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ABSTRACT. Let X be a Banach space, B C Bx* a norming set and %(X, B)
the topology on X of pointwise convergence on B. In this paper we study
the following question: given two (non negative, countably additive and finite)
measures p1 and po on Baire(X, w) which coincide on Baire(X, T(X, B)), does
it follow that g1 = p2? It turns out that this is not true in general, although
the answer is affirmative provided that both 1 and p2 are convexly T-additive
(e.g. when X has the Pettis Integral Property). For a Banach space Y not
containing isomorphic copies of £!, we show that Y* has the Pettis Integral
Property if and only if every measure on Baire(Y*,w*) admits a unique ex-
tension to Baire(Y ™, w). We also discuss the coincidence of the two o-algebras
involved in such results. Some other applications are given.

1. INTRODUCTION

All the measures considered in this paper are non negative, countably additive
and finite. One basic question in measure theory is the following: Given two o-
algebras X' C X on a set Q and two measures py and pe on X such that py|s =
ta|sy, when does it follow that puy = pa? The purpose of this paper is to discuss
this problem in the setting of Baire o-algebras of weak topologies in Banach spaces.
More precisely, we are concerned with

¥ = Baire(X, (X, B)) C ¥ = Baire(X,w),

where X is a Banach space, B C Bx- is a norming set and ¥(X, B) is the topology
on X of pointwise convergence on B, which is weaker than the weak topology
w = T(X, Bx~) (for all unexplained notation and terminology, we refer the reader
to the end of this section). We emphasize that the Baire o-algebra of a locally
convex space endowed with its weak topology is exactly the o-algebra generated by
all the elements of the topological dual, [7]. In particular, Baire(X, T(X, B)) is the
o-algebra on X generated by B.

We next summarize the content of this paper. Section 2 plays an auxiliary role
and is devoted to provide, in a general measure theoretic setting, a criterion for the
uniqueness of measure extensions (Theorem 2.7) which can be applied succesfully
in Section 3 within the framework of weak Baire measures in Banach spaces. Our
approach relies on Edgar’s work [9] (going back to [17]) about the continuity of the
integral over a uniformly integrable set of functions endowed with the pointwise
convergence topology.
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In Section 3 our main results are proved. It turns out that there is a close
relationship between the theory of the Pettis integral and the problems considered
in this work. Following [22], we say that a measure p on Baire(X,w) is convezly
T-additive if for each decreasing net (C,) of convex closed elements of Baire(X, w)
with (), Ca = 0, we have lim, 1(Cy) = 0. It is well known that a scalarly bounded
function f defined on a measure space (A, S, v) with values in X is Pettis integrable
if and only if the image measure vf~! on Baire(X,w) is convexly T-additive, [26,
5-2-4]. Thus, X has the Pettis Integral Property (PIP) if and only if every measure
on Baire(X, w) is convexly 7-additive (Remark 3.3). As an immediate application
of the results proved in Section 2, we show that the question raised in the first
paragraph has affirmative answer for ¥’ = Baire(X,%(X, B)) C ¥ = Baire(X, w)
provided that both i and ps are convexly T-additive (Theorem 3.2).

Of course, the previous result is not of interest when

Baire(X, ¥ (X, B)) = Baire(X, w).

Remember that this equality holds, for instance, whenever (Bx+, weak™) is angelic.
In Subsection 3.1 we study the coincidence of both o-algebras, including some ex-
amples of Banach spaces with the PIP for which Baire(X, ¥ (X, B)) # Baire(X, w).
Our attention is mainly focused on the case in which X = Y™ and B = By, where
Y is a Banach space. (Note that w* = T(Y™*, B) is just the weak* topology on Y*.)
We prove that Baire(Y™*, w*) = Baire(Y™*,w) if and only if Y is sequentially dense
in (Y**, weak™) (Proposition 3.9) and that these conditions are satisfied whenever
Y* has the property (C) (Corollary 3.10).

The uniqueness of measure extensions in the setting of dual Banach spaces is
analyzed in Subsection 3.2. We consider the following class of spaces.

Definition 1.1. Let Y be a Banach space. We say that Y* has the property (U)
if for every pair of measures p1 and us on Baire(Y™*, w) we have

/~L1|Baire(Y*,w*) = ,U/Z‘Baire(Y*,w*) — M1 = 2.

In view of the comments above, every dual Banach space Y* with the PIP
has the property (U). Furthermore, our Theorem 3.17 states that the converse
holds when Y does not contain subspaces isomorphic to ¢*. We also show that in
general every dual Banach space having the property (U) is realcompact for its
weak topology (Proposition 3.18). The converse is not true in general, since £,
fails the property (U) (Example 3.19).

Notation and terminology. For all unexplained terminology and notation we
refer the reader to our standard references [11] (Banach spaces), [13] (topological
measure theory) and [26] (Pettis integral).

Given a set 2, we write T,(Q2) (or simply ¥,) to denote the topology on R? of
pointwise convergence on 2. We denote by o(F) the o-algebra on ) generated by
a family F C R® (i.e. the smallest one for which each element of F is measurable).
As usual, co(F) (resp. aco(F)) stands for the convex (resp. absolutely convex) hull
of F in RY.

