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ABSTRACT. We characterize the Schauder and the unconditional basis
properties for the Haar system in the Triebel-Lizorkin spaces Flf,q(Rd)7
at the endpoint cases s =1, s = d/p — d and p = co. Together with the
earlier results in [10, 4], this completes the picture for such properties
in the Triebel-Lizorkin scale, and complements a similar study for the
Besov spaces given in [5].

1. INTRODUCTION AND STATEMENTS OF MAIN RESULTS

In this paper we essentially complete the study of the basis properties
for the (inhomogeneous) Haar system in the scale of Triebel-Lizorkin spaces
Flqu(Rd). In particular, we describe the behavior at the endpoint cases
which was left open in our earlier work [4]. Similar endpoint questions for
the family of Besov spaces have been presented in the companion paper [5].
We note that markedly different outcomes occur for each family, in both
the non-endpoint situations ([12, 15, 10, 11, 4]) and the endpoint ([5], [6])
situations.

We now set the basic notation required to state the results. Given the
one variable functions h(®) = Ljp,1) and R = Ljo,12) — Lp1/2,1), for each
€= (e1,...,6q0) €{0,1}¢, k€ Ng and v = (v, ...,vq) € Z%, we define

d
k() 1= H (ke — 1), x=(31,...,3q) € RL
i=1

Then, the Haar system is the collection of functions
A = {hg,u}yezd U { 0 keENg, veZl ee T},

where we denote T = {0,1}%\ {0}.

Consider inq(]Rd) with the usual definition in [13, §2.3.1] or [3, §12]. To
investigate the Schauder basis properties of ¢, we initially assume that
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0 < p,q < oo (so that S is dense in F},
that

(1) (,EFS, and R, € (F5), Vek,v

and the latter is separable), and

e(n) }oo

Given an enumeration U = {un = hk(n) v(n) f ne

, of A, we consider the
corresponding partial sum operators

R
(2) Srf=S%f =Y ui(flun, REN,
n=1

where the linear functionals u;, are defined by

(3) up(F) =250 D ), TES.

The condition in (1) ensures that these operators are well-defined and indi-
vidually bounded in sz’q(Rd). Also, u} (um) = dpm, n,m > 1.
The basis properties of U are related to the validity of the bound
(4) sup 15517y, 1z, < 00
then (4) is equivalent to U being a

Indeed, if span.7Z; is dense in F?

P.q’
Schauder basis of F} ., that is

(5) dim (IS5 f = fllrg, =0

for every f € F,. Moreover, the basis is unconditional if and only if the
bound in (4) is uniform in all enumerations /. Finally, if span 7% is not
assumed to be dense, then (4) still implies that U is a basic sequence of F; ,
meaning that (5) holds for all f in the F; -closure of span /3.
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FIGURE 1. Parameter domain B for .7 in F;q(Rd). The
left region corresponds to unconditionality, and right region
to the Schauder basis property.
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The pentagon B depicted in Figure 1 shows the natural index region for
these problems; outside its closure either (1) or the density of span 7 fail.
The open pentagon corresponds to the range d%‘il-l <p<oo,0<qg<oo,and

(6) max{d(%—l),%—l} <s<min{1,%}.

Triebel showed in [15, Theorem 2.21] that #; is an unconditional basis of
F (R9) in the green shaded region, where the additional restriction

(7) max{d(%—l),é—1}<s<é

is imposed. The necessity of condition (7) for unconditionality was estab-
lished in [10, 11] (for d = 1). On the other hand, we recently showed in [4]
that natural enumerations of 77; form a Schauder basis of Fps’q(Rd) in the
full open pentagon 3. Except for a few trivial cases, the behavior at the
points (1/p, s) lying in the boundary of 8 was left unexplored.

In this paper we attempt to fill this gap giving an answer with a posi-
tive or negative outcome depending on the secondary index gq. Moreover,
when possible, the negative answer is replaced by a suitable basic sequence
property.

We first state the complete range for unconditionality, which contains new
negative cases and a multivariate extension of the examples in [10].

Theorem 1.1. Let 0 < p,q < oo and s € R. Then, ¢ is an unconditional
basis of F;’,q(Rd) if and only if the conditions (6) and (7) are both satisfied.

In the next results we drop unconditionality, and consider the Schauder
basis property for the following natural orderings of the Haar system J¢7;
see [4, 5].

Definition 1.2. (i) An enumeration U is said to be admissible if for some
constant b € N the following holds: for each cube I, = v +[0,1]¢, v € Z¢, if
u,, and u, are both supported in I, and |supp(u,)| > 2°¢| supp(u,/)|, then
necessarily n < n’.

(i) An enumeration U is strongly admissible if for some constant b € N
the following holds: for each cube I, v € Z4, if I¥* denotes the five-fold
dilated cube with respect to its center, and if u, and wu,s are supported in
I** with |supp(uy)| > 24| supp(u,)| then necessarily n < n/'.

Our next theorem characterizes the Schauder basis property in Fj  for
the class of strongly admissible enumerations of 7. A new positive result
is obtained in the line s = d/p — d, when d% < p < 1; see Figure 1.
The special case FR2 = h! is classical, and was established in [1, 17]. The

negative results for s = 1 are also new.

Theorem 1.3. Let 0 < p,q < 0o and s € R. Then, the following statements
are equivalent, i.e. (a) <= (b):
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(a) Every strongly admissible enumeration U of 3 is a Schauder basis of
ES (RY).
(b) One of the following three conditions is satisfied:

(i) 1< p<oo, %—1<s<%, 0<q< oo,

(m) #:El<p§1, g—ill<s<1, 0< q< oo,

(i) 7 <p<l, s=7-d 0<g<oo.

As in [4, 5], a crucial tool in our analysis will be played by the dyadic
averaging operators En. That is, if Py is the set of all dyadic cubes of
length 2=V,

In, =2"Nw+0,1)%), vezd,

then we define

(8) Exf(z) = 3 1y, (z) 2V /I f(w)dy.

veZd

at least for f € S. We shall also need the following companion operators
involving Haar functions of a fixed frequency level. Namely, for N € N and
any a = (ay¢)ye € (24 x 1) we set

(9) TN[f7 Cl] = Z Z al/,CQNd<f7 §V,1/> §V,V'
e€Y yezd
For these operators one looks for estimates that are uniform in ||aljs < 1.

The relation between the partial sums S% and the operators Ey and
Tn|[-, a] is explained in §10 below; see also [4, 5]. In particular, their uniform
boundedness in F;, implies that (4) holds for all strongly admissible enu-
merations . The optimal region for the uniform boundedness for Ex and
Ty a] in F; , is given in the next theorem, and depicted in Figure 2 below.

Theorem 1.4. Let 0 <p<o00,0<q< 00 and s € R.
(a) The operators Ex admit an extension from S into F;q(Rd) such that

sup IEx 7 5, < 00

if and only if one of the following five conditions is satisfied:

(i) 1<p<oo, —1+%<s<%, 0<qg<oo,
(i) FH<p<l, s=1, 0<q<2,

(iii) FH<p<l, d(-1)<s<1l, 0<g<oo,
(iv) ﬁ‘ll<p§1, s:d(%—l), 0<q< oo,

(v) p=oc0, s=0, 0<qg<oo.

(b) If one of the conditions (i)-(v) is satisfied then the operators T [, a] are
uniformly bounded on Fqu(Rd) when N >0 and ||a|goo(zaxyy < 1.
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FIGURE 2. Region for uniform boundedness of Ey (hence for
the basic sequence property) in the spaces F]f’q(Rd).

Regarding positive results, the cases (i) and (iii) were established in [4].
The novel cases appear at the end-point lines in (ii) and (iv), and the special
point (v); see Figure 2.

The proof of (ii) will follow from a slightly stronger result which we state
next. Let 79 € C(R?%) be supported in {|¢| < 3/4} with no(¢) = 1 for
|€] < 1/4, and let IIx be defined by
(10) Onf(€) = m@ VO F©).

Then we shall actually prove the following.

Theorem 1.5. Let d/(d+1) <p<1and0<r <oco. Then

(11) sup [[Exf — IInflisy, S [IfllF1,-
N ’ P,
Moreover, for ||a|lpe <1,
(12) sup Tl alllgy, < IFlen
N ’ P,

Using the embeddings F,, C FJ, for ¢ < 2, and Bj . C Fj, C I, for
r < min{p, ¢}, one deduces the uniform bounds in (ii) of Theorem 1.4.

Likewise, for the end-point cases in (iv) and (v) we shall establish the
following stronger results.

Theorem 1.6. Let d/(d+1) <p<1,0<r<o0, and s = % —d. Then
(13) S%PHENf —InflB;, S fllFs .

p,r N
and likewise for the operators Tx[-, a], uniformly in ||al|gpe < 1.
Theorem 1.7. For every r > 0, it holds
(14) Sup IExf —Infllro, S 11flBe, s

and likewise for the operators Tx|[-, a], uniformly in ||al|ge < 1.
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Finally, concerning the negative results in Theorem 1.4, the only non-
trivial case appears when s = 1, for which we shall establish the following.

