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e Xi,...,X, (positive) random variables.
o F;(t) = Pr(X; > t) reliability (survival) function.
® Xi,..., X, exchangeable (EXC), i.e., for any o
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Coherent systems and order statistics

Xi, ..., X, (positive) random variables.
Fi(t) = Pr(X; > t) reliability (survival) function.
® Xi,..., X, exchangeable (EXC), i.e., for any o

(X1, -5 Xn) =sT (Xo(1)s - - -2 Xo(m))-

Xi,..., X, lID.
Xi:ny .-+, Xn:n the associated OS.
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Coherent systems and order statistics

e Xi,...,X, (positive) random variables.
o F;(t) = Pr(X; > t) reliability (survival) function.
® Xi,..., X, exchangeable (EXC), i.e., for any o
(Xl, c ,Xn) =sT (Xg(l), C ,Xg(n)).
e Xi,..., X, lID.
® Xi.n,...,Xn.n the associated OS.
@ Xy., represents the lifetime of the k-out-of-n:F system.
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Introduction Mixture representations
results

Coherent systems and order statistics

Xi, ..., X, (positive) random variables.
Fi(t) = Pr(X; > t) reliability (survival) function.
Xi,...,Xn exchangeable (EXC), i.e., for any o

(X1, -5 Xn) =sT (Xo(1)s - - -2 Xo(m))-

Xiy..., X, 1ID.

Xi:ny .-+, Xn:n the associated OS.

Xk, represents the lifetime of the k-out-of-n:F system.
T = ¢(X1,...,Xy,) lifetime of a coherent system.
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Mixture representations

e Samaniego (IEEE TR, 1985), IID and F1 continuous, then
FT(t) - Zpifi:n(t)a (11)
i=1

where p;j = Pr(T = Xi.p).
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Mixture representations

e Samaniego (IEEE TR, 1985), IID and F1 continuous, then
FT(t) - Zpifi:n(t)a (11)
i=1

where p;j = Pr(T = Xi.p).
@ p=(p1,...,pn) is the signature of the system.

ISI Dublin 2011 Representations of systems with heterogeneous components



Introduction q
xture representations

Mixture representations

e Samaniego (IEEE TR, 1985), IID and F1 continuous, then
FT(t) - Zpifi:n(t)a (11)
i=1

where pPi = Pr(T = Xi:n)-
@ p=(p1,...,pn) is the signature of the system.
e p; does not depend on F; and
pr = ‘{0 D P(X1y - -5 Xn) = Xizn, When xgq) < ... < xg(n)}‘
o n!
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Mixture representations

e Samaniego (IEEE TR, 1985), IID and F1 continuous, then
FT(t) - Zpifi:n(t)a (11)
i=1

where pPi = Pr(T = Xi:n)-
@ p=(p1,...,pn) is the signature of the system.
e p; does not depend on F; and
pr = ‘{0 D P(X1y - -5 Xn) = Xizn, When xgq) < ... < xg(n)}‘
o n!

(1.2)
e Navarro and Rychlik (JMVA, 2007), (1.1) holds for EXC r.v.
with absolutely continuous joint distribution.
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Mixture representations

e Samaniego (IEEE TR, 1985), IID and F1 continuous, then
FT(t) - Zpifi:n(t)a (11)
i=1

where pPi = Pr(T = Xi:n)-
@ p=(p1,...,pn) is the signature of the system.
e p; does not depend on F; and
pr = ‘{0 D P(X1y - -5 Xn) = Xizn, When xgq) < ... < xg(n)}‘
;=
n!

(1.2)
e Navarro and Rychlik (JMVA, 2007), (1.1) holds for EXC r.v.
with absolutely continuous joint distribution.
e Navarro, Samaniego, Balakrishnan and Bhathacharya (NRL,
2008), (1.1) holds for EXC r.v. when p is given by (1.2).
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Mixed systems

@ A mixed system of order n is a stochastic mixture of
coherent systems of order n (Boland and Samaniego, 2004).
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e From (1.1), in the EXC case, all the mixed systems of order n
can be written as mixtures of Xi.,,..., Xnn.
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coherent systems of order n (Boland and Samaniego, 2004).

e From (1.1), in the EXC case, all the mixed systems of order n
can be written as mixtures of Xi.,,..., Xnn.

@ The vector with the coefficients in that representation is called
the signature of the mixed system.
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Mixed systems

@ A mixed system of order n is a stochastic mixture of
coherent systems of order n (Boland and Samaniego, 2004).

e From (1.1), in the EXC case, all the mixed systems of order n
can be written as mixtures of Xi.,,..., Xnn.

