Math. Nachr. xxx (2001), 0 – 0

Wavelet decompositions of anisotropic Besov spaces

By Gustavo Garrigós of Madrid, Anita Tabacco of Turin

(Received ???; revised version ???; accepted ???)

Abstract. In this paper we develop the natural multiresolution analysis framework related to anisotropic Besov spaces B^α_{p,q}(R^n ). We prove two new Jackson and Bernstein type inequalities for these spaces, and obtain from well-known techniques [12, 7] new norm equivalences in terms of weighted sums of the wavelet coefficients. This provides a characterization for B^α_{p,q} (R^n ) (and for its dual) by means of compactly supported wavelets, which may be applied to the numerical resolution of semi-elliptic differential equations.

1. Introduction

Wavelet bases are increasingly used in the numerical resolution of elliptic PDE’s. Their key role is the characterization of Sobolev and Besov norms by means of weighted sums of the basis coefficients. It is known that such characterizations provide optimal preconditioning of the Galerkin systems and fast numerical methods for the approximate solutions (see, e.g., [24, 3, 9]). In the case of semielliptic differential operators, their symbols have different degrees of smoothness in each direction, and their study requires the use of anisotropic Sobolev and Besov spaces (see [23, 37, 22]). In order to improve the numerical methods involving such operators, one is naturally led to develop the wavelet theory related to the anisotropic spaces B^α_{p,q}(R^n ).

Since the work of Triebel, the spaces B^α_{p,q}(R^n ) are known to have Littlewood-Paley characterizations and Schauder bases [35, 28]. Other type of wavelet-like or atomic decompositions of theoretical interest have been found more recently (see [4, 26, 21, 18, 17]). The goal of this paper is to provide a new characterization of B^α_{p,q} (R^n ) using the general framework of multiresolution analyses and compactly supported wavelets that will make it more suitable for future applications.

1991 Mathematics Subject Classification. Primary: 42C15 Keywords and phrases. Anisotropic Besov and Sobolev spaces, wavelets, multilevel decompositions.

© WILEY-VCH Verlag Berlin GmbH, 13086 Berlin, 2001 0025-584X/01/xxx00-0000 $ 17.50+.50/0

2 Math. Nachr. xxx (2001)

This will require a review of the machinery of biorthogonal multiresolution analyses in L^p(R^n ) which involves some delicate points. For instance, the existence of compactly supported wavelets in higher dimensions is not yet completely understood, being avoided by most authors with tensor products of 1-dimensional wavelets. Our results are presented in such generality that hold for any compactly supported couple of biorthogonal wavelets with minimal smoothness. We also present the most relevant properties of MRA’s in a general setting that we could not find in the current literature, and we think has interest in its own.

Postponing precise definitions to subsequent sections, the main result in this paper can be stated as follows. From now on, a = (a_1, . . . , a_n) will be a fixed anisotropy in R^n_+ , with “harmonic mean” 1: 1 a_1 + . . . + 1 a_n = n. (1.1)

A matrix M compatible with a will be of the form M = diag (λ^{1a1} , . . . , λ^{1an} ), for some λ > 1. We also denote m = | det M| = λ^n.

Theorem 1.1. Let 1 ≤ p, q < ∞ and a be as above. Let M be a dilation matrix compatible with a, and let {φ_γ , ψ_{ℓ;j,γ} }_{ℓ,j,γ} , { ~φ_γ , ~ψ_{ℓ;j,γ} }_{ℓ,j,γ} be a pair of biorthogonal admissible M-wavelet bases. Suppose that φ, ~φ ∈ B^{α0a}_{p,q} (R^n ) ∩ H^{La}(R^n ), for some integer L >^n_2 , and α_0 > 0. Then, for all 0 < α < α^∗ := min{α_0,^L_{a1} , . . . ,^L_{an} }, a function f ∈ L^p(R^n ) belongs to B^{αa}_{p,q} (R^n ) if and only if ∑ γ∈Z^n |⟨f, φ_γ ⟩|^p 1 p + ∞∑ j=0 | det M|^{αj}n (^{m−1}∑ ℓ=1 ∑ γ∈Z^n |⟨f, ψ_{ℓ;j,γ} ⟩|^p ) 1_p q 1 q < ∞. (1.2)

In this case, one can write f = ∑ γ∈Z^n ⟨f, φ_γ ⟩ ~φ_γ + ∞∑ j=0 m−1∑ ℓ=1 ∑ γ∈Z^n ⟨f, ψ_{ℓ;j,γ} ⟩ ~ψ_{ℓ;j,γ} , (1.3)

and the norm ‖f‖_Bαa_{p,q(R}n_) is equivalent to the expression in (1.2).

The techniques we use to prove our result are perhaps known, and amount to the fundamental work of DeVore-Popov [16] (see also [13, 7]). There, it was given an algorithm to characterize the norm of a real interpolation space Z_{θ,q} = (V, Z)_{θ,q} when, say Z ⊂ V and {V_j }_{j∈J} is a multilevel decomposition of V . This relies essentially on two inequalities of Bernstein and Jackson type: for some ρ > 1 there must hold |v|_Z ≤ Cρ^j ‖v‖_V , ∀v ∈ V_j , and ‖v − P_j v‖_V ≤ Cρ^{−j} |v|_Z , ∀v ∈ Z . In this paper, we shall prove these inequalities for general anisotropic Besov spaces Z = B^α_{p,q}(R^n ), and with respect to multilevel decompositions arising from compactly supported wavelets. We mention that other types of direct and inverse inequalities related to different approximation spaces do exist in the literature (see Chapter 5 of [30]). However, the ones we give here seem to be new. For technical reasons, we have

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 3

omitted from this paper the study of the cases 0 < p, q < 1. These have been treated by R. Hochmuth ([21, 22]) in a slightly different setting which we knew of after the write up of this manuscript. A joint work in preparation using techniques from both papers will cover this situation as well [19].

Our paper will be structured as follows. In §2 we recall the definitions concerning anisotropic Besov spaces. In §3, we give a complete general presentation of biorthogonal multiresolution analyses in L^p(R^n ) and state their main properties. We shall also discuss here the existence of compactly supported wavelets associated with a dilation matrix M compatible with a. In §4 we prove the inequalities of Bernstein and Jackson for the spaces B^α_{p,q}(R^n ), as well as a Whitney type estimate for the modulus of continuity. Section 5 will be devoted to the proof of Theorem 1.1 and its consequences, as well as to remarks concerning generalizations or hints to apply our results to the numerical study of PDE’s. Finally, the appendix contains some technical results whose proofs have been postponed for the reader’s convenience.

2. Anisotropic Besov spaces

We recall the definition and main properties of anisotropic Besov (and Sobolev) spaces in R^n . Whenever f is a function in R^n , we denote by Δ^k_hf the difference of order k ≥ 1 and step h ∈ R^n , defined as

Δ_hf(x) = f(x + h) − f(x) and (Δ^k_hf)(x) = Δ_h(Δ^{k−1}_h f)(x), x ∈ R^n .

When k = (k_1, . . . , k_n) is a multi-index with k_i ≥ 0 we define the iterated difference of order k by Δ^k_hf(x) = (Δ^{k1}_{h1 e1} ∘ . . . ∘ Δ^{kn}_{hnen} )f(x), where {e_1, . . . , e_n} denotes the canonical basis of R^n . If α = (α_1, . . . , α_n) > 0 (that is, each α_i > 0) and 1 ≤ p, q < ∞, we say that f ∈ L^p(R^n ) belongs to the anisotropic Besov space B^α_{p,q} (R^n ) if the semi-norm |f|_Bα_{p,q (R}n_) = n∑ i=1 [ ∫ ∞ 0 ( t^{−αi} ‖Δ^{ki}_{tei} f‖_p )_q dt t ]_{1/q} , (2.1)

is finite (here k_1, . . . , k_n are integers such that k_i > α_i, i = 1, . . . , n). The norms ‖f‖_p + |f|_Bα_{p,q (R}n_) are known to be equivalent in the space B^α_{p,q}(R^n ) for any choice of k_i > α_i, and will be denoted by ‖f‖_Bα_{p,q (R}n_). In fact, if we define the anisotropic pseudometric |x|_α = (^n∑ i=1 |x_i|^{αi} )_{1/α} , (2.2)

where α is the “mean smoothness” n α = 1 α_1 + · · · + 1 α_n , (2.3)

4 Math. Nachr. xxx (2001)

then we have the additional equivalence |f|_Bα_{p,q (R}n_) ≈ ∑ k∈I_α [ ∫ (0,∞)^n ( |h|^{−α}_α ‖Δ^k_hf‖_p )_q dh |h|^n_α ]_{1/q} . (2.4)

In the above sum I_α can be any finite set of multi-indices k = (k_1, . . . , k_n) with the property^{k1}_{α1} + · · · +^{kn}_{αn} > 1, and so that I_α at least contains one coordinate element (0, . . . , k_i, . . . , 0) for each i ∈ {1, . . . , n}. These and other equivalent norms, as well as further properties of these spaces have been studied by Schmeisser and Triebel in [34, 33] and in §2.2.2 of [35].

