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Distortion functions

The distorted distributions were introduced in Yaari’s dual
theory of choice under risk (Econometrica 55 (1987):95–115).

The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion
function q : [0, 1] → [0, 1] such that q(0) = 0 and q(1) = 1,
is

Fq(t) = q(F (t)). (1.1)

For the reliability functions (RF) F = 1− F , F q = 1− Fq, we
have

F q(t) = q(F (t)), (1.2)

where q(u) = 1− q(1− u) is the dual distortion function;
see Hürlimann (2004, N Am Actuarial J).
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Multivariate distortion functions

The generalized distorted distribution (GDD) associated to
n DF F1, . . . ,Fn and to an increasing continuous multivariate
distortion function Q : [0, 1]n → [0, 1] such that
Q(0, . . . , 0) = 0 and Q(1, . . . , 1) = 1, is

FQ(t) = Q(F1(t), . . . ,Fn(t)). (1.3)

For the RF we have

FQ(t) = Q(F 1(t), . . . ,F n(t)), (1.4)

where F = 1− F , FQ = 1− FQ and
Q(u1, . . . , un) = 1−Q(1− u1, . . . , 1− un) is the multivariate
dual distortion function; see Navarro et al. (JAP, 2011).
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Proportional hazard rate (PHR) model

The PHR (Cox) model associated to a RF F is

Fα(t) =
(
F (t)

)α
= q

(
F (t)

)
for α > 0. Fα is a DD with q(u) = uα and
q(u) = 1− (1− u)α.

The proportional reversed hazard rate (PRHR) model is

Fα(t) = (F (t))α = q (F (t))

for α > 0. Fα is a DD with q(u) = uα and
q(u) = 1− (1− u)α.
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Order statistics (OS)

X1, . . . ,Xn IID∼ F random variables.

Let X1:n, . . . ,Xn:n be the associated OS.

Let Fi :n(t) = Pr(Xi :n ≤ t) be the DF, then

Fi :n(t) =
n∑

j=i

(−1)j−i

(
n

j

)(
j − 1

i − 1

)
Fj :j(t) = qi :n(F (t)), (1.5)

(see David and Nagaraja 2003, p. 46) where

Fj :j(t) = Pr(Xj :j ≤ t) = Pr(max(X1, . . . ,Xj) ≤ t) = F j(t)

and

qi :n(u) =
n∑

j=i

(−1)j−i

(
n

j

)(
j − 1

i − 1

)
uj

is a strictly increasing polynomial in [0, 1].
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Coherent systems- IID case

Samaniego (IEEE TR, 1985), IID case:

FT (t) =
n∑

i=1

siF i :n(t), (1.6)

where si = Pr(T = Xi :n).

s = (s1, . . . , sn) is the signature of the system.

Then T has a DD from F with

FT (t) =
n∑

i=1

aiF 1:i (t) =
n∑

i=1

aiF
i
(t) = q(F (t)), (1.7)

where q(u) =
∑n

i=1 aiu
i is the domination polynomial.

a = (a1, . . . , an) is the minimal signature of the system,
Navarro et al. (CSTM, 2007).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Proportional hazard rate model
Order statistics
Coherent systems

Coherent systems- IID case

Samaniego (IEEE TR, 1985), IID case:

FT (t) =
n∑

i=1

siF i :n(t), (1.6)

where si = Pr(T = Xi :n).

s = (s1, . . . , sn) is the signature of the system.

Then T has a DD from F with

FT (t) =
n∑

i=1

aiF 1:i (t) =
n∑

i=1

aiF
i
(t) = q(F (t)), (1.7)

where q(u) =
∑n

i=1 aiu
i is the domination polynomial.

a = (a1, . . . , an) is the minimal signature of the system,
Navarro et al. (CSTM, 2007).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Proportional hazard rate model
Order statistics
Coherent systems

Coherent systems- IID case

Samaniego (IEEE TR, 1985), IID case:

FT (t) =
n∑

i=1

siF i :n(t), (1.6)

where si = Pr(T = Xi :n).

s = (s1, . . . , sn) is the signature of the system.