@ The vector with the coefficients in that representation is called
the signature of the mixed system.

e Conversely, any probability vector in the simplex
{c€[0,1]": 3" ; ¢i = 1} determines a mixed system with
reliability

Fr(t) =) ciFin(t).
i=1
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Introduction Mixture representations

The signature of order n

@ Samaniego’s representation was extended in Navarro,
Samaniego, Balakrishnan and Bhattacharya (NRL, 2008) as
follows.
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The signature of order n

@ Samaniego’s representation was extended in Navarro,
Samaniego, Balakrishnan and Bhattacharya (NRL, 2008) as
follows.

o If T=g(Xi,..
n > k, then

., Xk) and (X1,..., X,) is an EXC r.v. with

Zp(n)F (1.3)

for some coefficients p,("), i=1,..,n
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The signature of order n

@ Samaniego’s representation was extended in Navarro,
Samaniego, Balakrishnan and Bhattacharya (NRL, 2008) as
follows.

o If T=g(Xi,..
n > k, then

., Xk) and (X1,..., X,) is an EXC r.v. with

Zp(n)F (1.3)

for some coefficients p("), i=1,..,n

o plM = (pgn), L pin )) is called the signature of order n of T.
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The signature of order n

@ Samaniego’s representation was extended in Navarro,
Samaniego, Balakrishnan and Bhattacharya (NRL, 2008) as
follows.

o If T =¢(X1,...,Xx) and (Xi,...,X,) is an EXC r.v. with
n > k, then

Zp(n)F (1.3)

for some coefficients p("), i=1,..,n

o plM = (pgn), L pin )) is called the signature of order n of T.

@ Note that T is equal in law to a mixed system based on
(X1,...,X,) with signature p(").
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The signature of order n

@ Samaniego’s representation was extended in Navarro,
Samaniego, Balakrishnan and Bhattacharya (NRL, 2008) as
follows.

o If T =¢(X1,...,Xx) and (Xi,...,X,) is an EXC r.v. with
n > k, then

Zp(n)F (1.3)

for some coefficients p("), i=1,..,n
o plM = (pgn), L pin )) is called the signature of order n of T.

@ Note that T is equal in law to a mixed system based on
(X1,...,X,) with signature p(").
e If n = k, then p{%) is the Samaniego’s signature of T.
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Generalized mixture representations

e Navarro, Ruiz and Sandoval (CSTM, 2007), if T has EXC
components, then

FT(i‘) = Z aifl:i(t)' (1'4)
i=1
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e Navarro, Ruiz and Sandoval (CSTM, 2007), if T has EXC
components, then

FT(i‘) = Z aifl:i(t)' (1'4)
i=1

e a=(a1,...,ap) is the minimal signature of T.
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Generalized mixture representations

e Navarro, Ruiz and Sandoval (CSTM, 2007), if T has EXC
components, then

n
Fr(t) =" aiF1i(t). (1.4)
i=1
e a=(a1,...,ap) is the minimal signature of T.

@ a; only depends on ¢ but can be negative and so (1.4) is a
generalized mixture.
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e Navarro, Ruiz and Sandoval (CSTM, 2007), if T has EXC
components, then

FT(i‘) = Z aifl:i(t)' (1'4)
i=1

e a=(a1,...,ap) is the minimal signature of T.

@ a; only depends on ¢ but can be negative and so (1.4) is a
generalized mixture.

@ A similar representation holds in terms of parallel systems.
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Generalized mixture representations

e Navarro, Ruiz and Sandoval (CSTM, 2007), if T has EXC
components, then

= aiFi(t). (1.4)
i=1

e a=(a1,...,ap) is the minimal signature of T.

@ a; only depends on ¢ but can be negative and so (1.4) is a
generalized mixture.

@ A similar representation holds in terms of parallel systems.

@ In particular, in the |ID case:

Z aiF (t) = h(F(1)), (1.5)

where h(x) = 27, a;x is the domination or reliability
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Stochastic orderings

@ X <s1 Y & Fx(t) < Fy(t) stochastic order.
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Stochastic orderings

° X <s7 Y & Fx(t)

Fy(t) stochastic order.
o X <pygr Y<:>hx(t) h (

IV IA

t), hazard rate order.
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Stochastic orderings

Fy(t) stochastic order.

hy(t), hazard rate order.
Y —t]Y > t) for all ¢t.

