in Remark 3.5 justify the meaning of the
extension formula for Ex in (32), for the ranges of indices in (i), (ii), (iii)
in Theorem 1.8, and the cases (i), (ii) in Theorem 1.9. In the special case
s=1/p, for 1 < p < oo, one has

BN (52, Lidif)| g Sn 27" £y e

so the series Z]Oio En(LjA;f) always converges in B;,/OI;, even though the
series )7 LjA; f only does if f € b},(&.

Proof of Theorems 1.8 and 1.9: Sufficiency for 1 < p < co. As before, one
uses the previous four propositions combined with (18), (19) and trivial
embeddings of Besov spaces. O

5. NECESSARY CONDITIONS FOR BOUNDEDNESS WHEN s = 1/p

It is well known that the characteristic function of a cube (and also the
Haar functions) do not belong to B;gp for any ¢ < oo; see [15, 2.6.3 (18)].
In this section we elaborate a bit more on this result.

Recall that by ., denotes the closure of the Schwartz space in the B,
norm. Note also that B, , C b; ,, for all ¢ < oo; see (15) above. Finally,
span H, denotes the vector space of all finite linear combinations of Haar
functions.

Proposition 5.1. Let 0 < p < 0o. Then
b2 M spanHy = {0}.
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Before proving this proposition we define, given M € N, certain test
functions ¥ with vanishing moments of order up to 2M (which, along with
their dilates W = 2V9W(2V.), will be also be used in subsequent sections).

5.1. Tensorized test functions. Given M € N, consider a non-negative even
function ¢y € C°(—4, %) such that (b(()QM) (t) > 0 for all ¢ in some interval
[—2¢,2¢] (with e < 1/16). Since ¢o(0) = [ ¢¢ > 0, dilating if necessary we
may also assume that ¢ # 0 on (—1,1). Let ¢g € C°((—3, $)471) be such
that @g # 0 on (—1,1)4"! and $y(0) = 1. For M > 1, let
2 2 \M
0(t) = (£)*M o (1), Ixa,. .. 2q) = (807% 4ot 5373) wo(z).

In one dimension the function ¥ is obsolete and we just define ¥ = 4. If
d > 2 we define

(38) V() = AM[go ® wo] () = O(x1)¢0(z") + po(a1)9 ().
Clearly,

/ W(y)y™ -y, ?dy =0, when my+...+mgq < 2M.
R4
If we choose 2M > |s| 4+ d/p — d then for all f € B;Q(Rd),

(39) 13, 2 {2500« e

La(Lp)

5.2. Proof of Proposition 5.1. We argue by contradiction and assume that
there is a nontrivial f € b},{& Nspan Hy. Then for some N € N we can write

f as
f = Zal/:H-IN’,,7

vell
where Iy, = H?ZI[ViQ_N, (v;4+1)27N), T is a finite nonempty subset of Z9,
and a, € C with a, # 0 for v € T".
Consider the usual partial order in Z¢, that is for p,v € Z% we say that
p<v if pu <y Vi=1,...,d

Pick a minimal element p € I', meaning that that if v € I' and v < p then
necessarily ¥ = p. Now consider the function

g(x) = F2 N (@ + n)/ay,
which also belongs to b;,,/ & Nspan H,. Note that g is now a linear combination

of disjoint unit cubes and satisfies

_f1 if zef0,1)
(40) g(x)_{o if xe(-1,1)4\0,1)%

This last property is a consequence of the minimality of p.
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Consider now the function ¥ € C°(R?) as in (38), with the pairs of
functions ¢g, 8 and g, ¥ as in the paragraph preceding that definition. So,

in particular,
/ po(x')dz’ =1 and / d(z') dz’ = 0.
Rd-1 Rd-1

Observe further that for ¢t € [—2e, —

€]
/Ht—st—/ 0(u /9 Ydu < — —50()d

since f_oo s)ds = ¢02M 2 ( ) = 0 (because ¢ is even) and O(u) > 0 for

€ (—2¢,0). Thus, if we set

0
c:= f(s)ds > 0

—&

we obtain

(41) /OOOH(t —8)ds < —¢, Vte |2, —¢]

Next consider Wy(x) = 2¥W(2Fz), k > 1, and note that ¥ has enough
vanishing moments so that

18l 5170 Nsupz'f/pu\vk*hup, heBYE.

Moreover, since g € bplao / P we also have
(42) 2k/P|y\1uk xgll, =0, as k— oo.

We show that this leads to a contradiction. Indeed, if 21 € [~£2!7% —£27¥]
and ' € [1/4,3/4]47! then, using that supp ¥y (z—-) C (—1,1)x(1/8,7/8)¢ 1,
we may apply (40) and (41) to obtain

g% Uy (2) =/ V(e — y) dy
[0,1)d

1
= / Or(x1 —y1) dyl/ eor(e' —y')dy' +
0 (0,1)d—1

1
+/ b0,k (71 — y1)dy1/ Op(z' —y) dy
0 (0,1)d-1
2k

1
= 2k/ 0(28(zy — 1)) dy, = 0(2k2) — u) du
0 0

= / 0(282) — u) du < —c/2.
0

Thus we must have

lg = Will, > (c/2) (€27 F)/P(1/2) 5,
which contradicts (42). O
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Remark. In the recent work [20] by Yuan, Sickel and Yang, the authors
study regularity properties of the Haar system in other Besov-type spaces
Bpq (RY) which serves as a first step to investigate its basis properties in
these spaces.

6. NECESSARY CONDITIONS FOR BOUNDEDNESS WHEN s = 1

We now consider the necessity of the condition ¢ < p in part (iv) of
Theorem 1.8. This restriction was also noticed in [8]. For ¢ > p we show that
the operators En are bounded, but not uniformly bounded and determine
the precise behavior of the operator norms as N — co. The lower bounds
will be obtained by testing with suitable functions with compact support;
we refer to (10) for the notation in the next theorem.

Theorem 6.1. Suppose that either
(i)ﬁ<p<1 and p<qg<oo, or
(ii) p=1 and g = oc.

Then for large N

1

IEnllBy, ~p1, = Nv .
Moreover, for cubes Q of side length > 1/2,

1_ 1

Op(Ex, B}, Q) ~ Nv .

Proof of the upper bounds in Theorem 6.1. Letting s = 1 in Propositions
3.1 and 3.4 (and noticing that d(% -1)<1< % when fj_l <p<1), we see
that

k AL FL° <
|2 J;VLkENLJAJf}k:OHW) SUlsy < WS lsy,

On the other hand, letting s = 1 in Propositions 3.2 and 3.3, and using
Hoélder’s inequality we obtain

425> LiER LA 12
J<N

N 1/p
< JP(A . £ < N1/p—1/q
- (;0:2 1A F12) S NP gy

1 1
Combining this with (18) and (19) we obtain HENHB}, —BL, S N# . The
above arguments also apply if s = p = 1, provided we let ¢ = oc. O

Proof of the lower bounds in Theorem 6.1. We shall actually prove a stronger
result which gives a lower bound even for a le),q — B;,oo estimate and for

functions supported in the open unit cube Qo = (0, 1)%.

