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:H KDYH GHYHORSHG D SDUDOOHO YHUVLRQ RI D QHZ DOJR�

ULWKP IRU QRQSDUDPHWULF GHQVLW\ HVWLPDWLRQ ZKHQ WKH
LQSXW VDPSOHV DUH QRW GLUHFWO\ NQRZQ� RU WKH\ KDYH VRPH

QRLVH� 7KH DOJRULWKP LV DQ H[WHQVLRQ RI WKH 3DU]HQ PHWKRG

IRU H[DFW REVHUYDWLRQV� EXW PDQDJHPHQW RI XQFHUWDLQW\

LPSOLHV KHDY\ FRPSXWDWLRQDO ORDGV LQ WHUPV RI ERWK FDO�

FXOXV DQG VWRUDJH� 7KHUHIRUH� D SDUDOOHO YHUVLRQ RI WKH

DOJRULWKP LV PRUH DGHTXDWH WR VROYH WKLV H[WHQGHG SURE�
OHP LQ D SUDFWLFDO WLPH� VSHFLDOO\ IRU VDPSOHV RI PHGLXP�

ODUJH VL]HV� 2XU SDUDOOHO DOJRULWKP KDV EHHQ GHVLJQHG LQ

DQ 630' VW\OH DQG LPSOHPHQWHG LQ D PHVVDJH�SDVVLQJ

SDUDOOHO HQYLURQPHQW� $Q HIILFLHQW WUHDWPHQW RI WKH GLVWUL�

EXWLRQ RI WKH PDLQ GDWD VWUXFWXUH DPRQJ SURFHVVRUV� WR�

JHWKHU ZLWK D ORZ FRPPXQLFDWLRQ FRVW VFKHPH UHVXOWV LQ D
KLJK VFDODELOLW\ RI WKH DOJRULWKP� 3UHOLPLQDU\ SHUIRU�

PDQFH HYDOXDWLRQV LQ D FOXVWHU RI ZRUNVWDWLRQV VKRZ H[�

FHOOHQW VSHHG�XS UHVXOWV�

1. Introduction

3DU]HQ PHWKRG >�@ LV D ZHOO�NQRZQ VWDWLVWLFDO WHFKQLTXH

XVHG LQ QRQSDUDPHWULF GHQVLW\ HVWLPDWLRQ IURP REVHUYHG

VDPSOHV� 7KH DSSOLFDWLRQ RI WKLV WHFKQLTXH LV YHU\ GLYHUVH�

3DWWHUQ PDWFKLQJ� PDFKLQH OHDUQLQJ� IXQFWLRQ DSSUR[LPD�

WLRQ� DQG PDQ\ RWKHU LQIHUHQFH WDVNV� WR EH DSSOLHG LQ

PDQ\ GLIIHUHQW ILHOGV UHODWHG WR VWDWLVWLFV� VXFK DV ELR�
PHGLFLQH� HQJLQHHULQJ� VRFLRORJ\� DQG VR RQ� 7KH PDLQ

LGHD RI WKH RULJLQDO WHFKQLTXH LV WR VLWXDWH D VPDOO 
ZLQ�

GRZ
 GHQVLW\ IXQFWLRQ RQ HDFK VDPSOH RI WKH GDWDVHW� LQ

RUGHU WR REWDLQ D UHJXODUL]HG YHUVLRQ RI WKH WDUJHW GHQVLW\

WKDW SUHVXPDEO\ JHQHUDWHG WKH VDPSOHV� 7KH ZLQGRZ

IXQFWLRQ LV XVXDOO\ D VLPSOH SDUDPHWUL]HG IXQFWLRQ� VXFK
DV D WULDQJXODU RU QRUPDO GHQVLW\� WKDW LV NQRZQ DV WKH

NHUQHO IXQFWLRQ� ,Q WKLV ZD\� WKH IUHH SDUDPHWHU WKDW PHDV�

XUHV WKH ZLGWK RI WKH ZLQGRZ FRQWUROV WKH WUDGH�RII EH�

WZHHQ RYHUILWWLQJ �ZKRVH H[WUHPH FDVH LV WKDW RI D GHQVLW\

IXQFWLRQ FRPSRVHG RI LPSXOVHV VLWXDWHG LQ WKH VDPSOHV��

DQG VPRRWKLQJ WR DFKLHYH UHJXODUL]DWLRQ �WKDW FDQ UHVXOW

LQ D EOXUULQJ RI WKH WDUJHW GHQVLW\��
2I FRXUVH� PDQ\ WHFKQLTXHV IRU QRQSDUDPHWULF GHQVLW\

HVWLPDWLRQ RWKHU WKDQ WKH NHUQHO DSSURDFK H[LVW� VXFK DV�

IRU H[DPSOH� WKH DYHUDJH VKLIWHG KLVWRJUDP� WKH IUHTXHQF\

SRO\JRQ� WKH KLVWRVSOLQH DSSURDFK� YDULDEOH SDUWLWLRQ

KLVWRJUDPV� WKH VWDWLVWLFDOO\ HTXLYDOHQW EORFNV PHWKRG�

QHDUHVW QHLJKERXU WHFKQLTXHV� DQG PDQ\ PRUH� (DFK RI
WKHVH WHFKQLTXHV KDV LWV RZQ DGYDQWDJHV DQG GUDZEDFNV�

EXW SHUKDSV 3DU]HQ¶V LV WKH RQH WKDW UHJXODUL]HV WKH WDUJHW

GHQVLW\ LQ D PRUH IRUPDO ZD\� $ JRRG RYHUYLHZ RI VRPH

RI WKHVH DQG PDQ\ RWKHU WHFKQLTXHV FDQ EH IRXQG LQ >�@�

$OO WKHVH WHFKQLTXHV� LQFOXGLQJ 3DU]HQ
V PHWKRG� DUH

WKRXJKW WR FRSH RQO\ ZLWK H[DFW GDWD� %XW RIWHQ WKH GD�
WDVHWV WKDW DUH JLYHQ DV LQSXW FRPH LQ DQ XQFHUWDLQ IRUP�

ZLWK VRPH NLQG RI ODFN RI NQRZOHGJH RQ WKH DWWULEXWHV RI

WKH H[DPSOHV� 0XFK OHVV DSSUR[LPDWLRQV KDYH EHHQ PDGH