Let (T,%) be a completely regular Hausdorff topological space. We denote by
Baire(T, %) (resp. Borel(T, %)) the o-algebra on T generated by the family of all
the real-valued continuous functions on T' (resp. closed subsets of T'). We write
M, (T, %) to denote the family of all the measures on Baire(T,%). We say that
w € My (T, %) is tight if w(T) = sup{p*(K) : K C T, K is compact}, where
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u* stands for the outer measure induced by pu. A measure v on Borel(T,%) is
called a Radon measure if v(E) = sup{v(K): K C E, K is compact} for every
E € Borel(T,%). It is well known that every tight measure on Baire(T, %) can be
extended (in a unique way) to a Radon measure on Borel(7, ¥). The o-algebra made
up of all the universally measurable subsets of T' (i.e. those which are measurable
with respect to each Radon measure on Borel(7', ¥)) will be denoted by Univ(T, T).
Recall that (T, %) is called angelic if each relatively countably compact set A C T
is relatively compact and for every t € A there is a sequence in A converging to t.
All our Banach spaces Z are assumed to be real. We write Bz to denote the
closed unit ball of Z. As usual, Z* stands for the topological dual of Z. Given
z € Z and z* € Z*, we sometimes write (z*, z) instead of z*(z). We identify Z as
a closed subspace of Z** by means of the canonical isometry. A set B C By« is
said to be norming if ||z|| = sup{|z*(2)| : z* € Bz} for every z € Z. The topology
%(Z, B) is the coarsest one for which each element of B is continuous. We write
Z 2 £' if Z does not contain subspaces isomorphic to #!. Recall that Z has the
property (C) (introduced by Corson [3]) if every family of closed convex subsets of Z
with empty intersection contains a countable subfamily with empty intersection.
Given a measure space (£, 3, 1), we write £1(u) to denote the space of all the
Y-measurable and p-integrable real-valued functions defined on © and L'(u) for
the corresponding Banach space of equivalence classes with its usual norm || - |;.
A set H C L1(p) is uniformly integrable if and only if it is || - ||;-bounded and for
each € > 0 there is § > 0 such that supj,cqy [ |h| du < € whenever u(E) < 6. A
function f : Q@ — Z is said to be

(i) scalarly measurable if the composition (z*, f) is Y-measurable for every
zr e z*,
(ii) scalarly bounded if it is scalarly measurable and there is M > 0 such that
for every z* € Bz~ we have |(z*, f)| < M p-a.e,;
(iii) Pettis integrable if (z*, f) € L(u) for every z* € Z* and for each E € ¥
there is zp € Z such that [ (z*, f) du = z*(zg) for every 2* € Z*.

We say that Z has the u-PIP if each scalarly bounded function from €2 to Z is
Pettis integrable. The space Z has the Pettis Integral Property if it has the p-PIP
for every measure space (2,3, ). It is known that

(Bz~,weak™) angelic = Z has the property (C) = Z has the PIP,

and none of the reverse implications holds in general, see [8, 23, 26].

2. A CRITERION FOR THE UNIQUENESS OF MEASURE EXTENSIONS

In order to deal with Theorem 2.7 we need some preliminary work which we have
divided into a sequence of lemmas for the convenience of the reader.

Definition 2.1. Let ¥/ C ¥ be two o-algebras on a set §.

(1) Let M be a family of measures on ¥.. We say that ¥’ has the uniqueness
property with respect to M if for every pair pi, ps € M we have

M1|Z' = ,u2|2' = U1 = U2.

(2) We say that a measure p on ¥ is approximated by X' if for every E € ¥
there is B € ¥ such that W(EAB) = 0.
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Lemma 2.2. Let X' C X be two o-algebras on a set Q and M a family of measures
on X such that puy + ps € M for every pi,ue € M. Suppose that every element
of M is approxzimated by X'. Then X' has the uniqueness property with respect
to M.

Proof. Fix pi, pa € M such that p;|sr = po|sy. Since p:= p1 + pe belongs to M,
for each E € ¥ there is B € ¥’ such that u(EAB) = 0, hence pu1(EAB) =
u2(EAB) = 0 and therefore p1(E) = pu1(B) = ua(B) = pe(E). O

It is worth it to point out that the converse of Lemma, 2.2 holds true under certain
additional assumption on the family of measures, as we show in Corollary 2.3 below.
Given two o-algebras ¥/ C ¥ on a set Q2 and a measure ' on X', we write ca(y/, X)
to denote the convex set of all the measures p on ¥ such that ulsy = p/. A well
known result of R. G. Douglas, see [4, 21], states that a measure p € ca(y',X) is
an extreme point of ca(u',X) if and only if 1 is approzimated by X'.

Corollary 2.3. Let ¥ C X be two o-algebras on a set Q and M a family of
measures on 2 with the following properties:

® L1+ p2 € M for every py, po € M;
o ifve M and p is a measure on X2 such that p < v, then u € M.

Then ¥/ has the uniqueness property with respect to M if and only if every element
of M is approzimated by ¥’

Proof. Tt only remains to show the only if part. So assume that ¥’ has the unique-
ness property with respect to M and fix 4 € M. We claim that u is an extreme
point of ca(u|sr,X). Indeed, write p = (1 + p2)/2, where pi, po € ca(plsr, ).
Since p; < 1+ p2 = p+p € M for i = 1,2, we infer that i, us € M and there-
fore p1 = peo. This proves the claim. An appeal to the aforementioned Douglas’
result now ensures that p is approximated by 3. [

The following lemma provides a useful sufficient condition to establish that a
measure is approximated by a sub-o-algebra.

