A characterization of wavelet families arising from biorthogonal MRA’s of multiplicity d

by Andrea Calogero and Gustavo Garrigós^∗

Math Subject Classification: 42C15.

Keywords: biorthogonal wavelet, dimension function, MRA, wavelet set.

Abstract

In this paper we give a necessary and sufficient condition for a pair of wavelet families Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L}, in L^2(R^n ), to arise from a pair of biorthogonal MRA’s. The condition is given in terms of simple equations involving the functions ψ^ℓ and ψ̃^ℓ. To work in greater generality, we allow multiresolution analyses of arbitrary multiplicity, based on lattice translations and matrix dilations. Our result extends the characterization theorem of G. Gripenberg and X. Wang for dyadic orthonormal wavelets in L^2(R), and includes, as particular cases, the sufficient conditions of P. Auscher and P.G. Lemarié in the biorthogonal situation.

1 Introduction

An orthonormal (dyadic) wavelet in L^2(R) is a function ψ such that the system ψ_{j,k}(x) = 2^{j/2}ψ(2^jx − k), j, k ∈ Z, (1.1) forms an orthonormal basis of L^2(R). This type of wavelets has been studied by many authors, and their main properties can be found in the texts: [DAU], [HW], [KL], [MEY],... In this paper, the Fourier transform of a function f ∈ L^1(R^n ) will be denoted by f̂(ξ) = ∫ R^n f(x) e^{−ix·ξ} dx, ξ ∈ R^n , with the usual extension to L^2(R^n ) via the Plancherel theorem.

∗Research supported by a grant of Consiglio Nazionale delle Ricerche, Italy.

1

It is well-known (see, e.g., chapter 7 of [HW]) that a function ψ in the unit sphere of L^2(R) is a wavelet if and only if

(A1) ∑ j∈Z | ^ψ(2^jξ)|^2 = 1, a.e. ξ ∈ R (A2) ∞∑ j=0 ^ψ(2^jξ) ^ψ(2^j(ξ + 2qπ)) = 0, a.e. ξ ∈ R, ∀ q ∈ 2Z +1.

A related (although simpler) statement asserts that the system {ψ_{j,k}}_{j,k∈Z} in (1.1), is orthonormal if and only if

(A3) ∑ k∈Z | ^ψ(ξ + 2kπ)|^2 = 1, a.e. ξ ∈ R (A4) ∑ k∈Z ^ψ(2^j(ξ + 2kπ)) ^ψ(ξ + 2kπ) = 0, a.e. ξ ∈ R, ∀ j ∈ Z^+.

These four equations have turned out to be very useful when constructing examples of wavelets, as well as for proving many of their interesting properties: [FW], [HWW1], [HWW2], [GS],...

A more sophisticated method to produce wavelets, as well as algorithms to work with them, is the notion of multiresolution analysis (MRA). That is, a sequence {V_j}_{j∈Z} of closed subspaces of L^2(R) satisfying:

(i) V_j ⊂ V_{j+1}, ∪V_j = L^2(R) (ii) f(x) ∈ V_j if and only if f(2x) ∈ V_{j+1} (iii) ∃ φ ∈ V_0 : {φ(· − k)}_{k∈Z} is an orthonormal basis of V_0.

The main property of these objects is the existence of a function ψ ∈ L^2(R) such that the system {ψ(· − k)}_{k∈Z} is an orthonormal basis of W_0 ≡ V^⊥_0 ∩ V_1 (see chapter 2 of [HW]). This function is easily seen to be an orthonormal wavelet, while the constructive method from which it is derived has enormous advantages in applications.

It was an open question for some time to determine which wavelets could be constructed in this way. That is, for what wavelets ψ, the sequence of spaces V_J = span {ψ_{j,k} : k ∈ Z, j < J}, J ∈ Z, forms a multiresolution analysis in L^2(R). P. Auscher and P.G. Lemarié gave, in [AUS] and [LEM], very mild sufficient conditions for this to happen. However, it was not until some time later that a characterization theorem was obtained. It was proved independently by G. Gripenberg and X. Wang ([GRI], [WAN]) that a wavelet ψ arises from an MRA if and only if

(A5) ∞∑ j=1 ∑ k∈Z | ^ψ(2^j (ξ + 2kπ))|^2 = 1, a.e. ξ ∈ R.

This new equation complements (A1) − (A4) in the construction of examples. For instance, the Journé wavelet, whose Fourier transform is given by: ^ψ(ξ) = χ_I (|ξ|), where I = [^{4π}_7 , π) ∪ [4π,^{32π}_7 ), does not satisfy (A5), and therefore, cannot arise from a multiresolution analysis. On the other hand, a wavelet ψ having its Fourier transform supported in [−^{8π}_3 ,^{8π}_3 ] (these have been characterized in [HWW1]) does always satisfy (A5), and therefore must arise from an MRA.

Equation (A5) has also raised the interest of other researchers. Very recently it was proved in [PAP], using equation (A5), that every orthonormal wavelet in L^2(R) arises from a generalized frame-MRA. Related questions in an abstract harmonic analysis setting (with the role of (A5) played by a suitable “multiplicity function”) have been studied by L. Baggett et al. in [BMM] and [BAG].

The sufficient conditions of Auscher and Lemarié were given in great generality, including wavelet families in L^2(R^n ), formed after lattice translations and matrix dilations. They also studied whether these could arise from a multiresolution analysis with more than one scaling function, and considered in addition the possibility of having biorthogonal wavelet families, at that time just introduced by Cohen et al. ([CDF], [COH],...).

The theorem of Gripenberg-Wang mentioned above, on the contrary, was only stated for dyadic orthonormal single wavelets in L^2(R). The extension to more general cases is not so straightforward as one might think since, for example, just with the biorthogonal assumption, new necessary conditions appear. This was already announced in [WAN], where the following theorem was proved (precise definitions are given below):

THEOREM 1.2 Let ψ, ψ̃ be a pair of biorthogonal dyadic wavelets in L^2(R). Then, the couple {ψ, ψ̃} arises from a pair of biorthogonal MRA’s if and only if there exists a constant C = C(ψ, ψ̃) > 0 such that:

(1.3) ∞∑ j=1 ∑ k∈Z ^ψ̃(2^j(ξ + 2kπ)) ^ψ(2j(ξ + 2kπ)) = 1, a.e. ξ ∈ R; (1.4) for a.e. ξ ∈ R, ∃ j = j(ξ) ∈ Z^+ such that ( ∑ k∈Z| ^ψ̃(2^j(ξ + 2kπ))|^2 )_{1/2} ( ∑ k∈Z| ^ψ(2^j(ξ + 2kπ))|^2 )_{1/2} | | | ∑ k∈Z ^ψ̃(2^j(ξ + 2kπ)) ^ψ(2j(ξ + 2kπ)) | | | ≤ C .

Note that, when ψ = ψ̃, condition (1.4) in the theorem is void, while (1.3) becomes precisely (A5), giving us the statement of the original Gripenberg-Wang result.

The goal of this paper is to find a characterization theorem for MRA wavelets covering all the possible cases mentioned above, but still in terms of simple equations of the type (A1)-(A5), or (1.3)-(1.4). In higher dimensions, such equations do exist and can be written in a clean matrix form, but their proofs require non-trivial constructions that were avoided in the scalar (1-dimensional) situation. We point out that, compared to the sufficient conditions already existing in the literature, we do not assume smoothness or decay in our functions, obtaining a result which is most general possible, and that allows us to test with it even the most “irregular” wavelet families.

The paper will be structured as follows. In §2 we introduce some preliminary material and state our theorem. The main ideas of the periodization argument we shall use in the proof are presented here. §3 is devoted to the proof of the theorem, after a careful study of the properties of biorthogonal multiresolution analyses in L^2(R^n ) that has interest in its own. Finally, §§4 and 5 contain a series of corollaries and applications of our result, which include mild sufficient conditions for the theorem to hold (milder even than those of Lemarié and Auscher), and a variety of new examples of wavelets whose MRA nature does not fall in the scope of previous works. Among these examples, there are constructions of non-MRA wavelets in R^2 , and multi-wavelet sets in R^n .

Acknowledgments

We would like to express our sincere gratitude to X. Wang and G. Weiss for providing us with the preliminary version of a work that has culminated into this paper. The Ph.D. thesis of the former, worked under the direction of the latter, contains an extensive treatment on biorthogonal wavelets in 1-dimension which still remains unpublished. One of the main results there, which we extend to more general situations here, is Theorem 1.2. We thank Dr. Wang for letting us include it in this paper. This research was developed in the Department of Mathematics of Università di Milano, Italy, in the Fall’98, and counted on the financial funds of the CNR. The second author wishes to thank both institutions for their support and hospitality.

2 Biorthogonal MRA’s and wavelets in L^2(R^n)

During the rest of the paper, Γ will be a fixed lattice in R^n ; that is, Γ = AZ^n, for some n×n real matrix with a =: det(A) > 0. We also fix M, a dilation matrix preserving the lattice; that is, MΓ ⊂ Γ, and all the eigenvalues of M lie outside the closed unit disk of C . Note that, in this case, m := | det(M)| is an integer greater than or equal to 2. The definitions of wavelet and MRA in this context can be found in several places ([AUS] and [LEM], for example). We shall give them here in order to establish the notation to be used later on. Before doing so, we recall some definitions from the abstract Hilbert space setting (see also [YOU]).

A system of vectors {e_j}, j = 1, 2, . . ., in a Hilbert space H is said to be a Bessel system if there exists a constant B > 0 such that ∞∑ j=1 |⟨f, e_j⟩|^2 ≤ B ‖f‖^2, for all f ∈ H. A system {e_j }^∞_{j=1} is said to form a Riesz basis for H if its linear expansion is dense, and there are two constants 0 < c_1 ≤ c_2 < ∞ such that

c_1 ∞∑ j=1 |α_j|^2 ≤ ‖ ∞∑ j=1 α_je_j ‖^2 ≤ c_2 ∞∑ j=1 |α_j|^2, for all sequences (α_j )^∞_{j=1} ∈ ℓ^2(Z^+).

Finally, two systems of vectors {e_j}, {ẽ_j}, j = 1, 2, . . ., are said to be biorthogonal (with respect to the inner product ⟨·, ·⟩ in H) if ⟨e_j, ẽ_j′ ⟩ = δ_{j,j}′ , ∀ j, j^′, where δ denotes the usual Krönecker symbol. We recall that if {e_j} is a Riesz basis for H, then there is another Riesz basis {ẽ_j}, such that these two systems are biorthogonal and f = ∞∑ j=1 ⟨f, ẽ_j⟩e_j = ∞∑ j=1 ⟨f, e_j ⟩ẽ_j, for all f ∈ H, where the convergence of the series is unconditional in H.

DEFINITION 2.1 A system Ψ = {ψ^1, . . . , ψ^L} of vectors in L^2(R^n ) is said to be a wavelet family (for the lattice Γ and dilation matrix M) if ψ^ℓ_{j,γ} (x) = m^{j/2}ψ^ℓ(M^j x − γ), j ∈ Z, γ ∈ Γ, ℓ = 1, . . . , L, is a Riesz basis of L^2(R^n ). Two sets Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} ⊂ L^2(R^n ) are said to form a pair of biorthogonal wavelet families, whenever they are wavelet families, and the systems {ψ^ℓ_{j,γ} }, {ψ̃^ℓ_{j,γ}}, are biorthogonal in L^2(R^n ); that is, ∫ R^n ψ^ℓ_{j,γ} (x) ψ̃^{ℓ′}_j′_{,γ}′ (x) dx = δ_{ℓ,ℓ}′ δ_{j,j}′ δ_{γ,γ}′ , j, j^′ ∈ Z, γ, γ^′ ∈ Γ, ℓ, ℓ^′ = 1, . . . , L. When Ψ = ~Ψ, we obtain an orthonormal basis of L^2(R^n ), and Ψ is called, then, an orthonormal wavelet family.