° X <s7 Y & Fx(t)
o X <pr Y & hx(t)
OXSHRY@( —t|X t)<ST(

|\/ I/\
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Introduction

Stochastic orderings

@ X <s1 Y & Fx(t) < Fy(t) stochastic order.
e X <pr Y & hx(t) > hy(t), hazard rate order.
e X <ur Y& (X =t X>t)<st (Y —t]Y>t)forall t.

o X <yrL Y & E(X—t|X >t)<E(Y —t|Y >t), mean
residual life order.
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Stochastic orderings

X <s7 Y & Fx(t) < Fy(t) stochastic order.

X <yr Y & hx(t) > hy(t), hazard rate order.

X<urY S (X =t X >t)<st (Y —t|]Y >t)forall t.
X<mrL Y © E(X =t X >t) <E(Y—t|]Y >t), mean
residual life order.

X <(r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.
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Stochastic orderings

X <s7 Y & Fx(t) < Fy(t) stochastic order.

X <yr Y & hx(t) > hy(t), hazard rate order.

X<urY S (X =t X >t)<st (Y —t|]Y >t)forall t.
X<mrL Y © E(X =t X >t) <E(Y—t|]Y >t), mean
residual life order.

X <(r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.

X<irYEeX[s<X<t)<st(Y|s<Y<t)fors<t.
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E(Xst) < E(Yse) = E(Xe) <E(Y:) = E(X)<E(Y)
i ¥ i
X<pmm Y = X <wmrL Y = X<mY
f f f
X<rY = X <HrRY = X<stY
i ¥ 1
Xs,t <sT Ysrt = Xe <st Yi = Fx <Fy

where Z; = (Z — t|Z > t) and Z;; = (Z|s < Z < t) (see Navarro,
Belzunce and Ruiz, PEIS, 1997).
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Introduction Mixture representations

Ordering results
Outline

Ordering results for systems-11D case

Theorem (Kochar, Mukerjee and Samaniego, NRL 1999)

Let p; and p, be the signatures of the two coherent systems of
order n, both based on components with IID lifetimes with
common continuous reliability F. Let Ty and T, be their
respective lifetimes.

(i) If py <sT Py, then Ty <sT To>.

(II) prl <HR Po, then Ty <pygr T>.

(III) prl <LR P2, then T1 <;r T>.
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e For any Xi,..., X,, we have

Xl:n SST e SST Xn:n- (16)
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rdering results

ne

Ordering results for k-out-ofn systems

e For any Xi,..., X,, we have
Xl:n SST e SST Xn:n- (16)

@ However,
Xl:n SHR e SHR Xn:n (17)

does not necessarily hold (see Navarro and Shaked, JAP,
2006)
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Ordering results for k-out-ofn systems

e For any Xi,..., X,, we have

Xl:n SST e SST Xn:n- (16)
@ However,

Xl:n SHR e SHR Xn:n (17)

does not necessarily hold (see Navarro and Shaked, JAP,
2006)

@ Analogously
Xi:n <mRL - <MRL Xn:ns (1.8)

Xl:n SLR e SLR Xn:n (19)

do not necessarily hold (see Navarro and Hernandez, Metrika,
2008, and Navarro, JSPI, 2008).
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Mixture representations
Ordering results
Outline

Ordering results for systems-EXC case

Theorem (Navarro et al., NRL 2008)

If i = ¢1(Ya, ..., Yn,) and Ty = ¢po(Zi,. .., Zn,) have signatures
of order n p(") = (py,...,pn) and q'” = (q1,...,qn),
{1,...,Yn} and {Zy,...,Zy,} are contained in {Xi,...,Xn}
and (Xi,...,Xn) is EXC, then:

(i) 1Fp™ <s1 q(", then Ty <s1 T>.

(i pr(”) <ur 4" and (1.7) holds, then Ty <pygr T>.

(iii) 1 p{™ <pr q' and (1.8) holds, then Ty <prs To.

(iv) If p(" <;r q'™ and (1.9) holds, then Ty <;g T>.
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New results included in this talk

@ Representations for systems with INID components.
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New results included in this talk

@ Representations for systems with INID components.

@ Representations for systems with DNID components.
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New results included in this talk

@ Representations for systems with INID components.
@ Representations for systems with DNID components.

@ Ordering properties based on signatures.
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Introduction

New results included in this talk

Representations for systems with INID components.
Representations for systems with DNID components.
Ordering properties based on signatures.