Theorem 1.8. Let ﬁ‘ll <p<land2<q<oo. Then,

IEnllFy,~F1, =~ N2

This paper. In §2 we set the basic notation. In §3 and §4 we prove, respec-
tively, Theorems 1.5 and 1.6, except for the special case p = d/(d+ 1) which
is treated in §5. Theorem 1.7 is shown in §6, and Theorem 1.8 in §7. In §8 we
gather all these results and complete the proof of Theorem 1.4, explaining
as well the meaning of the extensions of the operators Ey to the full spaces
Fj . In §9 we study the failure of density for span .7 in the case s = 1.
In §10 and 11 we pass to the operators S%, showing their relation with Ex
for admissible enumerations, and establishing Theorem 1.3. Finally, §12 is
devoted to unconditionality, and the proof of Theorem 1.1.
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2. PRELIMINARIES

2.1. Besov and Triebel-Lizorkin quasi-norms. Let s € R and 0 < p,q < o0
be given. Throughout the paper we fix a number A > d/p and an integer

(15) M > A+|s|+2.

Consider two functions By, 3 € C®(RY), supported in (—1/2,1/2)%, with
the properties [5o(&)] > 01if |&] < 1, |8(§)| > 01if 1/8 < |¢| < 1 and f has
vanishing moments up to order M, that is

(16) / B(x) a" -+ x4 de =0, VYm;eNyg with my+...4+mg < M.
Rd

The optimal value of M is irrelevant for the purposes of this paper, and (15)
suffices for our results. We let f, := 2¥¢3(2%.) for each k > 1, and denote

Lyf=pr*f
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whenever f € S'(R?). These convolution operators, sometimes called local
means, can be used to define equivalent quasi-norms in the B, , and F;
spaces. Namely,

(17) lollsg, = {2 Eaa}iZo
and if 0 < p < o0,
(18) Hgl Fs, ~ H{2kSLkg}:O=O‘ Lp(£9)

see e.g. [14, 2.5.3 and 2.4.6]. For the latter spaces, when p = co (and ¢ < 00)
one defines instead

1 1/q
19 ol ~swsw (5 [ Y 2 Lgpar) "
oo n>01e%, | Ii>n

see [3, (12.8)], [2]. Finally, one lets F, ., = B3, -

Next, let 79 € C(RY) be supported on {¢ : [¢| < 3/8} and such that
no(§) = 11if || < 1/4. We define the operators

(20) Kof(€) = g‘;(éiﬂg) ,

Cob) A = ”°<2_k§ﬁl(;7f§_k+l’5)f<£>, .
so that

(21) f= 2%1\#

with convergence in §’. Of course, one obtains (the usual) equivalent norms
if in (17), (18) and (19) the operators Ly are replaced by Ay. In particular,
if we let Iy = Z;V:O LjA;, then

(22) Sup 1IN fllFs, S W fllEs,-
Below we shall be interested in uniformly bounded extensions of the
dyadic averaging operators Ex defined in (8). We shall denote
Ey=I1—-Ey and Iy =1I—IIy,
and write
(23) Ey — Iy = Ey [Ty — Ex Iy.
Then, using (17), we have

o) ovs— sy, 5 | nEvmbs,

er(Lr)
+ H{z’“SLkE}VHN T

er(Lp)
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Following [4, 5], we shall prove Theorems 1.5, 1.6 and 1.7 using suitable
estimates for the functions LiEnL;g and LkIE]lVng, for each j,k > 0, some
of which will be new in this paper.

3. PROOF OF THEOREM 1.5: THE CASE p > 7%

Let s =1and d/(d+1) < p < 1. For these indices, Theorem 1.5 will be a
consequence of the following two results. The first result is contained in [5]
(Propositions 3.1 and 3.4), and was also implicit in [4] (proof of inequality

(19)).

Proposition 3.1. For #‘ll <p<1landr >0, it holds

00 1/
(25) sup (Y2 24|l Lk B 113 1];) 5 11,
k=0

The same holds if Ex is replaced by Ty |-, a] with ||aljg~ < 1.

The second result is new, and it will require a few additional arguments
compared to [4, 5|. The conditions on p are also less demanding. Here
h? = Fz?,2 is the local Hardy space; see e.g. [13, 2.5.8].

Proposition 3.2. For #12 <p<1landr >0, it holds

0 . 1/r
(26) sup (3- 2| LBy 1 f,) S 19 Sl
k=0

The same holds if E+ is replaced by Tn[-, a] with ||la|pe < 1.

We shall prove Proposition 3.2 in the next subsections, but we indicate
now how (25) and (26) imply (11). Just use the Littlewood-Paley type
inequality

19l S 171
(see e.g. [13, 2.3.8/3]) and the embedding F), <= B, .

3.1. A pointwise estimate. As in [4] we shall use the Peetre maximal func-
tions

o 9(x + h)|
27 () = A
7 e AT

typically applied to scalar or Hilbert space valued g € S'(RY) satisfying

(28) suppg C {€: [¢] <2771}
In [7] it was shown that for g satisfying (28),
(29) 13 59llp < Cpallgllp,  0<p<oo, A>d/p.

In what follows it will be convenient to use the notation

[#loe = max wil, @ = (21, 70) E R
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The following lemma is a variation of [4, (35)]. The novelty here is that the
operator IEJJ\} is acting on Il f = ZjSN L;A;f, rather than in each L;A;f
separately.

Lemma 3.3. Let f € S'(R?). Then
(30)  |Ex[NfIy)| S~ inf N TVINVE(Y), yeR?

|y —yloo <2t N

In particular, if |y — 2iN|OO < 217N then, for every p > 0,
1/p
) EII) S [f, e I e
These bounds also hold if we replace B with T (-, a) with ||a]jeo < 1.
Proof. Recall that Iy f(€) = no(2NE)F(€). Let @ € S, with &(¢) = 1
when [£] < 1, and let ®y(2) = 2V9®(2V2). Then
(32) HNf:(I)N*HNf.
If I € 9y is such that y € I, we have
Ex(IInf) ()| = [En[®n * (TINf))(y) — P * TN f(y)|

- | ]{ /R () [Hnf (v~ 2) — [y — 2)]dz de]
- \]{ /R a(e) / (0= VI fly+ slo — y) — 2))dsdzdo]

2 NVIINf(y + 2)|
<[ o 1+2N2))4d |
S [ levla 28t s B IR

< Ca My N[27VVIIN (),

for any g such that |y — ¢/|oc < 2'7". This shows (30). The last assertion
in (31) follows easily from here.

Finally, if we replace Ey; with Ty [+, a], the cancellation of [, h; = 0 implies
that, for w € I,

T Iy £, al (w)] < ’|}|/Ih1(v) [ * Iy f(0) — Dy = ()] o]
The rest of the proof is then carried out as above. O
3.2. Norm estimates. As in [4], we use the notation
(83)  Uvp={yeRrR’: uin dist(y;, 27 Z) < o .

Roughly speaking, this is the set of points at distance O(27%) from U ol.

I1eDN
Note (or recall from [4, Lemma 2.3.i]) that if £ > N then

(34) Li(Eng)(z) =0, Vaell, =R\ Uy
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The next two results will be obtained using Lemma 3.3.
Lemma 3.4. Let 0 < p < 1. Then for every k > N and ||a]|o <1,
P LEN il + 2| DN T ol S 2%V DV Ty £,
Proof. The observation in (34) implies that
HLkEﬁUNpr N HLk:EﬁHNfHLp(uR,’k) + HLkEﬁHNfHLP(L{Mk)

3=

(35) S HLkUNfHLp(u]CV %) + [ Z HLkE HNfHLP (Un km[NM):| :
7 HEZ?

Using (31) and the fact that supp Bg(z — ) C p2= + O(27V) for z € In .
the last term is controlled by

[ Z [N NUN |
HEZL

< [27R2 N5 25 oy (2 NV Ty f) )|, S 27 No ST IV ITn f

1
M5 A2 NV f) (2 N+ )| dh} v
[hloo 22N

To estimate the first term on the right hand side of (35), we shall use the
bound

(36)  |LplIyf(x)| S 27K 27 -OM o (VT f) (), if k> N

This can be proved as in [4, Lemma 2.2] using the vanishing moments of
Br; see Appendix 13 below. Then, from (36) and Peetre’s inequality (29) it
follows that

2NN Fll g,y S 27O 95 (VIIN ) | o
S 27 NOMY T TN £l
Analogous arguments apply for T [IIx f, a] in place of Eﬁﬂ ~Nf. O
Lemma 3.5. Let 0 < p < 1. Then, for every k < N, |la]joc <1,

_ d_ g
(37) 2% LhENITN fll, + 28| Le T [N £ )l < 20062 | vty £,

Proof. Since [, Ey [y f](y)dy = 0 for I € D, we may write
L (Ex [IIx f)) ()
: | (G =) = ute 2 ) Bk {12 £ ) dy

pEZy N (a) Y TNm
where
(38) Zen(@) ={peZh: |z —2"Nplo <27V 42701
Note that card Z, y(z) ~ 2N =" Now use
Br(e = y) = Br(x =27V p)| S 25257 ify € Ly,
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in combination with Lemma 3.3 to obtain
1
| L (Ex[IInf]) ()] S