A matter that has raised the interest of several researchers is the characterization of this general type of wavelets in terms of equations like (A1) − (A4) ([FGWW], [CAL], [RS], [HAN1]). If we denote by N = M^′, the transpose matrix of M, by Γ^′ = 2π(A^′)^{−1}Z^n, the dual lattice of Γ, and O = Γ^′ \ NΓ^′, we have the following result:

THEOREM 2.2 Let Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} ⊂ L^2(R^n ). Then, they form a pair of biorthogonal wavelet families (for Γ = AZ^n and M) if and only if the systems {ψ^ℓ_{j,γ} }, {ψ̃^ℓ_{j,γ}}, j ∈ Z, γ ∈ Γ, ℓ = 1, . . . , L, are Bessel, and the following equations hold for almost every ξ ∈ R^n :

(B1) L∑ ℓ=1 ∑ j∈Z ^ψ̃ℓ(N j ξ) ^ψℓ(N j ξ) = det(A)

(B2) t_γ (ξ) ≡ L∑ ℓ=1 ∞∑ j=0 ^ψ̃ℓ(N j ξ) ^ψℓ(N j (ξ + γ)) = 0, ∀ γ ∈ O (B3) ∑ γ∈Γ^′ ^ψ̃ℓ1 (ξ + γ) ^ψℓ2 (ξ + γ) = det(A) δ_{ℓ1,ℓ2} , ℓ_1, ℓ_2 = 1, . . . , L

(B4) ∑ γ∈Γ^′ ^ψ̃ℓ1 (N j (ξ + γ)) ^ψℓ2 (ξ + γ) = 0 ∑ γ∈Γ^′ ^ψ̃ℓ1 (ξ + γ) ^ψℓ2 (N j (ξ + γ)) = 0, ∀ j ∈ Z^+, ℓ_1, ℓ_2 = 1, . . . , L. Equations (B3) and (B4) characterize the biorthogonality of the systems {ψ^ℓ_{j,γ} } and {ψ̃^ℓ_{j,γ} }, while (B1), (B2) and the Bessel condition will give the completeness and unconditionality of the bases. While in the orthonormal situation the Bessel assumption is redundant (as we mentioned in §1; see [CAL] for more details), in the biorthogonal case there are counterexamples showing that it cannot be dropped (see [FGWW]). This has to do with the role played by (1.4) in Theorem 1.2, as we shall see below.

REMARK 2.3 We point out that the version of Theorem 2.2 presented above is not stated in this generality in any of the papers mentioned. The authors of [FGWW], for instance, only treat the case Γ = Z^n and M = 2I_n (I_n is the identity matrix in R^n ), while [CAL], that uses general lattices and matrix dilations, only considers the orthonormal case (Ψ = ~Ψ). The papers [RS], [HAN1], allowing the same general context as ours, need to assume a (mild) smoothness condition on ψ^ℓ and ψ̃^ℓ for their arguments to work. However, it is not difficult to adapt the proofs of the first two papers to obtain Theorem 2.2 (this was also communicated to us by M. Bownik [BOW]).

Examples of wavelets constructed via the equations above have been considered by several authors: [SW], [DLS], [CAL], ... More useful for applications, however, are the wavelets constructed from multiresolution analyses: [CDF], [CD2], [CT], [HER], [DS], [CS], [GM], [STR], [RIS], ... We recall that, in this context, a multiresolution analysis of multiplicity D (for Γ and M) is a sequence, {V_j}_{j∈Z}, of closed subspaces of L^2(R^n ) satisfying:

(i) V_j ⊂ V_{j+1}, ∪V_j = L^2(R^n ) (ii) f(x) ∈ V_j if and only if f(Mx) ∈ V_{j+1} (iii) ∃ φ^1, . . . , φ^D ∈ V_0 : {φ^d(· − γ) : γ ∈ Γ, d = 1, . . . , D} is a Riesz basis of V_0.

A set Φ = {φ^1, . . . , φ^D} as in (iii) above is called a scaling family for the MRA. Two such MRA’s, {V_j }, { ~V_j}, are said to be biorthogonal if there are scaling families, Φ = {φ^1, . . . , φ^D}, ~Φ = {φ̃^1, . . . , φ̃^D}, of {V_j } and { ~V_j}, respectively, such that ∫ R^n φ^d(x − γ) φ̃^{d′} (x − γ^′) dx = δ_{d,d}′ δ_{γ,γ}′ , γ, γ^′ ∈ Γ, d, d^′ = 1, . . . , D. The construction of wavelets from an MRA in the general context described above, can be very tricky when (m − 1)D ≥ 2, especially if one wishes to obtain “regular” wavelets (that is, smooth and with sufficiently rapid decay). Different analytic techniques have been used to overcome the topological impediments that appear in the process, obtaining all sorts of examples: [GRO], [JM], [LEM], [HER], [RIS], ...

The situation becomes simpler if one worries only about measurable wavelets. When V_j = ~V_j , for instance, it was shown in [GLT] and [JS], using elementary methods, the existence of orthonormal wavelet families from the multiresolution analysis. We do not know whether this is possible in the biorthogonal setting without regularity assumptions in the scaling families (see [COH], or [CD1] for some necessary and sufficient conditions).

In this paper we will not be interested in this question, but rather in the converse. That is, we will characterize the pairs of biorthogonal wavelet families, Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} ⊂ L^2(R^n ), for which the scales of spaces: V_J = span {ψ^ℓ_{j,γ} : ℓ = 1, . . . , L, γ ∈ Γ, j < J}, and ~V_J = span {ψ̃^ℓ_{j,γ} : ℓ = 1, . . . , L, γ ∈ Γ, j < J}, J ∈ Z, (2.4)

form a pair of biorthogonal MRA’s. P. Auscher gave a sufficient condition for this to happen in [AUS]. We will use some of his results to prove our characterization theorem. We begin with an algebraic lemma taken directly from [AUS] (see Proposition 5.2 there).

LEMMA 2.5 Let {e_j }, {ẽ_j}, j ∈ Z^+, be two families of vectors in a Hilbert space H, and suppose that the sums ∑_∞ j=1 ‖e_j‖^2 = c, ∑_∞ j=1 ‖ẽ_j ‖^2 = c̃, are finite and:

e_i = ∞∑ j=1 ⟨e_i, ẽ_j⟩e_j , ẽ_i = ∞∑ j=1 ⟨ẽ_i, e_j⟩ẽ_j, ∀ i ∈ Z^+. Let F = span {e_j }, ~F = span {ẽ_j }, and define T v = ∞∑ j=1 ⟨v, ẽ_j⟩e_j, ~T v = ∞∑ j=1 ⟨v, e_j⟩ẽ_j, v ∈ H. Then, T, ~T are bounded operators with ‖T ‖, ‖ ~T ‖ ≤ √ c c̃, and the spaces F, ~F are finite-dimensional. Moreover, T is the projector onto F “parallel” to ~F (that is,

H = R(T ) ⊕ Ker(T ) = F ⊕ ~F^⊥) and (j) dim F = dim ~F = ∞∑ j=1 ⟨e_j, ẽ_j ⟩, (jj) ⟨T v, w⟩ = ⟨v, ~T w⟩, ∀ v, w ∈ H, (jjj) S ≡ T | ~_F : ~F −→ F is an isomorphism with ‖v‖ ≤ ‖Sv‖ ≤ √ c c̃ ‖v‖, ∀ v ∈ ~F.

Towards the statement of our main result, we will translate the wavelet and MRA definitions into a pointwise periodic setting that will fit into Lemma 2.5.

Suppose now that Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} are two biorthogonal wavelet families in L^2(R^n ) associated with Γ = AZ^n and M. If T^n = [−π, π)^n, and Γ^′ = 2π(A^′)^{−1}Z^n, then {(A^′)^{−1}T^n + γ}_{γ∈Γ}′ forms a partition of R^n . Moreover, when η ∈ L^2(R^n ), we have ∫ (A^′)^{−1}T^n ∞∑ j=1 ∑ γ∈Γ^′ |η̂(N^j (ξ + γ))|^2 dξ = ∞∑ j=1 m^{−j} ∫ R^n |η̂(ξ)|^2 dξ < ∞. Therefore,_∞ ∑ j=1 ∑ γ∈Γ^′ |η̂(N^j (ξ + γ))|^2 < ∞, for a.e. ξ ∈ R^n , (2.6) and the series is Γ^′-periodic. Thus, for every j ∈ Z^+, ℓ = 1, . . . , L, and a.e. ξ ∈ R^n , we can define the vector:

ω^ℓ_j(ξ) = { a^{− 12} ^ψ^ℓ(N^j (ξ + γ)) }_{γ∈Γ}′ ∈ H ≡ ℓ^2(Γ^′) and similarly ω̃^ℓ_j(ξ), with ψ replaced by ψ̃. If we denote by [[ · ]] and [[·, ·]], respectively, the norm and inner product in H, we have, by (2.6), L∑ ℓ=1 ∞∑ j=1 [[ω^ℓ_j (ξ)]]^2, L∑ ℓ=1 ∞∑ j=1 [[ω̃^ℓ_j(ξ)]]^2 < ∞, a.e. ξ ∈ R^n . (2.7)

To be in the setting of Lemma 2.5 we just need to show:

LEMMA 2.8 With the above assumptions, the following equalities hold, for every j ∈ Z^+, ℓ = 1, . . . , L, and a.e. ξ ∈ R^n : ω^ℓ_j(ξ) = L∑ h=1 ∞∑ i=1 [[ω^ℓ_j(ξ), ω̃^h_i (ξ)]] ω^h_i (ξ) and ω̃^ℓ_j (ξ) = L∑ h=1 ∞∑ i=1 [[ω̃^ℓ_j(ξ), ω^h_i (ξ)]] ω̃^h_i (ξ).

PROOF: First of all, note that, because of (2.7), all the series appearing in the statement of the lemma converge absolutely for a.e. ξ ∈ R^n . Now, let us denote the series on the right (multiplied by a^32 ) by: G^ℓ_j(ξ) = L∑ h=1 ∞∑ i=1 ∑ γ∈Γ^′ ^ψ̃ℓ(N j (ξ + γ)) ^ψh(N i(ξ + γ)) ^ψ̃h(N iξ).

It suffices to show that G^ℓ_j(ξ) = a

^ψ̃ℓ(N j ξ), a.e. ξ ∈ Rn . Rearranging the summations, and using equations (B2), (B4) (since j ≥ 1), we obtain:

G^ℓ_j (ξ) = ∑ γ∈Γ^′ ^ψ̃ℓ(N j (ξ + γ))^L∑ h=1 ∞∑ i=1 ^ψ̃h(N iξ) ^ψh(N i(ξ + γ))

= ∑ γ∈Γ^′ ^ψ̃ℓ(N j (ξ + γ)) [ t_γ(ξ) −^L∑ h=1 ^ψ̃h(ξ) ^ψh(ξ + γ) ] = ∑ γ∈NΓ^′ ^ψ̃ℓ(N j (ξ + γ)) t_γ (ξ)

= ∑ γ∈Γ^′ ^ψ̃ℓ(N j+1(N −1ξ + γ))^L∑ h=1 ∞∑ i=0 ^ψ̃h(N i+1(N −1ξ)) ^ψh(N i+1(N −1ξ + γ))

= L∑ h=1 ∞∑ i=1 ∑ γ∈Γ^′ ^ψ̃ℓ(N j+1(N −1ξ + γ)) ^ψh(N i(N −1ξ + γ)) ^ψ̃h(N i(N −1ξ)) = G^ℓ_{j+1}(N^{−1}ξ).

Iterating, we obtain G^ℓ_j(ξ) = G^ℓ_1(N^{j−1}ξ). Now, we calculate G^ℓ_1(ξ) using similar arguments as before: G^ℓ_1(ξ) = ∑ γ∈Γ^′ ^ψ̃ℓ(N(ξ + γ))^L∑ h=1 ∞∑ i=1 ^ψ̃h(N iξ) ^ψh(N i(ξ + γ)) + ∑ γ∈O ^ψ̃ℓ(Nξ + γ) t_γ (Nξ)

= ∑ γ∈Γ^′ ^ψ̃ℓ(Nξ + γ)^L∑ h=1 ∞∑ i=0 ^ψ̃h(N i(Nξ)) ^ψh(N i(Nξ + γ))

= L∑ h=1 ∞∑ i=0 ^ψ̃h(N i(Nξ)) δ_{i,0} δ_{ℓ,h} det(A) = a ^ψ̃ℓ(Nξ).

Thus, G^ℓ_j (ξ) = a

^ψ̃ℓ(N j ξ), and the lemma is proved. □ Therefore, we can use Lemma 2.5 and define, for a.e. ξ ∈ (A^′)^{−1}T^n, the spaces: F(ξ) = span {ω^ℓ_j(ξ)}_{ℓ,j} and ~F(ξ) = span {ω̃^ℓ_j(ξ)}_{ℓ,j}, (2.9) having both finite dimension equal to:

(B5) D_{Ψ,}~_Ψ(ξ) ≡ L∑ ℓ=1 ∞∑ j=1 [[ω^ℓ_j (ξ), ω̃^ℓ_j(ξ)]] = a^{−1} L∑ ℓ=1 ∞∑ j=1 ∑ γ∈Γ^′ ^ψ̃ℓ(N j (ξ +γ)) ^ψℓ(N j (ξ + γ)).