The results are included in the paper:

J. Navarro, F.J. Samaniego, and N. Balakrishnan.
Signature-based representations for the reliability of systems
with heterogeneous components. To appear in Journal of
Applied Probability 48 (3), 2011.
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General mixture representation

o If X1, <-++ < Xy, then

Fr Zp, Pr(Xpn > t|T = Xiun), (2.1)
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Representations for systems with independents components !thture represiﬁntanon

General mixture representation

o If X1, <-++ < Xy, then

n
Fr(t) =Y piPr(Xin > t|T = Xiun), (2.1)
i=1
where p; = Pr(T = Xj.,) and
Pr()<i:n > t|T = Xi:n) £ Fi:n(t)-
e We can define two signatures: p = (p1,. .., ps) with
pi = Pr(T = Xi.;) (called probability signature) and
s = (s1,...,5p) with s; given by (1.2) (called structure
signature).
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Representations for systems with independents components sult

General mixture representation

o If X3.p < -+ < Xyun, then
n
Fr(t) =Y piPr(Xin > t|T = Xiun), (2.1)
i=1

where p; = Pr(T = Xj.,) and
Pr()<i:n > t|T = Xi:n) £ Fi:n(t)-

e We can define two signatures: p = (p1,. .., ps) with
pi = Pr(T = Xi.;) (called probability signature) and
s = (s1,...,5p) with s; given by (1.2) (called structure
signature).

@ Example 5.1 in Navarro, Samaniego, Balakrishnan and
Bhathacharya NRL,2008) proves that

n
Fr(t)# > ciFia(t),
i=1
ISI Dublin 2011 Representations of systems with heterogeneous components



Mixture representation

Representations for systems with independents components lts

Generalized mixture representation using path sets

e Aset PC {1,...,n} is a path set of a coherent system if the
system works when all the components in P work.
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Representations for systems with independents components Mixture represiﬁntanon

Generalized mixture representation using path sets

e Aset PC {1,...,n} is a path set of a coherent system if the
system works when all the components in P work.

@ A path set P is a minimal path set if it does not contain other
path sets.
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Representations for systems with independents components p -

Generalized mixture representation using path sets

e Aset PC {1,...,n} is a path set of a coherent system if the
system works when all the components in P work.
@ A path set P is a minimal path set if it does not contain other

path sets.
@ If T has minimal path sets Py,..., Py, then
T = Xp. 2.2
Rk (22)
where Xp, = minjep, X, for j=1,...,k (see Barlow and

Proschan, 1975).
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. L Mixture representation
Representations for systems with independents components p -

Generalized mixture representation using path sets

e Aset PC {1,...,n} is a path set of a coherent system if the
system works when all the components in P work.
@ A path set P is a minimal path set if it does not contain other

path sets.
@ If T has minimal path sets Py,..., Py, then
T = Xp. 2.2
Rk (22)
where Xp, = minjep, X, for j=1,...,k (see Barlow and

Proschan, 1975).
@ From the inclusion-exclusion formula we have

k
FT(t) — Z FPI(t)_Z FP,'UPj(t)+' . .+(_1)k+1FP1U"~UPk(t)a
j=1 i<j
(2.3)
where Fp(t) = Pr(Xp > t) and Xp = min;-pX;.
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Representations for systems with independents components

Reliability representations for the INID case

e If Xq,..., X, are independent, then

Fp(t) =[] Fi(t)-

iepP
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Reliability representations for the INID case

e If Xq,..., X, are independent, then

Fp(t) =[] Fi(t)-

ieP
@ Therefore (2.3) can be written as
Fr(t) = H(F1(t),..., Fa(t)), (2.4)

where H is a multivariate polynomial which only depends on
Pi,..., Py
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Reliability representations for the INID case

e If Xq,..., X, are independent, then

Fp(t) =[] Fi(t)-
ieP
@ Therefore (2.3) can be written as

Fr(t) = H(F1(t),..., Fa(t)), (2.4)

where H is a multivariate polynomial which only depends on
Pi,..., Py

e H is called reliability structure function in Esary and Proschan
(Tech, 1963).
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Reliability representations for the INID case

e If Xq,..., X, are independent, then
Fp(t) =[] Fi(t)-

ieP

@ Therefore (2.3) can be written as

Fr(t) = H(F1(t),..., Fa(t)), (2.4)

where H is a multivariate polynomial which only depends on
Pi,..., Py

e H is called reliability structure function in Esary and Proschan
(Tech, 1963).