Then T has a DD from F with

FT (t) =
n∑

i=1

aiF 1:i (t) =
n∑

i=1

aiF
i
(t) = q(F (t)), (1.7)

where q(u) =
∑n

i=1 aiu
i is the domination polynomial.

a = (a1, . . . , an) is the minimal signature of the system,
Navarro et al. (CSTM, 2007).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Proportional hazard rate model
Order statistics
Coherent systems

Coherent systems- IID case

Samaniego (IEEE TR, 1985), IID case:

FT (t) =
n∑

i=1

siF i :n(t), (1.6)

where si = Pr(T = Xi :n).

s = (s1, . . . , sn) is the signature of the system.

Then T has a DD from F with

FT (t) =
n∑

i=1

aiF 1:i (t) =
n∑

i=1

aiF
i
(t) = q(F (t)), (1.7)

where q(u) =
∑n

i=1 aiu
i is the domination polynomial.

a = (a1, . . . , an) is the minimal signature of the system,
Navarro et al. (CSTM, 2007).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Proportional hazard rate model
Order statistics
Coherent systems

Coherent systems- INID case

Coolen and Coolen-Maturi (2012), r types:

FT (t) =

m1∑
i1=0

· · ·
mr∑

ir=0

φ(i1, . . . , ir )
r∏

k=1

(
mk

ik

)
Fmk−ik

k (t)F
ik
k (t).

(1.8)

Then
FT (t) = Q(F 1(t), . . . ,F r (t)) (1.9)

where Q is a multinomial.

If r = 1, Q is the domination polynomial.

If r = n, then Q is the reliability function of the structure;
see Barlow and Proschan (1975,p. 21).
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Coherent systems-GENERAL case

A path set of T is a set P ⊆ {1, . . . , n} such that if all the
components in P work, then the system works.

A minimal path set of T is a path set which does not
contains other path sets.

If P1, . . . ,Pm are the minimal path sets of T , then
T = maxj=1,...,m XPj

, where XP = mini∈P Xi and

FT (t) = Pr

(
max

j=1,...,m
XPj

> t

)
= Pr

(
∪m

j=1{XPj
> t}

)
=

m∑
i=1

FPi
(t)−

∑
i 6=j

FPi∪Pj
(t) + · · · ± FP1∪···∪Pm(t)

where FP(t) = Pr(XP > t).
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Coherent systems-GENERAL case

The copula representation for the RF of (X1, . . . ,Xn) is

F(x1, . . . , xn) = K (F 1(x1), . . . ,F n(xn)),

where F i (t) = Pr(Xi > t) and K is the survival copula.
Then

FP(t) = QP,K (F 1(t), . . . ,F n(t)),

where QP,K (u1, . . . , un) = K (uP
1 , . . . , uP

n ) and uP
i = ui for

i ∈ P and uP
i = 1 for i /∈ P.

Therefore, from the minimal path set repres., we get

FT (t) = Qφ,K (F 1(t), . . . ,F n(t)).

In the ID case FT (t) = qφ,K (F (t)).
If there are r different types of components, then

FT (t) = Qφ,K ,r (F 1(t), . . . ,F r (t)).
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Figure: Duglas DC 10
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Coherent system lifetime T = min(X1,max(X2,X3)).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Proportional hazard rate model
Order statistics
Coherent systems

Example

1��
��

��
��

3

��
��

2

IID F cont.: s = (2/6, 4/6, 0) = (1/3, 2/3, 0).
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2

IID F cont.: FT (t) = 1
3F 1:3(t) + 2

3F 2:3(t).
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2

Coherent system lifetime T = max(min(X1,X2),min(X1,X3))
Minimal path sets P1 = {1, 2} and P2 = {1, 3}.
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1��
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��
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3
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2

FT (t) = Pr({X{1,2} > t} ∪ {X{1,3} > t})
= F {1,2}(t) + F {1,3}(t)− F {1,2,3}(t).
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IID: FT (t) = 2F
2
(t)− F

3
(t) = qφ(F (t)),

where qφ(u) = 2u2 − u3 and a = (0, 2,−1).
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Figure: System 1.

FT1(t) = Qφ,K (FA(t),FA(t),FB(t)), where

Qφ,K (u1, u2, u3) = K (u1, u2, 1) + K (u1, 1, u3)− K (u1, u2, u3).
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Figure: System 1.

INID: FT1(t) = Q1(FA(t),FB(t)), where

Q1(u1, u2) = u2
1 + u1u2 − u2

1u2.

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Proportional hazard rate model
Order statistics
Coherent systems

Example IND components

B��
��

��
��

A

��
��

A

Figure: System 2.