S Q(k—N)(d-'rl) f ’m** 2— VHNf ’P o +h) dh)
[h|oo<22—N
HEZ, N(x)

< 2(k—N)(d+1) ][
2 h

NEZk ~N(z)

1

M (2NN ) (S + B dn)”

|oo<22 N

the last step using the embedding ¢! < ¢¥/P, since p < 1. From this
1L (Ex (TN £]) I

< (k=) <d+1 / Z ][ SNV )P (& + h) dhdw]
Rd |h|oo<22— N

< Q(k—N)(d—H)[ Z 2—k:d][ 1

05 (2 NV TN )P (& + h) dh} v
MEZd ‘h‘OOS22 N

< o(k=N)(d+1)o(N=k)d/p ngt*AfN(Q‘NVHNf)‘ p

hSA

and the assertion follows by the Peetre inequality for DUy y. Analogous
arguments apply for T [IIn f, a] in place of ExIIy f. O

Proof of Proposition 3.2. Using the Lemmas 3.4 and 3.5, and noticing that
we may sum in k since d—% < p < 1, one easily obtains

> M\ L/T
(S 2" ||Lw Bk 1w f])) " S NV Sl
k=0

The last quantity can be estimated further, applying to g = V f the inequal-
ity

(39) M nglly < || sup 1wgll| < lgllar ~ ligl o,
N>0 P P

which follows for example using the standard maximal function characteri-
zation of the h? norm. This proves (26). The proof for the operators T |-, a]
is exactly analogous. U

4. PROOF OF THEOREM 1.6: THE CASE s =d/p—d

Let s =d/p—d and d/(d+ 1) < p < 1 (we will take up the endpoint
case p = d/(d + 1), when s = 1 in §5). For these indices, Theorem 1.6
will be a consequence of the following two results. The first result was
already established in [5] (Propositions 3.2 and 3.3), using the same type
of analysis as in [4]. The inequality is slightly stronger than needed due to
Fj o = By
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Proposition 4.1. Let d%il <p<1landr>0. Then

(40) (i 2k(d/pfd)r
k=0

The same holds if E+ is replaced by Tn[-, a] with ||| < 1.

rN 1/r
LEXIINS| ) "SI o
P Bl o

The second proposition is new, and its proof will require several additional
refinements compared to the arguments given in [4].

Proposition 4.2. Let d%.ll <p<1landr>0. Then,

(41) < 2k(d/p7d)7‘
k=N+1

rN\ 1/r
> LEXLAF| )T S g
: D Ffe
j>N P,

(42) <i2k(d/pd)r
k=0

The same holds if Ex is replaced by Tn|[-,a] with ||a|[pe < 1.

r\ 1/r
> LENLA| )T S g
>N P Fp.co

4.1. Notation and observations on dyadic cubes. Recall that every dyadic
cube [ is contained in a unique parent cube of double side length. Also each
dyadic cube has 2¢ children cubes of half side length. It will be useful to
single out one of the children cubes according to the following definition.

Definition 4.3. Let I be a dyadic cube. We denote by w([I) the unique child
of I with the property that its closure contains the center of the parent cube
of I.

We need some further notation (taken from [4]). For each dyadic cube
I € 9y, we denote by Zn(I) the set of all its neighboring 2~V -cubes, that
is, I' € P with INI' # (. Likewise, if £ > N we denote by %[0I] the set
of all J € 9, such that J N Al # .

Lemma 4.4. (i) Let J € 2[01]. Then
271 < dist(x, 1) o < 27 for all z € w(J).

(ii) Let I € Dy, let l1,0o > N and consider two distinct cubes J; €
Dy, 101], J2 € Dy, |01]. Then w(Jr), w(J2) have disjoint interiors.

Proof. The upper bound in (i) is true for all € J, by definition of Z,[0I]
and the lower bound follows from the definition of w(J) since the parent
cube of J is contained in I or one of its neighbors of equal side length. To
see (ii) first observe that Ji, Ja are disjoint if £; = ¢2 (and hence w(J;) and
w(J2) are disjoint). If ¢1 # ¢5 then (ii) follows from (i). O
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4.2. Proof of Proposition 4.2. We make a preliminary observation about
maximal functions. If g is continuous, for each j > 0 we let

Mig(z) == sup |[g(z+h)|.
|Poo <277

Then, if a cube J € Z;;1 has center c;, we have

1

43 sup |g inf  Mig(cy+h §][ MiglP | ”
43 swlg@l< | it Mgl +m < [f 1P|

Proof of (41). Let j,k > N. By (34),
LkEN[LJAJf] (x) =0 ifze ul[iﬂk
Moreover, by [4, Lemma 2.3 (ii)] we have

(44) En(LA D) S2Y DTN 1i(y) Y 14 flleew)

I1e9N JE€D;1101]

Let z € Uny N1, for some I € Zy. Then supp By(z —+) C Upegyn !'s and
therefore (44) implies

LWEN[L;A; ()] < / 1Bu( — )| |Ex (LA ) (9)] dy
oD S ST A e Bl

I'egn(I )JGJ +1[8[’}

Using the inequality in (43), this in turn implies (since p < 1)

(45)  Ap(@) = [ 30 ILBn LA f(2)]]

>N
<22N3dpz Z ][ |20 (A, )P
j>N I'eIn(I) JED;41[01")

~EAED DD DS /w sup [2°G =D (Ao )P

I'ean(1)i>N Jez, o1 @) &N

By Lemma 4.4 the sets w(J) for J € Z[0I'] are disjoint. Also since #Zn[I] =
2¢ we obtain

Az < 2V / sup [2°G Doz (Ao f) 7,
I** I>N

with I** the five-fold dilation of I with respect to c¢;. Thus, if we write

(46) G = sup [2°G-Dm; (A ),
(>N
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we obtain

AW < 2N ST 1Aty / lele
1€9n

< 2 <d‘*>p2—kueum Ry
and therefore
(47) G-I A, S 27 E NS g,

When p > (d — 1)/d we can sum in k£ > N, and hence the left hand side of
(42) is controlled by ||G||,. Now, Peetre’s inequalities imply that

M [Aefl(2) S MG A f)(2) S Mo[Aef] (),
for o = d/A, where

1/o
Mog(o) =sup [f o] "".
R>0 BR(Z‘)

Thus,
IGl, < HsupQZ(%_d)MU[Agf]H gHMU[sup#(%—d)mgﬂw
(>N p >N p
a_
(48) S s 2G| SIS 4
>N P FPo

using the boundedness of the Hardy-Littlewood maximal operator, since
o =d/A < p. This finishes the proof of (41), for the stated version involving
En. The analogous version for Tx[-, a] follows similarly, by replacing (44)
with the corresponding version for the T, as in [4]. O

Proof of (42). Let j > N and k < N. Again, we shall follow the proof of
[4, (26)], applying the same changes as in the previous subsection. Namely,
let

f]’ = (A 'f)ﬂUNj
and note that Ex[L;A;f] = Ex[L; fj] see [4, Lemma 2.3]. Then we write

(49) LiENILA;f] = Li(Bn[Li fi] = Lifj) + LiLyf.
As in [4], the last term is harmless since
VERL; Fyllp S 27O a0 (A, 1) (@), S 27D |, £,

by [4, Lemma 2.2]. Thus, assuming r < p (as we may), and using the
r-triangle inequality,

(Zz G0 S L)

>N

—iy(d— —A)roj(d—dr n\M
<222<k P(Ed+(M=AYr (4 ~d) HAijp) S

k=0j>N p 00
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Hence it remains to prove

(50) (Z 9k(d/p—d)r

Following [4], and letting ZhN(x) be as in (38), we write

~ [T\ 1/r
> mEy L[ )" S g
P Flo

Ai(e) = [a(ER(L ) (@)
< ¥ / (Bu( — ) = il — 27 1)) BRLL; Fi)(w) dy |
HEZE N(

s 2 S [ (BBl + ILAWI) d

I
BEZp N (z) 7 TN

In [4, p. 1332], the terms corresponding to the two summands in the integral
are estimated differently, but produce essentially the same outcome, namely
1

(51) Aj,k(x)gzk*Nsz*j)d( > > HAijI”oo(J));,

Hezk,N(w) JG.@J'+1 [8IN,M]

see [4, (41)]. At this point we argue as in the previous subsection. That is,
we use (43) to have

(52 ifliwn < [f o iasriwra]”

3=

and conclude that

(53) Aw(@)” = [ 3 ILERL; F(@)]]”

>N

< 3 oMb 3 > ][ ) (255 (A )

>N uezk,N(x) Je@jH[BIN#]

< o(k=N)pokdp Z lelis

HEZ N () IN

with G as in (46), and using the disjointness of the sets w(J) as before.
Thus, integrating the above expression

Al S 20k-Mpgkds 3 o-kd / leli

HEZ

174N

o(k—N)pgk(d— b / |G
Rd

and therefore
k(4—d)
(54) N Akl < 25N Gl

Therefore, one can sum in k£ < N, and obtain the desired expression in (50)
using the estimate for |G|, in (48). This finishes the proof of (42). The
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corresponding version for T is proved similarly (notice that in (49) the
analysis of the last summand becomes unnecessary, due to the additional
cancellation of Ty). O

5. PROOF OF THEOREM 1.5: THE CASE p = #‘ll

The end-point case p = d/(d + 1) and s = 1, was excluded from the
previous proofs because of the restrictions imposed in Propositions 3.1 and
4.1. However, one can use instead Propositions 4.2 and 3.2, which are valid
at this endpoint. Namely, they imply the inequalities

(55) sup 3 okr
w (3
and

= kr
(56) s]pr ( Z 2

r\ 1/7
LiENLiA; H ) < Cop=
Z RENLAT Sle. p=g7
>N

_ d
Cd+1

r\ 1/r
LERINS| )" S 1Sl P
P p,

Then, the result stated in Theorem 1.5 follows using additionally the em-
bedding Z*"p{2 < Fl__in (55). The same argument applies to T |-, a] with

P,00
llallcc < 1 if we use the corresponding versions of Propositions 4.2 and

3.2. U

6. PROOF OF THEOREM 1.7: THE CASE s = (0 AND p = 00
In view of (23), it suffices to prove the following.
Proposition 6.1. Let r > 0. Then

(57) BN TN fl g+ IENTIN Il g S I£lIs, .