Moreover, the map v −→ S(ξ) v = L∑ ℓ=1 ∞∑ j=1 [[v, ω̃^ℓ_j(ξ)]] ω^ℓ_j(ξ), v ∈ ~F(ξ), (2.10)

is an isomorphism from ~F(ξ) onto F(ξ). The main theorem in this paper can then be stated as follows:

THEOREM 2.11 Let Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} be a pair of biorthogonal wavelet families in L^2(R^n ) for the lattice Γ = AZ^n and dilation matrix M. Then, the systems {V_j}, { ~V_j} in (2.4) form a pair of biorthogonal multiresolution analyses if and only if there is a positive integer D such that

(I) D_{Ψ,}~_Ψ(ξ) = D, a.e. ξ ∈ (A^′)^{−1}T^n,

(II) there exists a constant C = C(Ψ, Ψ̃) > 0 such that ‖S(ξ)‖ ≤ C, a.e. ξ ∈ (A^′)^{−1}T^n. In this case, L = (m − 1)D, where m = | det(M)| and the integer D coincides with the multiplicity of the MRA’s.

For convenience, we have used in the statement of the theorem the notation introduced in (2.10). Below, we shall give an explicit expression for ‖S(ξ)‖ only in terms of Ψ and ~Ψ. Note that, as happened in the 1-dimensional situation, condition (II) is redundant when Ψ = ~Ψ. Indeed, if this is the case, we have F(ξ) = ~F(ξ), and the projection T (ξ): H −→ F(ξ) is orthogonal (since H = F(ξ) ⊕ F(ξ)^⊥). In particular, ‖T (ξ)‖ = ‖S(ξ)‖ = 1. We obtain, then, the following corollary, already announced in [CAL2] (see also [SW] and [BAG]).

COROLLARY 2.12 Let Ψ = {ψ^1, . . . , ψ^L} be an orthonormal wavelet family in L^2(R^n ) with L = (m − 1)D. Then, Ψ arises from a multiresolution analysis of multiplicity D if and only if (m−1)D ∑ ℓ=1 ∞∑ j=1 ∑ γ∈Γ^′ | ^ψ^ℓ(N^j (ξ + γ))|^2 = det(A)D, a.e. ξ ∈ (A^′)^{−1}T^n.

Before starting with the proof of the theorem in the next section, notice the following simplification:

REMARK 2.13 Without loss of generality, we will assume during the rest of the paper that the lattice Γ = Z^n. Note that a function ψ is a wavelet, associated with the lattice Γ = AZ^n and matrix M, if and only if the function ψ^♯ = a^12 ψ(A·) is a wavelet associated with Γ^♯ = Z^n and M^♯ = A^{−1}MA. One does similarly with the MRA’s V_j and V^♯_j = {f(A·) : f ∈ V_j}.

3 The proof of the theorem

We start by proving the necessity of conditions (I) and (II) in Theorem 2.11. Assume then, that the sequences of spaces {V_j}, { ~V_j} in (2.4) form a pair of biorthogonal multiresolution analyses of, say, multiplicity D. We shall show first, using elementary properties of MRA’s, that L = (m − 1)D.

3.1 Necessity: the proof of L = (m − 1)D

By definition, associated with the MRA’s we have a pair of biorthogonal scaling families: Φ = {φ^1, . . . , φ^D}, ~Φ = {φ̃^1, . . . , φ̃^D}. For convenience, we will denote by ^Φ(ξ) and ^~Φ(ξ) the column vectors in C^D with entries ^φ^d(ξ) and ^φ̃^d(ξ), d = 1, . . . , D, respectively. The biorthogonality of the systems {φ^d(· − γ)}_{γ,d}, {φ̃^d(· − γ)}_{γ,d}, is equivalent to equation (B3) (with ψ replaced by φ), which in matrix notation can be written as: ∑ γ∈Γ^′ ^Φ(ξ + γ) ^~Φ(ξ + γ)^∗ = I_D, a.e. ξ ∈ T^n. (3.1) Here, A^∗ denotes the conjugate transpose of a matrix A, and I_D the identity matrix in C^D . We have then, the following lemma:

LEMMA 3.2 In the above conditions, the space V_1 consists precisely of the functions f ∈ L^2(R^n ) whose Fourier transform can be written as f̂(Nξ) =^D∑ d=1 m^{f,d}(ξ) ^φ^d(ξ), a.e. ξ ∈ R^n , (3.3) for (unique) Γ^′-periodic functions m^{f,1}, . . . , m^{f,D} ∈ L^2(T^n ). A similar statement holds for ~V_1.

PROOF: The proof is straightforward. Since {φ^d(· − γ)}_{γ,d} is a Riesz basis for V_0, and a function f ∈ V_1 if and only if f(M^{−1}·) ∈ V_0, associated with each such function there must exist coefficients (c^{f,d}_γ )_{d,γ} ∈ ℓ^2({1, . . . , D} × Γ) such that:

m^{−1}f(M^{−1}x) = D∑ d=1 ∑ γ∈Γ c^{f,d}_γ φ^d(x − γ), in L^2(R^n ).

Taking Fourier transforms of both sides, we obtain precisely (3.3) with m^{f,d}(ξ) = ∑ γ∈Γ c^{f,d}_γ e^{−i γ·ξ} in L^2(T^n). The uniqueness of the functions m^{f,d} follows from the uniqueness of the Riesz basis coefficients. □ In particular, since φ^d ∈ V_0 ⊂ V_1, there are Γ^′-periodic functions m^{d,d′}_0 ∈ L^2(T^n), d, d^′ = 1, . . . , D such that ^φ^d(Nξ) = ∑_D d^′=1 m d,d^′ 0 (ξ) ^φ^{d′} (ξ). In matrix notation this can be written as: ^Φ(Nξ) = M_0(ξ) ^Φ(ξ), a.e. ξ ∈ R^n , (3.4) where M_0 = (m^{d,d′}_0 )_{d,d}′_{=1...,D} is usually called low-pass filter (or scaling matrix filter) associated with the scaling family Φ. Similarly, one has ^~Φ(Nξ) = ~M_0(ξ) ^~Φ(ξ) for the MRA { ~V_j}. Now, we choose a full set of representatives of the quotient space Δ ≡ Γ^′/(NΓ^′).

Since the number of distinct cosets is precisely | det(N)| = m (see, e.g., [GM]), we can consider Δ = {δ_1, . . . , δ_m}, for appropriate lattice points δ_i ∈ Γ^′ = 2πZ^n (from which we may assume δ_1 = 0). Note that

R^n = ⋃ γ∈Γ^′ [ T^n + γ ] = ⋃ δ∈Δ ⋃ γ∈Γ^′ [ (T^n + δ) + Nγ ] = ⋃ γ∈Γ^′ { [ ⋃ δ∈Δ N^{−1}(T^n + δ) ] + γ } , (3.5)

where all the unions are disjoint.

Given f ∈ V_1, and m^f = (m^{f,1} · · · m^{f,D}) as in Lemma 3.2, we can form, for a.e. ξ ∈ R^n , the row vector in C^{mD} :

u^f (ξ) = ( m^f (ξ + N^{−1}δ_1) . . . m^f (ξ + N^{−1}δ_m) ) . When we let f = φ^1, . . . , φ^D, we obtain a D × mD matrix of low-pass filters which will be denoted by:

U_0(ξ) ≡ u^{φ1} (ξ) . . u^{φD} (ξ) = ( M_0(ξ + N^{−1}δ_1) . . . M_0(ξ + N^{−1}δ_m) ) ,

and similarly for ~U_0(ξ). Now, we have the following characterization for the elements of W_0 ≡ ~V^⊥_0 ∩ V_1.

LEMMA 3.6 In the same conditions as above, the space W_0 consists precisely of the functions f ∈ V_1 whose associated vector m^f = (m^{f,1} · · · m^{f,D}), as in Lemma 3.2, satisfies the matrix equation in C^D :

~U 0(ξ) u^f (ξ)^∗ = 0, a.e. ξ ∈ N^{−1}T^n . (3.7)

When this is the case, the equation above holds for a.e. ξ ∈ R^n .

PROOF: The proof of this lemma follows from the biorthogonality properties of the MRA. Indeed, by definition we have that f ∈ V_1 belongs to W_0 if and only if ∫ R^n f(x)φ̃ d(x − γ) dx = 0, ∀ γ ∈ Γ, d = 1, . . . , D. Applying the Plancherel theorem to these integrals and periodizing, we arrive at the expression 0 = ∫ R^n f̂(ξ) ^φ̃d(ξ) e^{−i γ·ξ} dξ = ∫ T^n ∑ γ^′∈Γ^′ f̂(ξ + γ′) ^φ̃d(ξ + γ^′) e^{−i γ·ξ} dξ, ∀ γ, d. Clearly, this is equivalent to have, for every d, and a.e. ξ ∈ T^n, that the series in the inner parenthesis is 0. Using this, and equations (3.1), (3.3) and (3.4), we obtain that f ∈ W_0 if and only if for every d = 1, . . . , D and a.e. ξ ∈ N^{−1}T^n, 0 = ∑ γ∈Γ^′ f̂(Nξ + γ) ^φ̃d(Nξ + γ)

= ∑ γ∈Γ^′ [ D∑ h=1 (m^{f,h} ^φ^h)(ξ + N^{−1}γ) ] [ D∑ h^′=1

(m̃^{d,h′}_0 ^φ̃^{h′} )(ξ + N^{−1}γ) ] = ∑ δ∈Δ D∑ h,h^′=1 (m^{f,h} m̃^{d,h′}_0 )(ξ + N^{−1}δ) [ ∑ γ∈Γ^′ ( ^φ^h ^φ̃^{h′} )(ξ + N^{−1}δ + γ) ] = ∑ δ∈Δ D∑ h=1 m^{f,h}(ξ + N^{−1}δ) m̃^{d,h}_0 (ξ + N^{−1}δ),

which is precisely the formula in (3.7). For the last statement note that the series above are N^{−1}Γ^′-periodic, and therefore, the equalities hold for a.e. ξ ∈ R^n . □ From our definitions and the biorthogonality of the systems {ψ^ℓ_{j,γ} }, {ψ̃^ℓ_{j,γ} }, it follows easily that W_0 = ~V^⊥_0 ∩ V_1 = span {ψ^ℓ(· − γ)}_{ℓ,γ}. Therefore, we can apply the previous lemma to each ψ^ℓ and find Γ^′-periodic functions m^{ℓ,d}_1 ≡ m^{ψℓ,d} ∈ L^2(T^n), ℓ = 1, . . . , L, such that the L × D matrix M_1(ξ) = ( m^{ℓ,d}_1 (ξ) ) satisfies the equation: ^Ψ(Nξ) = M_1(ξ) ^Φ(ξ), a.e. ξ ∈ R^n , (3.8) and similarly with ~M_1. The matrices M_1, ~M_1 are sometimes called a pair of biorthogonal high-pass filters associated with (Ψ, ~Ψ) and (Φ, ~Φ). Moreover, if we form the L × mD matrices:

U_1(ξ) = u^{ψ1} (ξ) . . u^{ψL} (ξ) = ( M_1(ξ + N^{−1}δ_1) . . . M_1(ξ + N^{−1}δ_m) ) ,

~U 1(ξ) = u^{ψ̃1} (ξ) . . u^{ψ̃L} (ξ) = ( ~M_1(ξ + N^{−1}δ_1) . . . ~M_1(ξ + N^{−1}δ_m) ) , then, Lemma 3.6 implies that

~U 0(ξ)U1(ξ)^∗ = U0(ξ) ~U 1(ξ)^∗ = 0, a.e. ξ ∈ R^n . (3.9)

We claim, further, that, for a.e. ξ ∈ R^n ,

U_0(ξ) ~U_0(ξ)^∗ = I_D and U_1(ξ) ~U_1(ξ)^∗ = I_L. (3.10)

Indeed, it follows by exactly the same arguments used in the last part of the proof of Lemma 3.6 that δ_{d,d}′ = ∑ γ∈Γ^′ ^φ^d(Nξ + γ) ^φ̃^{d′} (Nξ + γ) = ∑ δ∈Δ D∑ h=1 m^{d,h}_0 (ξ + N^{−1}δ) m̃^{d′,h}_0 (ξ + N^{−1}δ).

Since the last sum is precisely the conjugate of the (d, d^′)-entry of U_0(ξ) ~U_0(ξ)^∗, the first equality in (3.10) must hold. The same reasoning can be applied for the second equality, after replacing φ’s with ψ’s and use (3.8) instead of (3.4).

Note that (3.10) implies, in particular, that for a.e. ξ ∈ R^n , the systems of vectors in C^{mD} : {u^{φ̃1} (ξ), . . . , u^{φ̃D} (ξ)} and {u^{ψ1} (ξ), . . . , u^{ψL} (ξ)}, are each linearly independent, and that they generate subspaces of dimension D and L, respectively. From (3.9) these two subspaces must be orthogonal and, therefore, L ≤ (m − 1)D. Suppose that L < (m − 1)D. Then, for a.e. ξ ∈ R^n , we can find a unit vector v(ξ) = (v_1(ξ), . . . , v_{mD}(ξ)) ∈ C^{mD} such that v(ξ) ⊥ span u^{φ̃d} (ξ), u^{ψℓ} (ξ)_{d,ℓ}. Moreover, we can choose v(ξ) such that each of its components v_i(ξ) is a Γ^′-periodic measurable function^∗. We will show that v(ξ) can then be written as a linear combination of the u^{ψℓ} (ξ)’s, for a.e. ξ ∈ N^{−1}T^n, which contradicts our hypothesis, and implies L = (m − 1)D. To see this, we first define Γ^′-periodic functions m^d, d = 1, . . . , D, given by: m^d(ξ) = v_{(i−1)D+d}(ξ − N^{−1}δ_i), if ξ ∈ N^{−1}(T^n + δ_i), i = 1, . . . , m.