Lemma 2.4. Let Q be a set, 7' C F C R two families and pu a measure on o(F).
Suppose that for each f € F there is a sequence (fy,) in F' that converges to f
p-a.e. Then u is approzimated by o(F')

Proof. 1t is easy to check that the family
A={E €o(F): thereis B € o(F') such that u(EAB) = 0}

is a o-algebra on  contained in o(F). Therefore, in order to show that A = o(F)
it suffices to prove that each f € F is A-measurable. To this end, fix f € F, t € R
and define H := {w € Q : f(w) > t}. By the assumption, there is a sequence
(fn) in F’' that converges to f p-a.e. Fix F € 3 such that u(Q\ F) = 0 and
lim,, f,,(w) = f(w) for every w € F. The set

B::[j [j m{weQ: fk(w)>t+%}

n=1m=1k>m

belongs to o(F’) and satisfies BN F = HN F, hence u(HAB) = 0 and therefore
H e A. Ast € R is arbitrary, f is A-measurable. The proof is finished. a
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The notion of F-smooth measure defined below includes as particular cases the
convexly 7-additive weak Baire measures on Banach spaces (see Lemma 3.1 in
Section 3), as well as the T-additive Baire measures on completely regular Hausdorff
topological spaces.

Definition 2.5. Let (2,%) be a measurable space and F C R a family of %-
measurable functions. Let us denote by Zx the collection of all the finite intersec-
tions of sets of the form {w € Q: f(w) < g(w) + t}, where f,g€ F andt € R. A
measure p on 3 is said to be F-smooth if for each decreasing net (Z,) of elements
of Zr with (), Za =0, we have lim, u(Z,) = 0.

Our interest in considering F-smooth measures is motivated by the “separation
property” isolated in Lemma 2.6, which will allow us to use a result of Edgar [9]
regarding the continuity of the “identity” mapping

I:(F,%,) — (L'(u), weak)

(that sends each function to its equivalence class) when F is a €,-countably com-
pact, convex and uniformly integrable subset of £1(u).

Lemma 2.6. Let (2,%) be a measurable space, F C R® a family of measurable
functions and pv a F-smooth measure on 3. Define S := ({Z € Z : n(Q\Z) = 0}.
Then for every pair f,g € F we have:

fls=gls <= [f=g p-ae

Proof. Notice that the family C := {Z € Zz : p(Q\ Z) = 0} is not empty and
closed under finite intersections. Fix f,g € F. If f = g p-a.e., then Z := {w € O :
flw) =gw)} € C, s0 S C Z and therefore f|s = g|s. Conversely, suppose that
fls = gls and fix n € N. Define

Cp = {wGQ: f(w) Zg(w)—i—%} € Zr.

Since the family C,, ;== {ZNC, : Z € C} C Z¢ is closed under finite intersections
and NC, = SNC, = 0, we can apply the F-smoothness of u to deduce that
w(Cp) =inf{u(ZNCy,) : Z € C} =0. As n € Nis arbitrary, f < g p-a.e. A similar
argument yields f > g p-a.e. and the proof is over. O

Given a measure space (2, %, 1) and A € ¥, we write ua to denote the measure
on X defined by pa(E) := p(E N A).

Theorem 2.7. Let Q be a set and F' C F C R two families of functions such
that

o F is convexr and T,-countably compact,

o F' is T,-dense in F.
Then o(F') has the uniqueness property with respect to the family made up of all
the F-smooth measures on o(F).

Proof. Since the sum of any two F-smooth measures on o(F) is again F-smooth,
Lemmas 2.2 and 2.4 say that in order to prove the result it suffices to check that
each F-smooth measure p on o(F) satisfies the following condition: for every f € F
there is a sequence (f,) in F' that converges to f p-a.e.. We divide the proof into
two steps.
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Step 1.- Suppose that F is a uniformly integrable subset of L£'(u). Since p is
F-smooth, Lemma 2.6 ensures us that there is a set S C 2 such that for every
f,9 € F we have

fls=gls < f=g p—ae
By the assumption, F is convex and ¥,-countably compact, so we can apply [9,
Proposition 3] to deduce that the “identity” mapping
I:(F,%,) — (L'(n), weak)

(that sends each function to its equivalence class) is continuous. Since F is convex,
F' C co(F') C F and we can suppose without loss of generality that F’ is convex
too. Bearing in mind that F’ is ¥,-dense in F, the continuity of I yields

weak

1(F) cTE)"™ =17 "

It follows that for each f € F there is a sequence (f,,) in F’ with lim,, ||f, — f|l1 =0
and, thus, we can find a subsequence (f,, ) converging to f u-a.e.

Step 2.- Since F is a pointwise bounded (because it is T,-countably compact)
family of o(F)-measurable functions, there is a non negative o(F)-measurable func-
tion h € R® such that for each f € F we have |f| < h p-a.e., see e.g. [10, 4.1.1].
Therefore, we can find a sequence (Ay)72; in o(F) such that for every k € N

e F is a uniformly integrable subset of £ (pa,);

o 1(Q\ Ay) < 1/2F,
Given k € N, in view of Step 1 (notice that pa, is F-smooth) there is a sequence
(fF)2e | in F' converging to f p14,-a.e. By Egorov’s theorem, there exist Ey, € o(F)
with i, (Q\ Ex) < 1/2% and n(k) € N such that sup ¢ p, |fﬁ(k)(w) — fw)] < 1/k.
Fix s € N. We have

oo o0

=N U{ee: 1@ -l > 1 e QU@ B,
I=1 k=1 I=s k=l
hence N € o(F) satisfies
<Y QN E) <D pa, (Q\ Ey) -I-ZMQ\Ak <Z2k =271+?
k=1 k=1 k=1 k=l

for every | > s and therefore ;(Ny) = 0. Finally, notice that (f* (k))h=1 converges
to f pointwise on Q\ Uzil Ny, and so p-a.e. The proof is complete. ([

We mention that some other known facts concerning the continuity of the “iden-
tity” mapping J : (F,%,) — (L' (w), |- |l1) (see [9] and the survey paper [28] for a
thorough study on this subject) could be applied in a similar way to deduce results
along the line of Theorem 2.7 without the assumption of convexity on F.