FT2(t) = Qφ,K (FB(t),FA(t),FA(t)), where

Qφ,K (u1, u2, u3) = K (u1, u2, 1) + K (u1, 1, u3)− K (u1, u2, u3).
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Figure: System 2.

INID: FT2(t) = Q2(FA(t),FB(t)), where

Q2(u1, u2) = 2u1u2 − u2
1u2.
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Distortion Functions
Comparison results

Relevant cases

Distorted Distributions
Coherent systems

Comparison results-DD

If q1 and q2 are two DF,

q1(F ) ≤ord q2(F ) for all F?

If q is a DF,

F ≤ord G ⇒ q(F ) ≤ord q(G )?

If Q1 and Q2 are two MDF,

Q1(F1, . . . ,Fn) ≤ord Q2(F1, . . . ,Fn)?

If Q is a MDF,

Fi ≤ord Gi , i = 1, . . . , n,⇒ Q(F1, . . . ,Fn) ≤ord Q(G1, . . . ,Gn)?

Navarro, del Aguila, Sordo and Suárez-Llorens (2013, ASMBI)
and (2015, MCAP) and Navarro and Gomis (2015, ASMBI).
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and (2015, MCAP) and Navarro and Gomis (2015, ASMBI).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Distorted Distributions
Coherent systems

Comparison results-DD

If q1 and q2 are two DF,

q1(F ) ≤ord q2(F ) for all F?

If q is a DF,

F ≤ord G ⇒ q(F ) ≤ord q(G )?

If Q1 and Q2 are two MDF,

Q1(F1, . . . ,Fn) ≤ord Q2(F1, . . . ,Fn)?

If Q is a MDF,

Fi ≤ord Gi , i = 1, . . . , n,⇒ Q(F1, . . . ,Fn) ≤ord Q(G1, . . . ,Gn)?

Navarro, del Aguila, Sordo and Suárez-Llorens (2013, ASMBI)
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Distortion Functions
Comparison results

Relevant cases

Distorted Distributions
Coherent systems

Main stochastic orderings

X ≤ST Y ⇔ FX (t) ≤ FY (t), stochastic order.

X ≤HR Y ⇔ hX (t) ≥ hY (t), hazard rate order.

X ≤HR Y ⇔ (X − t|X > t) ≤ST (Y − t|Y > t) for all t.

X ≤MRL Y ⇔ E (X − t|X > t) ≤ E (Y − t|Y > t) for all t.

X ≤LR Y ⇔ fY (t)/fX (t) is nondecreasing, likelihood ratio
order.

X ≤RHR Y ⇔ (t − X |X < t) ≥ST (t − Y |Y < t) for all t.

Then

X ≤LR Y ⇒ X ≤HR Y ⇒ X ≤MRL Y
⇓ ⇓ ⇓

X ≤RHR Y ⇒ X ≤ST Y ⇒ E (X ) ≤ E (Y )
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Distortion Functions
Comparison results

Relevant cases

Distorted Distributions
Coherent systems

Preservation of stochastic orders-DD

If Ti has the RF qi (F (t)), i = 1, 2, then:

T1 ≤ST T2 for all F if and only if q2 − q1 ≥ 0 in (0, 1).

T1 ≤HR T2 for all F if and only if q2/q1 decreases in (0, 1).

T1 ≤RHR T2 for all F if and only if q2/q1 increases in (0, 1).

T1 ≤LR T2 for all F if and only if q′2/q′1 decreases in (0, 1).

T1 ≤MRL T2 for all F such that E (T1) ≤ E (T2) if q2/q1 is
bathtub in (0, 1).
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Distorted Distributions
Coherent systems

Preservation of stochastic orders-GDD

If Ti has RF Q i (F 1, . . . ,F r ), i = 1, 2, then:

T1 ≤ST T2 for all F 1, . . . ,F r if and only if Q2 − Q1 ≥ 0 in
(0, 1)r .

T1 ≤HR T2 for all F 1, . . . ,F r if and only if Q2/Q1 is
decreasing in (0, 1)r .

T1 ≤RHR T2 for all F 1, . . . ,F r if and only if Q2/Q1 is
increasing in (0, 1)r .

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Distorted Distributions
Coherent systems

Preservation of stochastic orders-GDD

If Ti has RF Q i (F 1, . . . ,F r ), i = 1, 2, then:

T1 ≤ST T2 for all F 1, . . . ,F r if and only if Q2 − Q1 ≥ 0 in
(0, 1)r .