One part of the estimates will be derived from the following inequalities,
proved in [5, (36a), (37a)]:

F\ 1/
(58) (Y IR fIL) " S Iflsg
k<N
r\ /T
(59) (Y IENTifL,) © S W lse
k<N

We remark that these same inequalities with ), 5 replaced by ),y are
only true if r = co. This necessitates the use of Fg:),r—norms on the left hand
side of (57)

To establish the proposition, let f € Bgoyoo be such that HfHBgooo = 1.
We shall prove separately each of the two inequalities. 7
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6.1. Proof of HEJNUNfHFo < 1. By (19) we can write

HIE]J‘VHNfHTFO = sup sup Age)
acl (>0 1€,

where A ][ > ILENIIN |
k>0
If 0 < ¢ < N, then, for each I € &,
J4
A

)

N
(60) Aﬁ“sZHLkE Ix sl ]l S | Ly Iy | = AY

k>N

By (58) we have Ag% < 1. For the second term, one can split I into 2(N =04
disjoint cubes J € @N, so that

Ay; < sup A(N).
JEDN
Jci

Thus, it suffices to show that

(61) sup A(IE) <1
>N

Let £ > N and I € &;. Then (34) gives Ly(Exg) =0 in U][i,k, it k>4, so

(62) Ay | Z/[ |LyENIIN f|" + il Z/ s, |LiIn f|".

k>0 INUN & k>0
We shall show that
(63) |LiENIIN f(2)| S| fllpg, =1, forzel.

This inequality combined with |I NUN | ~ 2= (d=19~k will imply that the
first summand in (62) is bounded by a multiple of

‘f = =

We now show (63). Let Q € Zn be such that I C Q. By (31)
(64) |ExIIN f(y) ][ M2 NIINV), fory e I*.

Now,

|msin NN < 2NNl $ Y 2NNl
G<N

(65) S Sl;%HAmfllooNIIfllBo =

So, if z € I, then supp Bi(z — ) C = + O(27%) C I*, and using (64) and
(65) one deduces (63). Finally, the second summand in (62) is simpler to
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estimate, using instead the pointwise bound in (36). This completes the
proof of (61).

6.2. Proof of HIENHﬁfHFO < 1. We now must bound

HENH]J\}fH;O = sup sup By)
o >0 IeP,

where By) :][Z |LkENITN f].
k>4

The cases 0 < ¢ < N are handled with the same argument as in (60), this
time using the inequality (59). If £> N and I € &, we shall use

B < ‘ S At || LEN TR A

1]
k>0

so that it will suffice to show
(66) | LiEnIINf || S 1l =1
If Q@ € P, then (44) and the argument in (45) (with w(J) as in §4.1) implies

ExLiAif(y)] < 28704 N A fllpeey
J€2;41(0Q)

< 2w Y ][ M (A, f). v e Q.

JED;+1(0Q)

using in the last step (43). So, summing up in j > N and using the disjoint-
ness properties of the sets w(J) we obtain

Z}ENLjAjf(y)‘ < 2Nd/Q sup M, (A f)

= ** m>0
< sup [[Anflloo S I flle, . = 1.
m>0 ’

Finally, taking the convolution with [y one easily deduces (66). This com-
pletes the proof of (57). The corresponding version for the T [, a] is proved
similarly. Thus the proof of Proposition 6.1 is complete, and so is the proof
of Theorem 1.7.

Remark 6.2. The above proof also shows that, if f € BOo 00)
then the series 3 7% En(L;jA; f) converges in the norm of F,
This is a consequence of the crude bound

150 5 ExLidsfllre, Sn 277 1 fllps .

which can be obtained from (67); see also [5, Remark 4.5].

and N is fixed,
for all 7 > 0.

OO’T‘7



HAAR SYSTEM IN TRIEBEL-LIZORKIN SPACES: ENDPOINT RESULTS 19

7. PROOF OF THEOREM 1.8: NECESSARY CONDITIONS FOR s = 1

Here we show the assertion in Theorem 1.8, which corresponds to the
optimality of the range of ¢ stated in (ii) of Theorem 1.4. More precisely,
we establish the following.

Theorem 7.1. Let d/(d+1) <p<1and2 < q<oo. Then
11
(68) IEnllF1, —rp, & N2 a.

Moreover, for every N > 1 there exists gy € C°((

)4 such that
1
Nz

Q|

0,
(69) lonllry, <1 and [Ex(gn)le . 2

7.1. Proof of Theorem 7.1: upper bounds. Let s = 1. Using Proposition 3.1
when d/(d+1) < p < 1, or Proposition 4.2 when p = d/(d+ 1), one has the
inequality

H{qu > LkENLjAjf}Eio‘
J>N

<
ey S 17183

On the other hand, the proof of Proposition 3.2 gives

H{quLkEJNHNf}ZiO‘ < HHNfHFI}_Qv

Lp(¢9)
and by Holder’s inequality one has
N

. 1
M fl, < [0 1278561)2

Jj=0

1_1
SNy,

11
Combining the above inequalities one obtains HEN||F,}Q—>FP1q SN2 o 4

Remark 7.2. If 1 < s < 1/p, the upper bound becomes exponential:

£ < 260N

s s ~ I
vaq%FPaq

for (d —1)/d < p < 1. This is a consequence of the simpler estimates for
Ex — IIy : B, o, — B,, shown in [5, Propositions 3.1 through 3.4]. From
[4] we have also corresponding matching lower bounds, see the discussion in

88 below.

7.2. Proof of Theorem 7.1: lower bounds. To make the notation simpler,
the counterexample is first presented in the 1-dimensional case, and later
extended to R? with a tensor product argument.

7.2.1. The case d = 1. Consider, for s > 0 and A C N, a Weierstrass-type
function
(70) @) = (355 @) hia), zeR,

257
JEA
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with ¢ € C2°(0,1), and say ¢ = 1 on [1/4,3/4]. These functions satisfy

j£:| 1/q

JeEA

1

(71) 1l ~ | Z 25, % 1)

This can for instance be proved from Hardy’s inequalities and the following
lemma,

Lemma 7.3. Let B, be as in §2, and ;(z) = 2™ 2Ty (1), Then
’ﬁk*¢](:p)‘ 52_‘j_k|M) :EER’ jak:07172)~'-

Proof. If k > j, using that 8 has M —vanishing moments,

‘/B [W(z —27Fy) - Z@ZJ —27Fy)m dy‘

(72) < UMM

|Bre * ()|

since ij(.M) lloo < 29M . If k < j, then Fourier inversion gives, for any M; > 1,

@)l = | [ e/ e —2) et ag

</ d¢
TR (L )M (L | - 27

ok

—iM (k—j)M
< / 2hde / 2 e
st (14 Ehan  Jieoaco (L4 1€ -2

< oko—jM + o(k—=3) M

and we get the O(2~1=*M) bound if we choose M; > M. O

We now let s =1 and
In={jeN:N/4<j<N/2},
and consider a randomized version of (70), namely
(73) Putet) = 3 B ey,

27
JEIN

where r; : [0,1] = {—1,1} is the sequence of Rademacher functions. Then,
by (71),

sup [|fn (- t)llp, SNV
te(0,1] ’

Below we shall show that

(74) / |Ex[fn(, H )1 > eNY2,
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The above inequality will be a consequence of the estimate
Lo p o \P 1/2
(75) (] 12 8 « @it oD la) ™ = entr,

where By = 2V93(2V.) and § is a suitable test function satisfying the con-
ditions in §2.1. Thus for some ¢y € [0, 1] the function

(76) gy = N7V (- to)
will satisfy

11
(77) IExgnlFy, &) 2 127 B (]ENQN)HL;;(R) 2 N2,

and in particular
1_1
(78) HENHF;#%F;J g N2

By Fubini’s theorem and Khintchine’s inequality the expression in (75) is
equivalent to

> cNY2,
Lp(R) —

(79) V([ 1277 B x (Eny)|)?