3. UNIQUENESS OF EXTENSIONS IN BANACH SPACES

Theorem 3.2 below is now an easy consequence of Theorem 2.7. We first need
to recall the following well known fact which we do not find in print.

Lemma 3.1. Let X be a Banach space and p € My(X,w). Then p is convexly
T-additive if and only if it is Bx~-smooth (in the sense of Definition 2.5).
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Proof. Since Zp,,. is made up of closed convex elements of Baire(X,w), we only
have to check the if part. To this end, we begin with the following claim.

Claim.- Let C C X be closed and convex. Then there is Do C Zp,. such
that C = ND¢. Indeed, let us consider the family D made up of all the ele-
ments of Zg,. of the form {z € X : 2*(z) < sup(z*(C))}, where z* € Bx~» and
sup(z*(C)) < oo. The Hahn-Banach separation theorem ensures that C' = ND¢
and the claim is proved.

Assume now that p is Bx~-smooth and fix a decreasing net (Cy,) of convex closed
elements of Baire(X, w) with (), Co = (). By the claim above, for each o we can find
D, C Zp,. such that C, = ND,. Consider now the family Z C Zp,. of all the
finite intersections of elements of | J,, D, . Since Z is closed under finite intersections
and NZ = (,(NDPs) =, Ca = 0, we can apply the fact that p is Bx«-smooth to
deduce that inf{u(Z) : Z € Z} = 0. In order to finish the proof notice that, given
Z € Z, there exist ay,...,a, and D; € D,, such that Z = N_, D; D i, Ca,.
Since (C,) is decreasing, there is some a such that C, C () Cy, C Z. It follows
that lim, p(C,) = 0 and the proof is over. O

Theorem 3.2. Let X be a Banach space and B C Bx+ a norming set. Then
Baire(X, (X, B)) has the uniqueness property with respect to the family of all the
convezly T-additive measures on Baire(X, w).

Proof. Since B is norming, the Hahn-Banach separation theorem ensures us that
aco(B) is weak™-dense in Bx«, that is, aco(B) is a ¥,(X)-dense subset of the
family By~ C RX. Bearing in mind that Bx- is convex and T,(X)-compact (by
Alaouglu’s theorem), we can apply Theorem 2.7 to conclude that o(aco(B)) =
Baire(X, (X, B)) has the uniqueness property with respect to the family of all the
Bx+-smooth measures on o(Bx+) = Baire(X, w). O

Remark 3.3. A Banach space X has the PIP if and only if every measure on
Baire(X,w) is convezly T-additive. Indeed, this is a consequence of the fact that a
scalarly bounded X-valued function f is Pettis integrable if and only if the image
measure induced by f on Baire(X, w) is convexly T-additive, see [26, 5-2-4]. Notice
that, given a measure p on Baire(X, w), there is a non decreasing sequence (Aj)
in Baire(X, w) with union X such that the identity function I : X — X is scalarly
bounded with respect to each pa, (see the proof of Step 2 in Theorem 2.7). Thus u
is convexly T-additive if and only if I is Pettis integrable with respect to each 4, .

The previous remark and Theorem 3.2 allow us to deduce the following

Corollary 3.4. Let X be a Banach space with the PIP and B C Bx+ a norming
set. Then Baire(X, T(X, B)) has the uniqueness property with respect to M (X, w).

3.1. Coincidence of Baire(X, ¥ (X, B)) and Baire(X,w). It is clear that, for a
Banach space X such that (Bx-,weak™) is angelic, the equality

Baire(X, ¥(X, B)) = Baire(X, w)

holds for any norming set B C By~ (since Bx« = aLco(B)Weak ). In fact, the same
conclusion can be obtained if we only assume that B separates the points of X,
see [15]. In particular, for this class of Banach spaces (that contains all the weakly
compactly generated and, more generally, all the weakly Lindel6f determined spaces,
see e.g. [11, Chapters 7 and 8]) the result isolated in Corollary 3.4 is futile.
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The aim of this subsection is to discuss the coincidence of Baire(X, (X, B)) and
Baire(X,w) in some particular cases of special interest. We will need the following
lemma, which might be folklore and is included here for the convenience of the
reader.

Lemma 3.5. Let X be a Banach space and F a subset of X*. If * € X* is
o(F)-measurable, then there is a countable set C C F such that
———weak™

x* € span(C)
Proof. Since z* is o(F')-measurable, there is a countable set C' C F' such that z* is
o(C)-measurable. Let ¥ be the family of all the elements A € o(C) such that

(] kery* C A if 04 or () kery* CX\A if 0¢ A
y*eC y*eC

It is easy to check that X is a o-algebra on X for which each y* € C'is X-measurable,
hence ¥ = o(C). It follows that kerz* € ¥ and therefore (..o kery* C kerz™.
From the last inclusion and the Hahn-Banach separation theorem we infer that x*
belongs to the weak*-closure of span(C'). The proof is over. (]

Given a compact Hausdorff topological space K, we write C'(K) to denote the
Banach space of all the real-valued continuous functions on K endowed with the
supremum norm. Note that the set B = {d; : t € K} C Bk~ of “point masses”
(i.e. 6;(h) := h(t)) is norming and that T(C(K),B) = %,(K). We next study
the Baire(C(K), %, (K))-measurability of the “integral” functional ¢(u) € C(K)*,
L(w)(f) = [ f dp, associated to a Radon measure p on K.

Proposition 3.6. Let K be a compact Hausdorff topological space and p a Radon
measure on K. If «(u) is Baire(C(K),%,(K))-measurable, then there is a closed
separable set F C K such that n(K \ F) = 0.