That these functions extend Γ^′-periodically to the whole R^n follows from (3.5). Note, further, that m^d ∈ L^∞(R^n ), d = 1, . . . , D. Then, Lemma 3.2 implies that the function f, whose Fourier transform is given by: f̂(Nξ) =^D∑ d=1 m^d(ξ) ^φ^d(ξ), ξ ∈ R^n , belongs to V_1. Since u^f (ξ) = v(ξ), ξ ∈ N^{−1}T^n, and by assumption ~U_0(ξ)v^∗(ξ) = 0, Lemma 3.6 implies that f ∈ W_0. Now, {ψ^ℓ(·−γ)}_{γ,ℓ} is a Riesz basis for this space and, therefore, there must also exist (unique) Γ^′-periodic functions a^1, . . . , a^L ∈ L^2(T^n) such that f̂(ξ) =^L∑ ℓ=1 a^ℓ(ξ) ^ψ^ℓ(ξ), a.e. ξ ∈ R^n . ∗That this can be done is a consequence, for example, of Lemma 3.17 below.

Using (3.8), together with the two equations above defining f, we obtain: D∑ d=1 m^d(ξ) ^φ^d(ξ) = f̂(Nξ) = D∑ d=1 [ L∑ ℓ=1 a^ℓ(Nξ)m^{ℓ,d}_1 (ξ) ] ^φ^d(ξ), a.e. ξ ∈ R^n . By the uniqueness part of Lemma 3.2, we must have m^d(ξ) = L∑ ℓ=1 a^ℓ(Nξ)m^{ℓ,d}_1 (ξ), d = 1, . . . , D, a.e. ξ ∈ R^n . In particular, if we let ξ = ζ +N^{−1}δ_i, for ζ ∈ N^{−1}T^n and each i = 1, . . . , m, we obtain the vector equality: v(ζ) = L∑ ℓ=1 a^ℓ(Nζ)u^{ψℓ} (ζ), a.e. ζ ∈ N^{−1}T^n, which implies the desired contradiction. Therefore, we obtain L = (m − 1)D and, in particular, the following corollary: COROLLARY 3.11 For a.e. ξ ∈ R^n , the matrices U(ξ) ≡ ( U_0(ξ) U_1(ξ) ) and ~U(ξ) ≡ ( ~ U 0(ξ) ~U 1(ξ) ) are square matrices in C^{mD} , whose inverses are, respectively, ~U^∗(ξ) and U^∗(ξ). PROOF: Immediate consequence of L = (m − 1)D and (3.9), (3.10). □ 3.2 Necessity: the proof of (I), (II)

We now turn to the proof of the necessity of condition (I) in Theorem 2.11. From (3.4) and (3.8), we have, for a.e. ξ ∈ R^n , the following scalar equation:

^Φ(Nξ)^∗ ^~Φ(Nξ) + ^Ψ(Nξ)^∗ ^~Ψ(Nξ) = ^Φ(ξ)^∗ [M^∗_0 (ξ) ~M_0(ξ) + M^∗_1 (ξ) ~M_1(ξ)] ^~Φ(ξ). Now, by Corollary 3.11 one also has U(ξ)^∗ ~U(ξ) = I_{mD}, and hence, the matrix in the middle bracket above is the identity in C^D . Iterating the obtained equality, we arrive at the expression, for every J ≥ 1,

^Φ(ξ)^∗ ^~Φ(ξ) = J∑ j=1 ^Ψ(N^j ξ)^∗ ^~Ψ(N^j ξ) + ^Φ(N^J ξ)^∗ ^~Φ(N^J ξ), a.e. ξ ∈ R^n . (3.12)

The following lemma allows us to obtain a simple equation relating ^Φ^∗ ^Φ̃ and ^Ψ^∗ ^Ψ̃. LEMMA 3.13 If f ∈ L^1(R^n ), then, for a.e. ξ ∈ R^n , lim_{J→+∞} f(N^J ξ) = 0.

PROOF: The proof is very simple. If there exists ε > 0 and a set of positive measure E ⊂ R^n such that lim_{J→∞} |f(N^J ξ)| ≥ ε, then, by Fatou’s lemma, we obtain: ε|E| ≤ ∫ E lim_{J→∞} |f(N^J ξ)| dξ ≤ lim_{J→∞} ∫ E |f(N^J ξ)| dξ ≤ lim_{J→∞} m^{−J} ‖f‖_1 = 0, which is a contradiction. □ From (3.12) and the previous lemma, we obtain the following scalar equality, for a.e. ξ ∈ R^n : ^Φ(ξ)^∗ ^~Φ(ξ) = ∞∑ j=1 ^Ψ(N^j ξ)^∗ ^~Ψ(N^j ξ). (3.14)

Periodizing this expression, and using the biorthogonality relations in (3.1), we obtain: D = ∑ γ∈Γ^′ ^Φ(ξ + γ)^∗ ^~Φ(ξ + γ) = ∑ γ∈Γ^′ ∞∑ j=1 ^Ψ(N^j (ξ + γ))^∗ ^~Ψ(N^j (ξ + γ)) = D_{Ψ,}~_Ψ(ξ),

for a.e. ξ ∈ R^n , which is precisely the statement of (I) in Theorem 2.11.

Finally, we turn to the proof of condition (II). We claim that, for a.e. ξ ∈ R^n , the spaces F(ξ), ~F(ξ), defined from the families Ψ and ~Ψ in (2.9), can also be written as: F(ξ) = span {v^d(ξ)}^D_{d=1}, ~F(ξ) = span {ṽ^d(ξ)}^D_{d=1}, (3.15)

where v^d(ξ) = { ^φ^d(ξ + γ)}_{γ∈Γ}′ and ṽ^d(ξ) = { ^φ̃^d(ξ + γ)}_{γ∈Γ}′ , d = 1, . . . , D. Indeed, since ψ^ℓ_{j,0} ∈ V_0, for all j < 0, ℓ = 1, . . . , L, an argument as in Lemma 3.2 implies that:

^ψ^ℓ(N^j ξ) = D∑ d=1 a^{ℓ,j}_d (ξ) ^φ^d(ξ), for some a^{ℓ,j}_d ∈ L^2(T^n ),

or equivalently, in the notation of the space F(ξ), ω^ℓ_j(ξ) = ∑_D d=1 a^{ℓ,j}_d (ξ)v^d(ξ). Now, from (3.1) it follows that {v^d(ξ)}_d and {ṽ^d(ξ)}_d are biorthogonal (hence, linearly independent) systems in H = ℓ^2(Γ^′). Since dim F(ξ) = dim ~F(ξ) = D, the claim in (3.15) follows. In fact, the systems {v^d(ξ)}_d, {ṽ^d(ξ)}_d are (biorthogonal) bases for F(ξ) and ~F(ξ). To study the norm of the operator S(ξ): ~F(ξ) → F(ξ), defined in (2.10), it suffices to look at the associated matrix in terms of these bases. The (d, d^′)-entry of such matrix will be given by:

[[S(ξ)ṽ^d(ξ), ṽ^{d′} (ξ)]] = [[ṽ^d(ξ), ṽ^{d′} (ξ)]] = ∑ γ∈Γ^′ ^φ̃^d(ξ + γ) ^φ̃^{d′} (ξ + γ), where in the first equality we have used (jj) of Lemma 2.5 and the fact that ~S(ξ) is a projection onto ~F(ξ). Thus, the matrix associated with S(ξ) is precisely ~C(ξ) = ∑ γ∈Γ^′ ^~Φ(ξ + γ) ^~Φ(ξ + γ)^∗, a.e. ξ ∈ R^n . (3.16)

It is a well-known property of shift-invariant systems like {φ̃^d(· − γ)}_{d,γ} that they generate a Riesz basis for their closed span if and only if, for a.e. ξ ∈ R^n , the matrix ~C(ξ) in (3.16) is positive definite, and there are two constants 0 < c_1 ≤ c_2 < ∞, such that c_1‖α‖^2 ≤ ⟨ ~C(ξ)α, α⟩ ≤ c_2‖α‖^2, ∀ α ∈ C^D , where ‖ · ‖ and ⟨·, ·⟩ denote the norm and inner product in C^D (see, e.g., Theorem 1 in [DS]). Thus, the operator norm of S(ξ) is bounded above by c_2, and the necessity of (II) in Theorem 2.11 is also established.

3.3 Sufficiency

We now turn to the sufficiency part of the theorem. Suppose then, that Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} are two biorthogonal wavelet families in L^2(R^n ) such that conditions (I) and (II) from Theorem 2.11 hold. Then, (I) and Lemma 2.5 imply that the spaces F(ξ), ~F(ξ) in (2.9) are, each, D-dimensional. We show in the next lemma how to construct in a measurable way an orthonormal basis for the second space.

LEMMA 3.17 Let X be a measure space and α_j : X → ℓ^2 = ℓ^2(Z^+), j = 1, 2, . . ., be measurable vector-valued functions (that is, each component a^i_j , i ∈ Z^+, of α_j is measurable). Suppose that the vector spaces F(x) = span {α_j(x) : j = 1, 2, . . .}, x ∈ X, have constant finite dimension d ≥ 1. Then, there exist measurable ℓ^2-valued functions b_1, . . . , b_d such that {b_1(x), . . . , b_d(x)} is an orthonormal basis of F(x), for every x ∈ X. REMARK 3.18 This lemma can also be found in [JS] (see Lemma 3.8 there). For completeness, we include an elementary proof here.

PROOF: Let us define, when j ≥ 1,

X_j = {x ∈ X : α_j (x) ≠ 0 and α_k(x) = 0, 1 ≤ k < j }.

Then, {X_j}^∞_{j=1} forms a measurable partition of X. Without loss of generality, we may assume that X = X_1 (otherwise, one proceeds separately with X_1, X_2, etc...). If d = 1, the vector-valued function b_1(x) =^{α1(x)}_{‖α1(x)‖} will do for the lemma. If on the contrary d ≥ 2, we consider the orthogonal projections

P_1(x) : ℓ^2 −→ F_1 (x) ≡ span b_1(x) v → P_1(x)v = ⟨v, b_1(x)⟩ b_1(x), and the measurable partition of X consisting of the sets, for j ≥ 2, X_j = {x ∈ X : ‖P_1(x)α_j(x)‖ ≠ ‖α_j(x)‖ and ‖P_1(x)α_k(x)‖ = ‖α_k(x)‖, 2 ≤ k < j }. When x ∈ X_j , the system {b_1(x), α_j(x)} is linearly independent and generates a 2-dimensional space: F_2 (x). We can then apply a Gram-Schmidt process to find a measurable b_2(x) such that {b_1(x), b_2(x)} is an orthonormal basis for F_2 (x) (letting, for example, b_2(x) = [α_2 − ⟨b_1, α_2⟩b_1](x)/‖ · ‖). If d = 2, then F_2 (x) = F(x) and we are done. If d ≥ 3, we assume (again, without loss of generality) that X = X_2 and continue the process with the orthogonal projection: P_2(x) : ℓ^2 −→ F_2 (x)

v → P_2(x)v = 2∑ j=1 ⟨v, b_j(x)⟩ b_j (x),

and the measurable partition of X consisting of the sets, for j ≥ 3, X_j = {x ∈ X : ‖P_2(x)α_j(x)‖ ≠ ‖α_j(x)‖ and ‖P_2(x)α_k(x)‖ = ‖α_k(x)‖, 3 ≤ k < j }. Since d is finite, this process will end, and we will obtain the desired basis for F(x). □ In view of this lemma, we can find measurable vectors ṽ^d : T^n → H such that {ṽ^1(ξ), . . . , ṽ^D(ξ)} is an orthonormal basis of ~F(ξ), for every ξ ∈ T^n . Applying the isomorphism S(ξ), we define v^d(ξ) := S(ξ)ṽ^d(ξ), d = 1 . . . , D, ξ ∈ T^n, which will be a basis for F(ξ). Moreover, these two bases are biorthogonal since, from Lemma 2.5, we have [[ṽ^d(ξ), v^{d′} (ξ)]] = [[ṽ^d(ξ), S(ξ)ṽ^{d′} (ξ)]] = [[ṽ^d(ξ), ṽ^{d′} (ξ)]] = δ_{d,d}′ .