JEIN

If the operator Ey is omitted in the left hand side, then this quantity be-
comes uniformly bounded by Lemma 7.3, so (79) is also equivalent to

> N2,
LP(R) —

(30) 2V ([ 279 i (B )

JE3N

Below we fix 8 such that supp = (—1/8,1/8), and denote its primitive by
B(x) = [ B(u)du, which also belongs to C2°(—1/8,1/8). The following
lemma is similar to [5, Lemma 6.4], but we include its proof below for
completeness.

Lemma 7.4. Let p € Z and let Iy, = (5% “42'1{,/8]. Then
(81) By *(Exvy) (@) = =2 () BQYo—p) + O(22V"Y), z €Iy,

Moreover, if #& € (L, 3], then o/(f&) = 2mi2i 22,
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Assuming the lemma, the pth power of the left hand side of (80) can be
bounded from below by

S [ (R mke))

ket
P
> (2m)P Z Z‘B(QNJC—/L)}2)2 —0(2\23 N2 )% dx
HEL IN;L JEA JEA

< K <
2N

|B(2Nx—,u)‘pd:n — 2 Np/2

vV
M
—

1/8
zN’S/ |B(uw)|["du — /27772 > N3,
0

~

using in the last step that 8 (hence B) is not identically null in (0,1/8).
This finishes the proof modulo Lemma 7.4.

Proof of Lemma 7.4. For simplicity we write It = Iy, and I~ = In 1.
If x € IN,;u then supp Sy (z —-) C IT U I, and thus

) @0 =3 [ sxe-v[nw - f ]

Now, if y € I, using the linear Taylor’s expansion of 1; around y and the
bound Hw;Hoo < 2% the inner bracketed expression becomes

][ (5(y) — j(w))dw = ][ () — w) dw + 0(220-N)
VES )ES
"y ][ (y — w) dw + O(226-N)
It

= () (y —epx) + 0227
Vi) (y = 9x) — (%) ks + 0(2°07Y).

N

[\

Putting these quantities into (82), and using the support and the moment
condition of 8, we are left with
(83) By = (BRw)e) =~ i) i / B —y)dy +0(220V),

Now, an elementary computation using the primitive, B(u), of 5(u) shows
that the two integrals substructed above can be written as

Lo - /N Bu(e—y)dy = /+ _/,f p2Ye—w) du =252 - 1),

-1
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since B(2¥x — u+ 1) = 0 by the support condition. Thus, placing this
expression into (83) implies the asserted identity (81). O

7.2.2. The d-dimensional case. Consider Gy(x1,2") = gn(z1)x(z’), where
gn is the 1-dimensional function in (76), and x € C°(0,1)?! with x = 1
in [, 7]971. We shall show that

508
(84) IGN IRy, rey S 1
and

1_1
(85) BNGN |y ey 2 N2

To do so, in the definition of the FJ -quasinorms we shall use suitable test
functions of tensor product type; see also [5, §5.1] for a similar argument.
Namely, for a fixed M E N we consider a non-negative even function ¢g €

C’g"(—g, 1) such that qﬁo ( ) > 0 for all ¢ in some interval [—2¢, 25] Since

[ ¢o > 0, dilating if necessary we may also assume that qﬁo =% 0 on

(0) =
[ 1 ,1]. Let o € C°((—%,%3)%!) be such that @y # 0 on [—1,1]%"! and
?o(0) =

=1. For M > 1, let
o(t) == ()M o0(t),  plan,..,wa) = (g +-+ 2) ool@).
Then, we define
(86) U(x) == AM[go ® wo](x) = d(x1)po () + do(a1) ().
Clearly,
/Rd U(y)y™ - yytdy =0, when my+...4+mq < 2M.

Finally, let Ug = ¢g ® o, and ¥y (z) = 2kW(2%2), k > 1. Then, if we
choose M sufficiently large we have

—~ ks s dy.
(87) Ifllms, ~ H{z U, f}kzo) iy 7 € Fa(RY;
see e.g. [14, 2.4.6]. Observe that, for k > 1 we can write
(88) Ui = ok ® pok + G0k @ Pk,

where we denote

du(1) = 2°0(2"21),  pi(a’) = 297V (2%),
and likewise for ¢¢ ; and ¢q .
With this notation the inequality in (84) is easily proved as follows. From
(88) and ||[gn]loos lIX]lco < 1 one obtains

~

1O« Gnl(z1,2") S |de * gn|(z1) + |or * x[(2"), k>1,

and a similar (simpler) expression when k& = 0. Therefore (87) and the
compact support of the involved functions imply

1GNl s ety S oy ) + Il ity S 1.
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In order to prove (85), we let Eg\l,) and Eg\?_l) be the dyadic averaging oper-
ators on R and R4™1, respectively. For N > 1, we observe that

(89) Uy (ENGN)(z1,2") = ¢ * (E%)gN)(:cl), for 2’ € (%, %)d_l.

Indeed, for such 2’ one has

o * (ES D)) = / o)y = 1,

on * ES V(@) = / o)y =0,

due to the support properties of o y(z' —-) and ¢ (2’ —-). Therefore, (87)
and (89) imply that

1

1 1 1
IENGNIIRy ) 2 1|26 * BN gn | ey 2 N2 77,
the last inequality due to (77). This proves (85), and concludes the proof of
1

_1
HENHFI}’Q(Rd)AFI}’q(Rd) 2 N2 4, 2<g<oo 0

8. BOUNDEDNESS OF THE DYADIC AVERAGING OPERATORS AND THE
PROOF OF THEOREM 1.4

We now gather the results from the previous sections to complete the
proof of Theorem 1.4. In §8.1 we first explain how the extension of E,
from S into Fy, should be defined (which is not obvious for all cases). We
discuss sufficient conditions for uniform boundedness in §8.2 using theorems
in previous chapters, and necessary conditions in §8.3. The proofs of some
of the more tedious details about definability are given in §8.4. The proof
of necessary conditions for the individual boundedness of the Ey is given in
68.5. In §8.6 we include a discussion when the characteristic function of a

bounded interval can be defined as a linear functional on inq‘

8.1. Extension of the operators Ey to the space Fy . Let (s,p,q) be as in
(i)-(v). For a distribution f € F};, we define

(90) Enf:=Y En(LjA;f).

J=0

We claim that this series always converges in the Fj -norm (actually, in all
the B -norms, for v > 0). When max{d/p —d,1/p — 1} < s < 1/p this
fact was already justified in [5, Remarks 3.5 and 4.5]. When s = d/p — d,
one can reach the same conclusion with a slight modification in the proof of
Proposition 4.2. We present the details in Lemma 8.4 below. When s = 0
and p = oo, the convergence holds in all Fgom—norms, for » > 0, by Remark
6.2.
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We also remark that when f € F is locally integrable with polynomial
growth then the above extension coincides with the usual operator, that is

STEN(LA ) = Y <]{ f) Lp;

3=>0 SN

see Lemma 8.5 below.

8.2. Sufficient conditions in Theorem 1.4. The uniform boundedness of Ey
in F; in the cases (i) and (iii) was established in [4]. In the cases (ii), (iv)
and (v) it is a consequence of the Theorems 1.5, 1.6 and 1.7, and elementary
embeddings; see the discussion following (10) in section 1.

8.3. Necessary conditions in Theorem 1.4. We first identify the range of
exponents for the continuity of an individual operator E .

Definition 8.1. Let 2 be the set of all (s, p, ¢) for which one of the following
three conditions (i), (ii) or (iii) hold:

(i) max{g—d,%—l}<s<l/177 0<pgqg<o©
(91) i) s=9%9-d, 0<p<l, 0<g<oo

P
(ili) s=0, p=o0, 0<gqg<o0.

FI1GURE 3. Range of exponents for the continuity of the in-
dividual operators Ey in F3 (R?).

Proposition 8.2. Let N € Ny be fixed. Suppose that
(92) IExellp, < enliblleg,, Ve SE®Y.
p,q

Then necessarily (s,p,q) € .

The proof of the proposition is based on the fact that Ljg,1ye must belong
to both FJ and its dual space. We present the details in §38.5 below.
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We now turn to the existence of uniformly bounded extensions of the oper-
ators Ey in the above region. This is equivalent to the uniform boundedness
of the numbers

Ops(En, i) i=sup {[[Ex fllrs, : f €S, Ifley, <1},
when N =0,1,2,... An example given in [4, Proposition 4.2] shows that,
OpS(ENv F;,q) Z OpS(EN7 B;,oo) Z 2(5_1)N7

when 1 < s < 1/p and (d —1)/d < p < 1. So the condition s < 1 is
necessary. When s = 1, Theorem 7.1 shows that 0 < ¢ < 2 is also necessary.
This comprises all the cases considered in Theorem 1.4, and completes the
proof of all the assertions. Moreover, it also gives the following.

Corollary 8.3. Let N € Ny be fized, and (s,p,q) € A. Then the (extended)
operator En, as in (90), satisfies

26N ifl<s<1/p
NY2-Va ifs=1,¢>2

1 otherwise.

Ops(En, Fyq) ~ [[En]|

Q

s s
FPaq%FP»q

8.4. Convergence of 3, En(L;A;f) when f € F]zéﬁ*d.

Lemma 8.4. Let%%1 <p<l1l s=d/p—dandr >0. If N >0 and
g € F5 (RY), then

Jo
lim sup ||En LiAg H =0.
J1—00 J,> 0, (Jg;l I ) B

In particular, the series

o

Eng =Y En(LjA;9)

§=0
converges in FJ . for all 0 < g < oco.
Proof. Pick a non-negative function ¢ € S(R?) such that

¢>1 on[-55% and suppC C {|¢|<1/8}.