T1 ≤HR T2 for all F 1, . . . ,F r if and only if Q2/Q1 is
decreasing in (0, 1)r .

T1 ≤RHR T2 for all F 1, . . . ,F r if and only if Q2/Q1 is
increasing in (0, 1)r .

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Distorted Distributions
Coherent systems

Preservation of stochastic orders-GDD

If Ti has RF Q i (F 1, . . . ,F r ), i = 1, 2, then:

T1 ≤ST T2 for all F 1, . . . ,F r if and only if Q2 − Q1 ≥ 0 in
(0, 1)r .

T1 ≤HR T2 for all F 1, . . . ,F r if and only if Q2/Q1 is
decreasing in (0, 1)r .

T1 ≤RHR T2 for all F 1, . . . ,F r if and only if Q2/Q1 is
increasing in (0, 1)r .

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Distorted Distributions
Coherent systems

Preservation of stochastic orders-GDD

If Ti has RF Q i (F 1, . . . ,F r ), i = 1, 2, then:

T1 ≤ST T2 for all F 1, . . . ,F r if and only if Q2 − Q1 ≥ 0 in
(0, 1)r .

T1 ≤HR T2 for all F 1, . . . ,F r if and only if Q2/Q1 is
decreasing in (0, 1)r .

T1 ≤RHR T2 for all F 1, . . . ,F r if and only if Q2/Q1 is
increasing in (0, 1)r .

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

Distorted Distributions
Coherent systems

Example-System 1 and 2 INID components.

A��
��

��
��

B

��
��

A

Figure: System 1.
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Figure: System 2.
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Relevant cases

Distorted Distributions
Coherent systems

Example-System 1 and 2 INID components.

T1 has a GDD with Q1(x , y) = x2 + xy − x2y .

T2 has a GDD with Q2(x , y) = 2xy − x2y .

Then T1 ≤ST T2 holds for all FA,FB if and only if

D(x , y) = Q2(x , y)− Q1(x , y) = x(y − x) ≥ 0

in (0, 1)2.

T1 ≤ST T2 holds if and only if x ≤ y , that is, for all FA ≤ FB .

They are not HR ordered since

Q2(x , y)

Q1(x , y)
=

2− x

x + y − xy
y

is increasing in y and decreasing in x in the set (0, 1)2.
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Relevant cases

Distorted Distributions
Coherent systems

Example-System 1 and the IND components.

T1 has a GDD with Q1(x , y) = x2 + xy − x2y .

XA has DF FA, then QA(x , y) = x .

T1 ≤HR XA holds for all FA,FB since

QA(x , y)

Q1(x , y)
=

x

x2 + xy − x2y
=

1

x + y − xy

is decreasing in x and y in the set (0, 1)2.
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Figure: Hazard rate functions of the components (red) and the systems
(T1 black, T2 blue) when FA(t) = e−t and FB(t) = exp(−t2) for t ≥ 0.
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Figure: System 1.
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Figure: System 3.
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Example-System 1 and 3 INID components.

T1 has a GDD with Q1(x , y) = x2 + xy − x2y .

T3 has a GDD with Q3(x , y) = x + xy − x2y .

T1 ≤HR T3 holds for all FA,FB since

Q3(x , y)

Q1(x , y)
=

1 + y − xy

x + y − xy

is decreasing in x and y in (0, 1)2.
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RR-plots INID case with r = 2.

T1 with RF FT1(t) = Q1(F 1(t),F 2(t)).

T2 with RF FT2(t) = Q2(F 1(t),F 2(t)).

Domination region

C = {(x , y) ∈ [0, 1]2 : D(x , y) ≥ 0}

where D(x , y) = Q2(x , y)− Q1(x , y).

T1 ≤ST T2 holds if and only if (F 1(t),F 2(t)) ∈ C for all t.

RR-plot: (F 1(t),F 2(t)) for t ∈ (0,∞).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

RR-plots
IID case

RR-plots INID case with r = 2.

T1 with RF FT1(t) = Q1(F 1(t),F 2(t)).

T2 with RF FT2(t) = Q2(F 1(t),F 2(t)).

Domination region

C = {(x , y) ∈ [0, 1]2 : D(x , y) ≥ 0}

where D(x , y) = Q2(x , y)− Q1(x , y).

T1 ≤ST T2 holds if and only if (F 1(t),F 2(t)) ∈ C for all t.