WR FRSH ZLWK WKLV NLQG RI LQSXW LQ WKH VSHFLILF SUREOHP RI

HVWLPDWLQJ WKH GHQVLW\ IXQFWLRQ� /XF\
V DOJRULWKP >�@� IRU
H[DPSOH� LV EDVHG RQ DQ KLVWRJUDP DSSURDFK� WKDW KDV WKH

VHULRXV SUREOHP RI QRW EHLQJ UHJXODUL]DWHG� WKHUH LV QR

WUDGH�RII EHWZHHQ WKH DPRXQW RI VPRRWKQHVV DQG GDWD

ILWWLQJ� 0DQ\ RWKHU DSSURDFKHV WR WKH PDQDJHPHQW RI

XQFHUWDLQW\ KDYH EHHQ SURSRVHG� EXW QRQH RI WKHP WULHV WR

VROYH WKH SUREOHP RI WKH HVWLPDWLRQ RI WKH GHQVLW\� ,Q�
VWHDG� WKH\ GLUHFWO\ FRSH ZLWK LQIHUHQFH WDVNV� HLWKHU LQ D

PRUH RU OHVV V\PEROLF ZD\ �DV LQ 'HPSVWHU�6KDIHU WKHRU\

>��@� RU IX]]\ UXOHV V\VWHPV >��@�� RU LQ D PRUH SUREDELO�

LVWLF VHQVH� DV LQ %D\HVLDQ LQIHUHQFH >�@�

:H DUH LQWHUHVWHG� DQ\ZD\� LQ WKH GLUHFW FDOFXOXV RI WKH

SUREDELOLW\ GHQVLW\ IXQFWLRQ� DV LQ /XF\
V PHWKRG� EXW
ZLWKRXW UHQRXQFLQJ WR UHJXODUL]DWLRQ� 3HUKDSV 3DU]HQ
V

PHWKRG LV RQH RI WKH EHVW PHWKRGV IRU HVWLPDWLQJ UHJXODUL�

]DWHG GHQVLWLHV ZLWK H[DFW GDWD� VR DQ DGDSWDWLRQ WR FRSH

ZLWK XQFHUWDLQW\ ZRXOG EH D JRRG VROXWLRQ� 5HFHQWO\� ZH

KDYH GHYHORSHG DQG WHVWHG D QHZ DOJRULWKP� GLUHFWO\
DGDSWHG IURP WKH FODVVLFDO 3DU]HQ PHWKRG >�@� 7KLV DOJR�
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ULWKP� FDOOHG ('5 �(PSLULFDO YDULDEOH 'HFRQYROXWLRQ E\

5HJXODUL]DWLRQ�� KDV DOO WKH DGYDQWDJHV RI RULJLQDO 3DU]HQ
PHWKRG �UHJXODUL]DWLRQ� ZLGH UDQJH RI DSSOLFDELOLW\�«��

EXW LW KDV DOVR RQH LPSRUWDQW GUDZEDFN� WKH DPRXQW RI

FRPSXWDWLRQ DQG PHPRU\ QHHGHG LV TXDGUDWLF LQ WKH QXP�

EHU RI VDPSOHV� DV D SULFH WR SD\ IRU WKH FDSDELOLW\ RI

PDQDJLQJ XQFHUWDLQW\� 7KLV FDQ EH D YHU\ VHULRXV LQFRQ�

YHQLHQW ZKHQ GDWDVHWV DUH YHU\ ODUJH� ZKLFK LV XQIRUWX�
QDWHO\ WKH FDVH LQ SUDFWLFDO DSSOLFDWLRQV� VSHFLDOO\ ZKHQ

WKH LQSXW GDWD DUH PRUH RU OHVV XQFHUWDLQ�

1HYHUWKHOHVV� D JRRG RUJDQL]DWLRQ RI WKH FRGH DQG WKH

GDWD VWUXFWXUHV LQYROYHG DOORZ D YHU\ HIILFLHQW SDUDOOHO

LPSOHPHQWDWLRQ LQ D GLVWULEXWHG�PHPRU\ HQYLURQPHQW� ,Q

WKLV SDSHU� ZH SUHVHQW WKH SDUDOOHO YHUVLRQ RI RXU ('5
DOJRULWKP IRU D PHVVDJH�SDVVLQJ SDUDOOHO PDFKLQH� :H

VKRZ WKDW RXU DSSURDFK FDQ REWDLQ YHU\ KLJK VSHHG�XS

YDOXHV� DV DQ HIILFLHQW WUHDWPHQW RI PHPRU\ LV SHUIRUPHG�

UHVXOWLQJ LQ D FRPPXQLFDWLRQ VFKHPH WKDW PLQLPL]HV WKH

QHWZRUN WUDIILF� LQ GLVWULEXWHG�PHPRU\ HQYLURQPHQWV� DQG

WKDW UHGXFHV ORFDO VZDSSLQJ� 7KLV PDNHV WKH SDUDOOHO DOJR�
ULWKP KLJKO\ VFDODEOH� PDNLQJ LW FDSDEOH RI PDQDJLQJ

ODUJH GDWDEDVHV� 3UHOLPLQDU\ SHUIRUPDQFH WHVWV DUH PDGH

LQ D FOXVWHU RI 3&V� WKDW VHHP WR FRQILUP WKHVH SUHGLFWLRQV�

2. Preliminaries

,Q RUGHU WR HVWDEOLVK D WKHRUHWLFDO IUDPHZRUN� ZH ZLOO

LQWURGXFH VRPH QRWDWLRQ DQG UHYLHZ VRPH EDFNJURXQG

FRQFHSWV� 3DU]HQ¶V PHWKRG FRQVLVWV LQ DSSUR[LPDWLQJ WKH

RULJLQDO� XQNQRZQ GHQVLW\ IXQFWLRQ S�[� ZLWK WKH IROORZ�

LQJ HVWLPDWLRQ �JLYHQ D VDPSOH ^[L` RI VL]H 1 RI WKH UDQ�

GRP YDULDEOH��
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ZKHUH N�[� LV D VPRRWKLQJ NHUQHO GHQVLW\ IXQFWLRQ� 7KLV