Theorem 6.2. If 0 < p <1 and p < q < oo, then there is cpq > 0 such
that, for each N > 1,

1 1

(43) s {IENSlIpy ¢ Iflsy, <1, supp(f) € Qof = e N# 3.
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Fix u € C°(R) supported in (1/8,7/8) with u(t) = 1 for t € [1/4,3/4],
and x € C®(RY1) supported in (1/8,7/8)%! with x(z') = 1 for 2/ €
(1/4,3/4)41; here 2’/ = (x9,...,74). Define, for large N, functions of one
variable

(44) gn(t) = TP (Nt - 2j), jeEN,

and let

(45) In(@) = x(za,.ma) Y, 277 gn ().
N/8<j<N/4

Lemma 6.3. For p < q < oo we have
(46) Ifnllpy, S NP,

Proof. We estimate Ly fy = Bi * fn. If 28 < N, since S * fn is compactly
supported and [[By, * fxllso S [[fnlloo S 27N/8, then

logy N 1
/a
(3 258+ fally) S N2V < NV,
k=0

Assume now that 28 > N. First notice that the sets

(47) Suppﬂk*gN,j C {2NJ+(_%7%)} X (Ovl)dila % <j < %7
are pairwise disjoint, and thus
iy 1/p
(48) 18ex fully = (D0 27718k x (ans @ 0)I5)
N - _ N
BT

Next, we distinguish the cases j > k and 7 < k. When j > k, if we integrate
by parts M-times with respect to y; in the convolution we obtain

627ri2j Y1

i dy
(—2migi)M Ut

oM .
B (g, @ X)(x) = /ayl [Br(z = y)u(Nyr — 25)x(y)]
and thus, using that N < 2%,

18k * (gng @ X)lp S 270 PWMNTP 5>k,

For N/8 < j < k we use the cancellation of the f§; (with M vanishing
moments) to obtain

_1 (i _ .
18k * (g, @ X)lp S 27 M |0 g jlloe N7 S 27 WM NP G < ).
Thus
q

(3 2seamtg)’ = (X 2] ¥ 2l tows 20l

2k>N 2k>N %<j<%

S ( Z [ Z Q(kj)pzjlqu]Z)(l;N; < Néfi, -

K N_,_N
2E>N T<i<iy
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We now take ¥y = 2NV90(2V.) with ¥ as in §5.1, and we shall prove that
(49) IExfrllss, 22V Wn *Exfnllp 2 1

Define © : R — R by
(50) o) = / 0(s)ds
)

ool—

with 6 = gb(()QM) as in §5.1 and observe that © is odd, supported in (—%,
and [0 O(t)dt = 0. In particular,

1/8
(51) /0 1O(t)[Pdt 0.

Let Eg\l,) and Eg\?_l) be the dyadic averaging operators on R and R4,
respectively. If we denote Oy = 2V0(2V.), N > 1, then we claim that

(52) Uy * (Enlgn,; ® x])(@1,2') = On % (EW g ;) (1), for 2’ € (3.2)

Indeed, for 2’ € (1,2)%7! it is easily seen that

2N gy (2 )*E“ Ix) = [ oty )y = 1.

oN(=1y(2N.) « B /v

The proof of the lower bound in (49) will rely on the following lemma.

Lemma 6.4. Let v € Z and Iy, = [, V;}\/fg]

and N/8 < j < N/4 we have

(53) On * (Eg\lf)gNJ)( t)=2" N!JNJ (2N) @(QNt —-v)+0(2 2(N_j))-

. Then, for everyt € fIVN,,,

; j j i i — N
Moreover if 55 € [QNJ + ﬁj %ﬂ 4 %] then 9§Vj(27NV) — 997 e2mi2I Ny

Proof. The last assertion is immediate by the definition of gy ; in (44). So
we focus in proving (53). We split

On * ES&)QNJ = 0N * (]ES&) —Dgn; + 9N *gnj

and observe that from the cancellation properties of Oy we have

108 * gnjlloe S 272NN sllee S 272N (2% + N?)

which for N/8 < j < N/4 implies [|0x * gnjlloe < 272V9). Let Iy, =
27Ny, 27N (v +1)). For t € In, we have suppOn(t —-) C Iny—1 UINn,, so
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recalling (50) we obtain
O * (B — Daw () =
[2eN =) x [ 0(f axsw)de - gv65)

IN,V
i O(f avsw)do —gv,(9)] ds
N,v—1

For s € Iy, using Taylor expansions one sees that

]{ g3 (w)dw — gy 5(5)

:][ g (5)( dw+]{ / (1— o)l (5 + 0w — 8))do (w — 5)%dw
= dhey (30) g [ (57— 90° = (3 — 9)2] + 0@ Y)

= giv () [SH2 — 5] + 0(2%2M),

Similarly, for s € In,,—1,

J{ g (w)dw = g 5(s) = g () |3 = ] + 02 2Y).
N,v—1

Hence for ¢ € I, ~N,» we have

(54)  2M0y x (ES\IT) —Dgnj(t) = A1;(t) + Az (1) + O(272N=9))

where
A1i(0) = g () [ 2Y0 @Y (= 8)) s (L (5) = Ly, (9)) s
and
Aay(0) = gy () [ 2Y0 N (= ) ) ds.
Integration by parts yields (for ¢ € I, Nov)
Ay j(t) = gﬁv’j(Q_Nl/) / 2N@(2N(s —t))ds=0

since [ O(s)ds = 0. To compute A; ;(t) we observe that

/ V(2 (t — 5)) (L1, (5) — 11y, (5)) ds

/2N w } %(—@(ZN(t—s))ds

2Vt — ) +202V(t — %)) —0(2V(t — L)).
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For t € .ffNJ, we have ©(2V(t — 27N (v £ 1))) = 0 and thus
-N N 7
Apj(t) = 27V gi(5%)02 t —v), teln,.
Inserting these expressions into (54) we are led to (53). O

We may now complete the proof of (49). Using (52), and the fact that,
by (47), the functions 6y * (E%) gn,;) are supported in the disjoint intervals

Ing =2 4+ (2, %), we have
- \1/p
2V s Enin)llp 22V (Y0 108 * gvallfoe2 )
N_._N
F<I<7

(X X Jgij/NV ot~ vyt - 2 )

N_. Ny ¥ ,
F<I<T VN EIN

using the previous lemma in the last step. Since by (51)

1/8
/~ 02Vt — v)|Pdt = 2—N/ o) Pt > 2~V
In . 0

we obtain, for sufficiently large NV,

1/p

Moy Evinlp 2 (Y Y 2Na-de)) T2
§<]<ZV 2N6JN7j

This completes the proof of (49), which together with (46) establishes The-
orem 6.2, and therefore also Theorem 6.1.

7. NECESSARY CONDITIONS FOR BOUNDEDNESS WHEN s < 0

7.1. The case 1 <p < oo, s=1/p—1, ¢ > 1. In these cases the operator

Ex is not bounded in B;,/qp ! because characteristic functions of cubes do

1/P—1)*

not belong to the dual space (Bp/g = Bl/ P j; see §5. This also applies

when p = oo, since (b3},)* = Bi ,; see [10, §1 1 5].

1q’7

7.2. The case p = o0, s = —1, ¢ < 1. We shall show

(55) BNy, gz, <AV
To prove this we argue by duality and first note that
(56) BNy 51 =N

Indeed by Theorem 6.1 we have [[Ex|[p1 _,p1 ~ N and the lower bound

is obtained by testing Ex on the Schwartz-function fx as in (45) satisfying
vl = Ifnlls S N1 and [Enfalls; 2 1, cf. (46), (49)
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To establish (55), since ||EN||bo—ol’q_)Bo—ol’q > HENHbgol’q_}B;ol’l, by (56) it suf-

fices to prove that
(57) ENy,mt, 2 BNl 1

We use that (b),)* = Bj ,, for ¢ < 1; see [15, 2.5.1/Remark 7]. Then for
fes

(58) [Exflln . = [Exflog, = s |[Exfol.

<1
IIng7 1

Now, for each g € S, since f = Z;io L;A;f in S, we have

(Exf,9) = (£ Eng)l <D A FlllLi(Eng)lo

7=0
Sl NENgl g < I fller  NENT2, 5, 9l
1,00 0,1 00,q

Inserting this into (58) we arrive at
B fllsy < IEnllzs, i, 161y

and hence (57).

8. DENSITY AND APPROXIMATION

In this section we show two results regarding approximation by linear
combinations of Haar functions. The main results in §8.1 are relevant to
the formulation of Theorems 1.3 and 1.4 which rule out the case s = 1. We
shall also obtain a positive result about approximation for the spaces b;l,,&

8.1. The case s = 1. We shall show that no strongly admissible enumeration
of the Haar system can form a Schauder basis on B;’q(Rd) if d+1 <p<l1
and ¢ > 0. Moreover if in addition 0 < ¢ < p we shall show that the Haar
system is not dense in B1 (]Rd) It seems plausible that this last assertion
would continue to hold for all 0 < ¢ < o0, but we do not have a proof in
this generality.