Proof. In view of Lemma 3.5, there is a countable set D C K such that

weak™
t(u) € span{d; : t € D} .

Define F := D and fix t € K \ F. By Urysohn’s lemma, there is a continuous
function f : K — [0,1] such that f(t) = 1 and f(s) = 0 for every s € F. Given
€ > 0, there exist ¢1,...,t, € D and aq,...,a, € R such that

Af@‘éf@immﬂ

As e > 0 is arbitrary, the open set Gy := {s € K : f(s) > 0} satisfies u(G;) = 0.
Since K\ F = |J{G; : t € K\ F} and p is is a Radon measure, we conclude that
w(K \ F) = 0. This completes the proof. d

(). f) = (3w )| <.

Corollary 3.7. Let K be a compact Hausdorff topological space such that
Baire(C(K), %, (K)) = Baire(C(K), w).

Then for each Radon measure p on K there is a closed separable set F' C K such
that W(K \ F) = 0.
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Example 3.8. Under the continuum hypothesis, there exists a compact Hausdorff
topological space K (the so-called Kunen-Haydon-Talagrand space) with the fol-
lowing properties (see [19, 85]): (i) K is first-countable; (ii) K is not separable;
(iii) there is a Radon measure p on K such that u(G) > 0 for every non empty
open set G C K. On the one hand, (i) implies that C(K) has the PIP, see [22,
Theorem 3]. On the other hand, in view of (ii) and (iii), an appeal to Corollary 3.7
establishes that Baire(C'(K), T, (K)) # Baire(C(K), w).

A well known theorem due to Odell and Rosenthal [20] (cf. [5, Theorem 4.1})
states that a separable Banach space Y is weak*-sequentially dense in Y** if and
only if Y 2 ¢'. In Proposition 3.9 below we apply this result to analyze the
coincidence of Baire(Y™*, w*) and Baire(Y™, w) for a non necessarily separable Ba-
nach space Y. Recall first (Haydon [16], cf. [5, Theorem 6.8]) that Y 2 ¢ if
and only if each y** € Y™** is Univ(Y™*, w*)-measurable, that is, if and only if
Baire(Y*, w) C Univ(Y™*, w*).

Proposition 3.9. Let Y be a Banach space. The following conditions are equiva-
lent:
(i) Y is weak*-sequentially dense in Y**;
(ii) Baire(Y™*, w*) = Baire(Y™*, w);
(iii) Y 2 £' and for each y** € Y** there is a countable set D C Y such that

—weak”™

yrebD .
Proof. (1)=-(ii) is obvious. Let us turn to the proof of (ii)=-(iii). Since
Baire(Y™*, w) = Baire(Y*,w") C Borel(Y*,w") C Univ(Y™*, w"),

the aforementioned Haydon’s result ensures that ¥ 7 ¢'. On the other hand,
given y** € Y**, Lemma 3.5 can be applied to find a countable set C C Y such

———weak™
that y** € span(C) o Clearly, the set D C Y of all the linear combinations

of elements of C' with rational coefficients is countable and y** € D™ This
establishes (ii)=-(iii).
The proof of (iii)=-(i) is as follows. Fix y** € Y**. Take a countable set D C Y

such that y** € DV and define Z := spam(D)H'H C Y. Since

{y* € Y*: y*(z) =0 forevery z € Z} = ﬂ kery C kery**,
yeD

[13

there exists z** € Z** such that y** = 2** or, where r : Y* — Z* is the “re-
striction” operator. Notice that Z is separable and Z 2 ¢!, so the Odell-Rosenthal
theorem allows us to obtain a sequence (z,) in Z C Y that converges to z** in
(Z** weak™). Clearly, (z,) converges to y** in (Y** weak™). The proof is com-
plete. (I

The previous proposition can be applied to the class of dual Banach spaces with
the property (C). To this end, we use the following characterization due to Pol [23]:
a Banach space X has the property (C) if and only if for every A C Bx~ and every

e Zweak
Corollary 3.10. LetY be a Banach space such that Y* has the property (C). Then
Baire(Y*, w*) = Baire(Y™*, w).

————weak”

there is a countable set E C A such that z* € co(E)
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Proof. We will check that Y fulfills the requirements in Proposition 3.9 (iii). On the
one hand, since ¢, fails the property (C') and this property is clearly inherited by

——weak”™

quotients, we infer that Y 2 ¢'. On the other hand, given y** € By« = By ,
the previous result of Pol says that there is a countable set ¥ C By such that

weak ™
y** € co(E) « , and so the set D of all the convex combinations of elements of E

with rational coefficients is countable and y** € Eweak . (]
Remark 3.11. The converse of the previous corollary holds true for a separa-
ble Y. Indeed, if Baire(Y*, w*) = Baire(Y*, w), then Y is weak*-sequentially
dense in Y**. Thus (By+~,weak™) can be thought as a subspace of the space
(B1(By+,w*),%,(By~)) of all the real-valued Baire-1 functions on (By,w*), which
is angelic since (By-,w*) is a Polish space (Bourgain, Fremlin and Talagrand [2],
cf. [5, Theorem 4.1]). Hence (By»~,weak™) is angelic too and so Y* has the prop-
erty (C).

Recall that a cardinal k is of measure zero (or measure-free) if there is no prob-
ability measure p on the power set of k such that p({a}) = 0 for every a < k. A
well known theorem of Ulam (see e.g. [13, 438C]) asserts that the first uncountable
ordinal, denoted by w1, is of measure zero. We stress that it is consistent with ZFC
to assume that every cardinal is of measure zero. For a detailed account on this
subject we refer the reader to [13, §438] and the references therein.