As a special case, when p = q = 2, then B^α_{2,2}(R^n ) coincides with the anisotropic Bessel-potential space H^α(R^n ) of functions f ∈ L^2(R^n ) such that

‖f‖_Hα_{(R}n_) = n∑ i=1 ‖(1 + |ξ_i|^2)^{αi/2}f̂(ξ)‖_L2_{(R}n_) ≈ ‖(1 + |ξ|^2_α)^{α/2}f̂(ξ)‖_L2_{(R}n_) < ∞

(see §4.2 in [35]). Furthermore, when α = ℓ = (ℓ_1, . . . , ℓ_n) is an integer-valued multiindex, one obtains the usual anisotropic Sobolev spaces

B^ℓ_{2,2}(R^n ) = H^ℓ(R^n ) = W^ℓ_2 (R^n ) = { f ∈ L^2(R^n ) : n∑ i=1 ‖ ‖ ‖ ∂^{ℓi} f ∂x^{ℓi}_i ‖ ‖ ‖_2 < ∞ } . Finally, the isotropic Besov spaces B^α_{p,q} (R^n ) are nothing but B^α_{p,q} (R^n ) when α = (α, . . . , α). The following real interpolation result of anisotropic Besov spaces will be crucial in the sequel: for all 0 < θ < 1 ( L^p(R^n ), B^α_{p,q} (R^n ) ) θ,q = B^{θα}_{p,q} (R^n ) . (2.5)

For a proof see, e.g., Theorem 3 in [34].

3.Biorthogonal scaling functions and MRA’s in L^p(R^n )

In this section we introduce the notation and main properties of multiresolution analyses in L^p(R^n ). Although most of the results are known in the wavelet folklore, we could not find a reference where these are presented all together in such generality. In what follows, the word “admissible” will mean in the sense it is defined in the next paragraph.

3.1. Admissible M-scaling functions

Let M be a dilation matrix in M_n(Z). That is, M has integer entries and all its eigenvalues lie outside the closed unit disk. We denote m := | det(M)|.

Let φ belong to H^s(R^n ) for some s >^n_2 (and hence φ ∈ C(R^n ) ∩ L^p(R^n ) for all 1 ≤ p ≤ ∞). Then, φ is said to be an admissible M-scaling function if

(i) φ is compactly supported and ∫ R^n φ(x) dx = 1;

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 5

(ii) there exists a (finite) sequence of complex numbers (h_k)_{k∈Z}n such that φ(x) = | | det M | |^{1/2} ∑ k∈Z^n h_kφ(Mx − k) , x ∈ R^n ;

(iii) {φ(· − k)}_{k∈Z}n is a Riesz basis for the space it spans; i.e., for some C > 0 1 C ∑ k∈Z^n |a_k|^2 ≤ ‖ ∑ k∈Z^n a_kφ(· − k)‖^2_L2_{(R}n_) ≤ C ∑ k∈Z^n |a_k|^2 . We will often resume the above equivalence in the form ( ∑ k∈Z^n |a_k|^2 )_{1/2} ≈ ‖ ∑ k∈Z^n a_kφ(· − k)‖_L2_{(R}n_) .

Further, two such functions φ, ~φ are said to be an admissible pair of biorthogonal M-scaling functions if, in addition to (i)-(iii), the systems {φ(· − k)}_{k∈Z}n and { ~φ(· − k)}_{k∈Z}n are biorthogonal, i.e., ∫ R^n φ(x) ~φ(x − k) dx = δ_{0k} , ∀k ∈ Z^n . (3.1)

The existence of compactly supported scaling functions in R^n for an arbitrary dilation matrix M is a delicate matter subject of current research. For the moment, only some concrete examples when M has a relatively simple form are known (see e.g., [2, 32, 20]). In this paper we shall only be interested in diagonal matrices M = diag (m_1, . . . , m_n), for suitable integers m_i ≥ 2. Then, admissible M-scaling functions can be easily constructed from the 1-dimensional situation by just considering appropriate tensor products. Indeed, for each m_i, i = 1, . . . , n, there exist admissible biorthogonal m_i-scaling functions φ_i, ~φ_i ∈ H^s(R) for real numbers s as large as desired. These constructions for m_i = 2 are well known (see [10, 27]). The general case m_i ≥ 2 can be found in [36]. Then we may define

φ(x) = φ_1(x_1) · · · φ_n(x_n) and ~φ(x) = ~φ_1(x_1) · · · ~φ_n(x_n) ,

(3.2)

which trivially satisfy conditions (i)-(iii), (3.1) above and, in addition, φ, ~φ ∈ H^s(R^n ). For the results we wish to present in this paper, any couple constructed as above will suffice. However, our results hold for more general scaling functions that fit into the definition of admissibility. The requirement will be that they satisfy the following additional properties (for a fixed integer L >^n_2 to be determined later on):

(iv) The span {φ(·−k)}_{k∈Z}n contains locally the polynomials Π_{L−1} of degree ≤ L−1:

Π_{L−1} = span {x^ℓ = x^{ℓ1}_1 · · · x^{ℓn}_n : |ℓ| = ℓ_1 + . . . + ℓ_n ≤ L − 1}.

(v) If 1 ≤ p < ∞, the sequence of spaces

V^{(p)}_j = span_Lp_{(R}n_){φ^{(p)}_{j,k} := |detM|^{j/p}φ(M^j · −k) : k ∈ Z^n} , j ∈ Z ,

constitutes a multiresolution analysis (MRA) of L^p(R^n ). That is,

6 Math. Nachr. xxx (2001)

(1) V^{(p)}_j ⊂ V^{(p)}_{j+1}, j ∈ Z; (2) f(x) ∈ V^{(p)}_j ⇐⇒ f(Mx) ∈ V^{(p)}_{j+1}, j ∈ Z; (3) ∪_{j∈Z}V^{(p)}_j is dense in L^p(R^n ) and ∩_{j∈Z}V^{(p)}_j = {0};

(4) {φ(· − k)}_{k∈Z}n is a uniformly p-stable basis of V^{(p)}_0 , in the sense that

V^{(p)}_0 = { ∑ k α_kφ(· − k) : (α_k) ∈ ℓ^p(Z^n) }

and ‖ ∑ k α_kφ(· − k)‖_Lp_{(R}n_) ≈ ( ∑ k |α_k|^p )_{1/p} .

(vi) The same properties as in (v) hold for p = ∞, where now L^p(R^n ) is replaced by C_0(R^n ) = {f ∈ C(R^n ) | lim_{|x|→∞} f(x) = 0}, and ℓ^p(Z^n) by the corresponding sequence space c_0(Z^n) = {(a_k)_k ∈ ℓ^∞(Z^n) | lim_{|k|→∞} a_k = 0}.

These properties are well-known in the general MRA theory (see Chapter 2 of [29]), and turn out to follow from the admissibilty and sufficient smoothness of the scaling functions φ and ~φ. In fact, a standard argument shows that (v) and (vi) follow from the only assumptions φ, ~φ ∈ L^∞_c (R^n ), as we illustrate in the appendix. In what concerns to (iv), the extension to higher dimensions requires some extra care. The next result is all we shall need, and it follows immediately from Theorem 2.1 and Proposition 2.1 in [11].

Proposition 3.1. : see [11].

Let L >^n_2 and M = diag (λ^{1a}1 , . . . , λ^{1a}n ), for some λ > 1. Let φ be an admissible compactly supported M-scaling function belonging to H^{La}(R^n ). Then, property (iv) holds.

3.2. The multilevel decomposition and wavelets

We now recall how wavelet bases can be obtained from biorthogonal multiresolution analyses in L^p(R^n ), 1 ≤ p < ∞. The general idea is well known and does not differ much from the 1-dimensional situation (see, e.g., Chapter 3 in [8]). We state it here for notational purposes, leaving the proofs, more or less routinary, to the reader. We point out, however, that deeper results are used when we quote the general existence of compactly supported biorthogonal wavelets. In what follows^1_p +^1_{p′} = 1, so that p^′ may take the value ∞.

Given a pair of biorthogonal MRA’s {V^{(p)}_j } and { ~V^{(p′)}_j }, as in the previous section, one may define the projectors P_j = P^{(p)}_j : L^p(R^n ) → V^{(p)}_j by

P_j f := ∑ k∈Z^n ⟨f, ~φ^{(p′ )}_{j,k} ⟩ φ^{(p)}_{j,k} , f ∈ L^p(R^n ) .