Let us start with an auxiliary result. It is well-known that

he fHP
115, ety ~ 11l + Zf?p .
1
forall p < 1andd(l/p—1) <s < 2, see [17, 2.6.1]. Below we show that
a partial lower bound actually holds for all 0 < s < 2, which allows to
incorporate the endpoint s = d(1/p—1) =1 (i.e., p = d/(d+1)) to our later
results.
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Proposition 8.1. Let 0 < s <2 and 0 < p < 1. Then

(59) gl +i 125,90 1\
Ssu _— s

holds for any function g € L'(RY).

Proof. Let ¢ € C>(R%) supported in {|¢| < 3/8} and with 120(5) =1if
€] < 1/4, and let ¥(€) = Po(27%€) — ho(2771¢) if k > 1. Consider a
standard dyadic frequency decomposition g = > ;2 gk, with gr = 9y * g,
which converges in L' and also a.e. Since

oo
O llgrl) < lglls; ..
k=0

we also have ||gll, < [lgllps .- In addition, for each 0 < [h| < 1, using the
trivial estimate ||A?wjgk|]§ < 4||gk||b, we see that

HAi%ej 22k2|h|*1 9kl
|hf*

<(4 @ m)ialgzr)”

2F>|h| 1

< sup 25| gklp-
2k|h[>1

Let ¢ € S be such that p(¢) = 1 if [¢] < 1. For every 0 < v < 1, we let
Kye; = A%ejcp, so that
Ry, (€) = (270558 — 1)2p(¢).
Then Ky, is a Schwartz function and we have the estimate
| Kue, ()| < Cno?(1+ |a]) 72,
for a large N > d. Hence, for each k > 0 such that 2¥|h| < 1, we have
| AR, 91 (2)] = 25 Kppe, (27) * g ()]
< O (D [ 20+ 2 ) oo~ w)ldy
< On(28|h])? sup (1 + 2]y])~V|gr(z — y)|.
yeR?
Choosing N > d/p we can apply the Peetre maximal function estimate to
obtain
”A}%ej 22k<|h|71 9k llp
|hl®

IN

_ 1/p
> @)L, gl527)
2k<|h|—1

_ 1/p
S @ IBNE g2t ) 7 S sup 2 gl
2k<|h|—1 k=0

Combining the two estimates yields the result. O
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Remark 8.2. The appropriate analogue for B;Q(Rd)—quasinorms for ¢ < oo,

i.e.
d

U[IA7, 91l dhy1/a
llgllp + Zl </_1 WW) < llgllss,
j:

remains valid (when 0 < s < 2) but is not relevant in this section.

The following proposition is a modification of our argument in [4, Propo-
sition 4.2]. It shows the necessity of the condition s < 1 in part (ii) of
Theorem 1.3 and part (iii) of Theorem 1.4.

‘ =
ot

)d

Proposition 8.3. There exists a Schwartz function f supported in (T167 I
such that for all 0 < p <1 it holds

(60) liminf |Exf — f|lg: _ > 0.
N—00 P,00

=]

Proof. Let n € C°(RY) be supported in (%,%)d with n(z) = 1 if = €

(1/8,7/8)4. Let f(z) = 21 n(z). From (59) we have

A2 Enf— A2
HENf - f” , 2 sup | her BN S helpr ,
Bp.oo 0<h<1 h

Clearly, since f is a Schwartz function,
1A, fll, S Ihf?, 0<h<1.
So, by an appropriate triangle inequality, it suffices to show that

183 o |
9—N-2

(61) P> 0,

for large N. We now recall a calculation in [4, Prop 4.2]. Let N > 10 and
let h € (0,1/4). An explicit calculation shows that for = € (1/4,3/4)%

k
Enf(x) = Z ;zlv/zﬂ[z%7%)x[0,1)dfl(x)-

2N—2<k<3.2N -2

Then, under the additional assumption 0 < h < 27N-1

__o9—N-1
Bl (o) =250 ; gengoxone (@)
IN-2<p<3.9N~

and
Aj Enf(z) =
27 Z (ﬂ[ziNf%,th)x[o,mfl(x) =1k L)X[O’l)dfl(x))'

2N 2N 79N
2N -2 f<3.2N -2

Therefore,
A2 B fll o oagey 2 2V O/P~D p1/P,
and in particular

1A3 N2 BN fllLo(ogey) 2 277,
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which implies (61). O

Finally, we conclude with the non-density result mentioned above.

Corollary 8.4. Let
B} (RY).

d+1 <p<1l,0<q<p. Then spanFHy is not dense in

Proof. By Proposition 8.3 and B;’q — B},m we have, for some f € C°,

(62 timinf [Exf — fllgy, = >0,

By Theorem 1.8 the operators Ey are uniformly bounded on qu For
h € span Hy we have Exh = h for N > Ny(h), with sufficiently large No(h).
Hence

B~ oy, < IEN—Blloy, +7—Rlgy, S I —hllgs,. for N > No(h),
and the density of spanH, in B, , would yield a contradiction to (62). [

Remark 8.5. When d/(d+1) < p < 1, it follows from Theorem 1.8.iv (or vi),
and from the results in §9 below, that each strongly admissible enumeration
U of Hy is a basic sequence for B;yp(Rd), that is, I/ is a Schauder basis for
the subspace

Bl
spanHy *?

It may be of interest to identify this subspace. By Oswald’s result in [8], it
contains the class B}jp (1)(]Rd) defined by first order differences.
1/p

8.2. An approzimation result for b,'% when 1<p<oo. In the limiting case

s = 1/p, recall that H, is contained in Bp/qp only if ¢ = oco. We show an
approximation result in this case when 1 < p < co. Recall that B, , is not
separable, and that by , denotes the closure of S in Bj .. Recall also, from

Proposition 5.1, that b / P NspanHy; = {0}. However taking closures one
obtains
Proposition 8.6. Let 1 < p < oco. Then
1/p
(63) bY/2 (RY) ¢ span(TCy)
Proof. Let 1 < p < co. In view of [16, 2.5.12], we may use the equivalent

norm
[1An Sl

e

By dimensional considerations it is clear that the characteristic function
of any dyadic cube I of side length 27 can be written as a unique linear
combination of Haar functions of frequency at most 2°~! supported in the
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dyadic unit cube containing I. It therefore suffices to show that for every
f € CLR?) we have ||f — fnll gie — 0, where we choose
p,00

=Y fleniy,
€Dy

and c; denotes the center of I. Let Z = Z(f) be the family of I € Dy which
intersect the support of f. Clearly for f € C! we have

(64) If = fvllp < V2=V 2N P oo (RT()YP g 27

so that ||f — fn|p, = 0 for N — oo. For the main term it suffices to show
that

[AL(f — f3)llp - 2—N(1—%)’

65 p N
(65) h+£0 |h|!/P

and recall that we are assuming p > 1.
For 5 > N we define the sets

(66) “ij:{(yl’---’y@GRd: min dist(yz»,er)sz‘j‘l}.
1<i<d

Assume that 27972 < |h|o < 27971 for some j > N. If I € Dy then
xel\Uy,; implies z+hel,

and thus Ay fy(z) = 0. So we have
1AL = Nl = An(h) + By (h)

where

v = [ 1aulfy = @),

B = [ 1fw+h) = fa)do.