DSSUR[LPDWLRQ KDV WKH GHVLUHG SURSHUWLHV RI VPRRWKQHVV

DQG FRQYHUJHQFH WR WKH WUXH S�[�� LI WKH ZLQGRZ ZLGWK

K1o� ZKHQ 1o f� 7KH PHWKRG LV D JRRG DOWHUQDWLYH IRU
QRQSDUDPHWULF VWDWLVWLFV SUREOHPV� EXW LW KDV WZR SULQFLSDO

GUDZEDFNV� 2QH LV WKDW LW LV GHVLJQHG WR ZRUN RYHU VDP�

SOHV WKDW DUH DVVXPHG WR KDYH QR HUURU LQ WKH PHDVXUHPHQW

SURFHVV� DQG WKLV LV XVXDOO\ QRW WKH FDVH LQ PDQ\ SUDFWLFDO
SUREOHPV� 7KH RWKHU GLVDGYDQWDJH LV WKDW LW ZRUNV ZLWK WKH

ZKROH VDPSOH LQ WKH OHDUQLQJ DQG LQIHUHQFH VWDJHV� WKXV

UHTXLULQJ PRUH FRPSXWDWLRQDO SRZHU� $V LW ZDV PHQWLRQHG

LQ WKH LQWURGXFWLRQ� DQ H[WHQVLRQ RI WKLV PHWKRG WR FRSH

ZLWK LQH[DFW PHDVXUHV LQ WKH VDPSOHV� ZDV UHFHQWO\ GHYHO�
RSHG DQG VXFFHVVIXOO\ YDOLGDWHG >�@� :H ZLOO VXPPDUL]H�

LQ WKH UHVW RI WKLV VHFWLRQ� WKH PDLQ LGHDV RI WKLV QHZ DS�

SURDFK�

)LUVW� ZH ZLOO VWDWH IRUPDOO\ WKH SUREOHP RI GHQVLW\ HV�

WLPDWLRQ WKURXJK XQFHUWDLQ REVHUYDWLRQV� /HW S�[� EH WKH

GHQVLW\ WKDW ZH PXVW HVWLPDWH� WKURXJK D VHULHV RI UDQGRP

H[DPSOHV ^[L`� ZLWK L�^���1`� GUDZQ IURP WKDW GHQVLW\�

%XW ZH KDYH QR DFFHVV WR WKH WUXH YDOXHV RI WKH VDPSOHV [L�

:H RQO\ KDYH REVHUYDWLRQV WKDW PD\ KDYH H[SHULPHQWHG D
SHUWXUEDWLRQ LQ WKH PHDVXUHPHQW SURFHVV� RU VLPSO\ WKH\

FRQWDLQ VRPH NLQG RI XQFHUWDLQW\� VXEMHFWLYH MXGJPHQWV RI

H[SHUWV� RWKHU NLQG RI H[WHUQDO QRLVH� HWF� :H ZLOO FDOO

WKHVH LQGLUHFW PHDVXUHV ^VL`� DQG WKH\ ZLOO EH UHODWHG WR

WKH WUXH YDOXHV ^[L` E\ WKH OLNHOLKRRG IXQFWLRQV ^OL�[L�`�

ZKLFK GHVFULEH VWDWLVWLFDOO\ RXU NQRZOHGJH RI WKH RULJLQDO
VDPSOH� 7KH OLNHOLKRRG IXQFWLRQV FDQ PRGHO WKH SUHFLVLRQ

RI WKH PHDVXUHPHQW LQVWUXPHQW� WKH YDJXHQHVV RI WKH

GHVFULSWLRQ RI DQ H[SHUW� DQG VR RQ� 7KHQ� WKH GHQVLW\ T�V�

RI WKH REVHUYDEOH PDJQLWXGH LV UHODWHG WR WKH WDUJHW GHQ�

VLW\ S�[� E\�
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7KH DLP LV WR HVWLPDWH S�[�� EXW ZH RQO\ KDYH

OL�[L� T�VL_[L�� WKH OLNHOLKRRGV RI WKH REVHUYHG PHDVXUHV�

DQG ZH FDQ HVWLPDWH T�V� WKURXJK WKH ZKROH VHW RI H[DP�
SOHV� :KDW ZH KDYH WR GR LV WR GHFRQYROYH WKLV REVHUYHG

GHQVLW\ T�V� ZLWK D NLQG RI LQYHUVH RSHUDWRU WKDW DQQXOV WKH

QRLVH RI WKH REVHUYHG VDPSOHV� 7KH H[SUHVVLRQ IRU WKLV

LQYHUVH RSHUDWRU GHSHQGV RQ WKH XQNQRZQ S�[�� EXW WKH

LGHD LV WR XVH DQ LWHUDWLYH SURFHGXUH LQ ZKLFK DQ LQLWLDO

HVWLPDWLRQ RI S�[� LV URXJKO\ FDOFXODWHG� DQG D UHILQHPHQW
SURFHVV LV SHUIRUPHG� LQ ZKLFK WKH LQLWLDO OLNHOLKRRG IXQF�

WLRQV ZLWK D SDUWLFXODU ORFDWLRQ DQG XQFHUWDLQW\ TXDQWLW\

DUH 
PRYHG
 WR QHZ ORFDWLRQV ZLWK QHZ XQFHUWDLQW\ YDOXHV�

XVLQJ WKH %D\HV WKHRUHP DQG WKH D SULRUL FXUUHQW HVWLPD�

WLRQ RI S�[�� $OVR� GXULQJ WKH RSHUDWLRQ RI WKH DOJRULWKP�

WKH UHJXODUL]DWLRQ SURFHVV WKURXJK WKH NHUQHO IXQFWLRQV
PXVW EH DFFRPSOLVKHG� 7KLV MXVWLILHV WKH QDPH JLYHQ WR

WKH DOJRULWKP� ('5� WKDW VWDQGV IRU (PSLULFDO YDULDEOH

'HFRQYROXWLRQ E\ 5HJXODUL]DWLRQ� 7KH LWHUDWLRQ LV SHU�

IRUPHG XQWLO FRQYHUJHQFH RI S�[� WR D GHVLUHG SUHFLVLRQ�
We focus in a case in which gaussian normal densities

are used to model both the likelihoods and the kernel
function, to obtain a practical algorithm that will serve to
solve most of practical reasonable situations. These nor-
mality conditions can be summarized as follows:

D� 7KH VPRRWKLQJ NHUQHO �3DU]HQ ZLQGRZV� LV JDXVVLDQ�
ZLWK WKH IROORZLQJ SDUDPHWHUV�

������� K[1[N
K

 
���

E� 7KH OLNHOLKRRG IXQFWLRQV �WR PRGHO XQFHUWDLQW\� DUH

JDXVVLDQ� ZLWK WKH IROORZLQJ SDUDPHWHUV�

������
LLL

V[1[O H ���

2EVHUYH WKDW OL�[� IXQFWLRQV FDQ EH XVHG WR PRGHO XQ�

FHUWDLQ YDOXHV LQ WKH IRUP [L # VL r �HL� LQFOXGLQJ H[DFW

GDWD �HL �� DQG PLVVLQJ YDOXHV �HL f�� :H ZLOO HVWLPDWH

WKH WDUJHW GHQVLW\ IURP XQFHUWDLQ VDPSOHV� ZKHUH HL PHDV�
XUHV WKH GHJUHH RI XQFHUWDLQW\ LQ WKH REVHUYDWLRQ�

F� 7KH FRPSRQHQWV RI WKH PL[WXUH �WKURXJK LWHUDWLRQ RI

WKH DOJRULWKP� ZLOO EH DSSUR[LPDWHG E\ JDXVVLDQ GHQVLWLHV

�\
L VWDQGV IRU D FRPSRQHQW ZLWKRXW UHJXODUL]DWLRQ� \L LV
WKH VDPH FRPSRQHQW DIWHU UHJXODUL]DWLRQ��
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7KLV LV D UHDVRQDEOH DVVXPSWLRQ VLQFH� DV ZH ZLOO VHH