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 7

Note that P_j = T^j P_0T^{−j} , where T f(x) = |det M|^{1/p}f(Mx). In particular, we have the equality of the operator norms ‖P_j ‖ = ‖P_0‖, j ∈ Z. From this, and properties (1)-(4) above, it is not difficult to establish the following for all f ∈ L^p(R^n ):

(5) ∃ C > 0 such that ‖P_j f − f‖_p ≤ C inf_{g∈V (p)} j ‖g − f‖_p; (6) ‖P_j f − f‖_p → 0, as j → +∞;

(7) when 1 < p < ∞, then ‖P_j f‖_p → 0, as j → −∞.

We can also define the “detail spaces”

W^{(p)}_j := { f ∈ V^{(p)}_{j+1} : ⟨f, ~f⟩ = 0, ∀ ~f ∈ ~V^{(p′ )}_j }

and the corresponding projectors Q_j = Q^{(p)}_j := P_{j+1} − P_j , j ∈ Z. Then one has

L^p(R^n ) = V^{(p)}_0 ⊕ (^∞⨁ j=0 W^{(p)}_j ) ,

which equals ⊕_{j∈Z}W^{(p)}_j when p > 1. That is, every f ∈ L^p(R^n ) can be written as

f = P_0f + ∞∑ j=0 Q_j f ( = ∑ j∈Z Q_j f) in L^p(R^n ) .

(3.3)

This equality is often called a multilevel decomposition of the function f ∈ L^p(R^n ) with respect to {V^{(p)}_j }_j . It is precisely the decomposition underlying equality (1.3) in Theorem 1.1.

Using more sophisticated machinery one can show the existence of compactly supported functions ψ_1, . . . , ψ_{m−1}, ~ψ_1, . . . , ~ψ_{m−1} ∈ H^s(R^n ) such that, for each j ∈ Z, the families {ψ^{(2)}_{a;j,k}} and { ~ψ^{(2)}_{a;j,k}}, k ∈ Z^n, a = 1, . . . , m − 1, form a pair of biorthogonal Riesz bases of W^{(2)}_j and ~W^{(2)}_j . This is shown, for instance, in Theorem 4 of Chapter 7 of [25], but the proof is by no means simple. In fact, the topological impediments that appear when 2 < | det M| ≤^{n+1}_2 can only be overcome in the compactly supported situation with deep algebraic geometry results. Still, these do not guarantee, for instance, that ψ_a = ~ψ_a whenever φ = ~φ, which forces us to work with biorthogonal bases, rather than orthonormal ones. Once this existence is established, standard arguments of the type we present in the appendix tell us that the systems {ψ^{(p)}_{a;j,k}}_{a,k} and { ~ψ^{(p′)}_{a;j,k}}_{a,k} are uniformly p and p^′-stable bases of W^{(p)}_j and ~W^{(p′ )}_j , respectively. This will let us write the projectors in terms of the basis:

Q_j f = m−1∑ a=1 ∑ k∈Z^n ⟨f, ~ψ^{(p′ )}_{a;j,k}⟩ ψ^{(p)}_{a;j,k}, in L^p(R^n ), (3.4)

and obtain ‖Q_j f‖_p ≈ ( ∑ a,k |⟨f, ~ψ^{(p′)}_{a;j,k}⟩|^p )_{1/p} , ∀f ∈ L^p(R^n ) . (3.5)

8 Math. Nachr. xxx (2001)

Two systems {ψ^{(p)}_{a;j,k}}_{a,j,k} and { ~ψ^{(p′)}_{a;j,k}}_{a,j,k} constructed as above are said to be a pair of (admissible) biorthogonal wavelet bases, and they may be used to obtain decompositions of many classical function spaces, whose norms can be written as weighted sums of the coefficients in (3.5).

As an example, when M = 2I_n (I_n being the identity matrix in R^n ), and the scaling functions are smooth enough, it is a classical result of Y. Meyer (see §6.10 in [29]) that every f ∈ B^α_{p,q} (R^n ) can be written as

f = ∑ k∈Z^n ⟨f, ~φ^{(p′ )}_{0,k} ⟩φ^{(p)}_{0,k} + ∞∑ j=0

2^n−1∑

a=1 ∑ k∈Z^n ⟨f, ~ψ^{(p′ )}_{a;j,k}⟩ψ^{(p)}_{a;j,k}

= ∑ j∈Z

2^n−1∑

a=1 ∑ k∈Z^n ⟨f, ~ψ^{(p′ )}_{a;j,k}⟩ψ^{(p)}_{a;j,k}, (if p > 1),

and there is the equivalence of (semi)-norms: |f|_Bα_{p,q (R}n_) ≈ ( ∑ j∈Z

2^n−1∑

a=1 ( 2^{αj} ( ∑ k∈Z^n |⟨f, ~ψ^{(p′ )}_{a;j,k}⟩|^p)^{1/p} )_q )1/q . (3.6)

A more complete treatment of this topic in isotropic spaces, with minimal assumptions on the wavelets (not necessarily of compact support) and details on the convergence of the series can be found in [5].

3.3. Matrices compatible with a

The existence and properties of multiresolution analyses with dilation matrix M depend very much on the fact that M ∈ M_n(Z). Already in 1-dimension, when m is not an integer there exist no wavelets or scaling functions with compact support [1]. This will be a drawback in our construction since we will be limited to the study of anisotropies a = (a_1, . . . , a_n) for which at least one of the corresponding compatible matrices has integer entries. As we shall see, this happens precisely when ( 1 a_1 , . . . , 1 a_n ) ∈ μ log Z^n_+, for some μ > 0.

(3.7)

Although this seems a restriction in the study of anistropic spaces by means of MRA’s, in practical cases condition (3.7) is always satisfied (e.g., it holds for all a ∈ Q^n_+ ).

We begin by briefly justifying why the matrices M = diag (λ^{1/a1} , . . . , λ^{1/an} ) are the only ones compatible with a = (a_1, . . . , a_n) for the kind of multilevel decomposition we wish to obtain in B^α_{p,q} (R^n ). Here α = αa, for some α > 0. Recall that the projection operators Q_j , from the previous section, can be written as Q_j = T^j Q_0T^{−j}, where T f(x) = | det M|^{1/p}f(Mx). In particular, Q_j T = T Q_{j−1}, j ∈ Z. Now, we search for an equality (or equivalence) of seminorms of the form: |f|_Bα_{p,q (R}n_) = ( ∑ j∈Z ( λ^{αj} ‖Q_j f‖_p )_q )1/q , (3.8)

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 9

for some λ > 1. Thus, |T f|_Bα_{p,q (R}n_) = ( ∑ j∈Z ( λ^{αj} ‖T Q_{j−1}f‖_p )_q)1/q

= λ^α ( ∑ j∈Z ( λ^{α(j−1)}‖Q_{j−1}f‖_p )_q )1/q = λ^α|f|_Bα_{p,q (R}n_) . (3.9)

In other words, the seminorm | · |_Bα_{p,q (R}n_) must satisfy a homogeneity property with respect to M. In terms of the pseudometric defined in (2.2), this is equivalent to have |Mξ|_α = λ|ξ|_α, ∀ξ ∈ R^n . But this forces the matrix to be diagonal M = diag (λ_1, . . . , λ_n) and λ^{α1}_1 = . . . = λ^{αn}_n = λ^α. This establishes our claim in what concerns to matrices compatible with a. Note that, in this case, | det M|^{1/n} = λ.

In the next lemma we characterize the n-tuples a = (a_1, . . . , a_n) > 0 for which integer-valued matrices of the form specified above do exist.

Lemma 3.2. Let a = (a_1, . . . , a_n) > 0. Then, the following conditions are equivalent:

a) There exists a number λ > 1 such that λ^{1/a1} , . . . , λ^{1/an} ∈ Z_+;

b) There exist r_1, . . . , r_n ∈ Z_+ such that^{ai}_{aj} =^{log rj}_{log ri} , ∀i, j = 1, . . . , n;

c) There exists a number μ > 0 such that (^1_{a1} , . . . ,^1_{an} ) ∈ μ log Z^n_+.

Proof. If a) holds, then λ^{1/ai} = r_i ∈ Z_+ and a_i a_j = log λ^{1/aj} log λ^{1/ai} = log r_j log r_i , ∀i, j = 1, . . . , n , establishing b).

Suppose now that b) holds and choose μ =^1_{a1 log r1} . Then, we have 1 a_j = log r_j a_1 log r_1

= μ log r_j , 1 ≤ j ≤ n ,

which clearly implies c).

Finally, if c) is true and r_1, . . . , r_n are positive integers such that^1_{ai} = μ log r_i, then, letting λ = e^{1/μ}, we have

λ^{1/ai} = e^{1/μai} = e^{log ri} = r_i ∈ Z_+ ,

concluding the proof of the lemma.

10 Math. Nachr. xxx (2001)

4. Direct and inverse inequalities in B^α_{p,q}(R^n )

In this section, we fix 1 ≤ p, q < ∞ and α > 0. We let α = (α_1, . . . , α_n) = αa, and consider a dilation matrix M = diag (λ^{1/a1} , . . . , λ^{1/an} ) compatible with a. We take an integer L > max{α_1, . . . , α_n,^n_2 }, and assume φ, ~φ are a pair of admissible biorthogonal M-scaling functions in H^{La}(R^n ), so that conditions (i)-(vi) in the previous section hold. Note that a priori these are only known to exist when a satisfies the conditions in Lemma 3.2, although our results hold in general. We shall, in addition, suppose that φ, ~φ belong to B^α_{p,q} (R^n ), and show the following theorem.