N,j

In the second term we use |Apf(z)] < |h] fol |V f(x + sh)|ds to obtain
By (h) < ||[Vf|[5 |R|P and thus

sup  By(h)/|h| <p 27N,
|h|<2-N-2

For the term Ay (h) we use that || f — ]l < Cy27Y, and also that f is

compactly supported, and obtain the estimate

INOEEEDS /I F@+h) = fxlo+B)P + |f(2) — Fy(@)lP da

1eDy 7 INUN,;
<p 27 VPoNoTI
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since |[I N Uy ;| =~ 27727@=DN " Hence sup|pja—i An(R)/IR| Sy 2~ N-1),
Putting the two estimates together we get

sup [AR(f — : Sl <, 9 NO-D).
|h|oo<2—N—2 b1/

Finally, if |h| > 27 we use (64) to have

[AR(f = fn)llp o 201f — fNHp< 9~ N(1-3)
|h|1/P ~ N

sup
|hloo =27V

This shows (65) and therefore | f — fn|| ;15 — 0 for p > 1, completing the

proof of the inclusion (63) when p < co. The case p = oo is immediate since
for f € C}
If = fnllsy, . S I = Inlle S277

by an elementary consideration. Finally, since bzlo,/ L (R) is closed in Bl/ P (R%)
Proposition 5.1 tells us that the inclusion (63) is proper. O

Remark 8.7. When 0 < p < 1, the same proof gives a version of (65), namely

sup |AR(f = fN)llp < 9-N(-9)

sup I , if s < 1.

This can be used similarly to show that H; is dense in the space by, ., when
dl/p—1)<s<landd/(d+1)<p<1.

Remark 8.8. Since B;/olé is not separable, not every function f € B;fgé can
be approximated by Haar expansions in the norm topology. However, (local)
weak* convergence does hold, with norm-uniformly bounded partial sums.
More precisely, if 1 < p < oo and x € C(R?), then

(f = S%f)x 250, and SupHXS%fHBl/p Sl gye,

for all f € B;/o% and any strongly admissible enumeration. This is a con-

sequence of the duality relation B;,/o% = (B;ll/ P /)* and the (local) norm

convergence of SY 79 — g in the B;ll/ v norm, when g € B;ll/ P /7 see Theorem
1.4. We thank the referee for raising the question of weak™ convergence.

9. PARTIAL SUMS AND LOCALIZATION

9.1. Partial sums and strongly admissible enumerations. We shall use a par-
tition of unity to make statements on the structure of the partial sum oper-
ators S% associated with a strongly admissible enumeration U.

Let ¢ € C2° be supported in a 10~2 neighborhood of [0,1)% and so that

(67) Z s(-—v)=1.

vezZd
We shall denote ¢, =¢(- —v), v € 74,
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In the sequel we will use the notation from Definition 1.2 and ﬂbelogv. It
is convenient to denote E_1(g) =0 and T_1[g,a] = 3_ ,c7a an(g, h87u>h8,u

Lemma 9.1. Let U be a strongly admissible enumeration of Hy. Then,
for every R € N and v € Z% there is an integer N, = N,(R) > —1 and
sequences a™¥, 0 < k < b, whose terms belong to {0,1}, such that for all
locally integrable functions g we have

b
(68) Shlga] = En,lgw] + Y T, +lg, 0],
k=0

Proof. We write

k(n pe(n) e(n)
(69) flgs] Z“ (95 )un = 22 “gs. h (n>,p(n>>hk(n>,#<n>’

Note that if un(ggl,) 7é 0 then necessarlly uy, is supported in I;*. Let

K, = max {k(n) : supp(hZ((Z))yu(n)) cly,n=1,...,R}.
If K, < b the asserted formula holds with N, = —1. We therefore may
assume K, > b.

We let n, € [1, R] such that k(n}) = K,. Now if hf, , is any other
Haar function supported in I* there is a unique n’ € N such that hil, w =

hil) - 1 in addition K < K, — b (in other words if for u, = hi{")
we have that | supp(u,/)| > | supp(un,z)|2°) then by the admissibility condi-
tion we must have n’ < n%, in particular n’ < R. That means that all Haar
functions with frequency 2* and k < K, —b which are supported in I}* arise
in the expansion (69). All other Haar functions that arise in this expansion
have frequencies 2k with K, —b+1 < k < K,,.. This establishes the assertion
with N, = K, — b+ 1. The functions a® defined on Z% x T take values in
{0,1}. O

Remark. Formula (68) can be extended to all g € B, ,, when the indices

(s,p,q) are as in Theorems 1.8 and 1.9. In that case, one must interpret

S (g ZSR (LjA;j9);

7=0
see Remarks 3.5 and 4.5.
Proposition 9.2. Suppose that
(70) sup IEnBs ,~Bs, + sup ITwn[ alllBs ,~Bs, < oo
- lalloo <1

Then, for every strongly admissible enumeration U and every cube @ it holds

(71) sup Op(S%, Bs .. Q) < <.
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Moreover, U is a local basic sequence of B;Q(Rd), that is

(72) Aim []x - (Szf = /)]

By, =0
for all x € C*(R?%) and all f € span U-CdB;’q.

Proof. Using Lemma 9.1, the bound in (71) follows from (70). We now

show the last assertion. Let x € C°(R?) and f € span fHdB”’q. Suppose
that supp x C (=N, N)?, and pick any ¥ € C° such that Y = 1 in [N, N]¢
and supp ¥ contained in @Q := (—2N,2N)?. Observe that

(73) uy(9) = un(Xxg), if g€ By, and suppu, C [-N, N),

n

so we also have
(74) x-S%lgl = x - S%lxgl, Vge By,

Given € > 0, let h € span 3, be such that ||f — hl/ps  <e/(1+ A), with A

the constant in (71). Let Ry = Ro(h) be such that S%[h] = h for R > R,.
Then, for all such R we have

I Salfl = Allg,, = I (Swlf — A+ £)llg,
< —
S (A+D[|f=hll <e
where in the second line we have used (74) with g = f — h. O

9.2. Bourdaud localizations of Besov spaces. In the unbounded setting of
R?, the B ,norms do not satisfy “localization properties” when p # g; see
e.g. the discussion in [10, p. 66]. At the endpoint cases considered here, this
creates a difficulty when trying to derive ‘global’ Schauder basis properties
from the local ones in the previous subsection. This difficulty is not present
in the case of F , spaces; see [4, 6].

To handle this problem one may consider the class of P-local Besov spaces
introduced by G. Bourdaud [2]

/
(1) By = {F €5+ Wllo = | 3 st —0)- 71, |7 < 00}

vezZd

where ¢ € C°(RY) with Y, zas(- —v) = 1 as in (67). In [2] (see also [17,
2.4.7]) it is shown that this definition does not depend on the particular
choice of ¢, and that (B} ) = B, if and only if p = ¢. Moreover one has
the embeddings

(76) By, = (B ) if 0 < q <p,
(77) (Bpg)ew = By, if p<q< oo

Using this notation we can prove the following.
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Theorem 9.3. Let s € R and 0 < p,q < oco. Suppose that (70) holds.
Then, every strongly admissible enumeration U of Hy is a basic sequence of
(sthq)zp' Moreover, U is a Schauder basis of (B;,q)ep in each of the cases
(i) to (i) in Theorem 1.4.

Proof. For the first assertion it suffices to show that the operator norms of

Sr = S% in (B;q)ep are uniformly bounded in R. To do so we use the
assumption (70), together with Lemma 9.1.

Observe first that ¢,,Sgr(fs,) = 0 whenever |v — /|, > 3. Hence

ISl o = (2 s Sa(>sh) 5, )
(X X

Vv 1|00 <2

S (Xlsatraly, )"

using in the last step that ¢,/ is a uniform multiplier in B, ,; see [17, 4.2.2].
Then Lemma 9.1 and (70) give

B =

P 1/p
s Sr(fe) 5 )

b 1/p
e/l iag g 5 (ZIExGN, 1T lion Il )

1/
S (Ml ) = 1l

This shows the first part. Also, the Schauder basis property will hold if and
only if span Hg is dense in (B} ).

We now show that density holds in the range of Theorem 1.4. Since
p < 00, for each f € (B;jq)gp and ¢ > 0 there is some g € B, , with compact

support such that ||f — gH(B; Jew < € Moreover, in the asserted range

span 3 is dense in B, , so if suppg C (=N, N)? = @, then by Proposition
9.2 we may find a sufficiently large R such that ||g — Srgllps, < e/|QIMP.

Since also supp(Sgrg) C @ we deduce that

lg = Srgllss ) < 1QIPllg — Sryllss, < e
which completes the proof. ([

Finally, we gather as a corollary the positive Schauder results in the orig-
inal scale of B) , spaces.