ODWHU� WKH\ ZLOO EH REWDLQHG DV WKH UHVXOW RI D ZHLJKWHG VXP

RI D ODUJH QXPEHU RI IXQFWLRQV�

3. Operation

,Q WKLV VHFWLRQ ZH RXWOLQH WKH RSHUDWLRQ RI WKH DOJR�
ULWKP� :H ZLOO FHQWHU WKH GLVFXVVLRQ LQ D SURFHGXUDO GH�

VFULSWLRQ� WR DQDO\]H ODWHO\ WKH SRVVLELOLWLHV IRU SDUDOOHOLVP

DQG GDWD GLVWULEXWLRQ� )XUWKHU PDWKHPDWLFDO GHWDLOV DQG

MXVWLILFDWLRQV FDQ EH IRXQG LQ >�@ DQG >�@�

7KH DOJRULWKP WDNHV DGYDQWDJH RI WKH FRQMXJDWH SURS�
HUW\ RI WKH JDXVVLDQ GHQVLW\ >�@� ,W DOORZV XV DQDO\WLF FRP�

SXWDWLRQ RI WKH UHTXLUHG SURGXFWV DQG LQWHJUDOV� DYRLGLQJ

LQWHQVLYH QXPHULFDO WHFKQLTXHV� 8VLQJ LW� ZH FDQ ZULWH�
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1RZ ZH GHILQH WKH IROORZLQJ FRHIILFLHQWV�
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DQG WKH QRUPDOL]HG ZHLJKWV�

¦
 

{
1

M

ML

ML

ML

�

�

�

�

E

E
Z

����

LQ VXFK D ZD\ WKDW WKH FRPSRQHQWV\¶ ZLOO EH JLYHQ E\
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7KHUHIRUH� WKH SDUDPHWHUV RI HDFK FRPSRQHQW \¶� DS�
SUR[LPDWHG E\ JDXVVLDQV� DUH XSGDWHG E\
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7KH SDUDPHWHUV RI WKH ILQDO FRPSRQHQWV \ NK\¶
�VPRRWKHG� DUH REWDLQHG IURP ���� RQFH WKH VPRRWKLQJ

SDUDPHWHU K KDV EHHQ VHOHFWHG� 7KH QHZ S�[� LV JLYHQ E\�
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*LYHQ WKLV XSGDWH UXOH IRU HDFK LWHUDWLRQ� ZH PXVW DS�

SO\ LW VXFFHVVLYHO\ XQWLO D IL[HG SRLQW LV UHDFKHG� 6WDUWLQJ

IURP D ILUVW DSSUR[LPDWLRQ WR S�[� ZLWK PL VL DQG VL ��
�ZKLFK LV HTXLYDOHQW WR LJQRULQJ WKH XQFHUWDLQW\ LQ WKH

REVHUYDWLRQV� ZH LWHUDWLYHO\ XSGDWH PL DQG VL IURP WKH

REVHUYDWLRQV ^�VL� HL�`� XQWLO VRPH NLQG RI FRQYHUJHQFH LV
DFKLHYHG� $ JRRG PHDVXUH FDQ EH WKH /� QRUP EHWZHHQ

WKH HVWLPDWHG IXQFWLRQV S�[� LQ WZR VXFFHVVLYH LWHUDWLRQV�

7KLV YDOXH LV VLPSO\ WKH DUHD EHWZHHQ WKH JUDSKLFV RI ERWK
HVWLPDWLRQV� DQG FDQ EH FDOFXODWHG DV WKH LQWHJUDO RI WKH

DEVROXWH YDOXH RI WKH GLIIHUHQFH EHWZHHQ WKHP�
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:KHQ WKLV PHDVXUH IDOOV EHORZ D JLYHQ WROHUDQFH

WKUHVKROG� ZH FDQ VXSSRVH WKDW WKH WZR HVWLPDWLRQV DUH

YLUWXDOO\ WKH VDPH� DQG WKDW FRQYHUJHQFH KDV EHHQ

UHDFKHG� 6R� DW WKH HQG RI HDFK LWHUDWLRQ� D QXPHULFDO LQWH�

JUDO RI WKH DUHD EHWZHHQ WKH FXUUHQW DQG WKH SUHFHGLQJ
HVWLPDWLRQ PXVW EH FDOFXODWHG� $ VLPSOH LQWHJUDWLRQ WHFK�

QLTXH LV YDOLG� L�H� WKH WUDSH]RLGV PHWKRG� DV QR ELJ GLV�

FRQWLQXLWLHV LQ WKLV DUHD DUH H[SHFWHG� 5HFDOO WKDW WKH GHQ�

VLW\ LV VPRRWK� DV LW XVHV VPRRWKLQJ NHUQHOV��

7R VXPPDUL]H� ZH FDQ VHH WKDW WKH VHTXHQWLDO FRP�

SOH[LW\ RUGHU RI HDFK LWHUDWLRQ RI WKH DOJRULWKP IRU WKH

FDOFXOXV RI WKH PM DQG VM YDOXHV LV TXDGUDWLF LQ WKH QXPEHU
RI VDPSOHV 1� 2�N�Â1

��� 7KH YDOXH RI WKH FRQVWDQW N� ZLOO

EH GHWHUPLQHG E\ WKH FDOFXODWLRQV SHUIRUPHG LQ HDFK LW�

HUDWLRQ� H[SODLQHG LQ ILJ� �� :H KDYH WR FRPSXWH D 1[1

WDEOH RI YDOXHV ELM� KLM DQG TLM� ZLWK VRPH HOHPHQWDO IORDWLQJ
SRLQW RSHUDWLRQV �VXPV� GLYLVLRQV� VTXDUH URRWV DQG H[SR�

QHQFLDWLRQ IRU WKH FDOFXOXV RI WKH QRUPDO IRUPXOD� DSSOLHG

WR WKH FXUUHQW YDOXHV RI PM� VM� VL DQG HL� 7KHQ� D JURXSLQJ

E\ FROXPQV PXVW EH SHUIRUPHG� IRU WKH FDOFXOXV RI WKH ZLM

YDOXHV� :LWK WKHVH� DQG WKH SUHYLRXVO\ REWDLQHG KLM DQG TLM�

ILQDO YDOXHV RI WKH QHZ PM DQG VM FDQ EH REWDLQHG�

1H[W LWHUDWLRQ

*URXSLQJ E\ FROXPQV

3DU]HQ ZLQGRZV

�PRYLQJ�
V1 H1

P� V�

V� H� VL HL
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*URXSLQJ E\ FROXPQV

&DOFXOXV RI KLM� TLM DQG ELM�

XVLQJ HTV� ���� ���� DQG ����

&DOFXOXV RI ZLM� XVLQJ HT� ����

PM VM

P1 V1

���

��� ���

���

&DOFXOXV RI PM

DQG VM XVLQJ HTV�
����� ���� DQG ���

2EVHUYDWLRQV �IL[HG�

Figure 1. Calculus of the table values in each
iteration of the EDR algorithm.