Theorem 4.1. With the above assumptions, there exists a constant C > 0 such that, for all j ∈ Z, we have the following:

a) Bernstein-type inequality |f|_Bα_{p,q (R}n_) ≤ Cλ^{αj} ‖f‖_p , ∀f ∈ V^{(p)}_j ; (4.1)

b) Jackson-type inequality ‖f − P_j f‖_p ≤ Cλ^{−αj} |f|_Bα_{p,q (R}n_) , ∀f ∈ B^α_{p,q} (R^n ) . (4.2)

We prove each of the inequalities separately in the next subsections. Note that, by the homogeneity property of the seminorm | · |_Bα_{p,q (R}n_) stated in (3.9), only the case j = 0 needs to be shown. For simplicity, we will denote φ(· − γ) = φ_γ , γ ∈ Z^n.

4.1. The Bernstein inequality

Let I = [0, 1]^n denote the unit cube in R^n and I_γ = I + γ when γ ∈ Z^n. Let

K_∗ = K_∗(φ) = {k ∈ Z^n : supp φ ∩ [ (L + 1)I + k ] ≠ ∅} . (4.3)

The compact support of φ implies that this set must be finite. Now, let us consider f = ∑ γ∈Z^n aγ φγ ∈ V (p) 0 , so that ‖f‖_p ≈ ( ∑ γ |a_γ |^p )_{1/p} . Then, we use the seminorm of B^α_{p,q}(R^n ) defined by (2.1) in order to show (4.1). We take a vector h ∈ R^n such that |h| ≤ 1. Then, we have

‖Δ^L_h f‖_p = ( ∑ γ ∫ I+γ |Δ^L_h f(x)|^pdx )_{1/p}

≤ C ( ∑ γ ∑ m∈K_∗ |a_{γ+m}|^p ∫ I |Δ^L_h φ_m(x)|^pdx )_{1/p}

≤ C^′ sup_{m∈K∗} ‖Δ^L_h φ_m‖_p ( ∑ γ |a_γ |^p )_{1/p} ≤ C^{′′} ‖Δ^L_h φ‖_p ‖f‖_p . (4.4)

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 11

We now compute the B^α_{p,q} (R^n )-seminorm of f: |f|_Bα_{p,q (R}n_) ≤ n∑ i=1 {[ ∫ 1 0 ( t^{−αi} ‖Δ^L_{tei} f‖_p )_q dt t ]_{1/q} + [ ∫ ∞ 1 ( t^{−αi} ‖Δ^L_{tei} f‖_p )_q dt t ]_{1/q} }

≤ C‖f‖_p n∑ i=1 {[ ∫ 1 0 ( t^{−αi} ‖Δ^L_{tei} φ‖_p )_q dt t ]_{1/q} + [ ∫ ∞ 1 dt t^{1+αi q} ]_{1/q} }

≤ C^′‖f‖_p , where in the second inequality we have used (4.4) and the fact that ‖Δ^L_h f‖_p ≤ C‖f‖_p. The Bernstein-type inequality has then been established.

4.2. The Jackson inequality

The heart of the proof is contained in the following two lemmata. We postpone their proofs to the next subsection.

Lemma 4.2. There exist a constant C > 0 such that for all f ∈ L^p(R^n ) and γ ∈ Z^n, then ‖P_0f‖_Lp_{(Iγ )} ≤ C‖f‖_Lp_{(Jγ )} , where J_γ = ∪_{m∈K#} (I_{γ+m}), and K_# is a finite set in Z^n independent of γ or f.

Roughly speaking this result says that P_0 is a “local” operator; that is, the size of P_0f at a given hypercube is controlled by the values of f in a slightly bigger hypercube.

The second lemma we are about to state, reminds Whitney’s inequality from approximation theory.

Lemma 4.3. Let f ∈ L^p(R^n ) and J = [a_1, b_1] × . . . × [a_n, b_n] be a rectangle in R^n . Then, for every L ≥ 1 there exists a polynomial Q in R^n of degree ≤ L − 1 such that ‖f −Q‖_Lp_{(J)} ≤ C ∑ ℓ_1+...+ℓ_n=L 1 |J| ∫_{b1 −a1} 0 · · · ∫_{bn−an} 0 ‖Δ^{ℓ1}_{h1} ∘. . .∘Δ^{ℓn}_{hn} f‖_{Lp( ~J)}dh_1 . . . dh_n , (4.5) where ~J = J + L · [0, b_1 − a_1] × . . . × [0, b_n − a_n], and C = C(n, p, L) > 0.

Assuming the lemmata, we prove now (4.2) for the case j = 0. Let γ ∈ Z^n be fixed and define J_γ as in Lemma 4.2. Associated with this cube and f ∈ B^α_{p,q} (R^n ), let Q be the polynomial of degree ≤ L − 1 whose existence was guaranteed in Lemma 4.3. Now, using property (iv) from the previous section, we can find a function g ∈ V_0 such that g_{|Jγ} = Q. Then, we have ‖f − P_0f‖_Lp_{(Iγ )} ≤ ‖f − Q‖_Lp_{(Iγ )} + ‖g − P_0f‖_Lp_{(Iγ )} ≤ ‖f − Q‖_Lp_{(Iγ )} + C‖g − f‖_Lp_{(Jγ )} ≤ C‖f − Q‖_Lp_{(Jγ )} , where in the second inequality we have used Lemma 4.2. Let us denote by |ℓ| = ℓ_1 + . . . + ℓ_n, the length of the multi-index ℓ = (ℓ_1, . . . , ℓ_n), and observe that the

12 Math. Nachr. xxx (2001)

measure of J_γ is a constant (say c^n) independent of γ ∈ Z^n. Then, the previous inequality and Lemma 4.3 give us ∑ γ∈Z^n ‖f − P_0f‖^p_{Lp(Iγ )} ≤ C ∑ γ ∑ |ℓ|=L [ 1 c^n ∫ [0,c]^n ‖Δ^ℓ_hf‖_{Lp( ~Jγ )}dh ]_p

≤ C [ 1 c^n ∫ [0,c]^n ( ∑ |ℓ|=L ∑ γ∈Z^n ‖Δ^ℓ_hf‖^p_{Lp( ~Jγ )} )_{1/p} dh ]_p

≤ C^′ [ ∑ |ℓ|=L 1 c^n ∫ [0,c]^n ‖Δ^ℓ_hf‖_Lp_{(R}n_)dh ]_p . Hence ‖f − P_0f‖_Lp_{(R}n_) ≤ C ∑ |ℓ|=L 1 c^n ∫ [0,c]^n ‖Δ^ℓ_hf‖_Lp_{(R}n_)dh

≤ C ∑ |ℓ|=L [ 1 c^n ∫ [0,c]^n ‖Δ^ℓ_hf‖^q_{Lp(Rn)}dh ]_{1/q}

= C ∑ |ℓ|=L [ 1 c^n ∫ [0,c]^n |h|^{n+αq}_α |h|^{n+αq}_α ‖Δ^ℓ_hf‖^q_{Lp(Rn)}dh ]_{1/q}

≤ C^′ |f|_Bα_{p,q (R}n_) . In the last step we have used the definition of seminorm for B^α_{p,q} (R^n ) given in (2.4) and the fact that^{ℓ1}_{α1} + . . . +^{ℓn}_{αn} ≥^{ℓ1+...+ℓn}_{αmax} > 1. This establishes Jackson’s inequality modulo the lemmata, which will be shown in the next subsection.

4.3. The proof of the lemmata

We begin with the proof of Lemma 4.2, where we make use of ~φ, the dual scaling function of φ, and the important fact that it has compact support as well.

Proof of Lemma 4.2:

Let f ∈ L^p(R^n ) and write P_0f = ∑ m a_mφ_m, where a_m = ∫ R^n f(x) ~φm(x) dx, m ∈ Z n. Then, recalling (4.3), we obtain

‖P_0f‖_Lp_{(Iγ )} = ‖ ∑ m∈K_∗ a_{γ+m}φ_{γ+m}‖_Lp_{(Iγ )} ≤ ∑ m∈K_∗ |a_{γ+m}|‖φ_m‖_Lp_{(I)} ≤ ‖φ‖_p ∑ m∈K_∗ ∑ δ∈Z^n ∫ I_δ |f(x)|| ~φ_{γ+m}(x)|dx ≤ C‖ ~φ‖_∞ ∑ m^′ ∈K_# ∫ I_γ +m^′ |f(x)|dx ≤ C^′ ‖f‖_Lp_{(Jγ )} , where we have taken K_# = K_∗(φ) − K_∗( ~φ).

