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o The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica 55 (1987):95-115).
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o The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica 55 (1987):95-115).

@ The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion
function q : [0,1] — [0, 1] such that ¢(0) =0 and g(1) =1,

IS
Fq(t) = a(F(t)). (1.1)
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Distortion functions

o The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica 55 (1987):95-115).

@ The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion
function q : [0,1] — [0, 1] such that ¢(0) =0 and g(1) =1,

is
Fq(t) = q(F(t)). (1.1)
o For the reliability functions (RF) F=1—F, Fg=1— Fy, we
have
Fq(t) =q(F(1)), (1.2)

where g(u) = 1 — g(1 — u) is the dual distortion function;
see Hirlimann (2004, N Am Actuarial J).
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Multivariate distortion functions

o The generalized distorted distribution (GDD) associated to
n DF Fi,...,F, and to an increasing continuous multivariate
distortion function Q : [0,1]” — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

Fo(t) = Q(Fi(t),. .., Fa(t)). (1.3)
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Multivariate distortion functions

o The generalized distorted distribution (GDD) associated to
n DF Fi,...,F, and to an increasing continuous multivariate
distortion function Q : [0,1]” — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

Fo(t) = Q(Fi(t),. .., Fa(t)). (1.3)

o For the RF we have

Fo(t) = Q(F1(t),..., Fa(t)), (1.4)
where F=1—-F, Fg =1— Fg and
Q(u1y ... up) =1—Q(1—uy,...,1— u,) is the multivariate

dual distortion function; see Navarro et al. (JAP, 2011).
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Proportional hazard rate (PHR) model

o The PHR (Cox) model associated to a RF F is

Fa(t) = (F(1))" = q (F(1))

for a > 0. F, is a DD with g(u) = u® and
g(u)=1—(1-u)~.
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Proportional hazard rate (PHR) model

o The PHR (Cox) model associated to a RF F is

Fa(t) = (F(1))" = q (F(1))
for « > 0. F, is a DD with g(u) = u® and
qlu)=1—-(1— )~
@ The proportional reversed hazard rate (PRHR) model is

Fa(t) = (F(1))" = q(F(1))

for a« > 0. F, is a DD with g(u) = u® and
g(u)=1—(1-u)>.
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Order statistics (OS)

o Xi,...,X, lID~ F random variables.
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Order statistics (OS)

o Xi,...,X, lID~ F random variables.
o Let Xi.5,...,Xp.n be the associated OS.
o Let Fi.p(t) = Pr(Xj., < t) be the DF, then

At = 7 (7)) Bt = a0 19

(see David and Nagaraja 2003, p. 46) where
Fij(t) = Pr(X;; < t) = Pr(max(Xi, ..., X;) < t) = Fi(t)

ot 3o () (23

is a strictly increasing polynomial in [0, 1].

and
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Coherent systems- 1ID case

e Samaniego (IEEE TR, 1985), IID case:
FT(t) = Zsifi:n(t)a (16)
i=1

where s; = Pr(T = Xi.p,).
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e Samaniego (IEEE TR, 1985), IID case:
FT(t) = Zsifi:n(t)a (16)
i=1

where s; = Pr(T = Xi.p,).
© s=(s1,...,5n) is the signature of the system.
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Coherent systems- 1ID case

e Samaniego (IEEE TR, 1985), IID case:

= Zsifi:n(t), (1.6)
i=1
where s; = Pr(T = Xi.p,).
© s=(s1,...,5n) is the signature of the system.
@ Then T has a DD from F with
Fr(t) = Za,Fl, Za,F (t) =4q(F(t)), (1.7)

where g(u) = >_7_; a;u’ is the domination polynomial.
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Coherent systems- 1ID case

e Samaniego (IEEE TR, 1985), IID case:

= Zsifi:n(t), (1.6)
i=1

where s; = Pr(T = Xi.p,).
© s=(s1,...,5n) is the signature of the system.
@ Then T has a DD from F with