7KH FRPSOH[LW\ IRU WKH FRQYHUJHQFH WHVW FDQ EH H[�

SUHVVHG DV 2�N�Â1Â,�� EHLQJ , WKH FKRVHQ QXPEHU RI LQWHU�

� 7KH SURFHGXUH GHVFULEHG KHUH LV IRU XQLGLPHQVLRQDO VDPSOHV� ([�

WHQVLRQ RI WKLV DOJRULWKP IRU PXOWLGLPHQVLRQDO GDWD LV VWUDLJKWIRUZDUG�

DQG LW LV EDVHG LQ WKH FRQMXJDWH SURSHUWLHV RI WKH IDFWRUL]HG JDXVVLDQ
IXQFWLRQV XVHG� 7KH PDLQ ORRS RI WKH VHTXHQWLDO DOJRULWKP LV HVVHQWLDOO\

WKH VDPH� EXW LQFOXGLQJ D PXOWLSOLFDWLRQ IRU HDFK GLPHQVLRQ�



4

YDOV IRU WKH QXPHULFDO LQWHJUDO� DQG N� D FRQVWDQW LQGLFDW�

LQJ WKH H[HFXWLRQ WLPH RI WKH VXEVWUDFWLRQ RI WZR YDOXHV RI
D QRUPDO GLVWULEXWLRQ �FRUUHVSRQGLQJ WR S�N����[� DQG

S�N��[���

2I FRXUVH� WKH ILQDO FRPSOH[LW\ RUGHU RI WKH DOJRULWKP

PXVW EH REWDLQHG PXOWLSO\LQJ WKH REWDLQHG FRPSOH[LW\ IRU

HDFK LWHUDWLRQ E\ .� WKH QXPEHU RI LWHUDWLRQV QHHGHG WR

DFKLHYH FRQYHUJHQFH� 7KLV YDOXH GHSHQGV RQ PDQ\ IDFWRUV
�SUHFLVLRQ RI WKH FRQYHUJHQFH WHVW� GLVWULEXWLRQ RI WKH

LQSXW GDWD� HWF��� VR LW FDQ QRW EH GHWHUPLQHG EHIRUHKDQG�

4. Parallel Algorithm

,W FDQ EH H[WUDFWHG� IURP WKH SUHYLRXV VHFWLRQ� WKDW WKH

PRVW LPSRUWDQW HIIRUW LV GRQH ZKHQ YDOXHV RI PHDQV DQG

GHYLDWLRQV �PM� VM� DW HDFK LWHUDWLRQ DUH UHFDOFXODWHG� ,Q

RUGHU WR GR LW� WKH WDEOH RI 1u1 HOHPHQWV ZLWK LQWHUPHGL�
DWH YDOXHV VKRZQ LQ ILJ� � PXVW EH ILOOHG LQ� $V WKH FRP�
SXWDWLRQDO FRPSOH[LW\ DQG WKH VL]H RI WKH PDLQ GDWD

VWUXFWXUH DUH TXDGUDWLF ZLWK UHVSHFW WR WKLV QXPEHU� DSSOL�

FDWLRQ RI WKLV WHFKQLTXH LQ D VLQJOH SURFHVVRU PD\ LQWUR�

GXFH WLPH DQG VWRUDJH SUREOHPV�� 7KLV MXVWLILHV WKH DW�

WHPSW RI D SDUDOOHO DSSURDFK� +HQFH� LW LV QHFHVVDU\ WR

VWXG\ KRZ WKHVH LQWHUPHGLDWH YDOXHV DUH UHODWHG� WR ILQG
RXW GDWD GHSHQGHQFLHV�

$W HDFK LWHUDWLRQ� FRPSXWDWLRQ RI WKH YDOXHV �PM� VM� LV
SHUIRUPHG XVLQJ RQO\ WKH LQWHUPHGLDWH GDWD VWRUHG LQ FRO�

XPQ M RI WKH WDEOH� 7KXV� WKHVH PHDQV DQG GHYLDWLRQV FDQ

EH FDOFXODWHG ZLWKRXW FRPPXQLFDWLRQV LI D GLVWULEXWLRQ E\

FROXPQV RI WKLV WDEOH LV GRQH� (DFK SURFHVV ZLOO EH DV�

VLJQHG D VHW RI FROXPQV RI WKH WDEOH� DQG LW ZLOO REWDLQ WKH
YDOXHV RI PHDQV DQG GHYLDWLRQV IRU VXFK FROXPQV� +RZ�

HYHU� VRPH FRPPXQLFDWLRQ ZLOO EH QHHGHG� DV HYHU\ SURF�

HVV PXVW NQRZ WKH YDOXHV ZRUNHG RXW E\ WKH UHVW RI SURF�

HVVHV LQ WKH SUHYLRXV LWHUDWLRQ WR FRPSXWH WKH QHZ RQHV�

DQG DOVR WR PDNH WKH FRQYHUJHQFH WHVW� 7KHUHIRUH� ZKHQ D

SURFHVV REWDLQV LWV ORFDO YDOXHV� LW ZLOO WUDQVPLW WKHP WR
WKH UHVW� $ ILUVW V\QFKURQL]DWLRQ SRLQW HPHUJHV�

)XUWKHUPRUH� WKH FRQYHUJHQFH WHVW FDQ DOVR WDNH DG�

YDQWDJH RI SDUDOOHOLVP� 7KLV WHVW LV EDVHG RQ WKH FDOFXOXV

RI WKH /� QRUP� WKH YDOXH WKDW PHDVXUHV WKH GLIIHUHQFH

EHWZHHQ WZR VXFFHVVLYH HVWLPDWLRQV RI S�[�� ,W LV REWDLQHG
VSOLWWLQJ D VXIILFLHQWO\ ZLGH LQWHUYDO �WKDW FDSWXUHV WKH

ZKROH VHW RI H[DPSOHV� ZLWK VRPH PDUJLQ DW WKH H[WUHPHV�

LQWR , VPDOO VXELQWHUYDOV� DQG VXEVHTXHQWO\ SHUIRUPLQJ D

QXPHULFDO LQWHJUDWLRQ E\ WKH WUDSH]RLGV PHWKRG� 7KXV�

WKHVH VXELQWHUYDOV FDQ EH GLVWULEXWHG EHWZHHQ DOO SURF�

� ,Q IDFW� WKLV LV QRW FRPSOHWHO\ WUXH IRU WKH ('5 DOJRULWKP GHVFULEHG

LQ WKLV SDSHU� DV FROXPQ FDOFXOXV VXPPDUL]HG LQ ILJ� � FDQ EH RYHU�

ODSSHG� DQG WKH UHVXOWLQJ VHTXHQWLDO DOJRULWKP ZRXOG EH PXFK OHVV
PHPRU\ LQWHQVLYH� %XW JOREDO PDLQWHQDQFH RI WKH ZKROH WDEOH VWUXFWXUH

LV QHHGHG IRU VRPH YDULDWLRQV RQ WKH DJJUHJDWLRQ SURFHGXUH� UHVXOWLQJ LQ

LQWHUHVWLQJ ('5 YDULDWLRQV� DQG� EHVLGHV� DOO YDOXHV FRQWDLQHG LQ WKDW
WDEOH KDYH DQ LQWHUHVWLQJ VWDWLVWLFDO LQWHUSUHWDWLRQ� WKDW FDQ EH XVHIXO LQ