Corollary 9.4. Every strongly admissible enumerationU of Hy is a Schauder
basis of B;’q(Rd) in each of the cases (i), (ii), (iii) in Theorem 1.3.

Proof. When g = p the result is a consequence of the identity B, , = (B, ,,)e

and the previous theorem. This covers the case (iii) in Theorem 1.3. For



BASIS PROPERTIES OF THE HAAR SYSTEM IN LIMITING BESOV SPACES 37

1 fmmmep 1}

«~0<qg<p

o
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-1 -1
FIGURE 4. The left caption shows the region in which
strongly admissible enumerations form a Schauder basis of
the Bourdaud localization (B, ) ; here always ¢ < oo.
The right caption shows the corresponding region for the ba-
sic sequence property.

the other cases, in which (1/p, s) lies in the interior of the pentagon 3, one
proceeds by real interpolation as follows. Pick two numbers sg, s1 such that
so < s <spand (1/p,s;) €PB, i =0,1. Then, for some 6 € (0,1) we have

s S0 S1
Bpq = (Bp,p7 Bp,p)e,q’ 0<g<oo.

Then the uniform boundedness of S% on B, , follows by interpolation from
the diagonal cases. ([

9.3. Error estimates for compactly supported functions. Here we include a
technical result related to localization which will be used in the proof of
Theorem 10.2 below.

Let f be supported in a dyadic cube @ with sidelength ¢(Q) > 1. Since
the function A, f does not have compact support, the terms LyEynL;A; f(z)
will contribute for x far away from the cube. We give a crude estimate which
will suffice for our later application.

Let ¢ € C2°(R?) be supported on (—2,2)? and such that ( = 1 on [-2, 2]4.
If yq is the center of @), we define

Co(y) = <¢((y —y0) /4(Q)).

Clearly (g f = f for every distribution f supported in (). Moreover, this

property continues to hold with (g replaced by (g, where ¢ (z) = ¢(2x). For
n > 1 we let

Con(y) = ¢(27"(y —¥Q)/U(@)) — ¢(27" (¥ — y@) /U(Q)).
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Note that (g, has support in {3 2(Q) < |y — yole < 2"H(Q)}, and
that ZnZl CQ,n =1.

Lemma 9.5. Let s <1,0<p<1and0 < g <oo. Then, for every My > 1
there exists a constant Cyr, > 0 such that, if f € B;q(]Rd) s supported in a
cube Q with size |Q| > 1, then
(78) ILEN L;[ConAi flllp < Cagy 27 H/P279M027 M0 | ||,
foralln>1,k>0,5> N and N > 1.

The same holds if En is replaced by Tn|[-, a] with ||aljc < 1.

Proof. Let ¢j(z) = 279¢(27z) be the convolution kernel of A;, with ¢ € S.
Let

Fin(z) := (on(@)A; f(2) = (gu(@)(ds(z — )0 (), )
where we have used f = fo for the second equation and the pairing (-, )
is in the sense of tempered distributions.

Pick a large v € 2N such that By, C By, (e.g., v > d(% —2) — ). Then
by duality

Fin@| S K@ [I(I = 2)"2(05(x = )0l 11557

(79) S Q22D (14 2 0(@Q)) M2 | £ .

Observe that Fj,, and hence LyExnL;[F},], are all supported in a set of
diameter C2"¢(Q). Then, if k < N we have

HLkENL( Jn)Hp 5 (an’QDl/pHLkENL( Jn)Hoo
< @ NQNYPIIFn]l -

~

Inserting the bound (79) into this expression, with a sufficiently large M,
and using that £k < N < j, one easily obtains (78).

Assume now that £ > N. We may use Proposition 2.2.i to obtain
_k _s(d_gq d—a=1
IZKENLi(Eyn)l, S 277 27670 250 | M Fyp
By the support properties of F}, we have
d
1M Fiallp S (271QDYP (|,

so again, using (79) with a sufficiently large Ms, and the assumption N < j,
one easily derives (78). O

10. THE CASE s = d(3, — 1) WHEN ¢ > p.
In this section we restrict to the cases ¢ > p in the line s = d/p — d.
We shall see that the individual operators Ex are not bounded, and hence
positive results are not expected in this range.

Theorem 10.1. Let 0 < p < 1. If ¢ > p then the operators Ey are
unbounded on Bd/p d(Rd)
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We shall actually prove something stronger, namely optimal estimates for
the local version of the operator norms Op(Ey, By ;, Q) defined in (10). This
may be of interest in the context of Besov spaces in bounded domains; see
Remark 1.6. We remark that Oswald [8] also proved some lower bounds in
a local setting which grow with N. The following theorem provides optimal
growth rates.

Theorem 10.2. (i) If 0 < p <1 and p < q < oo, then there is a constant
c1 = c1(p,q) > 0 so that

1_1
Op(En, BYP~4,Q) > ¢ 2VQ))7 7.

(ii) If in addition ﬁ‘ll < p<q <1, then there is a constant ca = ca(p,q),
such that for any dyadic cube QQ with side length > 1 and any N > 10
d/p d
Op(En, By )
(30) o < 2 1®§@.
(2V|Ql)»

Remark 10.3. From [16, 2.11.3] it is known that, when 0 < p < 1 and
1 < g < o0, it holds

d/p—d\* _ R0
(Bp/qp ) =B 00,¢’
As ¢’ < oo, this space does not contain the dual functionals «). In particular,

the restriction in ¢ in part (ii) of Theorem 10.2 is natural, since for ¢ > 1
and Qo = (0,1)? we have

Op (]E(Ja Bg’/qp_da QU) = || ]]'QO ‘|B;7l,/qp7d ||:[]'Q0 ||(Bg/qp7d)* = 003
see also [8, Thm 2.ii.a].

10.1. Proof of lower bounds in Theorem 10.2. We fix 0 < p < 1 and choose
an positive integer M > d/p — d.

Let n € C°(R) be an odd function, supported on (—1/2,1/2), and such
that f1/2 t)dt =1 and f1/2 (t)dt =0 for n =1,..., M. Let further

d
(81) g1, wa) = 29 T (@),

so that [ g;(x)Pu(z)dx = 0 whenever Py is a polynomial of degree < M.
By the properties of 7, if [ > N we have

d
(82) En(g)(z) = 2NdH (Tjoo-m) (@) = Li_o-n gy (i) = hn ().

Notice that hy is not itself a Haar function, but up to a factor (—2)?, it is a
translate of a Haar function with Haar frequency 2V~!. Moreover, we also
have

Enxlg(-—v)] =hn(-—v), ifve2Nzd 1>N.
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Let {3m}2°_; be an enumeration of Z¢, and define

(83) fN(x) = Z amgN—i-m(w - 2_N+53m)-

m=1

Observe that the summands have disjoint supports. Also

(84) Enfn = Z amhn (- =27 %5,).

m=1

We claim that

> 1/q
(85) 1l garp-a S (D laml?)
m=1
and
> 1/p
(86) 1 fal arpa 2 (Zl janl?) .
m=

This clearly implies that Ex cannot be a bounded operator on Bg/qp 7d(]Rd)
unless q < p.

We first show (86). To do so we construct specific functions ¥,, such that
d_g
(87) 9l paro—a 2 9l garpa 2 sup 2" W % ]
D,q P00 n>1
Let ¢ € C°(R) be supported in (—1/2,1/2), with

/w(t)tldtzo, 1=0,...,M,
and such that, for some € > 0,
(88) Y (g1 —1_10)(t) 2c>0 whent€[5,5+e].
We then define

d
(89) U, (z) = 2" [Jw(2"2s),
i=1

which has enough vanishing moments to guarantee the validity of (87); see
[17, 2.5.3]. In particular,

N(2—d
H]ENfNHBd(%fl) > NG W i (En )l

p,q

Next, using (88) one shows that, for z € 27N +55, 427 N-1[1 1 4 -]
Wy * h(z —27N+55,) > aNded,
and therefore

(90) @ N1 % AN (- — 2_N+53m)Hp 2 V=5,
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Also the functions Wy 1 * Ay (- — 27V53,,) have disjoint supports so that

o0 1/
H\I/NH*ENfNHp = (Z|am|p}|qu+1*hN(._2—N+53m)H§) P

m=1

2 (Shone)

and (86) follows.