Example 3.12. The space ! (w;) = co(w,)* has the PIP and
Baire(¢! (w;), w*) # Baire(£* (w), w).

Proof. ¢*(wy) has the PIP because w; is of measure zero, see [8, Theorem 5.10].
On the other hand, since ¢o(wy) is not weak*-sequentially dense in its bidual
co(w1)** = loo(w1), we can apply Proposition 3.9 to conclude that Baire(¢!(w; ), w*)
and Baire(¢!(w;),w) are different. O

In fact, we have Baire(¢*(w;),w) = Borel(! (wy), ] - ||), see [12].
Example 3.13. The space C[0,1]* satisfies
Baire(C[0, 1], w™) # Baire(C[0, 1]*, w)
and has the PIP if and only if the cardinal of the continuum is of measure zero.

Proof. The last assertion was proved in [8]. On the other hand, since ¢! embeds in
C10, 1], we have Baire(C[0, 1]*, w*) # Baire(C[0, 1]*, w), by Proposition 3.9. O

3.2. Uniqueness of extensions in dual Banach spaces. In this subsection we
pay attention to the class of dual Banach spaces Y* having the property (U) (in the
sense of Definition 1.1), that is, those for which Baire(Y™*,w*) has the uniqueness
property with respect to M, (Y™, w). As an immediate consequence of Corollary 3.4
we get the following result.

Corollary 3.14. Let Y be a Banach space. If Y* has the PIP, then Y* has the
property (U).

It turns out that the converse of the previous corollary holds whenever Y 2 ¢!
(Theorem 3.17 below). Recall first that, for a Banach space Y such that Y 2 1,
we have

Baire(Y™,w) C Univ(Y™, w"),
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so the completion 7 of each Radon measure v on Borel(Y*, w*) can be restricted
to Baire(Y*, w). We will use the notation v = 7|gaire(v+,uw)-

Proposition 3.15. Let Y be a Banach space such thatY 2 (' and p € My (Y™, w).
The following conditions are equivalent:

(i) there is a Radon measure v on Borel(X*, w*) such that 1° = y;
(i) w is convexly T-additive.

Proof. (i)=(ii) Fix n € N and consider the restriction v, of v to
Borel(nBy«,w*) = {BNnBy« : B € Borel(Y*,w")}.

Since Y 2 ¢, a result of Haydon [16] (cf. [5, Theorem 6.8]) ensures that the identity
mapping I, : nBy~ — Y* is Pettis integrable with respect to the completion v,
of v,. Therefore, its image measure pu, = v,I,;1 € M,(Y* w) is convexly 7-
additive.

To prove that u is convexly 7-additive, let us consider a decreasing net (C,) of
convex closed elements of Baire(Y*,w) with NC = (). Fix £ > 0 and take n € N
large enough such that v(Y* \ nBy~«) < ¢/2. Since u, is convexly 7-additive, we
can find an « such that v, (Cy, NnBy~) = pn(Cy) < /2, hence

w(Cy) = 1°(Cy) = #(Co NnBy~) + (Cy \ nBy~)
= /I;»;;(Ca N TLBy*) + I;(Oa \ ’I’LBy*) <e.

As e > 0 is arbitrary, lim, u(C,) = 0. This proves that p is convexly 7-additive.
Let us turn to the proof of (ii)=-(i). Since (Y*,w*) is o-compact (i.e. Y* can
be expressed as a union of countably many w*-compact subsets), the restriction
[/ Baire(x+,w+) is tight and therefore it can be extended to a unique Radon mea-
sure v on Borel(X*,w*). Then both p and v° are convexly 7-additive (bear in
mind the implication (i)=(ii)) and p|Baire(x*w*) = yo\Baire(X*m,*). An appeal to
Theorem 3.2 now establishes that i = ©° and the proof is complete. (I

The arguments of the proof of (ii)=-(i) in Proposition 3.15 also allow us to deduce
the following corollary.

Corollary 3.16. Let Y be a Banach space such that Y 2 ¢'. Then every mea-
sure on Baire(Y™*, w*) can be extended in a unique way to a convexly T-additive
measure on Baire(Y*, w). If, in addition, Y* has the PIP, then every measure on
Baire(Y*, w*) can be extended in a unique way to a measure on Baire(Y™*, w)

Theorem 3.17. Let Y be a Banach space such thatY 2 ¢*. Then Y* has the PIP
if and only if it has the property (U).

Proof. It only remains to prove the if part. To this end, we will show that each
w € My(Y* w) is convexly T-additive. Indeed, as in the proof of the implication
(ii)=(i) in Proposition 3.15, we can find a Radon measure v on Borel(Y™*, w*) such
that /1|Baire(y *,w*) = V°|Baire(v*,w+). Since Y* has the property (U), we get p = 1°
and an appeal to Proposition 3.15 establishes that p is convexly 7-additive, as
required. ([l

A completely regular Hausdorff topological space (T, %) is said to be realcompact
if it is homeomorphic to a closed subset of R! for some set I. A well known result
of Hewitt and Shirota (see e.g. [27, Theorem 5, p. 218]) states that (7,%) is
realcompact if and only if for each {0,1}-valued measure p on Baire(T, %) there
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exists t € T such that u(A) =11ift € A, u(A) =0 if ¢t ¢ A. This characterization
was used in [8] (see [6] for a corrected proof) to show that every Banach space
X with the PIP is realcompact for its weak topology. We next obtain the same
conclusion for any dual Banach space with the property (U).

Proposition 3.18. Let Y be a Banach space. If Y* has the property (U), then
(Y*,w) is realcompact.