For each cube Q = {z : |z — zg|eo < 0}, let

Gole) = ¢(552).

so that (o > 1 in @** (the 5-fold dilate of @), and ZQ has support in
{1€] < (86)71}. Finally, for j > N + 1, we define (with Uy ; as in (33))

Gn(@) = Y Colw).
i
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This function satisfies the properties
CM
(93) G ()] <

(1427 min dist(z;,27V2))"
1<i<d

for each M > 0, and
(94) supp G C {1¢] <2777}

Let f = Zjijl L;Ajg, and assume that J; > L 4 3 for some fixed L > N.
Then, f € F;, and A;jf = 0 unless j > L. We now follow the proof of
Proposition 4.2, with the following modification. If J € %41 is such that
J CUN,j, then for all y € J,
M (A f)(y) = ‘h‘su<p2 A f(y 4+ h)| < (¢ N A ) ().

<277
One can use this estimate in (45) (or in (52)), so the same arguments which
lead to (47) (or to (54)) can be applied with the function Ayf replaced by
Ce,nAgf. That is there exists v > 0 such that for Ay, Ai as in (45), (53),
resp.,

k(4—d k=
267V Akl + [ Axlp) S 27N Gy,
with .,
Gr(x) = sup 2“5_@9.@ (CZ,NAZf)'
>L

Since the spectrum of (, x Ag f is contained in {|¢] < 2°}, one can use Peetre’s
inequality and deduce as in (48) that

1GLly S || sup2 G~V ncs]| 5|
>L p

d_
G 525 |Lohg]|
>0

)
P
where

I N\ M
(rn(z) =sup G n(z) S <1 + 2% min (z;,2” Z))
7 >L 1<i<d

Observe that

o0
lim ¢ n(2)=0, VYae | U,
Jim Cr.nv() nL_Jl Non
and therefore at almost every z € R%. So, the assumption g € F; - and the

Dominated Convergence Theorem imply that

Jim (|Gl = 0.

(]
Lemma 8.5. Let (s,p,q) be as in (i)-(v) in Theorem 1.4. Let f € FJ, be
locally integrable with polynomial growth, that is, f(x)/(1+ |z|)M € L (R9)
for some M > 0. Then

(95) D EN(LAf) =) (J{f) 1y,

7=>0 1e9n
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in the sense of tempered distributions.

Proof. In this lemma we restrict the notation

ENg Z ][ ]l[ H?GRd,

1eINn

only to locally integrable functions g with polynomial growth. In particular,

Exng is another such function, hence a tempered distribution. We write Eyn f
for the distribution on the left hand side of (95). If 1 € S(R%), then

(96)  (Ensv) = (En(LiA; ). 0 Z/LAfEN¢
7=0

The family of operators {II,, = > '_, L;jA;j}n>0 is a smooth approximation
of the identity, and therefore

Oof — f in L'RY, (1 + |z)~Mdaz),

by the condition on f. Therefore, using that [Ext(z)| < (14 ]2])~™, we can
pass the sum inside the integral in the last expression of (96), and continuing
with Fubini’s theorem obtain

(B f,0) /ZLAfENw | 7B = [ Exfu

Hence Ey f coincides with Exn f as distributions. O

Remark 8.6. One can extend the domain of Ey further, dropping the poly-
nomial growth assumption in Lemma 8.5 if in the resolution of the identity
(21) we replace the operator Ay by suitable compactly supported convolu-

tion kernels. Indeed there are, for ¢ > 0, M < oo, C'*° functions ng ¢ zp 1/1

supported in {|z| < e} such that [¢ =1, qu =land1—¢, 1—¢, 1, all
vanish of order M at 0, and such that for distributions f

(97) LoLof + ZLkzkf =f

k=1

in the sense of distributions; here Ly, EO are the convolution operators with
convolution kernels ¢, ¢, resp., and for k > 1, L and Ly, are the convolution
operators with convolution kernels 2(F=1dqj(2k=1.) = 9(k=1dy), (k1) " yegp,
The resolution in the form (97) is perhaps not widely known; a proof can be
found in [9, Lemma 2.1], together with some extensions. For us the use of
the nonlocal operators Ay has the advantage that we may apply the Peetre
maximal inequalities in a straightforward way.
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8.5. Proof of Proposition 8.2. Since Ex[¢](z) = Eqo[(27V)](2Vz), we may
assume that N = 0. Then (92) takes the form

(98) Bl < enll¥llrg, VfeS®R).
p.q
Let 1 € C((0,1)%) such that [¢ = 1. Then Eo(¢)) = Ljg,1y4, and (98)
implies
(99) Lg1ye € 5 ,(RY).

The validity of this property is well-known. If 0 < p < oo, then (99) holds
iff s < 1/p. If p = oo, then (99) holds iff s < 0. See e.g. [16, Proposition
2.50]. This gives the required upper bounds on s.

We turn to the lower bounds for the exponent s. Consider the classes of
test functions

Fi o= span{n(ml)--~n(xd) o neCX(-1,1) odd}

Fy = {n(:cl)x(x/) e C(—1,1) odd, x € C(0,1)?! with [y = 1}.
We first show that, if f € F;, i = 1,2, then
(100) Eo(f) = (/ f> - hi,

[0,1]¢

for some fixed functions hy, he € span{l; : I € Z}.
Let f € Fi. It suffices to show (100) for f(xz) = n(x1)---n(zq), with
n € CX(—1,1) odd. Given € = (e1,...,&q) € {0,1}* we denote
d

Q- = [0, 1)d —¢ and sign(e) = H(_l)&i'

i=1
We claim that (100) holds with
(101) hi= ) sign(e)1q..
e€{0,1}4

Indeed, for such f we have

Eo(f) = > [ 1g.,

e€{0,1}4 Qe
and since 7 is odd
d d 1
f= / n(z;) dz; = (_1)&/ n(z;) dz; = sign(a)/ f
][E Zl_Il [0,1)—; }_[1 0 [0,1)d

Thus, (100) follows.
Similarly, let f € F», and denote Qo = [0,1)% and Q1 = Qo — (1,0,...,0).
Then
Eo(f)z f‘ﬂQo_"][ f'ﬂQ1:</ f)(]lQo_ﬂQl)’
Qo Q1

Qo
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and hence (100) holds with hy = 1g, — 1g,. This completes the proof of
(100), and reduces the proof of Proposition 8.2 to the following result.

Lemma 8.7. Let I = (0,1). Suppose that

(102) | /1 f

Then one of the following two conditions must hold

< (7”prgq, vV feFUF.

(a) s>max{%—d,%—l}, 0<p,g<oo

(b) s:%—d, 0<p<1l, 0<qg<oo.

Proof. Let n € C>(—1/2,1/2), odd and such that fol n = 1. Define

gj(xlv"'axd) = 2jd77(2j951)"‘77(2j33d), j=>1

Observe that g; € F and [; gj(x) dx = 1. On the other hand, a standard
computation shows that

—i(d_q—
(103) gl 7y mey S 277670
So, (102) cannot hold unless s > d/p — d. Suppose now that s = d/p — d,
and consider g = Zjvzl gj € Fi. In this case we have [, g(x)dr = N and
Illps may S N1/ Thus, (102) cannot hold unless 0 < p < 1. Observe that
Fg ,(RY) S

when d = 1 this completes the proof of the lemma.
Suppose now that d > 2. Define now the functions

Gj(a1,2') = gj(z1)x(@'), j=>1,

where y € C°(0,1)%! has [ x = 1. Then, G; € F, and [; G = 1. On the
other hand )
sl _q_
1G5 way S Nlgjllps, @) S 2776712
So (102) can only hold if s > 1/p — 1. In the case s = 1/p — 1, consider the
function G = Z;V:1 G € F>. Then we have

JE=N and 16l s S lolleg, @ S N

Thus, (102) can only hold if 0 < p < 1. This does not give a new region if
d>2. O

8.6. Extension of 11 as a bounded functional in F; . The next result is a
converse of Lemma 8.7, which in addition gives a continuous extension of
the functional 1; to the whole space F .