To prove (85) we examine L;g; with { = N 4+ m and use the cancellation
of the convolution kernel 3; of L; when j > [, and the cancellation of g; for
j < l. Here cancellation refers to M vanishing moments. As a consequence
we obtain the estimate

2ldq 2lp)2~ M=l for j >1
(01) Lig@) s 2 mmrelZ 2270 7 for g2

29904 1a(272)2 for j <1,
see a similar argument in the proof of [4, Lemma 2.2]. From here one easily
obtains

4 _ —d(i— -] e
jd(L-1) A < 2 (M d(P li=3 lf] >1 —4|l—j|

if weset 0 =M — d(% — 1) > 0. This leads to

o0

o . B 1/p
2]d(p 1)||LijHp < 2jd(?’ U( Z ’am’p HngN-l-m<' —2 N+55W)H£)

m=1

o . 1/p
< (Z |am|p2—|N+m—J|5p) ’
m=1

and consequently,
(Z [2jd(§—1)”LijHp]q)l/q < (Z ( i |am|P 2—|N+m—j\5p>q/p)l/q.
>0 j=>0 m=1

Since ¢ > p we can apply the triangle inequality in £9/? to bound the previous
expression, by

( 2 ( > |an+j—N|p2—|n|6p)q/p> 1/q

>0 nez

a6\ L/ > 1/q

S (XX lansgnl2198) 5 (3 Jal?)
§>0 nez m=1

This proves (85).
Finally, to establish the lower bound in Theorem 10.2, we simply chose

_ )it 27 NH53, €Q
" loif 27Nt 4 Q.
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Since {3,,} enumerates Z% and #(2V1°Z¢ N Q) ~ 2NV Q| we obtain
NI acgn S 2@

p,q

from (85), and
IENINN a2 z @VQ)r

p.q

from (86). This establishes the desired lower bound for all ¢ > p. (]

10.2. Proof of upper bounds in Theorem 10.2 (ii). In what follows let @ be
a dyadic cube of side length > 1. We assume #‘ll <p<g<Ll

We use the global estimates (18), (19) and examine the two expressions
on the right hand side of (19) corresponding to the cases j < N and j > N.
The terms for j < N cause no problem. Namely, by Propositions 3.2 and
3.3 we have (for p <q)

( Z 2k(%—d)r
k=0

and in the endpoint ¢ > p =

(Zri

rN\ 1/r .
S LERLAF| ) S Sl gara i g < <1,
J<N P "

d+1 (when d/p — d = 1) we have

> LkEJ]\_ijAijT> "
J<N P

N
. 1/p 1_1
S (X 21air) s N sy, p=ah
7=0

where we have applied Holder’s inequality. This global bound is far better
than what is need for the conclusion and this part satisfies the target upper
bound in (80).

Hence it suffices to prove, for f supported in @), the following bound

(Zde (5—Dr

Z LiENL;A, fH )

< @VQ)r %(22”*‘1% mg)”.

for any r > 0. Notice that Lemma 9.5 reduces matters to show the following
inequalities.

Z 2kd(l71

k>N+1

Z LiENL;[CoA, f] H )

11 (L 1/q
< @Vl (32 PG, )

j=0
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and

(95) (’;V 2’“d<%—1>TH ijZH LiENnL;[CoA; f) Hp) v

o0

1_1 id(L—
S @VQY» s (3o 2V £ln)

J=0

1/q

We first prove (94). Instead of using Proposition 3.1 directly we shall
use a modification of its proof in [4, Proposition 2.1(i)]; we first recall some
notation from that paper.

We let Dy be the collection of dyadic cubes of sidelength 27V, For j > N
we define Uy ; as in (66), that is a 277~ L-neighborhood of the set Usen,, 1.
For I € Dy and [ > N we denote by D;[01] the set of all J € D; such that
JNOI # 0. Likewise, D (I) denotes the collection of cubes I’ € Dy with
INI #0, that is the collection of neighboring cubes of I.

We use the following result taken from [4, Lemma 2.3].

Lemma 10.4. (i) Let k > N > 1 and G be locally integrable. Then
(96) Li(ENG)(z) =0, for allz € U5, = R\ Uny .
(i) Let 5 > N > 1, and F' locally integrable.

(97) [En(LF)] S 204N " |l 1
I€DN JED; 41[0]]

Proof of (94). Observe that F; := (gA;f and the functions LiExL;[F}]
are all supported in a fixed C-dilate of @ (with say C' = 10). By Lemma
10.4., LyEN[L;Fj](x) = 0 if x € ?/{][i,k. We derive a pointwise estimate if
x € Un NI for some I € Dy. From7(97) and the fact that supp fx(x — -)
is contained in the union of all I’ € Dy (I) we have

IN

| LREN L Fj] ()] / |B(x — y)| [En(L; Fy)(y)| dy

2(N=d)d Z Z | E5ll Lo (1)

IIEQN(I) JGDj+1[aI’]

N
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Let Q. be the above C-dilate of Q). Then using |Un; N I| =~ 2~ N(d-1)—k
we have

H S LEN[LF)] H

J>N+1 P
—j 1/p
S(X mwentl2¥ 30 279 3 3 [Fle]”)
IeDy J=N+1 I'eDn(I) JED 41[01"]
INQ+#0
4 1/
SQNdzf(N(dfl)+k)/p< Z | Z 9—jd Z HAijLoo(J)\p) 4
IeDy j=N+1 JeDj+1[8I]
INQ«#0

The I-sum in the last display contains ~ |Q[2V? terms. Let p < ¢ < 1.
Using Holder’s inequality in this sum we see that

(98) Hj;v LiEx [LiF]|| S @@ x

2Nd2—(N(d—1)+k)/p< Z ‘ Z 9—jd Z HAjf||Loo(J)‘q)l/q.
IeDy j>N J€E€D,;11[01]

Consider the maximal function 9M;g(x) = supyy <o-i+1 [g(x + h)|. Then
190 A fllp S epllAjfllp for all p > 0. Moreover, as in [4, (22)], it holds

1
supMyg(e) S [ f [Mgla s npn]”,
zeJ J*

where J* is a C’-dilate of the cube J € Dj ;. Therefore,

(X2 Y Infl=o])

IeDny j>N J€®‘j+1[8ﬂ
iy . a\ 1/q
(XX Y i)
IeDy j>N Je€D;11[01]

Using the embeddings ¢7 < ¢! (for the J-sum) and ¢4 < ¢! (for the j-sum),
and in the second step #P/7 < (' (for the I-sum), the above quantity is
further estimated by

( Z Z 2jd(%—1)q< Z HMj[Ajf]”ip(J*Dq/p)l/q

I1eDpy j>N JEDj+1[aI]
(Ll q/p\1/q
(PO M)
J>N 1eDn J€®j+1[aﬂ

< < 3 2jd(%*1)q”/\/tj[Ajf]HZ)l/q S ( > 2jd(%71)q\|Ajf||g) o

>N >N
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Inserting this estimate into (98) we see that

< > 2Gor > LiEnL; [CQAjf]HDl/T
>N

k>N
< (QNd,QD%—%( Z 2(N—k:)(d—%)r>1/r< Z de(ﬁ—l)q”Aij@l/q’
k>N >N
and since the k-sum is O(1) in the larger range p > 95! we obtain (94) for
T <p<qg<lL O

Proof of (95). This case is simpler and can be obtained from the individual
bounds of ||LyEnL;[Fj]||, in Proposition 2.2. Recall that F; = (gA;f and
LiEnL;[F;] are supported in a C-dilate of Q.