IXUWKHU SRVWSURFHVVLQJ �VHH >�@ DQG >�@ IRU GHWDLOV��

HVVHV� VR HDFK RI WKHP ZRXOG FDOFXODWH D ORFDO YDOXH RI WKH

/� QRUP� 1HYHUWKHOHVV� FDOFXODWLRQ RI WKH /� QRUP UHTXLUHV
PHDQV DQG GHYLDWLRQV WR KDYH EHHQ REWDLQHG� VR LW ZLOO EH

LQLWLDWHG ZKHQ HYHU\ SURFHVV KDV FDOFXODWHG LWV FRUUH�

VSRQGLQJ VXEVHW RI WKHVH YDOXHV� DQG KDV VHQW WKHP WR WKH

UHVW RI SURFHVVHV� 2QFH HDFK SURFHVV KDV FRPSXWHG WKH

QXPHULFDO YDOXH RI WKH LQWHJUDO LQ WKH VXELQWHUYDOV WKDW LW

KDV DVVRFLDWHG� WKH JOREDO /� QRUP LV REWDLQHG DV WKH VXP
RI WKH ORFDO YDOXHV FDOFXODWHG E\ HYHU\ SURFHVV� $ QHZ

FRPPXQLFDWLRQ DSSHDUV� DQG� WKHUHIRUH� D VHFRQG V\Q�

FKURQL]DWLRQ SRLQW�

)LJ� � VKRZV LQ SVHXGR�FRGH WKH PHVVDJH�SDVVLQJ SUR�

JUDP� :H KDYH DGRSWHG WKH 630' VW\OH� )RU VLPSOLFLW\�

ZH VXSSRVH WKDW 1 LV DQ H[DFW PXOWLSOH RI 3� EXW H[WHQ�
VLRQV WR PDQDJH WKH JHQHUDO FDVH ZLOO VLPSO\ GLVWULEXWH

UHPDLQLQJ FROXPQV DPRQJ SURFHVVHV� )LJ� � VXPPDUL]HV

JUDSKLFDOO\ WKH GDWD IORZ LQ WKH 3�('5 DOJRULWKP �3DUDOOHO

(PSLULFDO 'HFRQYROXWLRQ E\ 5HJXODUL]DWLRQ��

Algorithm:  Message-Passing P-EDR.
Input: si and Hi values, i=1..N.
Output: Pi and Vi values, i=1..N.
Initialization �

Process 0 reads the input data –values (si and Hi)–, and broadcasts
them to processes 1..P.

Repeat (Main Loop)�
Table Calculation�

- Each process k, with k�[1..P], computes the values Kij, Tij and
Eij, using eqs. (8), (9) and (10), for j=1..N, and i=(k-
1)·(N/P)+1..k·(N/P) (Column distribution).
- Each process k, with k�[1..P], computes the values Zij, using
eq. (12), again for j=1..N, and i=(k-1)·(N/P)+1..k·(N/P) (Ag-
gregation by columns on each cell of the column).

Parzen Windows Update�
- Each process k, with k�[1..P], computes the values Pi and Vi,
using eqs. (14), (15) and (7), for i=(k-1)·(N/P)+1..k·(N/P) (Ac-
cumulation by columns).

Broadcast of Values�
- Each process k, with k�[1..P], broadcasts its corresponding
updated values Pi and Vi for i=(k-1)·(N/P)+1..k·(N/P) to all the
rest of processes 1..P  (Broadcast).

Convergence Test�
- Each process k, with k�[1..P], computes its corresponding
numerical integration of I/P intervals, Lk, from value a+(k-
1)·(b-a)/P to a+k·(b-a)/P, being a and b the limits of the inte-
gral (where the density function becomes zero; that is, the dis-
tribution tails). The computation is made according to the
trapezoids method, using eq. (17) and where p(k) y p(k+1) are com-
puted with eq. (16) with the former and the current values of  Pi

and V i (Distribution of integral by intervals).
- Process 0 gathers the partial Lk results, and sums them to cal-
culate the L1 value (Integral aggregation).

Until  L1 < Precision Threshold.
Figure 2. Pseudo-code of the P-EDR algorithm.

7KH 3�('5 DOJRULWKP LV H[SHFWHG WR GHFUHDVH H[HFX�

WLRQ WLPH UHJDUGLQJ WKH VHTXHQWLDO YHUVLRQ� DV� a) The
number of columns that each process has been assigned is
much smaller than in the sequential program. And b) The
number of subintervals per process employed in the cal-
culation of the L1 norm is less than in the sequential ver-
sion.
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2ULJLQDO DUUD\

'LVWULEXWLRQRI FROXPQV

PL�
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&DOFXODWLRQ RI P DQG V

7UDQVPLVVLRQRI P DQG V

/� � /� � /� S

&DOFXODWLRQ RI SDUWLDO /� QRUPV

/� DJJUHJDWLRQDQG

FRQYHUJHQFH WHVW

���

���

���

���

���

Figure 3. Data flow in P-EDR implementation.