Now, we let ^φ^d(ξ) := v^d(ξ − γ) ^φ̃^d(ξ) := ṽ^d(ξ − γ) } if ξ ∈ T^n + γ, γ ∈ Γ^′, d = 1, . . . , D. We claim that, with this definition, each ^φ^d, ^φ̃^d belongs to L^2(R^n ) and, moreover, the systems {φ^d(· − γ)}, {φ̃^d(· − γ)}, γ ∈ Γ, d = 1, . . . , D, are biorthogonal and form Riesz bases of their closed linear expansions. Indeed, for the first assertion note that ∫ R^n | ^φ̃^d(ξ)|^2 dξ = ∫ T^n ∑ γ∈Γ^′ | ^φ̃^d(ξ + γ)|^2 dξ = ∫ T^n [[ṽ^d(ξ)]]^2 dξ = (2π)^n, while ∫ R^n | ^φ^d(ξ)|^2 dξ = ∫ T^n [[v^d(ξ)]]^2 dξ = ∫ T^n [[S(ξ)ṽ^d(ξ)]]^2 dξ ≤ C^2 (2π)^n, where in the last inequality we have used (II) of Theorem 2.11. Now, to see that {φ̃^d(· − γ)}_{γ,d} forms an orthonormal system is equivalent to check that ∑ γ∈Γ^′ ^φ̃^d(ξ + γ) ^φ̃^{d′} (ξ + γ) = δ_{d,d}′ , a.e. ξ ∈ T^n . But this is immediate since the series above equals [[ṽ^{d′} (ξ), ṽ^d(ξ)]], when ξ ∈ T^n, and {ṽ^d(ξ)}_d is orthonormal in ~F(ξ). On the other hand, to show that {φ^d(· − γ)}_{γ,d} is a Riesz system, it suffices to see that the matrix C(ξ), with entries: C_{d,d}′ (ξ) = ∑ γ∈Γ^′ ^φ^d(ξ + γ) ^φ^{d′} (ξ + γ), ξ ∈ T^n, satisfies, for some constants 0 < c_1 ≤ c_2 < ∞, the inequalities: c_1‖α‖^2 ≤ ⟨C(ξ)α, α⟩ ≤ c_2‖α‖^2, ∀ α ∈ C^D , a.e. ξ ∈ T^n, (3.19) (see the comment right after (3.16)). But this follows from the fact that, if α = (α_1, . . . , α_D) ∈ C^D , then ⟨C(ξ)α, α⟩ = D∑ d,d^′=1 [[v^{d′} (ξ), v^d(ξ)]] α_d′ α_d = [[S(ξ)(∑^D_{d=1}α_dṽ^d(ξ)) ]]^2

≤ C^2 [[∑^D_{d=1}α_dṽ^d(ξ)]]^2 = C^2 D∑ d=1 |α_d|^2, after using (II) in Theorem 2.11 and, again, the orthonormality of {ṽ^d(ξ)}_d. The estimation from below in (3.19) follows similarly, now using the left inequality in (jjj) of Lemma 2.5. Finally, the biorthogonality of the two systems generated by φ^d and φ̃^d, is a simple consequence of ∑ γ∈Γ^′ ^φ^d(ξ + γ) ^φ̃^{d′} (ξ + γ) = [[v^d(ξ), ṽ^{d′} (ξ)]] = δ_{d,d}′ , a.e. ξ ∈ T^n. To conclude the proof of the theorem we will show that the sequences {V_j } and { ~V_j} in (2.4) form a pair of biorthogonal MRA’s. If we define the spaces V^♯_0 = span {φ^d(· − γ)}_{γ,d} and ~V^♯_0 = span {φ̃^d(· − γ)}_{γ,d}, it will suffice to verify the statement of the following lemma. LEMMA 3.20 In the above conditions, V_0 = V^♯_0 , and ~V_0 = ~V^♯_0 .

PROOF:

We begin by showing V_0 ⊆ V^♯_0 . For this, it clearly suffices to check that each ψ^ℓ_{j,γ} ∈ V^♯_0 , γ ∈ Γ, j < 0, ℓ = 1, . . . , L. Moreover, since V^♯_0 is Γ-translation invariant, we may assume γ = 0. Note that (ψ^ℓ_{j,0})^(ξ) = m^{−j/2} ^ψ^ℓ(N^{−j} ξ).

Now, for every j < 0 and ξ ∈ T^n, we have ω^ℓ_{−j}(ξ) ∈ F(ξ). Therefore, we can find functions a^{ℓ,j}_d : T^n → C such that:

ω^ℓ_{−j} (ξ) = D∑ d=1 a^{ℓ,j}_d (ξ) v^d(ξ), ξ ∈ T^n . (3.21)

In fact, the coefficient functions are given by a^{ℓ,j}_d (ξ) = [[ω^ℓ_{−j}(ξ), ṽ^d(ξ)]], which are measurable and belong to L^2(T^n ), since ∫ T^n |a^{ℓ,j}_d (ξ)|^2 dξ ≤ ∫ T^n [[ω^ℓ_{−j}(ξ)]]^2 dξ = ∫ R^n | ^ψ^ℓ(N^{−j} ξ)|^2 dξ. Thus, we may extend Γ^′-periodically the functions a^{ℓ,j}_d to R^n and write (3.21) in the form:

ψ^ℓ(N^{−j} ξ) = D∑ d=1 a^{ℓ,j}_d (ξ) ^φ^d(ξ), ξ ∈ R^n . Taking inverse Fourier transforms of both sides, we are led to ψ^ℓ_{j,0} ∈ V^♯_0 , establishing the proof of V_0 ⊆ V^♯_0 .

In order to establish the other inclusion, it suffices to show that V^♯_0 ⊥ ~W_j ≡ span {ψ̃^ℓ_{j,γ} }_{ℓ,γ} , for all j ≥ 0. Indeed, when this is the case, the properties of the Riesz bases {ψ^ℓ_{j,γ}}, {ψ̃^ℓ_{j,γ} }, imply that:

V^♯_0 ⊂ ∞⋂ j=0 ( ~W^⊥_j ) = ∞⨁ j=0 ~W_j ⊥ = V_0.

Again, by the translation invariance of the spaces ~W_j , j ≥ 0, it suffices to show that (φ^d, ψ̃^ℓ_{j,γ} ) = 0, for all γ, ℓ, d and j ≥ 0. Writting the inner product as an integral and using the Plancherel theorem, we obtain: ( ^ψ̃ℓ_{j,γ}, ^φd) = m−j/2 ∫ R^n ^φ^d(ξ) ^ψ̃ℓ(N −j ξ) e−iN^{−j} ξ·γ dξ = m^{j/2} ∫ R^n ^φ^d(N^j ξ) ^ψ̃ℓ(ξ) e−iξ·γ dξ = m^{j/2} ∫ T^n [ ∑ δ∈Γ^′ ^φ^d(N^j (ξ + δ)) ^ψ̃ℓ(ξ + δ) ] e−iξ·γ dξ. We claim that : τ^{d,ℓ}_j (ξ) ≡ ∑ δ∈Γ^′ ^φ^d(N^j (ξ + δ)) ^ψ̃ℓ(ξ + δ) = 0, a.e. ξ ∈ Tn , (3.22) for all values of ℓ, d and j ≥ 0. Indeed, using the notation in §2, we can write, for every ξ ∈ T^n,

v^d(ξ) = T (ξ)v^d(ξ) = L∑ ℓ^′=1 ∞∑ i=1 [[v^d(ξ), ω̃^{ℓ′}_i (ξ)]] ω^{ℓ′}_i (ξ). If we denote the inner product: [[v^d(ξ), ω̃^{ℓ′}_i (ξ)]] ≡ b^d_ℓ′_{,i}(ξ), extended Γ^′-periodically to R^n , and write the above expression coordenatewise, we obtain: ^φ^d(ξ) = L∑ ℓ^′=1 ∞∑ i=1 b^d_ℓ′_{,i}(ξ) ^ψ^{ℓ′} (N^iξ), ξ ∈ R^n . Thus, substituting in the definition of τ^{d,ℓ}_j given in (3.22), and using equation (B4), we arrive at: τ^{d,ℓ}_j (ξ) = L∑ ℓ^′=1 ∞∑ i=1 b^d_ℓ′_{,i}(N^j ξ) ∑ δ∈Γ^′ ^ψ^{ℓ′} (N^{i+j} (ξ + δ)) ^ψ̃ℓ(ξ + δ) = 0, a.e. ξ ∈ Tn.

This concludes the proof of V_0 = V^♯_0 . One obtains ~V_0 = ~V^♯_0 in a similar fashion, establishing the lemma and, with it, completing the proof of Theorem 2.11. □ 4 Corollaries

In this section, we present some corollaries of the theorem just proved, including an explicit computation of the operator norm ‖S(ξ)‖ in terms of Ψ and ~Ψ, and very mild sufficient conditions for the theorem to hold.

During the course of the proof we have seen the crucial role played by the dimension function D_{Ψ,}~_Ψ(ξ) in order to construct scaling functions from the “periodized versions” of V_0 and ~V_0 (namely, F(ξ) and ~F(ξ)). When doing so, an upper bound for the expression ‖S(ξ)‖ was needed to guarantee the Bessel conditions in the constructed biorthogonal systems. When Ψ = ~Ψ, we always have ‖S(ξ)‖ = 1, and the Bessel condition comes for free (as happened in Theorem 2.2), giving us the simple statement in Corollary 2.12. In the biorthogonal situation, however, ‖S(ξ)‖ can take larger values, and a good understanding of its boundedness would be desireable. When the multiplicity of the MRA is D = 1 we have a simple formula for ‖S(ξ)‖ involving only ψ^ℓ and ψ̃^ℓ. We state it in the following corollary, which includes as a particular case Theorem 1.2.

COROLLARY 4.1 Let Ψ = {ψ^1, . . . , ψ^{m−1}}, ~Ψ = {ψ̃^1, . . . , ψ̃^{m−1}} be two biorthogonal wavelet families in L^2(R^n ) (for Γ = Z^n and M). Then, they arise from a pair of biorthogonal multiresolution analyses (necessarily of multiplicity 1) if and only if there is a constant C = C(Ψ, ~Ψ) > 0 such that

(I) D_{Ψ,}~_Ψ(ξ) ≠ 0, a.e. ξ ∈ T^n; (II) for a.e. ξ ∈ T^n , ∃ j = j(ξ) ∈ Z^+, ℓ = ℓ(ξ) ∈ {1, . . . , L}, such that

[[ω^ℓ_j(ξ)]][[ω̃^ℓ_j (ξ)]] | [[ω^ℓ_j (ξ), ω̃^ℓ_j(ξ)]] | ≤ C. PROOF: We show first the direct implication. Note that, in view of Theorem 2.11, if Ψ, ~Ψ do arise from a pair of biorthogonal MRA’s, they have to be of multiplicity 1 (since the number of wavelets in Ψ is L = m − 1). In addition, D_{Ψ,}~_Ψ(ξ) = dim F(ξ) = dim ~F(ξ) = 1, a.e. ξ ∈ T^n.

As a consequence, not only we obtain (I) in the corollary, but also find a simple expression for ‖S(ξ)‖ that leads to (II). Indeed, if ξ ∈ R^n is fixed and v, ṽ is a biorthogonal couple generating F(ξ) and ~F(ξ), respectively (as in (3.15)), we have ‖S(ξ)‖ = [[S(ξ)ṽ]] [[ṽ]] = [[ [[S(ξ)ṽ, ṽ]] v ]] [[ṽ]]

= [[ṽ]][[v]]. (4.2)

Now, from (I) in the corollary, there must exist j = j(ξ) ∈ Z^+ and ℓ = ℓ(ξ) ∈ {1, . . . , L}, such that ∑ γ∈Γ^′ ^ψ^ℓ(N^j (ξ + γ)) ^ψ̃ℓ(N j (ξ + γ)) = [[ω̃ℓ_j (ξ), ωℓ_j(ξ)]] ≠ 0. In particular, there are non-zero scalars λ = λ(ξ), μ = μ(ξ) ∈ C such that: ω^ℓ_j (ξ) = λ v and ω̃^ℓ_j(ξ) = μ ṽ.

Substituting this in (4.2), we obtain: ‖S(ξ)‖ = [[ω^ℓ_j(ξ)]] [[ω̃^ℓ_j (ξ)]] |λ μ| = [[ω^ℓ_j(ξ)]][[ω̃^ℓ_j(ξ)]] | [[ω^ℓ_j(ξ), ω̃^ℓ_j(ξ)]] | , establishing (II) in the corollary.