Let £ < N. Applying Hélder’s inequality, the ¢-triangle inequality and
Proposition 2.2.i we now obtain

1
24|| 3 LENLIF| S2% 1R [ | EnLs(E]”
j>N P Jj>N
< ‘Q|%7%2k(s+d+1f%)2—N< Z 2j(§fd)q||Aijg) 1/q.
J>N

We now use the extension of Young’s inequality
j(d_d

(99) 145 £lla < 275718l

see e.g. [16, 2.7.1/3]. As a result we obtain

21«1(#”” > LiEnLjlGoh; f ]H

>N P

< Q(k—N)(%*ngl)@Nd’QD%*% ( Z 2j(§—d)qHAjf”g) 1/q'
>N
Finally, we may sum over k£ < N using that p < ¢, and therefore obtain
(95). With this assertion, the proof of Theorem 10.2 is now complete. [

11. A STRONGLY ADMISSIBLE ENUMERATION

We give explicit examples of strongly admissible enumerations for JH,.
We define the family of cubes

Q5 = { [T, (105 — 5,105 +5) = s ez},

For ¢ = 0,1,2,..., let Q5(¢) be a strictly increasing collection of finite
families of cubes from Q3 such that for each cube in Q5(¢) all its neighboring
cubes in 95 belong to Q5(¢ + 1), and such that Q5 = UpQ5(¥).

Ezample.  We may take Q5(¢) to be family of all @ € Qs such that
Q C [-10£ — 5,10 + 5)4.
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Let Ag = [-5,5)%, and for £ > 1 let A; be the union of cubes in Qs
which belong to Q5(¢) \ Q5(¢ — 1). For £ > 0, let H4(¢,0) be the family of
characteristic functions of dyadic unit cubes contained in A;. For k > 1,
¢ >0, let H({, k) be the family of Haar functions of mean value 0 and
Haar frequency 2~ with the property that the interior of their support is
contained in Ay. Clearly, Hgq = Up p>0F((¢, k).

Let N(¢,k) = #3H4(¢, k). We then have N(0,0) = 10¢ and
N, k) = N(£,0)2=Dd(od _ 1),

In the specific example above the sets Ay, £ > 1, are corridors of width
10, of the form [~10¢ — 5,10¢ + 5)% \ [-10¢ + 5,10¢ — 5)? and we have
N(£,0) = 104((2¢ + 1)% — (2¢ — 1)9).

We now define an admissible enumeration U associated with this collec-
tion. Let P(m) ="y N(m —i,4), for m =0,1,2,..., and let

m
(100) R(m) = P(j),

§=0
so that R(m+1)—R(m) = P(m+1). First, forn =1,..., R(0) we enumerate
the functions in H(0,0). Next, forn = R(m)+1,..., R(m+1) we enumerate
the functions in U $ 3 (m + 1 —i,4) as follows: when

R(m)+1<n<R(m)+ N(m+1,0)

we enumerate the functions in Hy(m + 1,0); subsequently, for each v =
1,...,m+ 1, when

v—1 v
R(m)+ Y N(m+1—i,i)+1<n<R(m)+ Y N(m+1—i,i)
i=0 i=0

we enumerate the functions in Hy(m + 1 — v, v).

That is, the functions in H (¢, k') occur earlier than those in H(¢, k) if
U'+k" < {+k. Moreover, H(¢+1, k—1) also occurs earlier than H (¢, k). Now,
if u,, and wu,s are both supported in I**, the five-fold dilate of a fixed unit
cube I, then their supports must be contained in cubes from A(¢)UA({+1),
for some smallest ¢ > 0. Moreover, if |suppu,/| > 2¢|suppuy,|, that is,
k(n') < k(n) — 1, then the above observations imply that u,, must occur
before u,. Thus, the enumeration we just constructed for JHy is strongly
admissible with b = 1.

In the next section it will be convenient to notice that, for the enumeration
above, we have

(101) Srm)f =Em—ef, if supp(f) C A¢ and £ <m.

In particular we have Sp(,,) f = Ep f if f is supported in (-5, 5)7.
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12. FAILURE OF CONVERGENCE FOR STRONGLY ADMISSIBLE
ENUMERATIONS

In this section we prove the remaining negative results for the Schauder
basis property, as stated in Theorem 1.3; namely the cases

—d_
(@) s=5—d
(b) s=
We remark that in these cases the operators [y are uniformly bounded, by
Theorem 1.8 (iii) and (vi), and local positive results hold by Theorem 9.3.
We disprove the possibility that the admissible enumerations in §11 may be

global Schauder bases in Bz,q(Rd). It suffices to show that the corresponding
partial sum operators Sg are not uniformly bounded.

,d+1<p<1and0<q<p
—1,1<p<ooand 0 < q<1.

12.1. The case 0 < p < 1.

Proposition 12.1. Let 0 < g < p < 1. Then, for the strongly admissible
enumerations defined in §11 we have

(102) sup sup { IS f| a1+ M1 g <1} = o0

Proof. We shall use a similar notation as in §10.1. Consider functions g; as
defined in (81). Fix j > m, and for ¢ < m pick 3, € Z? so that the threefold
dilate of the cube 3, + [0, 1)¢ is contained in .A,. Define

(103) fm,] Zg] x_ﬁf

Note that the summands g;(- — 3,) have disjoint supports in A4,. By (101)

Sk Smi = Y Bnelgi (- —30)] =Y han—o(- —30) ,
/=1 /=1

where hy was defined in (82).
Let Uy be defined as in (89), so that by (90) we have

(U1 %yl 2 27 V60,

Then

1SR m)fm,JH d(l—1) = ( Z 2N (5=d) q||‘11N+1 * SR fm,]” )

Bp.d’ N=1
= (3
1/q

m—1
(3 26w« h]ff) T 2 m e
N=1

= N(i_d (;H‘IJNH*hm o =30 H )q/p>1/q

\M8

v
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Similarly, using the inequality in (92), that is
kd(:—1 —|i—kl|s
267 Ligyllp S 2707,

for some § > 0, we may conclude that

1

o okd(1—1 q
g & (2 mly)"
k=0

p.q
00 m q 1
= (T it —a0l)”)"
k=0 =1

o0 1
(ZQ*U*H&J)‘J m'/? < mH/p.
k=0

Hfmyj

AN

Hence, the left hand side in (102) is > m!/9~ /P which implies the assertion
if ¢ <p. O

12.2. The case 1 < p < co. We shall deduce this case from the previous one.
First of all notice that Proposition 12.1 remains to be valid when 1 < p < cc.
Indeed, the condition on p did not play any role in the proof. In particular,
if the dimension d = 1 this implies

(104) sup HSRfH 1., 1_,=00, when 0<qg<1<np.
ReN B, —Bl,
To establish the same result for d > 2, we tensorize the previous example.
Consider

Fj(21,2") = fin,j(21) x(2),
where f,, ; is the 1-dimensional function in (103), and y € C°((—2,2)471)

with x = 1 in [~1,1]". We claim that, for s =1/p—1and 0 < ¢ < 1 < p,
we have

(105) 1Fom il B3 ey S P
and
(106) 1S r(m,d) (Fm.i)lBs ) 2 1SR@m 1) (fmi) B3 ,(R) R m!/a.

Here R(m,d) are the numbers in (100), where we stress the dependence on
the dimension. Notice that in either case they verify (101).

To justify these inequalities, we construct a function ¥ € C°(R?) as in
(38), that is

(107) U(x) = AM[go @ o] (x) = B(x1)po(a”) + do(a1)d(2"),
for suitable ¢y, o, 0, ¥ as in the paragraph preceding (38). We let
Wo(z) = ¢o(x1)go(z’), and y(z) =2Mw(2kz), k> 1.
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These functions meet the required hypothesis to have

> 1
sty = (o200l
k=0

9]

Moreover, if we define, for £ > 1,
dr(x1) = 280(2F21) and o (a') = 200Dk (2R,

then the convolutions with ¢y, (respectively @), k = 0,1,2,..., can be used
to characterize the norms of B, . in R (respectively in R9=1). Using this
notation in (107) we can now write

(108) T = ¢k @ ok + ok ® P,
with ¢g k(1) = 2F¢o(2¥x1) and likewise for g .
We now prove (106). First, using (101) one easily sees that

Skmd)Fmj) = (Srani)fmi) ® ELVX]).