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 13

Proof of Lemma 4.3:

We will proceed in two steps. First, we show a “weak” version of (4.5) in which the right hand side is bounded by an L^∞-norm of the p-modulus of continuity. In the second step, we show that this L^∞-norm is actually equivalent to an L^1-norm, obtaining (4.5) and establishing the lemma. The ideas involved in the proof of these assertions come mostly from the 1-dimensional version that appears in various texts (see Theorem 7.1 and Lemma 7.2 in [31], or Theorem 6.2.4 in [15]). For completeness, we shall sketch the proof in the 2-dimensional case, since this constitutes a key step for all the results presented in this paper. However, we point out that inequality (4.6) below is actually a particular situation of the n-dimensional Whitney inequality proved by Brudnyi in [6].

Step 1. In the conditions of Lemma 4.3 there exists a polynomial Q in R^n with deg (Q) ≤ L − 1 and such that ‖f − Q‖_Lp_{(J)} ≤ C sup_{0<hi<bi−ai} ∑ ℓ_1+...+ℓ_n=L ‖Δ^{ℓ1}_{h1e1} ∘ . . . ∘ Δ^{ℓn}_{hnen} f‖_{Lp( ~J)} , (4.6)

for a constant C = C(n, p, L) > 0.

To sketch the proof we shall assume n = 2 and J = [0, 1]^2. The idea is to first approximate f with a Steklov-type function: g_{L,t}(x, y) = f(x, y) − (−1)^L t^L ∫_t 0 . . . ∫_t 0 (Δ^L_{(s1 +...+sL)e1} f)(x, y)ds_1 . . . ds_L, where (x, y) ∈ [0, 1]^2 and 0 < t ≤^1_L . This function verifies: ‖f − g_{L,t}‖_Lp_{(J)} ≤ sup_{0<h<1} ‖Δ^L_{he1} f‖_Lp_{(J)} (4.7) and ∂^Lg_{L,t} ∂x^L (x, y) = − L∑ ℓ=1 (−1)^ℓ (_L ℓ ) (tℓ)^L (Δ^L_{tℓe1} f)(x, y) . (4.8)

In particular, if we approximate g_{L,t} by its Taylor polynomial in the first variable of degree L − 1: T (x, y) = g_{L,t}( 1 2 , y) + L−1∑ ℓ=1 ∂^ℓg_{L,t} ∂x^L ( 1 2 , y) (x −^1_2 )^ℓ ℓ! , it follows using the integral remainder that: ‖f − T ‖_Lp_{(J)} ≤ ‖f − g_{L,t}‖_Lp_{(J)} + ‖g_{L,t} − T ‖_Lp_{(J)} ≤ C sup_{0<h<1} ‖Δ^L_{he1} f‖_Lp_{(2J)}. (4.9)

To obtain from here a polynomial in two variables we write : T (x, y) = ∑_{L−1} ℓ=0 β_ℓ(y)(x− 1 2 )^ℓ, and observe that β_ℓ(y) =^1_{ℓ!}^{∂ℓgL,t}_{∂xℓ} (^1_2 , y) ∈ L^p([0, 1], dy). Thus, using the 1- dimensional version of Whitney’s inequality (see Theorem 7.1 in [31]) for each 0 ≤

14 Math. Nachr. xxx (2001)

ℓ ≤ L − 1, we find a polynomial Q_ℓ(y) of degree ≤ L − ℓ − 1 so that: ‖β_ℓ − Q_ℓ‖_Lp_{([0,1],dy)} ≤ C sup_{0<s< 1} L−ℓ ‖Δ^{L−ℓ}_s β_ℓ‖_Lp_{([0,1],dy)} . (4.10)

An elementary estimate on β_ℓ(y) =^1_{ℓ!}^{∂ℓgL,t}_{∂xℓ} (^1_2 , y), using the definition of g_{L,t}, leads easily to:

‖Δ^{L−ℓ}_s β_ℓ‖_Lp_{([0,1],dy)} ≤ C sup_{0<h1,h2<1} ‖Δ^{L−ℓ}_{h2e2} ∘ Δ^ℓ_{h1e1} f‖_Lp_{((L+1)J)} .

Thus, the polynomial Q(x, y) = ∑_{L−1} ℓ=0 Q_ℓ(y)(x −^1_2 )^ℓ will satisfy (4.6).

Remark 4.4. We point out that it is possible to approach f with other families of polynomials different from Π_{L−1} (see, e.g., [14] or [22]). In this case, the modulus of continuity in (4.6) has to be replaced accordingly, but always leading to a term that is part of an anisotropic Besov space seminorm. This sharper approach, however, has the difficulty that those families of polynomials may not be reproduced by the scaling functions in §3, which is a crucial step in the proof of the Jackson inequality in §4.2.

Step 2. For every k = (k_1, . . . k_n) ≥ 1, δ_1, . . . , δ_n > 0 and every rectangle J ⊂ R^n , sup 0<h_i<δ_i ‖Δ^k_hf‖_Lp_{(J)} ≤ C δ_1 · · · δ_n ∫_{δ1} 0 . . . ∫_{δn} 0 ‖Δ^k_hf‖_Lp_{(J)}dh_1 . . . dh_n , (4.11)

where the constant C = C(n, p, k) > 0.

The 1-dimensional analog of this result can be found in [31] (see Lemma 7.2). As before, we only show the case n = 2. The general case can be easily obtained by iteration.

For every h = (h_1, h_2) ∈ [0, δ_1] × [0, δ_2] and y ∈ [a_2, b_2], we may apply the 1- dimensional version of (4.11) to obtain ( ∫ b1 a_1

|Δ^{k1}_{h1} (Δ^{k2}_{h2} f)(x, y)|^pdx )_{1/p} ≤ C δ_1 ∫_{δ1} 0 ( ∫ b1 a_1

|Δ^{k1}_s (Δ^{k2}_{h2} f)(x, y)|^pdx )_{1/p} ds . Raising to the power p, integrating with respect to y, and using Minkowski’s inequality, we obtain ( ∫ J |Δ^k_hf(x, y)|^pdxdy )_{1/p} ≤ C δ_1 ∫_{δ1} 0 ( ∫ J |Δ^k_{(s,h2 )}f(x, y)|^pdxdy )_{1/p} ds . (4.12)

Now, we look at the inner integral on the right hand side and we apply once again the 1-dimensional result to get, for all x ∈ [a_1, b_1] ( ∫ b2 a_2 |Δ^k_{(s,h2)}f(x, y)|^pdy )_{1/p} ≤ C δ_2 ∫_{δ2} 0 ( ∫ b2 a_2 |Δ^k_{(s,t)}f(x, y)|^pdy )_{1/p} dt . (4.13)

Inserting (4.13) in (4.12), and using Minkowski once more, we obtain (4.11).

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 15

5. The main theorem and its corollaries

In this section we fix 1 ≤ p, q < ∞, α_0 > 0 and an integer L >^n_2 . As usual, M = diag (λ^{1a1} , . . . , λ^{1an} ), for some λ > 1. We assume that φ, ~φ are a pair of admissible biorthogonal M-scaling functions belonging to B^{α0a}_{p,q} (R^n ) ∩ H^{La}(R^n ), as in the statement of Theorem 1.1. We now address the representation of functions in B^α_{p,q}(R^n ), for α = αa, α > 0, by means of the MRA’s generated by φ and ~φ. Using the multilevel decomposition described in (3.3) we can write every f ∈ L^p(R^n ) as

f = P_0f + ∞∑ j=0 Q_j f = ∑ k∈Z^n α_kφ^{(p)}_{0,k} + ∞∑ j=0 (^{m−1}∑ a=1 ∑ k∈Z^n β_{ajk}ψ^{(p)}_{a;j,k} ) (5.1)

where α_k = α_k(f) = ⟨f, ~φ^{(p′ )}_{0,k} ⟩ and β_{ajk} = β_{ajk}(f) = ⟨f, ~ψ^{(p′ )}_{a;j,k}⟩, and the series converge in the L^p(R^n )-norm. Moreover, when p > 1, the assertion (7) in §3.2 allows us to write as well f = ∞∑ j=−∞ Q_j f = ∑ j∈Z (^{m−1}∑ a=1 ∑ k∈Z^n β_{ajk} ψ^{(p)}_{a;j,k} ) , ∀f ∈ L^p(R^n ) , (5.2)

also with convergence of the series in L^p(R^n ). In particular, these decompositions hold whenever f ∈ B^α_{p,q} (R^n ).

We now pass to the main result in this paper, where we show that for certain values of α the norm ‖f‖_Bα_{p,q(R}n_) can be characterized with a weighted sum of the coefficients in (5.1) and (5.2). We state it in a form slightly more general than Theorem 1.1 above.