For the converse, it suffices to show that D_{Ψ,}~_Ψ(ξ) = 1, a.e. ξ ∈ T^n, since from here, and the above calculations of ‖S(ξ)‖, Theorem 2.11 will do. But from Lemma 2.5, D_{Ψ,}~_Ψ(ξ) is always integer-valued and, therefore, it is always real and greater than or equal to 1. Now, ∫ T^n D_{Ψ,}~_Ψ(ξ) dξ (2π)^n = m−1∑ ℓ=1 ∞∑ j=1 ∑ γ∈Γ^′ ∫ T^n ^ψ^ℓ(N^j (ξ + γ)) ^ψ̃ℓ(N j (ξ + γ)) dξ (2π)^n = m−1∑ ℓ=1 ∞∑ j=1 m^{−j} ∫ R^n ^ψ^ℓ(ξ) ^ψ̃ℓ(ξ) dξ (2π)^n = m − 1 m − 1 = 1.

Therefore, we must have D_{Ψ,}~_Ψ(ξ) = 1, a.e. ξ ∈ T^n, and the corollary is proved. □

Note that condition (II) in the corollary is equivalent to saying that the cosine of the angle formed by the vectors ω_j (ξ) and ω̃_j(ξ) is bounded away from 0. In other words, the spaces F(ξ) and ~F(ξ)^⊥ must be “separated” by a uniform positive angle. The calculation of ‖S(ξ)‖, when D ≥ 2, is done in a similar fashion to the case just treated. However, the expression we obtain is somewhat more complicated this time, because we work with matrices and vectors in D-dimensional spaces (F(ξ) and ~F(ξ)) rather than scalars in C . We begin with the definition of correlation matrix (a tool which was already used in (3.16) above).

Let v = {v_1, . . . , v_D}, ω = {ω_1, . . . , ω_D} be two systems of vectors in a Hilbert space H. Then, the correlation matrix of v and ω is the complex D × D matrix C = C_{v,ω}, whose entries are ( ⟨v_d, ω_d′ ⟩ )_{d,d}′_{=1,...D}, where ⟨· , · ⟩ denotes the inner product in H.

LEMMA 4.3 If v = {v_1, . . . , v_D} is a system of vectors in a Hilbert space H, then C_{v,v} is a hermitian, non-negative definite matrix (all eigenvalues are greater than or equal to 0). Moreover, if ω = {ω_1, . . . , ω_D} is another system in H then, C_{v,ω} is invertible if and only if the systems v and ω consist of linearly independent vectors and span v^⊥ ∩ span ω = {0}.

PROOF: That C_{v,v} is hermitian is obviuos. In fact, C^∗_{v,ω} = C_{ω,v}. For the other assertions, note that, for every α = (α^1, . . . , α^D), β = (β^1, . . . , β^D) ∈ C^D , then αC_{v,ω}β^∗ = ∑ d,d^′ α^d ⟨v_d, ω_d′ ⟩ β^{d′} = ⟨ ∑ d α^dv_d, ∑ d^′ β^{d′} ω_d′ ⟩. (4.4) Clearly, then, C_{v,v} is non-negative definite. Moreover, if for some β ∈ C^D we have ∑ d β^dω_d ∈ span v^⊥, by (4.4) we must have C_{v,ω}β^∗ = 0. Thus, if C_{v,ω} is invertible, β = 0, and it follows that span v^⊥ ∩ span ω = {0}, and the vectors in ω are linearly independent. Since C^∗_{v,ω} = C_{ω,v}, also the vectors in v are linearly independent. Conversely, if C_{v,ω} is not invertible, there is a vector β ∈ C^D , β ≠ 0, such that C_{v,ω}β^∗ = 0. From (4.4), we also have ∑ d β^dω_d ∈ span v^⊥, which in turn implies that, either span v^⊥ ∩ span ω ≠ {0}, or ∑ d β^dω_d = 0 and ω is not linearly independent. □ In our situation, the space H will be ℓ^2(Γ^′), with the inner product [[· , · ]] defined in §2. We obtain, then, the following expression for ‖S(ξ)‖, which resembles very much the one given in Corollary 4.1 for the case D = 1 (compare also with (1.4)):

PROPOSITION 4.5 Let Ψ and ~Ψ be two biorthogonal wavelet families and ξ ∈ T^n fixed. If ω ≡ {ω_1, . . . , ω_D} ⊂ F(ξ) and ω̃ ≡ {ω̃_1, . . . , ω̃_D} ⊂ ~F(ξ) are two linearly independent systems, then the operator S = S(ξ) defined in (2.10) has norm:

‖S‖ = ‖C^{12}_{ω̃,ω̃} C^{−1}_{ω,ω̃} C^{12}_{ω,ω}‖. (4.6)

PROOF: We know that ‖S‖^2 = sup_{p∈Cd} p≠0 [[ S[ ∑ d p^dω̃_d] ]]^2 [[ ∑ d p^dω̃_d ]]^2

. (4.7)

Using (4.4), and considering p as a row matrix, the denominator in the expression above can be written as: pC_{ω̃,ω̃}p^∗. To find a simpler expression for the numerator, let v = {v_1, . . . , v_D} and ṽ = {ṽ_1, . . . , ṽ_D} be a pair of biorthogonal bases for F = F(ξ) and ~F = ~F(ξ), and let Λ = (Λ_{d,d}′ ), Λ̃ = (Λ̃_{d,d}′ ) be two invertible matrices of scalars so that

v_d = D∑ d^′=1

Λ_{d,d}′ ω_d′ = Λ_d · ω and ṽ_d = D∑ d^′=1

Λ̃_{d,d′}ω̃_{d′} = Λ̃_d · ω̃, (4.8)

where Λ_d and Λ̃_d denote the d^{th}-rows of Λ and Λ̃, and ω and ω̃ are column matrices of vectors in F and ~F, respectively. Then, for d = 1, ..., D, we have

Sω̃_d = ∑ d^′ [[Sω̃_d, ṽ_d′ ]] v_d′ = ∑ d^′ [[ω̃_d, ṽ_d′ ]] v_d′ .

Using (4.8) and (4.4), the vector in the numerator of (4.7) equals S(p · ω̃) = ∑ d^′ [[p · ω̃, ṽ_d′ ]] v_d′ = ∑ d^′ [[p · ω̃, Λ̃_d′ · ω̃]] Λ_d′ · ω = D∑ d^′=1

(pC_{ω̃,ω̃}Λ̃^∗_d′ )Λ_d′ · ω = pC_{ω̃,ω̃} ( ∑ d^′ Λ̃^∗_{d′} Λ_{d′} ) · ω = pC_{ω̃,ω̃}Λ̃^∗Λ · ω.

Now, from (4.4), (4.8), and the biorthogonality of v and ṽ one easily verifies that ΛC_{ω,ω̃}Λ̃^∗ = C_{v,ṽ} = I_D. Thus, one more use of (4.4) gives us:

‖S‖^2 = sup_{p≠0} (pC_{ω̃,ω̃}C^{−1}_{ω,ω̃})C_{ω,ω} (pC_{ω̃,ω̃}C^{−1}_{ω,ω̃})^∗ pC_{ω̃,ω̃}p^∗ .

Changing variables q = pC^{12}_{ω̃,ω̃} (the square root matrix is well-defined by Lemma 4.3), we arrive at the desired expression in (4.6). □ We turn now to a sufficient condition for wavelet families to arise from a pair of biorthogonal MRA’s. As we shall see later, this condition is implied by minimal smoothness and decay assumptions on the wavelets, as was proved by P. Auscher and P.G. Lemarié in [AUS], and [LEM]. Their construction of the scaling families, however, requires a finer analysis than ours, since they can obtain them with the same smoothness and decay they assume for the wavelets.

COROLLARY 4.9 Let Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} be a pair of biorthogonal wavelet families in L^2(R^n ), and suppose that each η ∈ Ψ ∪ ~Ψ has continuous Fourier transform and the series D_η(ξ) ≡ ∞∑ j=1 ∑ γ∈Γ^′ |η̂(N^j (ξ + γ))|^2, ξ ∈ R^n , (4.10)

converges uniformly to a bounded function in compact sets of (0, 2π)^n. Then, there exists an integer D ≥ 1 such that L = (m − 1)D, and the couple {Ψ, ~Ψ} arises from a pair of biorthogonal multiresolution analyses (of multiplicity D).

PROOF: We only need to verify that conditions (I) and (II) in Theorem 2.11 hold. Now, the second one follows immediately from Lemma 2.5, part (jjj), since we have the bound: ‖S(ξ)‖^2 ≤ ( L∑ ℓ=1 D_ψℓ (ξ)) ( L∑ ℓ=1 D~_{ψℓ} (ξ)), ξ ∈ T^n , (4.11)

and the last quantity belongs to L^∞(T^n) by assumption. To see the first condition, note that the series defining D_{Ψ,}~_Ψ(ξ) also converges uniformly in compact sets of (0, 2π)^n to a continuous function. Since, by Lemma 2.5, this function can only take integer values, there must exist D ∈ Z^+ such that D_{Ψ,}~_Ψ(ξ) = D, ξ ∈ (0, 2π)^n. □ The sufficient conditions in terms of smoothness and decay of the wavelets given by Auscher and Lemarié are the following:

DEFINITION 4.12 We say that a function f ∈ L^2(R^n ) is regular^∗ if f̂ ∈ C(R^n ) and there exist ε, C > 0 such that |f̂(ξ)| ≤ C (1 + |ξ|)^{−(n/2+ε)}, ξ ∈ R^n .

DEFINITION 4.13 We say that a function f ∈ L^2(R^n ) is localized if for some ε > 0 |ξ|^ε f̂(ξ) ∈ L^2(R^n ) and |x|^{n/2+ε} f(x) ∈ L^2(R^n ). Using Sobolev space terminology, this is equivalent to f ∈ H^ε(R^n ) and f̂ ∈ H^{n/2+ε}(R^n ).

The following lemma shows how D_f (ξ) = ∑_∞ j=1 ∑ γ∈Γ^′ |f̂(N j (ξ + γ))|^2 behaves in each of these cases. We will fix a real number μ so that 1 < μ < min{ |λ| : λ eigenvalue of N }. Note that, in this case, there is a constant c > 0 such that |N^j ξ| ≥ c μ^j|ξ|, ∀ ξ ∈ R^n , j ≥ 0 (see, e.g., Remark 2 in [CAL]).

∗We point out that Auscher’s regularity condition is a bit stronger than the one given in Definition 4.12. A decay of the form |f̂(ξ)| ≤ C |ξ|^ε, when |ξ| ∼ 0, is also assumed in [AUS]. However, in what concerns to our results, the definition we give suffices.

LEMMA 4.14 If f ∈ L^2(R^n ) is regular or localized, then the series defining D_f (ξ) converges uniformly in compact sets of T^n \ {0}, and there is a constant C > 0 such that D_f (ξ) ≤ C + ∞∑ j=1 |f̂(N^j ξ)|^2, ξ ∈ (−π, π)^n \ {0}. (4.15) PROOF:

Assume first that f is regular. If ξ ∈ R^n \ {0}, we have: s(ξ) ≡ ∞∑ j=1 |f̂(N^j ξ)|^2 ≤ C ∞∑ j=1 1 (1 + |N^j ξ|)^{n+2ε} ≤ C (c|ξ|)^{−(n+2ε)} ∞∑ j=1 μ^{−j(n+2ε)}. Thus, the series defining s(ξ) converges uniformly in compact sets of R^n \ {0} to a continuous function. Moreover, the decay of s(ξ) when ξ is away from 0 implies that the series:

D_f (ξ) = ∑ γ∈Γ^′ s(ξ + γ) = s(ξ) + ∑ γ≠0 s(ξ + γ), ξ ∈ [−π, π]^n \ {0}, converges uniformly in compact sets of T^n \ {0}, and (4.15) holds.

In the localized situation, one may use complex interpolation to find ε^′ > 0 and α > n/2 such that |ξ|^{ε′} f̂(ξ) ∈ H^α(R^n ) (see Lemma 2 in Chapter 2 of [KL]). Sobolev space properties imply then, that the periodized series t(ξ) = ∑ γ∈Γ^′ |ξ + γ|^{2ε′} |f̂(ξ + γ)|^2, ξ ∈ [−π, π]^n, converges uniformly to a continuous periodic function in R^n (see, e.g., Chapter 3 of [KL]). Then, if ξ ∈ [−π, π]^n and |ξ| > δ, for some 0 < δ < 1, we have: D_f (ξ) ≤ ∞∑ j=1 ∑ γ∈Γ^′ |N^j (ξ + γ)|^{2ε′} (μ^jδc)^{2ε′} |f̂(N^j (ξ + γ))|^2 ≤ (δc)^{−2ε′} ∞∑ j=1 μ^{−2jε′} t(N^j ξ) ≤ C_δ, which implies the convergence on compact sets announced in the statement of the lemma. Moreover, if ξ ∈ (−π, π)^n, we obtain:

D_f (ξ) ≤ s(ξ) + ∞∑ j=1 ∑ γ≠0 |N^j(ξ + γ)|^{2ε′} (μ^jc)^{2ε′} |f̂(N^j (ξ + γ))|^2 ≤ s(ξ) + c^{−2ε′} ∞∑ j=1 μ^{−2jε′} t(N^j ξ) ≤ s(ξ) + C. □ COROLLARY 4.16 If Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} are biorthogonal wavelet families in L^2(R^n ), and the functions in Ψ ∪ ~Ψ are either regular or localized, then (Ψ, ~Ψ) arises from a pair of biorthogonal multiresolution analyses.