@ H is strictly increasing in (0,1) in each variable and
H(x,...,x) = h(x).
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Mixture representation
Ordering results

Representations for systems with independents components
wprese o systems with dep component: Example

Reliability representations for the independent case

Theorem

Let T = ¢(X1,...,X,) be the lifetime of a system with
independent components, signature vector s = (s1,...,S,) and
reliability polynomial and reliability structure function h and H,
respectively. Then

Fr(t) =) siGin(t), (2.5)
i=1

where Gj.n(t) = P(Yi.n > t) and Y1,...,Y, are IID with a
common reliability function

G(t) = h Y (H(F1(t), ..., Fa(t)). (2.6)
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Mixture representation
Ordering results
Example

Representations for systems with independents components

Reliability representations for the independent case

@ T is equal in law to a system with the same structure and IID
components with reliability G.
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Representations for systems with independents components M:xture'r?:::lsintahon

Ex

Reliability representations for the independent case

@ T is equal in law to a system with the same structure and IID
components with reliability G.

Definition

If » : S CR" — R is a real valued function, a mean function of 1
in S is a function my, : R" — IR such that

PY(xty. .oy xn) =9P(2,...,2)

for all (x1,...,x;) € S, where z = my(xq,...,Xp).
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Representations for systems with independents components M:xture'r?:::lsintahon

Ex

Reliability representations for the independent case

@ T is equal in law to a system with the same structure and |ID
components with reliability G.

Definition

If » : S CR" — R is a real valued function, a mean function of 1)
in S is a function my : R” — R such that

PY(xty. oy xn) =P(2,...,2)

for all (x1,...,xn) € S, where z = my(x1,...,Xa).

@ If my is the mean function of H, then

E(t) = mH(Fl(t)a' .- afn(t))'
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Mixture representation
Ordering results

Representations for systems with independents components
eprese o Systems with dependent component: Example

Ordering results INID case

Theorem

Let T and T* be the lifetimes of two coherent systems with
signatures s = (si,...,sp) and s* = (sy,...,s;) and both with
independent component lifetimes. Let h and h* be their reliability
polynomials and let H and H* be their structure reliability
functions. Let G and G be the reliability functions defined in
(26).
( ) IfG <sT G ands <g7 s*, then T <57 T%;
(i) I G <pr G, s <pg s* and either xh'(x)/h(x) or

x(h*)' (x)/h(x) is decreasmg then T <pyr T*;
(iii) 1f G <rur G, s <gur §* and either (1 — x)h'(x)/(1 — h(x))
or (1 — x)(h*)(x )/(1 — h*(x)) is increasing, then T <guyr T*.
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Representations for systems with independents components
Example

Example

e T = max(min(Xi, X2), min(X3, Xa))
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Representations for systems with independents components
Example

Example

e T = max(min(Xi, X2), min(X3, Xa))

°s=(0,53,0)
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Representations for systems with independents components

Example

e T = max(min(Xi, X2), min(X3, Xa))
0 5= (0.2.1.0)
@ The minimal path sets are {1,2} and {3,4} and then

Fr(t) = F1(t)Fa(t) + F3(t)Fa(t) — F1(t)Fa(t)F3(t)Fa(t).
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Representations for systems with independents components

Example

e T = max(min(Xi, X2), min(X3, Xa))

°s=(0.5750)
@ The minimal path sets are {1,2} and {3,4} and then

Fr(t) = Fi(t)Fa(t) 4+ F3(t)Fa(t) — F1(t)Fa(t)F3(t)Fa(t).

o Fr(t) = H(F1(t), Fa(t), F3(t), F4(t)), where

H(p1, p2, p3, pa) = p1P2 + P3Pa — P1P2P3P4-
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Representations for systems with independents components
Examplé

Example

e T = max(min(Xi, X2), min(X3, Xa))
0 5= (0.2.1.0)
@ The minimal path sets are {1,2} and {3,4} and then

Fr(t) = Fi(t)Fa(t) 4+ F3(t)Fa(t) — F1(t)Fa(t)F3(t)Fa(t).

o Fr(t) = H(F1(t), Fa(t), F3(t), F4(t)), where

H(p1, p2, p3, pa) = p1P2 + P3Pa — P1P2P3P4-

e Also, h(p) = 2p? — p* and a = (0,2,0,—1).
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Representations for systems with independents components
Example

Example

e T = max(min(Xi, X2), min(X3, Xa))
_(p21
s=(0,53,0)
The minimal path sets are {1,2} and {3,4} and then

Fr(t) = Fi(t)Fa(t) 4+ F3(t)Fa(t) — F1(t)Fa(t)F3(t)Fa(t).