Lemma 8.8. Let (s,p,q) be numbers satisfying (a) or (b) in Lemma 8.7,
and let I € In. Then, for each f € F, , the series

(104) 1(f) = ZO /1 L f



HAAR SYSTEM IN TRIEBEL-LIZORKIN SPACES: ENDPOINT RESULTS 31

is absolutely convergent, and there exists a constant Cny = Cn(s,p,q) > 0
such that

15(H)] < COx Ifllis,, for all f € F
Moreover,

(1) (104) does not depend on the specific decomposition I =22, L;jA;,
(2) If f € sz’q(Rd) is locally integrable with polynomial growth then

:/If(x)dx

(3) For every ¢ € C° such that ( = 1 in a neighborhood of I, it holds
(105) 17(¢ f) = 11(f), for all f € Fy

Proof. Since Fj, — F; ., it suffices to prove the result for ¢ = co. First
notice that

’jz]:%/ILJ'AJf‘ S /[ [N F| < [T £ oo oy

Now, using the Peetre maximal functions,

1/ Nd
MIn fll ooy S (]{ \fm}‘v(UNf)}p> ' < 2 HUNpr,

and letting » = min{p, 1}, the last factor is bounded by

N 1
|1y, < (Z L) S (2 2) g
=0
So, we are left with proving that
S| [ int| S Ox s
j>N
Since j > N, we can use [4, Lemma 2.3.ii] and inequality (52) to obtain

[rnig] s 290 S Il

JE@j+1(81)
< 2y ][ \zm*Af)
JE€D;41(01)

In the case (b), i.e. s =d/p—dand 0 < p <1, we argue as in (45) and
obtain

** >N

p
S| [rnis] s [ s 2@ S 117
J>N



32 G. GARRIGOS A.SEEGER T. ULLRICH

In the case (a), i.e. s > max{g —d, % — 1}, one can prove in a similar
fashion the stronger estimate

S| [ranis] 5 et 1l
j>N I

with 7 = min{p, 1}.

It is immediate to verify that (104) does not depend on the specific reso-
lution of the identity I = >222, L;A;. The assertion (2) in the statement is
a consequence of the convergence of the approximate identity II,,f — f in
L}OC(Rd) when f is locally integrable with polynomial growth.

We finally verify the third assertion. Let IT,, = > "_ LjA;j and x = 1.
Then,

[15(0) = 13| = Jim | [ 1,00
n—oo T
Using distribution theory we can write

J @ e = [ (uf e =) do = (£ ol = i)

The result follows after checking that for
D= x) [ Mala =)o
we have lim,, oo @, = 0 in the topology of the Schwartz class. O

Let h € 5¢;. The previous result can be applied to define A* as a contin-
uous linear functional in F . Namely,

x)LiA;f(z)dz, for f e F]

Then, Lemmas 8.7 and 8.8 1mply the following.

Corollary 8.9. The Haar functions, regarded as linear functionals, can be
continuously extended from S into Fj , if and only if the indices (s,p,q)
satisfy (a) or (b) in Lemma 8.7.

9. FAILURE OF DENSITY FOR s =1

Proposition 9.1. There exists a Schwartz function f supported in (1—16, %)d
such that, for all 0 <p <1 and 0 < q < 00,

(106) liminf [Exf — flry, > 0.

Moreover, if d/(d+ 1) <p <1 and 0 < q¢ < 2 then the span of 7y is not a
dense set in Fp{q(Rd).
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Proof. The proof of (106) uses the same function f as in [5, Proposition
8.3]. Namely, pick n € C>°(RY) such that suppn C (%, %)d and n(z) =1
on (1/8,7/8)% Then consider f(z) = z1n(z). In [5, Proposition 8.3] it was

shown that this function satisfies
(107) liminf |[Exf — f|lg: _ > 0.
N—so0 pyo0
Therefore, (106) follows from here and the embeddings
1 1 1
Foq = Fpoo = Bp oo

We next show that (106) implies the failure of the density of span .77 in Fp{q7
forall 0 < ¢ <2and d/(d+1) <p < 1. Indeed, assume for contradiction
that such density holds, and given f € S as in (106) and ¢ > 0, find
g € spanJ#; such that ||f — gHF;q < €. Let Ny be large enough so that
En(g) = g for all N > Ny. Then, the (quasi-)triangle inequality and the

uniform boundedness of Ex in Theorem 1.4 gives
If —Exfllrg, SIf—9lr, + Eng —Enfllr, Se N = No,
which contradicts (106). O

Remark 9.2. It would be interesting to settle the question whether span .77
is dense in the spaces Fy) ., when d/(d+1) <p <1 and 2 < ¢ < co. As the
operators [E are not uniformly bounded in this range our current argument
is not sufficient to give an answer (cf. also [5, §8.1] for a similar discussion

about the Besov space analogue of this question).

10. LOCALIZATION AND PARTIAL SUMS OF ADMISSIBLE ENUMERATIONS

Let U = {un}2, be a strongly admissible enumeration of .7, as in
Definition 1.2 above. Explicit examples of such enumerations are not hard
to construct; see e.g. [5, §11].

Here we quote a localization lemma for such enumerations, which relates
the partial operators S% and the dyadic averages Exy and Tn[-,a]. We let
¢ € O be supported in a 1072 neighborhood of [0,1)? and so that

(108) d s(-v) =1,

vezd
and denote ¢, = ¢(- — v), v € Z%. The following identity has been proved in
[5, Lemma 9.1].

Lemma 10.1. Let U be a strongly admissible enumeration of ;. Then,
for every R € N and v € Z% there is an integer N, = N,(R) > —1 and
{0,1}-sequences a", 0 < k < b, such that for all g € Li (R?) we have

b
(109) SElge] = En,[g5] + D T, +lgs, a™].

rk=0
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We next recall a localization property of the FJ -quasinorms; see (14,
2.4.7] (and [16, 2.4.2] for p = c0).

Lemma 10.2. Let 0 < p,q < oo and s € R. Then it holds
p \/P
(110) H > g ~ ( > s gl ) :
Fs P,9q
vezd P

vezd

We are now ready to prove the uniform boundedness of the operators
S%. We assume that (s,p,q) € 2, as defined in Definition 8.1, so that
these operators can be continuously extended to the whole space F; .. More
precisely, if p, ¢ < oo, condition (1) holds and Sg is well-defined as in section
1 (that is, extended from S to F), , by density). In order to include as well the
cases p = 00 or ¢ = 00, one first considers extensions of the dual functionals
uy, to the full space F  as follows

[o¢]
W) )= 320 [0 L. for < By
j=1
see the details in §8.6. In this way, the identity in (109) remains valid for
all g € F .
Proposition 10.3. Let (s,p,q) € A. Suppose that

112 sup ||En||lps —ps 4+ sup sup |[In|,alllps ps < o0.
(112) NZOII 155~ Fs, NZOHQHMIII [ alllgs ,— s,

Then, for every strongly admissible enumeration U it holds
u
JS%I; HSR HF;,qﬂFg,q < oo.

Proof. Consider Sp = S% as a continuous operator in F; . (as described in
§8.6). Then, the support properties of the extension, see (105), imply that

6 Sr(fs,) =0, whenever |v— 1|y > 3.

Then, using (108) and (110),
F, (Z H§V’SR(Z§Vf)|
SONDY

Vv v—r]ee<2

S (S lsataly, )"

1571

1
p ) P
I

CI//SR(ng)

P )l/p
o
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using in the last step that ¢,/ is a uniform multiplier in F; ; see [14, 4.2.2].
Then Lemma 10.1 and (112) give
)1/10

| (Z |EnN, (fs)
< (S lrsle, )™ = 171, D

Remark 10.4. The equivalence in (110) is also true with ¢ replaced by L 134
when

I, +||ZTN elfs a1

max{g—l,l—l} <5< 1,
p p p
as in that case characteristic functions of cubes are multipliers in F; .. In
particular, for those indices the assertion in Proposition 10.3 holds as well
with the weaker notion of admissible enumeration; see [4, §3]. This is in

particular the case when s =1 and d/(d+1) <p < 1.

Finally, we conclude with the following observation, which we shall use
to transfer negative results between the operators Eyx and Sg. The explicit
construction is given in [5, §11].

Lemma 10.5. There exists a strongly admissible enumeration U with the
following property: for every m > 0 there exists an integer R(m) > 1 such
that

(113) Sl = Bnf, [ eCE((=5,5)7).

11. THE SCHAUDER BASIS PROPERTY: PROOF OF THEOREM 1.3

11.1. Necessary conditions. Suppose that every strongly admissible enumer-
ation U of 3 is a Schauder basis of F}) ;. This implies that span #Z; must
be dense (hence p, ¢ < o), and

(114) Cy = sup HS%‘
R>1

< 00.
F g2 Fp

Moreover, if we select U as in Lemma 10.5, then we must have

sup OpS(Em,FIf’q) < Cy < o0.
m>0

In view of Proposition 9.1 and Corollary 8.3 this is only possible if (i), (ii)
or (iii) in Theorem 1.3 hold.

11.2. Sufficient conditions. Under the assumptions in (i), (ii), and (iii) of
Theorem 1.3, the operators Ey and Ti[-, a] are uniformly bounded in Fy ,
by Theorem (1.4). So we can use Proposition 10.3 and conclude that (114)
must hold. The density of span ¢} is also true in this range, so we conclude
that U is a Schauder basis of F} .
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11.3. Consequences for the basic sequence property. Theorem 1.4 addition-
ally implies convergence of basic sequences in the cases when span /¢ is not
dense. Namely, when p = oo or ¢ = oo, let f, , denote the closure of the S
in FJ . When s < 1/p the subset span .7 is dense in fp.q» S0 we deduce the
following.

Corollary 11.1. Let (s,p,q) be as in (i), (iii) or (iv) in Theorem 1.4. Then,
every admissible enumeration U is a Schauder basis of f, ,. That is,

f= Zu;;(f)un, forall fef,,
n=1

with convergence in the norm of F7 .