PROOF: This is an immediate consequence of Lemma 4.14, Corollary 4.9, and the fact that ∑ j∈Z|η̂(N^j ξ)|^2 ∈ L^∞(R^n ) whenever {η_{j,γ} }_{j,γ} is a Bessel system (see, e.g.

Remark 7 in [FGWW]). □ The reasoning we just gave has another interesting consequence which shows how mild condition (II) in Theorem 2.11 can be (see also the sufficient condition given by Bin Han in [HAN2]):

COROLLARY 4.17 If Ψ = {ψ^1, . . . , ψ^L}, ~Ψ = {ψ̃^1, . . . , ψ̃^L} are biorthogonal wavelet families in L^2(R^n ), and every function η ∈ Ψ ∪ ~Ψ has |η̂(ξ)| ≤ C(1 + |ξ|)^{−(n/2+ε)}, for constants C, ε > 0, then ess - sup ‖S(ξ)‖ < ∞.

PROOF: The decay condition on η implies that the series ∑_∞ j=1 ∑ γ≠0 |η̂(N j (ξ +γ))|^2 converges uniformly, when ξ ∈ T^n, to a bounded function (see the first lines of the proof of Lemma 4.14). Since we have ∑ j∈Z|η̂(N^j ξ)|^2 ∈ L^∞(R^n ), it follows that D_η(ξ) is (essentially) bounded, and (4.11) establishes the corollary. □ 5 Examples

The rest of the paper will be devoted to present a series of examples that illustrate how to use Theorem 2.11. The first example will be of an orthonormal wavelet in R^2 , associated with an expansive matrix of determinant 2, and not arising from an MRA. The second is a general construction of orthonormal wavelet families in R^n arising from MRA’s of multiplicity 2^J . Finally, the third one is a collection of non-trivial biorthogonal wavelets in L^2(R), also arising from multiresolution analyses.

One of the simplest ways of constructing orthonormal wavelets is by finding measurable sets T ⊂ R^n satisfying:

(C1) {N^j T }_{j∈Z} is a partition a.e. of R^n (C3) {T + γ}_{γ∈Γ}′ is a partition a.e. of R^n .

Any such T is called a wavelet set since the function ψ = (χ_T )ˇ is an orthonormal wavelet in L^2(R^n ) (see [FW], [HW] for n = 1, and [DLS], [SW], [CAL] for n ≥ 2). Although ψ will not even belong to L^1(R^n ), an appropriate smoothing of the characteristic function χ_T produces, in many cases, single wavelets in the Schwartz class which can be very useful in applications (see [HWW1] for n = 1, and [CAL2], [SPE] for n = 2). Note that, when dealing with wavelet sets, ^ψ is not continuous, and therefore, one cannot use Corollary 4.9 to determine whether ψ arises from a multiresolution analysis. However, the statement we gave of Theorem 2.11 simplifies very much in this situation.

COROLLARY 5.1 Let ψ be an orthonormal wavelet in L^2(R^n ) so that ^ψ = χ_T , for some measurable set T ⊂ R^n . Then, ψ arises from an MRA (necessarily of multiplicity 1) if and only if m = | det(M)| = 2 and

(C5) { [∪^∞_{j=1}N^{−j} T ] + γ }_{γ∈Γ}′ is a partition a.e. of R^n .

PROOF: Immediate consequence of (C1) and Corollary 2.12. □ This result (which in the 1-dimensional setting is due to [FW]) can be effectively used to test wavelet sets already existing in the literature. For instance, when n ≥ 2, most of the examples in [CAL2], [DLS] and [SW], are either related to matrices with m = | det(M)| > 2 (and hence, cannot arise from an MRA), or have been obtained directly from an MRA after finding appropriate scaling functions. Below, we give an example of a set T ⊂ R^2 , associated with Γ = Z^2 and M = ( 1 1 −1 1 ) , such that

ψ = (χ_T )ˇ is a wavelet not arising from an MRA. Note that m = 2 and, therefore, we need to use (I) in Theorem 2.11 to show this (or equivalently, see that condition (C5) above does not hold).

EXAMPLE 5.2 As usually happens with the constructions of wavelet sets in R^2 , T will be of ”fractal” form (see Figure 5.1 below). The iterative process producing it is as follows. Let us define the sequence of complex numbers:

z_0 = 0 and z_n = z_{n−1} + π2^{− 3n−22} e^{−i(n−2) π4} , n ∈ Z^+. (5.3)

Let us consider the sequence of (convex) rectangular isosceles triangles {T_n}_{n≥0} such that, for every n, T_n has the point z_n = (Re z_n, Im z_n) as vertex of the right angle, while the point z_{n+1} = (Re z_{n+1}, Im z_{n+1}) is the middle point of the hypotenusa (see Figure 5.1).

Figure 5.1: The wavelet set T , and the sequence of triangles that defines it. In other words, we start with the triangle T_0, with vertices {(π, 0), (0, π), (0, 0)}, and construct T_1 by first applying^1_2 N^{−1} (that is, rotate T_0 around z_0 = 0 by −π/4 radians, and dilate by 2^{−3/2}), and then translating by z_1 = (^π_2 ,^π_2 ) (that is, place the obtained triangle in the middle point of the hypotenusa of T_0). One proceeds similarly to construct T_n from T_{n−1}, which in mathematical language can be written as:

T_n = 1 2 N^{−1}(T_{n−1} − z_{n−1}) + z_n, n ∈ Z^+.

Note that this is possible since^1_2 N^{−1}(z_n − z_{n−1}) + z_n = z_{n+1}, and the triangle T_n is determined precisely by the points z_n and z_{n+1}. Now, let

T^I =

[0, π)^2 \ ⋃ n≥0 T_n ∪ ⋃ n≥0 T_n + (0, 2π) , and T = T^I ∪ T^{II} ∪ T^{III} ∪ T^{IV} , where the last three sets correspond to the rotations of T^I into the second, third and fourth quadrants, respectively. From the definition of T^I , one immediately verifies that the set T satisfies condition (C3). To show (C1), we claim that the component of T on the left of the second quadrant (see Figure 5.1) “dilates” (by N^{−3}) precisely into the union of the triangles T_1 ∪ T_2 ∪ . . ., in the first quadrant. Indeed, from (5.3) it is easy to see that

N^{−3}( e^{i π2} z_{n−1} + (−2π, 0) ) = z_n, n ∈ Z^+, and, hence, N^{−3}( e^{i π2} T_{n−1} + (−2π, 0) ) = T_n, n ∈ Z^+. (5.4)

Now, by definition

T^{II} \ [−π, 0)^2 = e^{i π2} ∞⋃ n=0 [ T_n + (0, 2π) ] = ∞⋃ n=1 [ e^{i π2} T_{n−1} + (−2π, 0) ]

and, by (5.4), the last quantity dilates (with N^{−3}) precisely onto ∪^∞_{n=1}T_n, establishing our claim. Proceeding similarly with each of the quadrants, one obtains the a.e. disjoint union:

[ T ∩ [−π, π)^2 ] ∪ [ N^{−3}(T \ [−π, π)^2) ] = [−π, π)^2 \ N^{−1}[−π, π)^2,

which clearly implies (C1), and proves that T is a wavelet set.

To see that (C5) does not hold, note that the triangle ~T = [(^π_2 , 0), (^{3π}_2 ,^π_4 ), (π, 0)] is contained in the torus T^2 = [−π, π)^2, but the dilations

N ~T = [ (^π_2 ,^π_2 ), (^π_2 , π), (π, π) ]

N^2( ~T − (2π, 0) ) = [ (0, −3π), (−^π_2 , −^{5π}_2 ), (0, −2π) ],

are each contained in T . Hence, N^{−1}T ∩ [N^{−2}T + (2π, 0) ] ⊃ ~T , which has positive measure, and establishes our claim. □

The example we just gave, like all the constructions with wavelet sets, is associated with a “single” wavelet ψ = (χ_T )ˇ. One can also derive (orthonormal) wavelet families Ψ = {ψ^1, . . . , ψ^L} such that ^ψ^ℓ = χ_{Tℓ} , for appropriate choices of T_ℓ; the sets {T_1, . . . , T_L} will be called a family of multi-wavelet sets. An example is given in Figure 5.2 below (see also [CAL2], [BL]).

Figure 5.2: Sets T_1, T_2, leading to a wavelet family Ψ = {(χ_{T1} )ˇ, (χ_{T2} )ˇ}, when Γ = Z^2 and M =

(_{1 1}

−1 1 ) . Note that, in this example, T_1 and T_2 form an appropriate partition of NT , where T = NT^2 \ T^2 is a wavelet set in R^2 . Using Corollary 2.12 one can easily show that Ψ arises from an MRA of multiplicity 2. This is also a particular instance of the following general construction.

EXAMPLE 5.5 Let T ⊂ R^n be a wavelet set, and ψ = (χ_T )ˇ the associated wavelet. Let us fix J ∈ Z^+, and recall (from the arguments leading to (3.5)) that the quotient Δ = Δ_J ≡ Γ^′/N^J Γ^′ has exactly m^J distinct representatives: {δ_1 = 0, δ_2, . . . , δ_mJ }, while { C(ℓ) ≡ ∪_{γ∈Γ}′ [T^n + N^J γ] + δ_ℓ }^{mJ}_{ℓ=1},

forms a partition of R^n . Then, we can split the set N^J T into m^J disjoint parts as follows: T_ℓ ≡ N^J T ∩ C(ℓ), ℓ = 1, . . . , m^J . (5.6) (Compare with Figure 5.2.) We claim that Ψ = {(χ_{T1} )ˇ, . . . , (χ_{TmJ} )ˇ} forms an (orthonormal) wavelet family in L^2(R^n ). This will be an immediate consequence of Theorem 2.2 and the following lemma:

LEMMA 5.7 In the above conditions, if for some γ ∈ Γ^′ and ℓ = 1, . . . , m^J , we have | (T_ℓ + γ) ∩ T_ℓ | > 0, then γ = 0.

Similarly, if for some j ∈ Z and ℓ, ℓ^′ = 1, . . . , m^J , we have | (N^jT_ℓ) ∩ T_ℓ′ | > 0, then j = 0 and ℓ = ℓ^′.

PROOF: For the first statement, write γ = N^J γ^′ + δ, for γ^′ ∈ Γ^′, δ ∈ Δ. Then, (T_ℓ + γ) ∩ T_ℓ ⊂ (C(ℓ) + δ) ∩ C(ℓ), which by (3.5) implies that δ = 0. Now γ = N^J γ^′, and therefore, (T_ℓ + γ) ∩ T_ℓ ⊂ N^J [ (T + γ^′) ∩ T ]. Property (C3) implies then that γ^′ = γ = 0.

For the second statement, note that N^j T_ℓ ∩ T_ℓ′ ⊂ N^{j+J} T ∩ N^J T , which by (C1) implies j = 0. Then, | T_ℓ ∩ T_ℓ′ | > 0, which can only happen if ℓ = ℓ^′. □ From the lemma it is immediate that equations (B2) and (B4) in Theorem 2.2 hold (each of the terms in the series involved will be 0). Moreover, to check (B1) and (B3) it suffices to see that ∪_ℓ ∪_j N^j T_ℓ = R^n and ∪_γ (T_ℓ + γ) = R^n , ℓ = 1, . . . , m^J . But this follows clearly from (5.6) since m^J⋃ ℓ=1 ⋃ j∈Z N^j T_ℓ = ⋃ j∈Z N^{j+J} T = R^n and ⋃ γ∈Γ^′ (T_ℓ + γ) = ⋃ δ∈Δ [ ⋃ γ^′∈Γ^′ N^J T ∩ C(ℓ) + N^J γ^′ ] + δ = ∪_{δ∈Δ}C(ℓ) + δ = R^n .

Thus, Ψ is a wavelet family^∗. Now, we make use of Corollary 2.12 to determine whether Ψ arises from an MRA. Note that, for ξ ∈ R^n ,

D_Ψ(ξ) = m^J∑ ℓ=1 ∞∑ j=1 ∑ γ∈Γ^′ χ_{Tℓ} (N^j (ξ + γ)) = ∞∑ j=1 ∑ γ∈Γ^′ χ_N J_T (N^j (ξ + γ)) = ∞∑ j=J+1 {· · ·} + J∑ j=1 {· · ·} = D_ψ(ξ) + J−1∑ j=0 { ∑ γ∈Γ^′ χ_N j_T (ξ + γ)}. Using (C3), we see that the series inside the brackets equals ∑ δ∈Δ_j ∑ γ^′∈Γ^′ χ_T (N^{−j} ξ + γ^′ + N^{−j} δ) = Card(Δ_j) = m^j, j = 0, . . . J − 1, a.e. ξ ∈ T^n.