Proof. Fix any p € M, (Y™, w) with p(Baire(Y™*,w)) = {0,1}. Since p|gaire(y+,w+)
is tight and takes only the values 0 and 1, it is not difficult to see that there exists
Yo € Y* such that for every B € Baire(Y™*, w*) we have u(B) = 1 if y§ € B and
w(B) =0if y} & B. Define p/ € M,(Y*,w) by

1 ifyjeA

W(A) = — o for every A € Baire(Y™, w).
0 ify;¢A

Since p|Baire(v+,w*) = H'|Baire(v*,w+) and Y* has the property (U), we conclude that

i = /. An appeal to the aforementioned characterization of Hewitt and Shirota

establishes that (Y*,w) is realcompact. O

The converse of the previous proposition does not hold in general. Indeed, the
space (o, = (£1)* is weakly realcompact, [3, Example 1], whereas it fails the prop-
erty (U), as we show in Example 3.19 below. This example was pointed out to us
by D. H. Fremlin, who has kindly given his permission for its inclusion here.

We first need to introduce the so-called Talagrand’s measure [25] (see e.g. [26,
Chapter 13] or [13, §464]). We will identify {0,1}" with P(N) by means of the
bijection ¢ : {0,1} — P(N) defined by (((a,)) := {n € N : a, = 1}. Let us
denote by ({0, 1}, %, \) the complete probability space obtained after completing
the usual product probability measure on {0, 1}. Recall that Talagrand’s measure,
which we denote by Ay, is a complete extension of \ to a larger o-algebra on {0, 1},
say ¥1 D X, such that for every free ultrafilter i C P(N) we have (i) € 31 and
M(CU) = 1.

Example 3.19. (., does not have the property (U).

Proof. Fremlin and Talagrand [14] (cf. [26, 13-3-3]) showed that the identity
mapping f : {0,1}N — /. is scalarly measurable with respect to A\;. In fact,
they proved that for every y** € £’ there exist y € ! and a € R such that
(y*™*, ) = {f,y) + a A\1-a.e. Therefore, we can consider the induced image measure
p1 =M€ My (oo, w).

Now let ¢ : {0, 1} — {0, 1} be the bijection given by ¢(a) := ¢ }(N\ ¢((a)).
Then for every B € ¥ we have ¢(B) € ¥ and A(¢(B)) = A(B). Moreover, it was
shown in [25] that ¥; = {¢(B) : B € ¥;}. Clearly, the function Az : ¥; — [0, 1]
given by A2(A) := A (¢(A)) is a complete measure extending .

We claim that f is scalarly measurable with respect to As. Indeed, given y** € £%_,
we already know that there exist y € ¢!, o € R and B € X1 with A\;(B) = 1 such
that (y**, f(b)) = (y, f(b)) + « for every b € B. A simple computation yields

(™, fla)) = (™", 1) = (y,1) + (y, f(a)) —a for every a € §(B),
where 1 = (1,1,...) € L. Since A2(¢(B)) =1 and (y, f) is X-measurable (notice

that f is w*-continuous), we infer that (y**, f) is measurable with respect to Ag,
as claimed. So we can take the induced image measure s := Ao f 71 € My (loo, w).
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On the one hand, since f~1(B) € ¥ for every B € Baire({o, w*) and \i|g =
A = Az|s, we conclude that ji1|Baire(ro w+) = H2|Baire(foc,w*)-

On the other hand, fix a free ultrafilter &/ C P(N) and consider its associated
functional a7 € £}, given by z;/((an)) = lim,—y an. It is clear that

H:={a €l : x(a) =1} € Baire({oo, w)
satisfies f~1(H) = (=Y (U), so p1(H) = M (("HU)) = 1, whereas

p2(H) = Xa(¢HU))
= M({a e {0,1}": ¢(a) € CTHUNY) = M({0, 11\ ¢THU)) = 0.
Therefore, puy # po. It follows that £, does not have the property (U). O

We finish the paper with some further comments about the PIP and the prop-
erty (U) in a dual Banach space Y*.

Bator asked in [1] whether a scalarly bounded function f defined on a measure
space (A, S,v) with values in Y* is Pettis integrable provided that the following
condition (necessary for Pettis integrability) holds

(**) for each y** € Y** there exists a bounded sequence (y,) in Y such that
limy, (yn, f) = (y**, f) v-ae.

Musial and Plebanek [18] (assuming the existence of a two-valued measurable cardi-
nal) and Stefansson [24] (without additional set-theoretic assumptions) gave exam-
ples showing that the answer to Bator’s question is negative in general. However,
Y* has the v-PIP if and only if every scalarly bounded function f : A — Y™
satisfies (**), see [18].

We next translate these facts into the language of measures on Baire(Y™, w). Ob-
serve first that condition (**) above is equivalent to saying that the image measure
vf~! on Baire(Y*,w) has the following property:

Definition 3.20. Let Y be a Banach space and p € My (Y* w). We say that u
has the Bator property if for each y** € Y** there exists a bounded sequence (yy)
'Y converging to y** p-a.e.

Every convexly T-additive measure on Baire(Y™*, w) has the Bator property (see
the proof of Theorem 2.7), but the converse does not hold in general (consider the
image measures of the functions constructed in [18] and [24]). According to the
results above, we can now state that Y* has the PIP if and only if every measure
on Baire(Y*,w) has the Bator property.

Note that every measure on Baire(Y*,w) with the Bator property is approxi-
mated by Baire(Y*,w*) (apply Lemma 2.4). Bearing this in mind, the previous
characterization of the PIP should now be compared with the following straight-
forward consequence of Corollary 2.3

Corollary 3.21. LetY be a Banach space. Then Y* has the property (U) if and
only if every measure on Baire(Y™*,w) is approzimated by Baire(Y™*, w*).