Theorem 5.1. In the conditions at the beginning of this section, if 0 < α < α^∗ = min{α_0,^L_{a1} , . . . ,^L_{an} }, then B^{αa}_{p,q} (R^n ) = { f ∈ L^p(R^n ) : ∑ j∈Z | det M|^{αqn j} ( ∑ a,k |β_{ajk}(f)|^p )_{q/p} < ∞ }

= { f ∈ L^p(R^n ) : ∑ k |α_k(f)|^p + ∞∑ j=0 | det M|^{αqn j} ( ∑ a,k |β_{ajk} (f)|^p )_{q/p} < ∞ } . Moreover, we have the equivalence of seminorms |f|_Bαa_{p,q (R}n_) ≈ ( ∑ j∈Z | det M|^{αqn j} ( ∑ a,k |β_{ajk}(f)|^p )_{q/p})_{1/q}

‖f‖_Bαa_{p,q(R}n_) ≈ ( ∑ k |α_k(f)|^p )_{1/p} + (^∞∑ j=0 | det M|^{αqn j} ( ∑ a,k |β_{ajk} (f)|^p )_{q/p})_{1/q} . Proof. The proof is a direct application of Theorem 1 in [7]. Indeed, there it is shown that for a Banach space Z ⊂ L^p(R^n ) with ‖ · ‖_Z = ‖ · ‖_p + | · |_Z and a multiresolution analysis {V_j } satisfying the Bernstein and Jackson inequalities |v|_Z ≤ C λ^{αj} ‖v‖_p , ∀v ∈ V_j and ‖v − P_j v‖_p ≤ C λ^{−αj} |v|_Z , ∀v ∈ Z ,

16 Math. Nachr. xxx (2001)

then the real interpolation space Z_{θ,q} = (L^p(R^n ), Z)_{θ,q} can be characterized as Z_{θ,q} = { v ∈ L^p(R^n ) : ∑ j∈Z ( λ^{θαj} ‖Q_j v‖_p )_q < ∞ }

= { v ∈ L^p(R^n ) : ‖P_0v‖_p + ∞∑ j=0 ( λ^{θαj} ‖Q_j v‖_p )_q < ∞ } . Moreover, one has the equivalence of seminorms |v|_{Zθ,q} ≈ ( ∑ j∈Z ( λ^{θαj} ‖Q_j v‖_p )_q )1/q ≈ ‖P_0v‖_p + (^∞∑ j=0 ( λ^{θαj} ‖Q_j v‖_p )_q )1/q . Notice also that, from the boundedness of P_0 and (5.1): 1 C ‖P_0v‖_p ≤ ‖v‖_p ≤ ‖P_0v‖_p + ∞∑ j=0 ‖Q_j v‖_p

≤ ‖P_0v‖_p + (^∞∑ j=0 ( λ^{θαj} ‖Q_j v‖_p )_q)1/q (^∞∑ j=0 λ^{−θαq′ j} )_{1/q}′ , where q^′ is the conjugate exponent of q. Then, it easily follows that ‖v‖_{Zθ,q} ≈ ‖P_0v‖_p + (^∞∑ j=0 ( λ^{θαj} ‖Q_j v‖_p )_q )1/q .

Now, with the hypotheses above, we have L > max{αa_1, . . . , αa_n}, so that the Bernstein and Jackson inequalities in Theorem 4.1 hold. Thus, when 0 < α < α^∗, an application of the previous results to the space Z = B^α_{p,q}(R^n ), together with the interpolation property (2.5), and the equivalences in (4) and (3.5), establish our theorem.

Particularly interesting for applications are the anisotropic Bessel potential spaces.

Corollary 5.2. Let L >^n_2 , λ > 1 and M = diag (λ^{1a1} , . . . , λ^{1a}n ). Let φ, ~φ ∈ H^{La}(R^n ) be a pair of admissible biorthogonal M-scaling functions. Then, for all 0 < α < L, a function f belongs to H^{αa}(R^n ) if and only if ( ∑ j∈Z ( 1 + | det M|^{2αn j} ) ∑ a,k |β_{ajk} (f)|^2 )_{1/2} < ∞ . The last expression is equivalent to the norm ‖f‖_Hαa .

Proof. We apply Theorem 5.1 with p = q = 2, and we observe, by the Riesz basis

assumption on the basis {ψ_{a;j,k}}_{a,j,k}, that ‖f‖_2 ≈ ( ∑ a,j,k |βajk (f)| 2 )_{1/2} . We also obtain the following interesting corollary (compare with the results in [26, 17]).

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 17

Corollary 5.3. Let a = (a_1, . . . , a_n) satisfy the conditions in Lemma 3.2. Let 1 ≤ p, q < ∞, α > 0 and α = αa. Then, there exists λ = λ(a) > 1 and m = m(a) ≥ 2 such that the space of sequences b^α_{p,q} = { s = (α_k, β_{ajk} ) : ‖s‖_bα_{p,q} = ( ∑ k∈Z^n |α_k|^p )_{1/p} + (^∞∑ j=0 λ^{αqj} (^{m−1}∑ a=1 ∑ k∈Z^n |β_{ajk} |^p )_{q/p})1/q < ∞ }

and the Besov space B^α_{p,q} (R^n ) are isomorphic.

Proof. By Lemma 3.2 we can find an integer valued matrix M, compatible with a and so that m = det(M) = λ^n. Then, after choosing appropriate scaling functions Theorem 5.1 tells us that the map f ∈ B^α_{p,q} (R^n ) → (α_k (f), β_{ajk}(f)) ∈ b^α_{p,q} is bounded and one-to-one. We only need to see that it is surjective. But whenever s = (α_k , β_{ajk}) ∈ b^α_{p,q} then f_j := m−1∑ a=1 ∑ k∈Z^n β_{ajk}ψ^{(p)}_{a;j,k} ∈ W^{(p)}_j and g = ∑ k∈Z^n α_kφ^{(p)}_{0,k} ∈ V^{(p)}_0 .

Moreover, the series g + ∑_∞ j=0 f_j converges in L^p(R^n ) to a function f, since

j_1∑

j=j_0 ‖f_j ‖_p ≤ C j_1∑

j=j_0 ( ∑ a,k |β_{ajk} |^p )_{1/p}

≤ C (^j1∑ j=j_0 λ^{αjq} ( ∑ a,k |β_{ajk} |^p )_{q/p})1/q → 0 , as j_1 ≥ j_0 → ∞ .

It follows from the biorthogonality of the pairs φ, ~φ and ψ_a, ~ψ_a that the sequence s equals (α_k(f), β_{ajk}(f)), and, from Theorem 5.1, that f ∈ B^α_{p,q} (R^n ).

Finally, we give a characterization of the dual space B^{−α}_p′_{,q}′ (R^n ) := (B^α_{p,q} (R^n ))^′ when 1 < p, q < ∞. In terms of the biorthogonal MRA’s {V_j , ~V_j }, one can express the duality pairing (L^p, L^{p′} ) as follows:

f ∈ (L^p(R^n ))^′ = L^{p′} (R^n ) =⇒ ⟨f, g⟩ = ∑ j∈Z ⟨ ~Q_j f, Q_j g⟩, ∀ g ∈ L^p(R^n ) (see [7, §5]). This idea extends to distributions f ∈ B^{−α}_p′_{,q}′ (R^n ). Indeed, at least when 0 < α ≤ α_0, Bernstein’s inequality implies Q_j g ∈ B^α_{p,q} (R^n ), ∀ g ∈ L^p, and therefore we may define ~Q_j f ∈ L^{p′} by: ⟨ ~Q_j f, g⟩ :=_B−α_{p′ ,q′} ⟨f, Q_j g⟩_Bα_{p,q (R}n_), ∀ g ∈ L^p(R^n ). Thus, at least in a formal level we have : f ∈ B^{−α}_p′_{,q}′ ⇒_B−α_{p′,q′} ⟨f, g⟩_Bα_{p,q (R}n_) = ∑ j∈Z ⟨ ~Q_j f, Q_j g⟩, g ∈ B^α_{p,q}(R^n ). (5.3)

18 Math. Nachr. xxx (2001)

Corollary 5.4. In the conditions at the beginning of this section, if 1 < p, q < ∞, and 0 < α < α^∗ = min{α_0,^L_{a1} , . . . ,^L_{an} }, then a distribution f belongs to B^{−αa}_p′_{,q}′ (R^n ) if and only if f ∈ B^{−α0 a}_p′_{,q}′ (R^n ) and ∞∑ j=0 | det M|^{− αq′n j} ( ∑ a,k | ~β_{ajk} (f)|^{p′} )_q′_{/p}′ < ∞ ,

where ~β_{ajk} (f) = ⟨f, ψ_{a;j,k}⟩. In this case, the duality pairing has the form (5.3) and we have the equivalences of norms: ‖f‖_B−αa_{p′,q′ (R}n_) ≈ ‖f‖_B−α_0a_{p′,q′ (Rn)} + (^∞∑ j=0 | det M|^{− αq′n j} ( ∑ a,k | ~β_{ajk} (f)|^{p′} )_q′_{/p}′ )1/q^′

≈ (∑ k |~α_k(f)|^{p′} ) 1_{p′} + (^∞∑ j=0 | det M|^{− αq′n j} ( ∑ a,k | ~β_{ajk} (f)|^{p′} )_q′_{/p}′ )1/q^′ , where ~α_k(f) = ⟨f, φ_k⟩.