RR-plot: (F 1(t),F 2(t)) for t ∈ (0,∞).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

RR-plots
IID case

RR-plots INID case with r = 2.

T1 with RF FT1(t) = Q1(F 1(t),F 2(t)).

T2 with RF FT2(t) = Q2(F 1(t),F 2(t)).

Domination region

C = {(x , y) ∈ [0, 1]2 : D(x , y) ≥ 0}

where D(x , y) = Q2(x , y)− Q1(x , y).

T1 ≤ST T2 holds if and only if (F 1(t),F 2(t)) ∈ C for all t.

RR-plot: (F 1(t),F 2(t)) for t ∈ (0,∞).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

RR-plots
IID case

RR-plots INID case with r = 2.

T1 with RF FT1(t) = Q1(F 1(t),F 2(t)).

T2 with RF FT2(t) = Q2(F 1(t),F 2(t)).

Domination region

C = {(x , y) ∈ [0, 1]2 : D(x , y) ≥ 0}

where D(x , y) = Q2(x , y)− Q1(x , y).

T1 ≤ST T2 holds if and only if (F 1(t),F 2(t)) ∈ C for all t.

RR-plot: (F 1(t),F 2(t)) for t ∈ (0,∞).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

RR-plots
IID case

RR-plots INID case with r = 2.

T1 with RF FT1(t) = Q1(F 1(t),F 2(t)).

T2 with RF FT2(t) = Q2(F 1(t),F 2(t)).

Domination region

C = {(x , y) ∈ [0, 1]2 : D(x , y) ≥ 0}

where D(x , y) = Q2(x , y)− Q1(x , y).

T1 ≤ST T2 holds if and only if (F 1(t),F 2(t)) ∈ C for all t.

RR-plot: (F 1(t),F 2(t)) for t ∈ (0,∞).

MMR2015 Tokyo J. Navarro, E-mail: jorgenav@um.es



Distortion Functions
Comparison results

Relevant cases

RR-plots
IID case

Example

A��
��

��
��

B ��
��

B

��
��

A ��
��

A

��
��

B

Figure: System 1 in Frank’s talk.
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Figure: System 2 in Frank’s talk.
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Example

System 1:

Q1(x , y) = x3 + xy2 + 2x2y2 − 3x3y2 − 2x2y3 + 2x3y3

System 2:

Q2(x , y) = 9xy − 9xy2 + 3xy3 − 9x2y + 9x2y2 − 3x2y3

+ 3x3y − 3x3y2 + x3y3.

Difference

D(x , y) = 9xy − 10xy2 + 3xy3 − 9x2y + 7x2y2 − x2y3

+ 3x3y − x3y3 − x3.

T1 ≤ST T2 whenever XA ≤ST XB .
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Domination region and RR-plots.

T1 ≤ST T2 if and only if (F 1(t),F 2(t)) ∈ C for all t.

We consider F 1(t) = exp(−t) and:

Case 1: F 2(t) = exp(−t2) (blue),

Case 2: F 2(t) = exp(−3t) (red) and

Case 3: F 2(t) = exp(−6t) (green).
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Figure: Domination region and RR-plots.
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Ordering properties

T1 ≤ST T2 if F 1(t) ≤ F 2(t) for all t (above the diagonal).

If F 1(t) = exp(−t) and:

Case 1: F 2(t) = exp(−t2) (blue), then T1 ≤ST T2.

Case 2: F 2(t) = exp(−3t) (red), then T1 ≤ST T2.

Case 3: F 2(t) = exp(−6t) (green), then T1 and T2 not ST
ordered.

There exist cases in which T1 ≥ST T2.
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Ordering properties IID case

T1 with minimal signature (p1, . . . , pn) IID comp.

T2 with minimal signature (q1, . . . , qn) IID comp.

T1 ≤ST T2 holds for all F if and only if
n∑

i=1

(qi − pi )x
i ≥ 0 for all x ∈ (0, 1).

T1 ≤HR T2 holds for all F if and only if

n−1∑
i=1

n∑
j=i+1

(j − i)(pjqi − piqj)x
i+j−2 ≥ 0 for all x ∈ (0, 1).

T1 ≤LR T2 holds for all F if and only if

n−1∑
i=1

n∑
j=i+1

ij(j − i)(pjqi − piqj)x
i+j−2 ≥ 0 for all x ∈ (0, 1).
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