One question still unanswered is whether the PIP and the property (U) are
equivalent for arbitrary dual Banach spaces.

Acknowledgements. The authors are grateful to David Fremlin and Matias Raja
for valuable discussions on the subject of this paper.



14

(1]

2]
(3]

(10]

(11]

(12]
(13]

(14]

(15]
[16]
(17]
(18]
(19]
20]
21]
(22]
23]
[24]

[25]

J. RODRIGUEZ AND G. VERA

REFERENCES

E. M. Bator, Pettis integrability and the equality of the norms of the weak™ integral and
the Dunford integral, Proc. Amer. Math. Soc. 95 (1985), no. 2, 265-270. MR 801336
(87a:46074)

J. Bourgain, D. H. Fremlin, and M. Talagrand, Pointwise compact sets of Baire-measurable
functions, Amer. J. Math. 100 (1978), no. 4, 845-886. MR 509077 (80b:54017)

H. H. Corson, The weak topology of a Banach space, Trans. Amer. Math. Soc. 101 (1961),
1-15. MR 24 #A2220

R. G. Douglas, On extremal measures and subspace density, Michigan Math. J. 11 (1964),
243-246. MR 0185427 (32 #2894)

D. van Dulst, Characterizations of Banach spaces not containing 1*, CWI Tract, vol. 59,
Centrum voor Wiskunde en Informatica, Amsterdam, 1989. MR 90h:46037

G. A. Edgar, Errata for “Measurability in a Banach space, II”, available at URL
http://www.math.ohio-state.edu/ ~edgar/publications/m2errata.ps.

, Measurability in a Banach space, Indiana Univ. Math. J. 26 (1977), no. 4, 663-677.
MR 58 #7081

, Measurability in a Banach space. II, Indiana Univ. Math. J. 28 (1979), no. 4, 559—
579. MR 81d:28016

, On pointwise-compact sets of measurable functions, Measure theory, Oberwolfach
1981 (Oberwolfach, 1981), Lecture Notes in Math., vol. 945, Springer, Berlin, 1982, pp. 24-28.
MR 84a:28005

G. A. Edgar and L. Sucheston, Stopping times and directed processes, Encyclopedia of Math-
ematics and its Applications, vol. 47, Cambridge University Press, Cambridge, 1992. MR
94a:60064

M. Fabian, Gateauz differentiability of convex functions and topology. Weak Asplund spaces,
Canadian Mathematical Society Series of Monographs and Advanced Texts, John Wiley &
Sons Inc., New York, 1997. MR 98h:46009

D. H. Fremlin, Borel sets in nonseparable Banach spaces, Hokkaido Math. J. 9 (1980), no. 2,
179-183. MR 82g:46051

, Measure Theory. Volume 4: Topological Measure Spaces, Torres Fremlin, Colchester,

2003.

D. H. Fremlin and M. Talagrand, A decomposition theorem for additive set-functions, with
applications to Pettis integrals and ergodic means, Math. Z. 168 (1979), no. 2, 117-142. MR
80k:28004

A. B. Gulisashvili, Estimates for the Pettis integral in interpolation spaces, and a general-
ization of some imbedding theorems, Soviet Math., Dokl. 25 (1982), 428-432.

R. Haydon, Some more characterizations of Banach spaces containing l1, Math. Proc. Cam-
bridge Philos. Soc. 80 (1976), no. 2, 269-276. MR 54 #11031

A. Ionescu Tulcea, On pointwise convergence, compactness, and equicontinuity. II, Advances
in Math. 12 (1974), 171-177. MR 0405103 (53 #8898b)

K. Musiat and G. Plebanek, Pettis integrability and the equality of the norms of the weak™ in-
tegral and the Dunford integral, Hiroshima Math. J. 19 (1989), no. 2, 329-332. MR 91¢:46064
S. Negrepontis, Banach spaces and topology, Handbook of set-theoretic topology, North-
Holland, Amsterdam, 1984, pp. 1045-1142. MR 86i:46018

E. Odell and H. P. Rosenthal, A double-dual characterization of separable Banach spaces
containing I, Israel J. Math. 20 (1975), no. 3-4, 375-384. MR 0377482 (51 #13654)

D. Plachky, Eztremal and monogenic additive set functions, Proc. Amer. Math. Soc. 54
(1976), 193-196. MR 0419711 (54 #7729)

G. Plebanek, On Pettis integrals with separable range, Colloq. Math. 64 (1993), no. 1, 71-78.
MR 93k:46035

R. Pol, On a question of H. H. Corson and some related problems, Fund. Math. 109 (1980),
no. 2, 143-154. MR 82a:46022

G. F. Stefansson, The u-PIP and integrability of a single function, Proc. Amer. Math. Soc.
124 (1996), no. 2, 539-542. MR 1301529 (96d:46058)

M. Talagrand, Compacts de fonctions mesurables et filtres non mesurables, Studia Math. 67
(1980), no. 1, 13-43. MR 579439 (82e:28009)



UNIQUENESS OF MEASURE EXTENSIONS IN BANACH SPACES 15

[26] , Pettis integral and measure theory, Mem. Amer. Math. Soc. 51 (1984), no. 307,
ix+224. MR 86j:46042

[27] V. S. Varadarajan, Measures on topological spaces, Amer. Math. Soc. Transl. (2) 48 (1965),
161-228.

[28] G. Vera, Pointwise compactness and continuity of the integral, Rev. Mat. Univ. Complut.

Madrid 9 (1996), 221-245, Special Issue, suppl. MR 97k:28010

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE MURCIA, 30100 ESPINARDO (MURCIA),
SPAIN

E-mail address: joserrQum.es and gvbQum.es