o Fr(t) = H(F1(t), Fa(t), F3(t), F4(t)), where

H(p1, p2, p3, pa) = p1P2 + P3Pa — P1P2P3P4-

Also, h(p) = 2p? — p* and a = (0,2,0,—1).
@ Then

G— \/ 1-\1-FiF - FsFu+ FiRFsFa (27)
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Representations for systems with independents components

rderin
Example

Figure: Mean reliability function G (red line) for exponential reliability
functions F;(t) = exp(—it), i = 1,2,3,4.
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Representations for systems with dependent components

Reliability representations for the DNID case

e If (X1, ..., X,) has joint reliability F, then
Fp(t) = F(tp),

where F(x,...,x;) = Pr(Xy > x1,..., Xs > x,) and
tp = (t1,...,tp) with t; =t fori € P and t; =0 for i ¢ P.
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Mixture representations
Representations for systems with dependent components Ord ilts

Reliability representations for the DNID case

e If (X1, ..., X,) has joint reliability F, then
Fp(t) = F(tp),

where F(x,...,x;) = Pr(Xy > x1,..., Xs > x,) and

tp = (t1,...,ty) with t; =t for i € P and t; = 0 for i ¢ P.
@ Using Sklar’s representation for F, we have
F(xt,...,x) = K(F1(x1), ..., Fn(xa)), (3.1)
where K is the survival copula. Then

Fp(t) = K(Fi(t1), ..., Fa(ta)).
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representations
Representations for systems with dependent components

Reliability representations for the DNID case

o If (X1, ..., X,) has joint reliability F, then
Fp(t) = F(tp),
where F(x,...,x;) = Pr(Xy > x1,..., Xs > x,) and

tp = (t1,...,ty) with t; =t for i € P and t; = 0 for i ¢ P.
@ Using Sklar’s representation for F, we have

F(xt,...,x) = K(F1(x1), .-, Fn(xa)), (3.1)
where K is the survival copula. Then
Fp(t) = K(F1(t1), .-, Fa(ta)):
@ Therefore (2.3) can be written as
Fr(t) = W(Fyi(t),...,Fa(t)), (3.2)

where W only depends on K and Pi,..., Py and is called
structure-dependence function.
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pres on sys ndependents ¢ I onts Mixture representations
Representations for systems with dependent components Ordering results

Reliability representations for the general case

Theorem

If T =¢(X1,...,Xp) is the lifetime of a system with
structure-dependence function W having right-continuous
increasing mean function myy, then

T=st T"=¢(Y1,...,Yn)
with ID component lifetimes Y1,..., Y, with
P(Yl > X1yeeey Yn > Xn) = K(Ew(xl), e ,Ew(Xn)),

where K is the survival copula of (Xi,...,X,) and

(3.3)

(3.4)

v
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pres ndependen s Mixture representations
Representations for systems with dependent components Ordering results

Reliability representations for exchangeable copulas

Theorem

If T is the lifetime of a system with signature s = (si,...,S,), with
structure-dependence function W having right-continuous
increasing mean function myy and with components having an
exchangeable copula K, then

Fr(t) =Y siGin(t), (3.5)
i=1

where G.,(t) = P(Yin > t) and Yi.n < -+ < Yy, are the order
statistics obtained from the random variables Y1, ..., Y, with joint
reliability function as in (3.3).
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pres ndependen s Mixture representations
Representations for systems with dependent components Ordering results

Other reliability representation for general copulas

Theorem

If T is the lifetime of a system with signature s = (s1,...,S,) and
with component lifetimes Xi, ..., X, having structure-dependence
function W, then

Fr(t) = Z siGin(t),
i=1

where Gi.,(t) = P(Yin > t) and Yi.p < -+ < Y., are the order
statistics obtained from IID r.v. Yi,..., Y, with common reliability
function as

G(t) = K (W(Fa(t), .-, Fa(t))),
and h is the reliability polynomial.
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Representations for systems with dependent components Ordering results

Ordering results

Theorem

Let T and T* be the lifetimes of two coherent systems with
signatures s = (sy,...,s,) and s* = (sy,...,s;) and with
components having the same exchangeable survival copula K. Let
Gw and Gy be the reliability functions defined by (3.4). If

s <s7 s* and EW < EW*, then T <g7 T*.

Theorem

Let T and T* be the lifetimes of two coherent systems with

signatures s = (s1,...,sp) and s* = (s{,...,s,) and T* having IID

component lifetimes with reliability function R. If s <st s*, and
G <R, then T <g7 T*.
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