Proof. The assumption f ∈ B^{−α0 a}_p′_{,q}′ (R^n ) is made so that β̃_{ajk} (f) = ⟨f, ψ_{a;j,k}⟩ and ~α_k(f) = ⟨f, φ_k⟩ are well-defined. The rest is a consequence of Theorem 5.1 above and Theorem 2 in [7], which characterizes the dual of the interpolation space Z_{θ,q} in terms of a multiresolution analysis.

5.1. Extensions and examples

There is a particularly simple extension of our results that may be of interest in practice. It involves MRA’s and wavelet bases translated over a general lattice, other than Z^n. Recall that a lattice is a set of points Γ = AZ^n, for some A ∈ GL_n(R). As it is well-known, one may define scaling functions, MRA’s or wavelets exactly as in §3 but replacing k ∈ Z^n by γ ∈ Γ. The advantage is that the dilation matrix M ∈ M_n(R) may have real entries, as long as it preserves the lattice: MΓ ⊂ Γ. Note that φ is an M- scaling function relative to Γ = AZ^n if and only if φ_A = | det(A)|φ(A ·) is an M_A-scaling function relative to Z^n, where M_A = A^{−1}MA.

This more general setting has two interesting consequences. On the one hand, the restriction on the anisotropy a = (a_1, . . . , a_n) given by Lemma 3.2 can be slightly relaxed by requiring only that

A^{−1}diag (λ^{1a}1 , . . . , λ^{1a}n )A ∈ M_n(Z),

for some λ > 1 and A ∈ GL_n(R). That is, it suffices that M = diag (λ^{1a}1 , . . . , λ^{1a}n ) is similar to an integer-valued matrix. This is however not enough to guarantee the existence of admissible bases for all anisotropies a.

The second application of MRA’s over lattices is to the spaces B^α_{p,q} (R^n ; {f_i}), where {f_1, . . . , f_n} is a basis of R^n . These spaces are defined exactly as in §2 but replacing e_j by f_j in (2.1) (see Remark 8 in [33]). To obtain multilevel decompositions for B^α_{p,q}(R^n ; {f_i}) it seems natural to use the lattice generated by {f_1, . . . , f_n}, and given

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 19

by the matrix A with columns the elements of the basis. Indeed, using the canonical isometry g ∈ B^α_{p,q}(R^n ; {f_i}) −→ g_A = | det(A)|^{1p} g(A ·) ∈ B^α_{p,q} (R^n ), one obtains an equivalence between the results we proved above for B^α_{p,q}(R^n ) and those for the spaces B^α_{p,q} (R^n ; {f_i}).

Finally, we briefly sketch with an example how one would use Theorem 1.1 in the numerical resolution of PDE’s. The techniques are well-known [24, 13, 8] and we do not develop them here. Consider the semielliptic differential operator Lu = − ∂^2u ∂x^2_1 + ∂^4u ∂x^4_2

+ g(x_1, x_2)u

where 0 < c_1 ≤ g(x_1, x_2) ≤ c_2. Such an operator has been studied in [37] in the context of anisotropic spaces. The existence and uniqueness of weak solutions to Lu = f follows from the Hilbert space theory of H = H^{(1,2)}(R^2 ). Indeed, L maps H into H^′ boundedly, and the bilinear form a(u, v) := ⟨Lu, v⟩ is bounded and coercive in H × H. Thus, for all f ∈ H^′ there exists u ∈ H such that ⟨Lu, v⟩ = ⟨f, v⟩ , ∀v ∈ H . (5.4) For the numerical resolution of (5.4) one uses an admissible multiresolution analysis {V_j }_{j∈J} with dilation matrix M = ( 4 0 0 2 ) . The associated Galerkin system is then u_J ∈ V_J , ⟨Lu_J , v_J ⟩ = ⟨f, v_J ⟩ , ∀v_J ∈ V_J , J ≥ 0 . Using the basis {φ_{0,k}} ∪ {ψ_{a;j,k}}_{a,k,0≤j<J} of V_J , this system can be rewritten as: Â_J û_J = f̂_J , (5.5)

where û_J and f̂_J are the column vectors with entries the coefficients of u_J and ~P_J f in this and the dual basis, respectively, and the symmetric matrix Â_J is given by the blocks

Â_j = ⟨Lφ_{0,k} , φ_{0,k}′ ⟩ ⟨Lψ_{a;j,k}, φ_{0,k}′ ⟩ ⟨Lφ_{0,k}, ψ_a′_{;j}′_{,k}′ ⟩ ⟨Lψ_{a;j,k}, ψ_a′_{;j}′_{,k}′ ⟩ k,k′ ∈Z a,a′ =1,...,7 0≤j,j′ <J .

Now, for a column vector of entries v̂ = (v̆_k , v̂_{ajk} )_{a,k,0≤j<J} , corresponding to the function v_J = ∑ k v̆_kφ_{0,k} + ∑ a,k,j v̂ajk ψa;j,k, Theorem 5.1 tells us that: v̂^T Â_J v̂ = ⟨Lv_J , v_J ⟩ ≈ ‖v_J ‖^2_H ≈ ‖P_0v_J ‖^2 + J−1∑ j=0 4^{2j} ‖Q_j v_J ‖^2

≈ ∑ k∈Z |v̆_k|^2 + J−1∑ j=0 4^{2j} 7∑ a=1 ∑ k∈Z |v̂_{ajk} |^2 .

20 Math. Nachr. xxx (2001)

Therefore, the matrix Â_J is spectrally equivalent to a diagonal matrix. This allows optimal preconditioning of (5.5) and fast numerical methods for matrix inversion and approximation of solutions. Of course, in practice one should truncate the infinite matrix Â_J , or consider bounded domains where the spaces V_j are finite dimensional.

Another observation is that the previous example makes use of a particularly simple space

H^{(1,2)}(R^2 ) = H^1(R) ⊗ L^2(R) ∩ L^2(R) ⊗ H^2(R),

for which the wavelet characterization may be obtained easily in the case of tensor product wavelets. Our results let us use as well other type of compactly supported wavelets that may fit better in the numerical algorithm. This can be particularly interesting for less trivial examples of semi-elliptic equations. The monograph [22] contains a more complete approach to this kind of problems with other examples of semi-elliptic and even non-hypoelliptic linear and non-linear equations.

6. Appendix

We sketch the proofs of some of the L^p-properties of multiresolution analyses announced in §3. These are minor modifications of those contained in Chapter 2 of [29] and Chapter 3 of [8]. We just show (3), (4) and (7), since the others are either trivial or follow easily from these ones. We start with (4), which is an elementary consequence of the following lemma (see Lemma 8 in Chapter 2 of [29]).

Lemma 6.1. If φ, ~φ ∈ L^∞_c (R^n ) and ⟨φ_k , ~φ_k′ ⟩ = δ_{k,k}′ , k, k^′ ∈ Z^n, then for all 1 ≤ p ≤ ∞ we have ‖ ‖ ‖ ‖ ∑ k∈Z^n a_kφ(· − k) ‖ ‖ ‖ ‖_p ≃ ( ∑ k∈Z^n |a_k|^p ) 1_p .

Proof. The proof for p = 1, ∞ is elementary. The other cases follow from interpolation and the boundedness of the operators: {a_k}_k ∈ ℓ^p(Z^n) → ∑ k a_kφ_k ∈ L^p(R^n ) and f ∈ L^p(R^n ) → {⟨f, ~φ_k⟩}_k ∈ ℓ^p(Z^n).

We pass now to (3), which is actually a consequence of the Jackson and Bernstein inequalities in §4 (note that there is no risk of circularity since (3) was not used in Theorem 4.1).

Lemma 6.2. Let φ, ~φ be admissible M-scaling functions in H^{La}(R^n ) for some L >^n_2 . Then, for all 1 ≤ p < ∞, we have

∪_{j∈Z}V^{(p)}_j is dense in L^p(R^n ) and ∩_{j∈Z} V^{(p)}_j = {0} .

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 21

Proof. In order to use Theorem 4.1, we take α small enough so that we have L > max{αa_1, . . . , αa_n} and φ, ~φ ∈ B^{αa}_{p,p}(R^n ). Then, for f ∈ L^p(R^n ) and ε > 0 there exists g ∈ C^∞_c (R^n ) such that ‖f − g‖_p < ε. Further, applying (4.2), we obtain ‖g − P_j g‖_p ≤ Cλ^{−jα}|g|_Bα_{p,q (R}n_) < ε , provided j is large enough. We conclude that lim j→+∞ ‖f − P_j f‖_p = 0 . For the other assertion, if f ∈ V^{(p)}_j , ∀j ∈ Z, then inequality (4.1) when j → −∞ implies that |f|_Bα_{p,q (R}n_) = 0. Therefore, since f ∈ L^p(R^n ) we must have f ≡ 0.