Thus,

D_Ψ(ξ) = D_ψ(ξ) + J−1∑ j=0 m^j, a.e. ξ ∈ T^n, ∗In this case, since Ψ = ~Ψ, the Bessel condition in the statement of Theorem 2.2 needs not be checked (see the comment immediately before Remark 2.3, or [BL]).

and D_Ψ(ξ) is constant (a.e.) in T^n if and only if D_ψ(ξ) is. But since ∫ T^n Dψ(ξ) dξ (2π)^n = 1 m−1 (see the computation right before the end of the proof of Corollary 4.1) and D_ψ is integer-valued, this can happen only if m = 2 and D_ψ(ξ) ≡ 1. We can summarize all this in the following proposition:

PROPOSITION 5.8 Let J ∈ Z^+ be fixed, and T ⊂ R^n be a wavelet set (that is, T satisfies (C1) and (C3)). Define T_ℓ = N^J T ∩ C(ℓ), ℓ = 1, . . . , m^J , and let Ψ = {(χ_{T1} )ˇ, . . . , (χ_{TmJ} )ˇ}. Then, Ψ is an orthonormal wavelet family. Moreover, Ψ arises from an MRA of multiplicity d if and only if T satisfies (C5), in which case m = 2 and d = 2^J .

One more example of multiwavelet sets, still with the matrix M = ( 1 1 −1 1 ) , is

given in Figure 5.3 below.

Figure 5.3: Sets producing a wavelet family arising from an MRA of multiplicity 4. □ Finally, we present an example of a non-trivial pair of biorthogonal wavelets in L^2(R), and use Theorem 1.2 to determine whether it arises from an MRA. Note that, in the biorthogonal situation, we cannot have a non-trivial analogue of wavelet sets. Indeed, it is an easy exercise to show (from equations (B1)−(B4)) that two functions ψ, ψ̃ ∈ L^2(R^n ), of the form ^ψ = aχ_T and ^ψ̃ = ãχ~_T , (a, ã complex constants) can only form a pair of biorthogonal wavelets if ã = a^{−1} and T = ~T a.e. Therefore, modulo a constant, ψ and ψ̃ will be equal to an orthonormal wavelet η = (χ_T )ˇ. Although these constructions may have a theoretical interest when a is a non constant function^†, we seek less trivial examples where ^ψ and ^ψ̃ have disjoint supports. The choice a(ξ) = ã(ξ) = e^{iξ/2}, and T, ~T as in Figure 5.4 below is an instance of what we are saying.

− 8π3 − 2π3 0 2π3 4π3 − 4π3 − 2π3 0 2π3 8π3 ξ

Figure 5.4: Sets T and ~T producing a pair of biorthogonal wavelets in L^2(R).

More generally, we can construct the following family of biorthogonal wavelets in L^2(R) (with dilation factor 2^j, as in §1).

EXAMPLE 5.9 We start with an arbitrary measurable function b : [^{2π}_3 ,^{4π}_3 ) → R such that 0 ≤ b ≤ 1, and two fixed real numbers α, β ∈ [0, 1] such that α + β = 1. Then, define:

| ^ψ(ξ)| = b(ξ)^α,^{2π}_3 ≤ ξ <^{4π}_3 (1 − b(ξ/2))^α,^{4π}_3 ≤ ξ <^{8π}_3 (1 − b(ξ + 2π))^β, −^{4π}_3 ≤ ξ < −^{2π}_3 b(ξ/2 + 2π)^β, −^{8π}_3 ≤ ξ < −^{4π}_3 0 elsewhere

(5.10)

and let ^ψ(ξ) := e^{i ξ}2 | ^ψ(ξ)|, ξ ∈ R. One defines ^ψ̃ in exactly the same way, but interchanging the roles of α and β in (5.10) (see Figure 5.5 below).

†The function a could be thought as a generalization of the notion of wavelet multiplier; see [WUTAM].

− 8π3 − 4π3 − 2π3 0 2π3 4π3 8π3 − 8π3 − 4π3 − 2π3 0 2π3 4π3 8π3 ξ

Figure 5.5: Graphs of | ^ψ| and | ^ψ̃|, with b(ξ) = c(ξ −^{2π}_3 )^3 and α =^2_3 , β =^1_3 .

It is easy to check that the pair ^ψ, ^ψ̃ just constructed satisfies the equations (B1) through (B4), as well as equation (1.3) in Theorem 1.2 (the reader can compare with the proof in the orthonormal case, given in [HWW1] or Chapter 3 of [HW]). Moreover, the compact support (in R \ {0}) and boundedness of | ^ψ| and | ^ψ̃| imply that each {ψ_{j,k}}_{j,k} and {ψ̃_{j,k}}_{j,k} is a Bessel system in L^2(R) (see, e.g., Remark 6 in [FGWW]), and hence {ψ, ψ̃} is a biorthogonal wavelet pair. We just need to verify that ‖S(ξ)‖ ∈ L^∞(T) to show that it arises from a pair of biorthogonal MRA’s. But this is an immediate consequence of Corollary 4.17. Note that one may choose the function b highly discontinuous, so that {ψ, ψ̃} cannot be tested with Corollary 4.16. □ 6 References

1. [AUS] Auscher, P. “Solutions to two problems on wavelets”. J. Geom. Anal. 5 (2), 1995 (pp.181-237).

2. [BAG] Baggett, L. “Application of the wavelet multiplicity function to MRA wavelets”. Preprint, 1998.

3. [BL] Benedetto, J.J. and León, M.T. “The construction of multiple dyadic minimally supported frequency wavelets on R^d ”. Contemporary Math. 247, 1999 (pp. 43-74).

4. [BMM] Baggett, L., Medina, H. and Merril, K. “Generalized multiresolution analyses, and a construction procedure for all wavelet sets in R^n ”. Preprint, 1998.

5. [BOW] Bownik, M. N. “A characterization of affine dual frames in L^2(R^n ) ”.

Preprint, 1998.

6. [CAL] Calogero, A. “Characterization of wavelets on general lattices”. To appear in J. Geom. Anal.

7. [CAL2] Calogero, A. Wavelets on general lattices, associated with general expanding maps of R^n . Tesi di Dottorato, Università di Milano, 1998.

8. [CD1] Cohen, A., Daubechies, I. “A stability criterion for biorthogonal wavelet bases and their related subband coding scheme”. Duke Math. J. 68 (2), 1992 (pp. 313-335).

9. [CD2] Cohen, A., Daubechies, I. “Non-separable bidimensional wavelet bases”.

Rev. Mat. Iberoam. 9, 1993 (pp. 51-133).

10. [CDF] Cohen, A., Daubechies, I. and Feauveau, J.C. “Bi-orthogonal bases of compactly supported wavelets”. Commun. Pure Appl. Math. 45, 1992 (pp. 485-560).

11. [COH] Cohen, A. “Biorthogonal wavelets” in Wavelets: A Tutorial in theory and applications. Ed. by C.K. Chui, Academic Press Inc., 1992 (pp. 123-152).

12. [CS] Cohen, A., Schlenker, J.M. “Compactly supported bidimensional wavelet base with hexagonal symmetry”. Constr. Approx. 9, 1993 (pp. 209-236).

13. [CT] Canuto, C. and Tabacco, A. Ondine biortogonali: teoria e applicazioni.

Quaderni U.M.I. 46, Pitagora Ed. Bologna 1999.

14. [DAU] Daubechies, I. Ten Lectures on Wavelets. SIAM CBMS 61 (1992).

15. [DLS] Dai, X. , Larson, D. R. , Speegle, D. M. “Wavelet Sets in R^n : II”.

Contemporary Math. 216, 1998 (pp. 15-40).

16. [DS] De Michele, L. and Soardi, P.M. “On multiresolution analysis of multiplicity d”. Mh. Math. 124, 1997 (pp. 255-272).

17. [FGWW] Frazier, M., Garrigós, G., Wang, K. and Weiss, G. “A Characterization of Functions that Generate Wavelet and Related Expansion”. J. Fourier Anal. Appl. 3 (Special Issue) 1997 (pp. 883-906).

18. [FW] Fang, X. and Wang X. “Construction of minimally supported frequency wavelets”. J. Fourier Anal. Appl. 2 (4), 1996 (pp. 315-327).

19. [GLT] Goodmann, TNT; Lee, SL, and Tang, WS. “Wavelets in wandering subspaces”. Trans. AMS 338, 1992 (pp.639-654).

20. [GM] Gröchenig, K. and Madych, WR. “Multiresolution analysis, Haar basis and self-similar tilings of R^n ”. IEEE Trans. Information Theory 38, 1992 (pp. 556-568).

21. [GRIP] Gripenberg, G. “A necessary and sufficient condition for the existence of a father wavelet”. Studia Math. 114 (3) 1995 (pp.207-226).

22. [GRO] Gröchenig, K. “Analyse multi-échelles et bases d’ondelettes”. CR Acad.

Sci. Paris 305, 1987 (pp. 13-15).

23. [GS] Garrigós, G. and Speegle, D. “Completeness in the set of wavelets”. Proc.

AMS 128 (4), 2000 (pp. 1157-1166).

24. [HAN1] Han, B. “On dual wavelet tight frames”. Appl. Comput. Harmon. A.

4, 1997 (pp.380-413).

25. [HAN2] Han, B. “Some applications of projection operators in wavelets”. Acta Mathematica Sinica 11 (1), 1995, (pp. 105-112).

26. [HER] Hervé, L. “Multi-Resolution Analysis of Multiplicity d: Applications to Dyadic Interpolation”. Appl. Comput. Harmon. Anal. 1, 1994 (pp. 299-315).

27. [HW] Hernández, E. , Weiss, G. L. A First Course on Wavelets. CRC Press (1996).

28. [HWW1] Hernández, E. , Wang, X. & Weiss, G. “Smoothing Minimally Supported Frequency Wavelets. Part I”. J. Fourier Anal. Appl. 2 (4), 1996 (pp. 329-340).

29. [HWW2] Hernández, E. , Wang, X. & Weiss, G. “Smoothing Minimally Supported Frequency Wavelets. Part II”. J. Fourier Anal. Appl. 3 (1), 1997 (pp. 23-41).

30. [JM] Jia, R.Q. and Michelli, C.A. “Using the refinement equations for the construction of pre-wavelets V: Extendibility of trigonometric polynomials”. Computing 48, 1992 (pp. 61-72).

31. [JS] Jia, R.Q. and Shen, Z. “Multiresolution and wavelets”. Proc. Edinburgh Math. Soc. 37, 1994 (pp. 271-300).

32. [KL] Kahane, J. P. and Lemarié-Rieusset, P. G. Fourier Series and Wavelets.

Gordon & Breach Publishers, 1995.

33. [LEM] Lemarié-Rieusset, P. G. “Projecteurs invariants, matrices de dilatation, ondelettes et analyses multi-résolution”. Rev. Mat. Iberoam. 10 (2), 1994 (pp. 283-347).

34. [MEY] Meyer, Y. Wavelets and Operators. Cambridge University Press (1992).

35. [PAP] Papadakis, M. “On the dimension function of orthonormal wavelets”. To appear in Proc. of AMS.

36. [RIS] Riemenschneider, S. and Shen, Z. “Construction of compactly supported biorthogonal wavelets in L_2(R^s )”. Preprint, 1997.

37. [RS] Ron, Amos and Shen, Zuowei “Affine systems in L_2(R^d ) II: Dual Systems”.

J. Fourier Anal. Appl. 3 (5), 1997 (pp. 617-638).

38. [SPE] Speegle, D. Unpublished result.

39. [STR] Strichartz, R. “Wavelets and self-affine tilings”. Constr. Approx. 9, 1993 (pp. 327-346).

40. [SW] Soardi, P. , Weiland, D. “Single Wavelets in n-Dimensions”. J. Fourier Anal. Appl. 4 (3) (1998), pp. 181-237.

41. [WAN] Wang, Xihua The Study of Wavelets from the Properties of their Fourier Transforms. Ph. D. Thesis, Washington University 1995.

42. [YOU] Young, R.M. “An introduction to non-harmonic Fourier series”. Academic Press, New York, 1980.

Andrea Calogero Gustavo Garrigós Dipartimento di Matematica Dipartimento di Matematica Università di Milano Politecnico di Torino Via C. Saldini, 50 Corso Duca degli Abruzzi, 24 20133, Milano. Italy. 10129, Torino. Italy. calogero@vmimat.mat.unimi.it gustavo@calvino.polito.it