Moreover, we claim that

(109) Ty * (Srm.d) Finj)(@1,2") = ¢p* (Sremayfmy)(@1), 2" € (£,3)7 N

Indeed, this is a direct consequence of (108) and

oo+ (B4 ) (@) = / cor =1 and g+ (EGDy)(a') = / o = 0.

Then (109) implies the first inequality in (106), and from the 1-dimensional
result one obtains the second inequality.

We now prove (105). If £ > 1 we can write

Uik Frny = (O * fing) @ (@ok * X) + (Pok * fmg) @ (0 * X)
(110) = Ay + By

(a similar formula holds for k£ = 0). Then
(111)  [[Aklly S llon * fmjlly  and  [[Blly < [[dox * fmillp lon * Xllp-

From the previous calculation in one dimension we have
1—1
b % fmjlly < 27 k—3logk(1=3), ) 1/p

We estimate the term

m 1
? 1
60 % Fnsllp = (3 6o = g5l15) * = m 1601 % 951l

(=1
Now, if k > j then

a-% k 1—7
o,k * gilly < b0l llgilly S 207997 < 26073,
On the other hand, if k£ < j then

k(1—1
0.k * 95llp < llbokllp gzl < 2707,
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Thus,
1Billp S M7 2502 Jlgg 5 xlp,
which can be inserted into (111), and overall will imply
1 1
1Bl s S Wl s+ w3 Ixlsg, S P
pq Pq

This completes the proof of (105), and hence of (104) for all d > 1.

13. FAILURE OF UNCONDITIONALITY WHEN s =d/p —d

Theorem 1.3 states that strongly admissible enumerations of Hy form a
Schauder basis of Bg{op ¢ when ﬁ < p < 1. We show that the stronger
conclusion of unconditionality fails. The argument will also apply to the
Triebel-Lizorkin spaces Fg ép ~@ and therefore we cover this case at the same
time.

Theorem 13.1. For every N > 1, there is a collection A(N) of Haar
functions, all supported in [0,1]¢, with #(A(N)) < 2¢N, and such that the
orthogonal projection operators Py(ny satisfy the estimates

HPA H d($-1) a1 >N1/q
By  —Bpd

||PA H d l71) d(%71) Z Nl/p.
b —l'p,q

We shall use the following well-known identity.
Lemma 13.2. For N =1,2,..., it holds

(112) oVl = 1, + Z 26N " bt -
eeY

Proof. The formula follows easily computing the Haar coefficients of the
function on the left hand side of (112). O

Let Fy(x) = 2Nd]]_[072—N)d(fE), and let Gy be its odd extension Gy (x) =
Fn(z) — Fn(—x). Consider the finite dimensional subspace

N-1
(113) A(N) = Span({ﬂ[o’l)d} U ho:ec T}),
k=0

which has dimension dim A(N) = (2¢—1)N+1. Let P4y be the orthogonal
projection onto A(N). Then, by Lemma 13.2, Fy € A(N) and
Pany(Gn) = Fw.

The failure of unconditionality follows now from
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Proposition 13.3. Let d%dl <p< oo, q>0. Then, for large N,

(114a) IGNIl 2y S 1,
Bpq
(114b) IGNll ey ST,
FPI?(I
and
(115a) |PavyGN|| a_, 2 NV,
BP
p,q
(115b) 1PawyGnll 4y 2 NP,
FP
p,q

Proof. Since ||t * Gn||p S 1 for any ¢ € S, we only need to estimate the
terms involving ¢ *G y, with k > 1, in the B , or FJ / quasi-norms. Assume
that ¢y, () = 28)(2F2), where ¢ € C°((—1,1)%) is such that (x) > 1 for
r € (—1/2,-1/8)%, and v has sufficient vanishing moments (to characterize
the involved B and F norms). For k > 1, we analyze ¢}, * Gx. Note, that
G is supported on [-27V 27N]4. Since [ Gy(x)dx = 0 we have

|k * Gy (x)] S de2k7N]l[_2—k+172—k+1]d, for k < N;
see (91). Hence
d
(116) Gy x Gnlly S 2V, k<N

For k > N let Dy be the boundary of Iy U—1Iy. Then ¢y x Gy is supported
in a C27% neighborhood N} v of Dy and ¢, * Gy = O(2V9) on N . The
measure of N, y is O(2~V(@=1=k) and therefore we obtain

G|y« Gy, <27 FMEGD k> N,

Since p > d%dl we can sum the estimates and obtain (114a).
Similarly

H (i |9k * GN|q2k(%*d)q) l/qH
k=1 )

N
d_ 1/
S H (Z |2kd2k*N1‘x|52_k|q2k(Z d)q) QH S 1
p
k=1
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and

H( i ‘wk*GN|q2k(§—d)q)1/qu

kE=N-+1
§2NdH< Z Qk(%—d)q]lNkN>1/qH
k=N+1 p
1/
(S mestai (3 2oy
N<i<co N<k<I
§2Nd( > 2_Z_N(d—1)( 3 2k(%—d)q>p/q)1/p§1
N<i<oo N<k<I

Observe that the last inequality requires a slightly different argument in

each of the cases d%dl <p<1l p=1and p > 1; we leave details to the

reader. This proves (114b).
We now include the lower bound for PA(N)GN =Fy= 2Nd111N’0. Let

~3/8 1/8)d‘

Then, for 4 <k < N —4,
Y * Fy(x) = /2kdw(2k(x - y))ZNdILIN’O(y)dy > 2k for z € O,
due to 2% (x —[0,27V]9) c (~1/2,—1/8)? and the assumptions on 1. Hence

R Dy Fylp, =1, 4<k<N-—4,
which implies (115a). Also

— k(L —d)pokdp) /P 1
1w ddz(z/zp i) 1 > v
Fplq k—q 7S
and (115b) follows. O

14. FAILURE OF UNCONDITIONALITY WHEN s =1/p—1, 1 < p < c0.

1
In dimension d = 1 the failure of unconditionality of H in By, (R) is
already contained in Proposition 13.3. As happened in §12.2, the argument
for d > 2 requires a slight variation of the above.

We consider the finite dimensional space
A(N) := span {h ®Lpgqa1 = hE A(l)(N)},

where A(D(N) is the subspace defined in (113) (when d = 1). Note that
dim A(N) = dim AM(N) ~ N. We now have
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Theorem 14.1. Let 1 < p < co. Then

1 Pacnll 2 N,

1

1_ 1
P p
Bpq —Bpg

1
1

In particular, H?® is not unconditional in BE, (R?) for any q > 0.
P.q

Proof. We keep the notation Fy and G for the 1-dimensional functions in
Proposition 13.3. We fix xy € C((—1,2)4"1) with x = 1 in [0,1]¢"!, and
define

gn(z) = Gy (z1)x(2) and fy(x) = FN(ajl)]l[OJ]dq(x’).
Observe that fy € A(N) and
Pyny(9gn) = fn,
by our choice of x. So, it suffices to show that, for large N,

(117) lgnll 1o, <1 and ||fy| »., = NV,
BP BP

p,q p,q

The first assertion is proved as in §12.2; namely, one constructs functions
Uy, as in (108) and observes that

Upxgn = (o *xGN)® (@or*X) + (Por * GN) @ (pr * X)

A similar proof as the one following (111) gives

k(11
I Aklly S o * Gully and || Byl < 25079 op * xlp.

From here and the 1-dimensional results in (114a) it follows that

< G + 0 d—1 < 1
N 1 ~ N 1 ~

Likewise, to prove the second assertion in (117) one uses

U+ fn(21,2) = ¢ x Fn(z1), 2’ € (§, %)dil-

This identity, as before, follows from (108) and the facts

(,007k *k ]]_[071](1,1(:1’/‘/) — /SOO,k = ]_ and (pk k ]]_[071}(171(‘%/) — /()Ok‘ — 07

because the supports of ¢gx(z — ) and ¢y (z — -) are contained in [0, 1]4~?
for such values of z’. Thus,

N s 2N L, 2 NV
Bpg (R4 B, (R

p.q

This establishes (117) and completes the proof of Theorem 14.1. O
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