Fr(t) = Za,pl, Za,F(t-q(F( ). @

where g(u) = >_7_; a;u’ is the domination polynomial.
e a=(a1,...,an) is the minimal signature of the system,
Navarro et al. (CSTM, 2007).
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Coherent systems- INID case

o Coolen and Coolen-Maturi (2012), r types:

3 qu | () rr e

i1=0 Ir= k=1 k
(1.8)
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Coherent systems- INID case

o Coolen and Coolen-Maturi (2012), r types:

-y Z¢ i) [ ('f’[)F"’k HOLAG)
i1=0 Ir= k=1
(1.8)
@ Then
FT(t) = a(Fl(t), .. ,F,(t)) (1.9)

where @ is a multinomial.
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Coherent systems- INID case

o Coolen and Coolen-Maturi (2012), r types:

Z qu iy H ("’k)ka (£)F R (t).

h=0 = =1 Nk
(1.8)
@ Then
Fr(t) = Q(F1(t),...,F. (1) (1.9)
where @ is a multinomial.

o If r =1, Q is the domination polynomial.
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Coherent systems- INID case

o Coolen and Coolen-Maturi (2012), r types:

Z Z¢ iy H ("’k)ka (£)F R (t).

h=0 = k=1 \ 'k
(1.8)
@ Then
Fr(t) = Q(F1(t),...,F. (1) (1.9)
where @ is a multinomial.
o If r =1, Q is the domination polynomial.

o If r = n, then Q is the reliability function of the structure;
see Barlow and Proschan (1975,p. 21).
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Coherent systems-GENERAL case

o A path set of T isaset P C {1,...,n} such that if all the
components in P work, then the system works.
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o A path set of T isaset P C {1,...,n} such that if all the
components in P work, then the system works.

@ A minimal path set of T is a path set which does not
contains other path sets.
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Distortion Functions Proportional hazard rate model

Order statistics
Coherent systems

Coherent systems-GENERAL case

o A path set of T isaset P C {1,...,n} such that if all the
components in P work, then the system works.

@ A minimal path set of T is a path set which does not
contains other path sets.

o If P1,..., Py are the minimal path sets of T, then
T = maxj=1,. m Xp,, where Xp = min;cp X; and

j=1,...m

Fr(t)=Pr < max Xp, > t) = Pr (UL {Xp, > t})

= Fp(t) =) Frup(t) + % Fpu.up,(t)
i=1 i#j

where Fp(t) = Pr(Xp > t).
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is

F(xt,..., %) = K(F1(x1), ., Fn(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is
F(x1,....,x0) = K(F1(x1), ..., Fu(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
o Then B
Fp(t) = Qpk(Fi(t),....Fu(t)),
where Qp K(ul,...,u,,) K(uf,...,uf) and uf = u; for
i€Panduf =1forig¢Pr.
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is
F(x1,....,x0) = K(F1(x1), ..., Fu(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
o Then B
Fp(t) = Qp k(Fi(t), ..., Fa(t)),
where Qp K(ul,...,u,,) K(uf,...,uf) and uf = u; for
i€Panduf =1forig¢Pr.
o Therefore, from the minimal path set repres., we get

Fr(t) = Qpk(Fi(t),...,Fa(t)).
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is
F(x1,....,x0) = K(F1(x1), ..., Fu(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
o Then B
Fp(t) = Qpk(Fi(t),....Fu(t)),
where QPK(ul,...,u,,) K(uf,...,uf) and uf = u; for
i€Panduf =1forig¢Pr.
o Therefore, from the minimal path set repres., we get
Fr(t) = Qpk(Fi(t),...,Fa(t)).
o In the ID case Fr(t) = g4 x(F(t)).
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,Xp,) is
F(x1,...,xn) = K(F1(x1), ..., Fn(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
o Then B - -
(t) = QP,K(Fl(t)v SERE) Fn(t))7

where QPK(ul,...,u,,)—K(uf,...,u,’,))

i€Panduf =1forig¢Pr.
o Therefore, from the minimal path set repres., we get

Fr(t) = Qur(Fi(t), ..., Fa(t)).
o In the ID case Fr(t) =G, x(F(t)).
o If there are r different types of components, then

fT(t) = 6¢,K,r(rl(t)7 s 7fr(t))'

and u,P = u; for
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Example

(1)
N

ORO

Coherent system lifetime T = min(X1, max(Xz, X3)).
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Example