+RZHYHU� SDUDOOHO DOJRULWKP LPSOLHV VRPH H[WUD FRP�

PXQLFDWLRQV EHWZHHQ SURFHVVHV WKDW� REYLRXVO\� GR QRW

H[LVW LQ WKH VHTXHQWLDO YHUVLRQ� 0RUH SUHFLVHO\� LW LV QHFHV�
VDU\ WR LQWHUFKDQJH WKH YDOXHV RI PHDQV� GHYLDWLRQV DQG

ORFDO YDOXHV RI WKH /� QRUP� 7KLV IDFW ZLOO EH GHFLVLYH� DV

JRRG UHVXOWV ZLOO RQO\ EH DFKLHYHG LI WKH FRVW RI WKHVH

FRPPXQLFDWLRQV LV ORZHU WKDQ WKH EHQHILW REWDLQHG ZLWK

WKH DERYH UHGXFWLRQ LQ FRPSXWDWLRQ WLPH�
,Q RUGHU WR SUHGLFW WKH JDLQ RI WKH SDUDOOHO LPSOHPHQWD�

WLRQ� ZH ZLOO DQDO\]H WKH FRPSOH[LW\ RI WKH SDUDOOHO YHU�

VLRQ� 3�('5 DOJRULWKP LQYROYHV D UHGXFWLRQ RQ WKH QXP�

EHU RI FROXPQV� LQ WKH FDOFXOXV RI WKH WDEOH� DQG RI VXELQ�

WHUYDOV� LQ WKH FDOFXOXV RI WKH /� QRUP IRU WKH FRQYHUJHQFH

WHVW� 7KLV UHGXFWLRQ VWDWHV WKH H[HFXWLRQ RUGHU IRU HDFK
SURFHVV �VXSSUHVVLQJ FRPPXQLFDWLRQV� WKDW ZLOO EH WDNHQ

LQWR DFFRXQW ODWHU� DV VWDWHG LQ WKH QH[W WDEOH �,�3 LV WKH

QXPEHU RI LQWHUYDOV IRU HDFK SURFHVV� EHLQJ , WKH WRWDO

QXPEHU RI LQWHUYDOV IRU WKH FDOFXOXV RI WKH /� QRUP��

7DVN &RPSOH[LW\

Main iteration (Kij, Tij, Eij,, Zij Pj and Vj) 2�N�Â1
��3�

Calculus of local L1 norm 2�N�Â1Â,�3�

$JDLQ� WKHVH RUGHUV DUH FDOFXODWHG IRU HDFK LWHUDWLRQ� VR

WKH\ PXVW EH PXOWLSOLHG E\ .� WKH QXPEHU RI LWHUDWLRQV�
2EVHUYH WKDW WKH H[HFXWLRQ RUGHU RI DOO WKH FRPSXWDWLRQDO

WDVNV LQYROYHG DSSHDUV GLYLGHG E\ 3� 7KHUHIRUH� JRRG

VSHHG�XS YDOXHV FDQ EH H[SHFWHG� LI WKH FRPPXQLFDWLRQV

GR QRW LQWURGXFH LPSRUWDQW GHOD\V�

:H VWXG\ QRZ WKH LQIOXHQFH RI WKH FRPPXQLFDWLRQV LQ

WKH SDUDOOHO YHUVLRQ� ,Q ILUVW SODFH� WKH SURFHVV � KDV WR
EURDGFDVW WKH LQLWLDO GDWD WR WKH UHVW RI SURFHVVHV� 7KLV LV

PDGH MXVW RQFH� VR WKLV YDOXH LV FRQVWDQW DQG LW LV LQGH�

SHQGHQW RI WKH QXPEHU RI LWHUDWLRQV RI WKH DOJRULWKP� ,Q

WKH RWKHU SODFH� HDFK SURFHVV ZLOO WUDQVPLW WKH IROORZLQJ

GDWD DW HDFK LWHUDWLRQ�

x 0 PHDQV DQG GHYLDWLRQV HVWLPDWHG� 7KLV LQIRUPD�

WLRQ LV VHQW WR WKH UHVW RI SURFHVVHV�

x /RFDO /� QRUP YDOXH� $W WKH HQG RI HDFK LWHUDWLRQ�

SDUWLDO /� QRUP YDOXHV PXVW EH DGGHG WR GHWHUPLQH

ZKHQ FRQYHUJHQFH LV UHDFKHG�

7ZR REVHUYDWLRQV FDQ EH PDGH IURP WKLV DQDO\VLV�
�� 7KH TXDQWLW\ RI E\WHV WUDQVPLWWHG LQ HDFK LWHUDWLRQ LV

UHDVRQDEO\ VPDOO �1 YDOXHV RI PHDQV DQG GHYLDWLRQV�

DQG 3 YDOXHV IRU WKH FRQYHUJHQFH WHVW��

�� $V WKH QXPEHU RI SURFHVVHV SDUWLFLSDWLQJ LQ FRPSX�

WDWLRQ LQFUHDVHV� H[HFXWLRQ RUGHU GHFUHDVHV TXLFNO\

ZKHUHDV WUDQVPLWWHG E\WHV KDUGO\ LQFUHDVH�
:LWK WKHVH UHVXOWV ZH FDQ EH RSWLPLVWLF ZLWK UHVSHFW WR

WKH SDUDOOHO LPSOHPHQWDWLRQ RI WKLV DOJRULWKP� ,W LV H[�

SHFWHG WR REWDLQ DQ LPSRUWDQW VSHHG�XS ZKHQ H[HFXWLQJ

SDUDOOHO YHUVLRQ ZLWK D FHUWDLQ QXPEHU RI SURFHVVRUV� (V�

SHFLDOO\� VFDODELOLW\ RI WKH DOJRULWKP IRU GLVWULEXWHG�
PHPRU\ HQYLURQPHQWV VHHPV YHU\ JRRG� DV LQFUHPHQW RI

FRPPXQLFDWLRQV VL]H LV XQDSSUHFLDEOH ZKHQ WKH QXPEHU

RI SURFHVVRUV JURZV XS� 6R� WKH WUDIILF LQ WKH FRPPXQLFD�

WLRQ QHWZRUN LV H[SHFWHG QRW WR VXSSRVH DQ LPSRUWDQW

ERWWOHQHFN� HYHQ LQ D QHWZRUN RI 3&V FRQQHFWHG E\ D /$1

ZLWK D ORZHU EDQGZLGWK >�@� >�@�

5. Preliminary Performance Results

:H PDGH D SDUWLFXODU LPSOHPHQWDWLRQ RI WKH SDUDOOHO

SURJUDP� DQG FDUULHG RXW VRPH WHVWV� LQ RUGHU WR REWDLQ

VRPH SUHOLPLQDU\ UHVXOWV WR FRQILUP RXU SUHGLFWLRQV� 7KH

SDUDOOHO PDFKLQH ZDV D FOXVWHU RI ,QWHO 3HQWLXP ��� 0+]
SURFHVVRU� �� 0% PDLQ PHPRU\� ��� .% FDFKH PHPRU\

DQG )DVW (WKHUQHW �&RP ����QHWZRUN DGDSWHU ZLWK 2�6�

/LQX[ ������� 7KH SURJUDPPLQJ ZDV PDGH LQ & ODQJXDJH

ZLWK WKH VWDQGDUG 03, OLEUDU\ >�@ �03,&+ Y������� LP�

SOHPHQWDWLRQ�� 3�('5 ZDV WHVWHG XVLQJ VDPSOHV RI ����

���� ���� DQG ���� XQLGLPHQVLRQDO LWHPV� DQG DGHTXDWH
YDOXHV RI K DQG DFFXUDF\ IDFWRU IRU FRQYHUJHQFH� 7KH QH[W

WDEOH VXPPDUL]HV WKH UHVXOWV REWDLQHG ZLWK HDFK VDPSOH

VL]H DQG XVLQJ GLVWLQFW QXPEHU RI SURFHVVRUV �RQH SURFHVV

SHU SURFHVVRU�� )LJ� � VKRZV DOVR JUDSKLFDOO\ WKHVH UHVXOWV�

3URFHVHVV ��� LWHPV ��� LWHPV
����

LWHPV

����

LWHPV

Time 6SHHG�XS 7LPH 6SHHG�XS 7LPH 7LPH

� 13.50 s. � ����� V� � �� ��

� ����� V� � ����� V� ���� ����� V� ��

� ���� V� ���� ����� V� ���� ����� V� ����� V�

� ���� V� ���� ����� V� ���� ����� V� ����� V�

� ���� V� ���� ����� V� ���� ����� V� ����� V�

� ���� V� ���� ���� V� ���� ����� V� ����� V�

� ����� V� ���� ���� V� ���� ���� V� ����� V�

:H FDQ REVHUYH WKDW VHTXHQWLDO YHUVLRQ RI ('5 DOJR�

ULWKP ZDV QRW H[HFXWHG ZLWK VDPSOHV RI ���� RU ����

LWHPV� ,Q WKHVH FDVHV PRUH WKDQ �� 0E\WHV RI 5$0 ZHUH
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QHHGHG WR VROYH WKH SUREOHP� WKXV LQYROYLQJ D ELJ DPRXQW