Remark 6.3. Although we shall not use it in this paper, note that the previous lemma admits a version for p = ∞, by just replacing L^∞(R^n ) by C_0(R^n ). Indeed, this amounts to a verification of the corresponding Bernstein and Jackson inequalities for p = ∞. Note further that we required φ, ~φ ∈ H^{La}, for some L >^n_2 , in order to use Proposition 3.1. However, just the property φ ∈ L^∞_c implies that V_0 contains locally the constants (see, e.g., §2.7 in [7]). Since this suffices to have a Jackson inequality, it follows that Lemma 6.2 holds under the minimal assumptions φ, ~φ ∈ L^∞_c .

Lemma 6.4. Let φ, ~φ be admissible M-scaling functions in L^∞_c (R^n ). Then, for all 1 < p < ∞ and f ∈ L^p(R^n ) we have lim j→−∞ ‖P_j f‖_p = 0. (6.1)

Proof. By density, it suffices to show (6.1) for f ∈ C^∞_c (R^n ). By Lemma 6.1

‖P_j f‖_p ≃ ( ∑ k∈Z^n |⟨f, ~φ^{(p′ )}_{j,k} ⟩|^p ) 1_p . Now, for any 1 < p < p we have |⟨f, ~φ^{(p′ )}_{j,k} ⟩| ≤ | det(M)|^{j/p′ −j} ∫ R^n |f(M^{−j} x)|| ~φ(x − k)| dx ≤ | det(M)|^{−j/p} (∫ R^n |f(M^{−j} x)|^p| ~φ(x − k)| dx )_{1/p} ‖ ~φ‖^{1/p′}_1 . Thus, since p/p > 1, we may use Minkowski’s inequality in the following to obtain

‖P_j f‖_p ≤ C | det M|^{−j/p} ‖ ~φ‖^{1/p′}_1 [∫ R^n |f(M^{−j} x)|^p (∑ k | ~φ(x − k)|^{p/p} )_{p/p} dx ]_{1/p}

≤ C | det M|^{j( 1p − 1p )} ‖ ~φ‖^{1/p′}_1 ‖ ‖ ‖ ‖ ∑ k | ~φ(x − k)| ‖ ‖ ‖ ‖_∞ ‖f‖^p, which goes to 0 as j → −∞.

22 Math. Nachr. xxx (2001)

Acknowledgements

The authors would like to thank C. Canuto and P.M. Soardi for useful comments at different stages of this work. This work was done within the TMR Network Harmonic Analysis: 1998-2001. We thank the European Commission and the mentioned Network for the support provided.

References

[1] P. Auscher, Wavelets bases for L^2(R) with rational dilation factor, pp. 439–451 in Wavelets and their applications, M.B. Ruskai et alt. (eds), Jones and Bartlett Publishers, 1992.

[2] A. Ayache, Constructions of non separable dyadic compactly supported orthonormal wavelet bases for L^2(R^2 ) of arbitrarily high regularity, Rev. Mat. Iberoamericana, 15 (1999), 37–58.

[3] G. Beylkin, On wavelet-based algorithms for solving differential equations, pp.

449-466 in Wavelets: mathematics and applications, Stud. Adv. Math., CRC Press 1994.

[4] M.Z. Berkolaiko and I.Ya. Novikov, Unconditional bases in spaces of functions of anisotropic smoothness, Proc. Steklov Inst. Math. 204 (1994), 27–41.

[5] G. Bourdaud, Ondelettes et espaces de Besov, Rev. Mat. Iberoamericana, 11 (1995), 477–512.

[6] J. Brudnyi, A multidimensional analog of a theorem of Whitney, Math. USSR Sbornik, 11 (1970), 157–170.

[7] C. Canuto and A. Tabacco, Multilevel decompositions of functional spaces, J. Fourier Anal. and Appl., 3 (1997), 715–742.

[8] C. Canuto and A. Tabacco, Ondine biortogonali: teoria e applicazioni, Quaderni U.M.I. Vol. 46, Pitagora Ed., 1999.

[9] A. Cohen, W. Dahmen and R. DeVore, Adaptive wavelet methods for elliptic operator equations- Convergence rates, Math. Comp., 70 (2001), 27–75.

[10] A. Cohen, I. Daubechies and J. Feauveau, Biorthogonal bases of compactly supported wavelet, Comm. Pure and Appl. Math., 45 (1992), 485–560.

[11] A. Cohen, K. Gröchenig and L. Villemoes, Regularity of multivariate refinable functions, Constr. Approx., 15 (1999), 241–255.

[12] W. Dahmen, Stability of multiscale transformations, J. Fourier Anal. and Appl., 4 (1996), 341–362.

G. Garrigós, A. Tabacco, Wavelets for anisotropic Besov spaces 23

[13] W. Dahmen, Wavelet and Multiscale Methods for Operator Equations, pp. 55- 228 in Acta Numerica, Cambridge University Press, Cambridge, 1997.

[14] W. Dahmen, R. DeVore and K. Scherer, Multidimensional spline approximation, SIAM J. Numer. Anal., 17 (1980), 380–402.

[15] R.A. DeVore and G.C. Lorentz, Constructive Approximation. Springer- Verlaj, Berlin, (1993).

[16] R.A. DeVore and V.A. Popov, Interpolation of Besov spaces, Trans. Amer.

Math. Soc., 305 (1988), 397–414.

[17] P. Dintelmann, Classes of Fourier multipliers and Besov-Nikol’skij spaces, Math. Nachr. 173 (1995), 115–130.

[18] W. Farkas, Atomic and subatomic decompositions in anisotropic functions spaces, Math Nachr., 209 (2000), 83–113.

[19] G. Garrigós, R. Hochmuth and A. Tabacco, Wavelet characterizations for anisotropic Besov spaces: cases 0 < p, q < 1. Preprint 21, Politecnico di Torino (2000).

[20] W. He and M.-J. Lai, Construction of bivariate compactly supported biorthogonal box spline wavelets with arbitrary high regularities, Appl. Comput. Harmon. Anal., 6 (1999), 53–74.

[21] R. Hochmuth, Anisotropic Besov spaces and wavelets, in Proceedings of the International Wavelet Conference, Tanger, INRIA report (1998).

[22] R. Hochmuth, Wavelet bases in numerical analysis and restricted non-linear approximation. Habilitation thesis, Freie Universität Berlin (1999).

[23] L. Hörmander, The Analysis of Linear Partial Differential Operator II, Springer-Verlag, 1990.

[24] S. Jaffard, Wavelet methods for fast resolution of elliptic problems, SIAM J.

Numer. Anal., 29 (1992), 965–986.

[25] J. Kahane and P.G. Lemarié, Fourier series and Wavelets, Gordon and Breach Publishers, 1995.

[26] A. Kamont, Isomorphism of some anisotropic Besov and sequence spaces, Studia Math., 110 (1994), 169–189.

[27] P.G. Lemarié, On the existence of compactly supported dual wavelets, Appl.

Comp. Harm. Anal.,4 (1997), 117–118.

[28] Trac Duc Long and H. Triebel, Equivalent norms and Schauder bases in anisotropic Besov spaces, Proc. Roy. Soc. Edinburgh, 84 (1979), 177–183.

24 Math. Nachr. xxx (2001)

[29] Y. Meyer, Wavelets and operators, Cambridge Univ. Press, 1992.

[30] S.M. Nikolski, Approximation of functions of several variables and imbedding theorems, Springer Verlag, 1975.

[31] P.P. Petrushev and V.A. Popov, Rational approximation of real functions, Cambridge University Press, 1987.

[32] S.D. Riemenschneider and Z. Shen, Construction of compactly supported biorthogonal wavelets in L_2(R^s ), preprint, 1997.

[33] H. Schmeisser, Anisotropic spaces II, Math. Nachr., 79 (1977), 55–73.

[34] H. Schmeisser and H. Triebel, Anisotropic spaces I, Math. Nachr., 73 (1976), 107–123.

[35] H. Schmeisser and H. Triebel, Topics in Fourier Analysis and Function spaces, John Wiley & Sons, 1987.

[36] P.M. Soardi, Biorthogonal M-channel compactly supported wavelets, Constr.

Approx., 16 (2000), 283–311.

[37] H. Triebel, A priori estimates and boundary value problems for semi-elliptic differential equations: a model case, Comm. Partial Diff. Eq., 8 (1983), 1621– 1664.

Gustavo Garrigós

gustavo.garrigos@uam.es

Fac. Ciencias C-XV Universidad Autonoma Madrid 28049 Cantoblanco, Madrid (Spain)

Tabacco Anita

tabacco@polito.it

Dipartimento di Matematica Politecnico di Torino Corso Duca degli Abruzzi, 24 10129 Torino (Italy)