Remark 11.2. Observe that we have excluded the cases (ii) and (v) in The-
orem 1.4. In these cases we can only say that U is a Schauder basis of the
subspace
span %F’; .
A precise description of this subspace in those cases, however, is not clear.
In the range (ii), ie s = 1 (and ¢ < 2) this subspace cannot contain the
Schwartz class S, as shown by Proposition 9.1. On the other hand, in the
case (v), i.e. s =0 and p = oo, this subspace strictly contains fgo,q. Indeed,
first of all one has
20700 Nspan .77 = {0};

see [5, Proposition 5.1]. Next, for all ¢ < oo, the inclusion
P— ()
C=(R?) C span 7 =

follows, when d = 1, from the elementary embedding Bl,/o/%(R) — Fgqu(R)

and the corresponding result for B;,/OZ(R) in [5, Proposition 8.6]. When
d > 2, one can approximate each f € C®°(R?) by a linear combination
of functions g'(z1)---g%(z4) with g* € C°(R), and then use the previous
result.

12. THE UNCONDITIONAL BASIS PROPERTY: PROOF OF THEOREM 1.1

The fact that /7 is an unconditional basis of Fyj  when (6) and (7) hold
was shown by Triebel in [15, Theorem 2.21]. We now indicate references for
the negative end-point results, corresponding to the dotted or dashed lines
around the green region in Figure 4.

The trivial cases correspond to the lines p = oo, s = 1/p, and to the
line s = 1/p — 1 with p > 1. In all of them not even the Schauder basis
property may hold. Namely, if p = oo then F5, , is not separable, and hence
span 77 is not dense (see however Remark 12.1 below for the validity of
unconditionality in the subspace f(fo’q). The other two cases are excluded
because (s, p,q) ¢ 2, and hence (1) fails.
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FIGURE 4. Parameter domain for unconditionality in the
cases ¢ > 1, ¢g=1and d/(d+ 1) < g < 1, respectively.

Concerning the horizontal line s = 1, this is a borderline of the uncon-
ditionality region when d/(d + 1) < p,q < 1. This case is excluded by
Proposition 9.1, since span #; is not dense in F[}’q, so the Schauder basis
property cannot hold here.

At the line s = d—d/p, for d/(d+1) < p < 1, we have a positive Schauder
basis result for strongly admissible ¢, by Theorem 1.3. So we must prove
that such a basis cannot be unconditional in F)J . This was already shown
in [5, Theorem 13.1], based on an explicit example which works well in both
the Besov and the Triebel-Lizorkin setting.

Finally, we consider the horizontal lines of the green region which lie inside
the open pentagon B. In [10], the failure of unconditionality in these lines
was shown in the case ¢ > 1 and d = 1, indeed for all exponents p > d/(d+1)
(by [10, Remark 7.1]). Here we show how to modify the arguments in that
paper to cover as well the cases ¢ < 1, and extend the construction to all
d>1.
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We recall some notation from [10]. To each finite set E C 3 we associate
the projection operator

Py(f) = _(f,h*)h,
heFE

where h* = 2%} is the dual functional of a Haar function h € 4 of fre-
quency 2F. We also write HF(E) for the set of all Haar frequencies 2* of
elements h € E.

We first remark that the results in [10, §6] remain valid when ¢ < 1.
Namely, for each N > 2, an explicit construction is given of a function

f=fnveFM R) and aset E = Ey C J4 with #HF(E) < N4V such
that!

1/ 1+
(115)  [fwll e gy SNV and [ Py ()l pager gy = N0,

if 0 < ¢ < p < oo. In particular, for d =1,

Q|

HPEN ”ng/qqflﬁF;’/qq*l Z Na
and hence .74 is not unconditional at the lower segment of the green region
in Figure 4.

When d > 2, the above example can be adapted in two different ways. If
1 < g < oo, one considers the tensorized functions

Fy(z1,2") == fa(z1) @ x(2),
where fy is as in (115) and x € C°((—1,2)9"!) with x = 1 in [0,1]¢"!, and
defines the sets
En = {h® 1[0’114—1 : he EN}

Then, a standard computation (as in §7.2.2 above) gives

HFNHFZ}/q‘Vl(Rd) < Nl/q and ||P5N(FN) z N1+1/q‘

|2/ ey

When ¢ < 1, one considers instead the natural generalization to R% of
the construction in [10, §6], namely using the test function H;-i:l n(z;), in
place of the one dimensional function n in [10, (46)]. More precisely, if
1<k< 4Nd, b, = kNN and 1 < o < N, one defines the functions

d
yn,a(xh o 737d) — Z 2fo'd H 7](2bﬁ+N70(377,’ . 2N+27b,gyi))

(V1 5eens ud)EZd =1
Ogui<2bn—N—2

and, for ¢ € [0, 1],

4Nd

N
_ a_
ftZE Tli(t)2 (anrN)(q 9 5 y/@,aa
k=1 o=1

1n the notation of [10, §6], one should consider sets A of consecutive Haar frequencies,
so that the associated “density” number in [10, (43)] takes the value Z = N.
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where 71 (t) is a Rademacher function. Then, arguing as in [10, Lemma 6.2]
and [10, Proposition 6.3], if 0 < ¢ < p one verifies that

Hft”pﬁ){]qfd(ﬂgd) g Nl/qv

and that for some to and some E C #; with HF(E) C {2¥} <pc yyan

”PE(ft0)|’FI§{{1q7d(Rd) Z N1+%.

This completes the proof of Theorem 1.1. 0

Remark 12.1. If p = oo one can ask whether the Schauder basis property
in the subspace f5, ,, for =1 < s < 0, can be upgraded to unconditional
basis. This is certainly true when 1/¢ — 1 < s < 0, by the uniform bound-
edness of the projection operators Pg (which follows by duality from the
corresponding result for F7 ;,), and by the density of span.’g in f5, .

We now show that at the endpoint s = 1/¢ — 1 unconditionality must
fail. If not, the operators Pg would be uniformly bounded in fo_o% © for all
finite F C . Fix py € (q,00), and for each N > 1, pick a set A = Ay C

{2"},,>0 of cardinality 2V and such that log, A is N-separated. Then, by
[10, Theorem 1.4], for every E C s with #HF (E) C A it holds

(116) 1Pell S NV
P09

By interpolation one then has, for § € (0, 1),

HPEHF;)%?; S HPEHZ&)#/ S N7
But this contradicts the lower bound N/¢ (for the supremum of all such
sets E) asserted in [10, Theorem 1.4.ii]. Similar arguments also disprove the
unconditionality for s below the critical 1/q — 1.
Finally consider the space fgo’q for 1 < ¢ < oo, on which unconditionality
fails (since otherwise it would hold on its dual F R o+ See [8, §2.1.5], on which
unconditionality fails by [5, Prop. 13.3]).

Remark 12.2. We now consider the spaces f, ., when 1 < p < oco. The
Schauder basis property holds for 1/p—1 < s < 1/p while the unconditional
basis property holds only for 1/p — 1 < s < 0, already by the estimates in
[15]. The unconditional basis property does not hold on f[?,oo since by duality
([8, §2.1.5]) it would imply it on F;?/,l where it fails by [10]. Finally when
p=q=o0 then F, = B3, ,, hence f3 ., =05 -, and the unconditional

basis property holds for —1 < s < 0 (for the dual statement see [5]).

Remark 12.3. It would be interesting to investigate the question of uncon-
ditionality of the Haar system as a basic sequence in B}W and Fp{q when
d/(d+1)<p<1.
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13. APPENDIX

We give a detailed proof of the pointwise estimate asserted in (36) above.
Lemma 13.1. Let f € 8’ and k > N, then
(117) |LelIn f ()| S 27 R 27 =M onse (VT f) ().

Proof. Let g = IIy f. Since [ 3 =0 we can write

Lig(e / B (y) (9(z—y)—g(x)) dy = / Br(v) /0 (—yl(Vg)(@—sy)) ds dy.

Using the R%-valued function 8(x) = —y8(y), and the fact that g = g+ ®y
(with @ as in (32)), the above expression takes the form

1
Lig(e) = 27 / /O B ()| (Vo) (& — sy)) ds dy

(118) = 2 [ a2l Vot - 2)) dz,
where

Y, N (2) / /5k ) @N(z — sy) dy ds.
We now claim that, for each L € N,
2Nd
119 < g~=N)M__CLZ
( ) |7k7N(Z)| = <1+2N’z’)L

To prove so, notice that B has vanishig moments up to order M — 1, and
hence, for each s € [0, 1],

M-1

[t exe-spdy= [ ) [ox-s- Y S @) ay
m=0

- [5w]| /D Oy [9)M (@) — toy) dt] .

Since ®n(2) = 2V9®(2V2) and ® is a Schwartz function, the modulus of
the expression in brackets is bounded by
N, M oNd N L 2(N-K)M gNd
Cr127y|™ 27 sup (1 +2Vz—tsy]) " < CL ——v—7
t€[0,1] (1 +2N|z|)F
using in the last step that y € supp B C B,y x(0), with £ > N. Inserting
these bounds in the integral defining i v (2) one easily obtains (119).

Finally, from (118) and (119) (with L = A+ d + 1), one concludes that

2V Vg (z — 2)|
k o—(k—N)M
Liga)| S 2o / e -

~
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