RI VZDSSLQJ �VHH IRRWQRWH � IRU VRPH FRQVLGHUDWLRQV RQ
WKLV�� 7KLV IDFW LOOXVWUDWHV RQH RI WKH PDLQ DGYDQWDJHV RI

FOXVWHUV RI ZRUNVWDWLRQV� WKH H[SORLWDWLRQ RI GLVWULEXWHG�

PHPRU\ UHVRXUFHV �5$0�� 7KRXJK LW LV QRW SRVVLEOH WR

REWDLQ WKH VSHHG�XS IRU WKHVH FDVHV� ZH FDQ DSSUHFLDWH WKDW

WLPH HPSOR\HG WR VROYH WKH SUREOHP ZLWK � SURFHVVRUV LV

OHVV WKDQ KDOI WKH WLPH QHHGHG WR GR LW ZLWK � SURFHVVRUV�
LQGLFDWLQJ D YHU\ JRRG VFDODELOLW\ LQ WKH LPSOHPHQWDWLRQ�

�

��

��

��

��

��

��

��

� � � � � � �

1XPEHU RI SURFHVVRUV
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H
F
X
WL
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6L]H ����

Figure 4. Experimental results.

6. Conclusions and Future Work

:H KDYH SUHVHQWHG D SDUDOOHO YHUVLRQ RI WKH ('5 DOJR�

ULWKP� D UHFHQW DQG LQQRYDWLYH DOJRULWKP IRU QRQ�

SDUDPHWULF GHQVLW\ HVWLPDWLRQ LQ SUHVHQFH RI XQFHUWDLQW\
LQ WKH GDWD� 7KH WHFKQLTXH KDV PDQ\ DGYDQWDJHV� ERWK LQ

SUDFWLFDO DQG WKHRUHWLFDO VHQVHV ±PRGHOLQJ RI XQFHUWDLQW\�

UHJXODUL]DWLRQ IHDWXUH� DQG WKH IDFW WKDW LW LV D QDWXUDO H[�

WHQVLRQ RI WKH ZHOO NQRZQ 3DU]HQ PHWKRG±� %XW LWV PDLQ

GUDZEDFN LV WKDW LW LV FRPSXWDWLRQDOO\ LQWHQVLYH LQ ERWK

PHPRU\ DQG SURFHVVLQJ QHFHVVLWLHV� :H H[SORLW WKH V\P�
PHWU\ SURSHUW\ RI WKH FDOFXOXV DQG WKH GDWD VWUXFWXUHV

LQYROYHG LQ WKH SDUDOOHO YHUVLRQ� 3�('5� WR REWDLQ D PHV�

VDJH�SDVVLQJ DOJRULWKP ZLWK YHU\ JRRG VSHHG�XS DQG

VFDODELOLW\ SURSHUWLHV�

:H PDGH D SDUWLFXODU LPSOHPHQWDWLRQ RI WKH DOJRULWKP
LQ D GLVWULEXWHG�PHPRU\ SDUDOOHO PDFKLQH� D FOXVWHU RI

ZRUNVWDWLRQV FRPPXQLFDWHG ZLWK D IDVW QHWZRUN� XVLQJ WKH

ZHOO�NQRZQ VWDQGDUG 03,� 7KLV SDUWLFXODU LPSOHPHQWDWLRQ

FRQILUPV WKH H[SHFWHG JRRG UHVXOWV LQ VSHHG�XS DQG VFDO�

DELOLW\� $OVR� WKH WHVWV SHUIRUPHG VHHP WR MXVWLI\ WKH XVH RI

ORZ�FRVW SDUDOOHO HQYLURQPHQWV LQ WKLV DQG PDQ\ RWKHU
NLQG RI WDVNV LQ ZKLFK WKH DPRXQW RI GDWD XVHV WR EH YHU\

ELJ DQG� WKHUHIRUH� DUH YHU\ FRPSXWDWLRQDOO\ H[SHQVLYH�

,Q VXPPDU\� WKH PRVW LPSRUWDQW FRQWULEXWLRQV RI WKLV

SDSHU DUH WKH IROORZLQJ� D� 7KH GHVLJQ� DQDO\VLV DQG LP�

SOHPHQWDWLRQ RI WKH ('5 SDUDOOHO DOJRULWKP� 7KLV SDUDOOHO

DOJRULWKP ZLOO DOORZ IRUPDO VWDWLVWLF WUHDWPHQW RI XQFHU�
WDLQW\ LQ ELJ GDWDEDVHV� VROYLQJ WKH SUREOHP LQ SUDFWLFDO

H[HFXWLRQ WLPHV E� 2XU SDUDOOHO GHYHORSHG DOJRULWKP �LQ

630' VW\OH� KDV D ORZ FRPPXQLFDWLRQ FRVW DQG JRRG

VFDODELOLW\� VR LW VHHPV DGHTXDWH WR H[HFXWH LQ D ORZ�FRVW

SDUDOOHO HQYLURQPHQW F� )LQDOO\� ZH KDYH LPSOHPHQWHG RXU
DOJRULWKP LQ D QHWZRUN RI 3&V� REWDLQLQJ YHU\ SURPLVLQJ

UHVXOWV LQ WHUPV RI ERWK SHUIRUPDQFH DQG VSHHG�XS�

$V D IXWXUH ZRUN� ZH ZLOO WDNH DGYDQWDJH RI WKH 03,

SRUWDELOLW\� LQ RUGHU WR LPSOHPHQW DQG WHVW WKH DOJRULWKP LQ

RWKHU SDUDOOHO FRPSXWHUV� VXFK DV 033V� OLNH ,%0 63� RU

&UD\ 7�'� $ VWXG\ ZLWK D PRUH H[KDXVWLYH SHUIRUPDQFH
HYDOXDWLRQ� H[WHQVLRQV WR PDQDJH PXOWLGLPHQVLRQDO GDWD�

DQG RWKHU YDULDWLRQV� ZLOO DOVR EH IXOILOOHG� )LQDOO\� RXU

JURXS LV DOVR ZRUNLQJ RQ SDUDOOHO LPSOHPHQWDWLRQV IRU

RWKHU VWDWLVWLFDO WDVNV ZLWK ELJ FRPSXWDWLRQDO FRVW� VSH�

FLDOO\ RQ WKRVH FDVHV LQ ZKLFK ORZ FRPPXQLFDWLRQ DOJR�

ULWKPV FDQ EH GHYHORSHG� DQG� VXEVHTXHQWO\� HIILFLHQW
LPSOHPHQWDWLRQV LQ ORZ FRVW SDUDOOHO PDFKLQHV�
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