ORO

IID F cont.: s = (2/6,4/6,0) = (1/3,2/3,0).
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Example

(1)
L

IID F cont.: Fr(t) = 3$F13(t) + 3F23(t).
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Example-general case

(1)
L

ORO

Coherent system lifetime T = max(min(X1, X2), min(X1, X3))
Minimal path sets P; = {1,2} and P, = {1,3}.
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Example-general case

(1)
N

ORO

Fr(t) =Pr({Xpzy > t} U{X(1 3 > t})
= Fr12y(t) + Fia3y(t) — Fraas(t).
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Example-general case

(1)
N

@ ()

E{Lz}(t)fﬁ(ﬁ_’-‘,o) = (Fl(f) Fa(t),1),...
Fr(t) = Qo (F1(t), Fa(t), F3(t)) where
Q¢’K(U1, up, U3) = K(Ul, up, 1) -+ K(Ul, 1, U3) — K(Ul, up, U3).
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Example-general case

N

ORO

ID: Fr(t) = %,K(F(t)%
where q x(u) = K(u,u,1) + K(u,1,u) — K(u, u, u).
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Example-general case

(1)
D

ORO

ID: Fr(t) = 2F2(t) — F () = qs(F (1)),
where G, (u) = 2u® — v and a = (0,2, —-1).
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Example IND components

()
N

& &

Figure: System 1.

Fr(t)= 6¢,K(FA(t),fA(t),f3(t)), where

Qo.k(u1, 2, uz) = K(ur, up, 1) + K(u1, 1, u3) — K(u1, up, u3).
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Example IND components

()
N

& &

Figure: System 1.

INID: Fr,(t) = Qu(Fa(t), F5(t)), where

Q1(u1, w2) = uf + wyup — L3 up.
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Example IND components

(e)
N

ORO

Figure: System 2.

Fr(t)= 6¢,K(FB(I”),FA(t),fA(t)), where

Qo.k(u1, 2, uz) = K(ur, up, 1) + K(u1, 1, u3) — K(u1, up, u3).
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Example IND components

(e)
2/

RO

Figure: System 2.

INID: FTz(t) = 62(FA(t),FB(t)), where

Qa(u1, u) = 2uqup — u%uz.
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Comparison results-DD

o If g; and g are two DF,
q1(F) <ord qo(F) for all F?
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Comparison results-DD

o If g1 and gp are two DF,
q1(F) <org q2(F) for all F?
o If g is a DF,
F <ora G = q(F) <ora q(G)7?
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Comparison results-DD

o If g1 and gp are two DF,
q1(F) <org q2(F) for all F?
o If gis a DF,
F <ord G = q(F) <ora 9(G)?
o If Q1 and @, are two MDF,
Qu(F1y- -y Fi) <ord Qa(F1,..., Fp)?
o If Qis a MDF,
Fi<ord Giyi=1,....n,= Q(F1,...,Fn) <ord Q(G1,...,Gp)?
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Comparison results-DD

o If g; and g are two DF,
q1(F) <ord qo(F) for all F?

[~]

If g is a DF,
F <ord G = q(F) <ora 9(G)?
If Q1 and @, are two MDF,
Qu(F1y- -y Fi) <ord Qa(F1,..., Fp)?
If Qis a MDF,
Fi<ord Giyi=1,....n,= Q(F1,...,Fn) <ord Q(G1,...,Gp)?

Navarro, del Aguila, Sordo and Sudrez-Llorens (2013, ASMBI)
and (2015, MCAP) and Navarro and Gomis (2015, ASMBI).

(]

(7]

(<]
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o X <s7 Y & Fx(t) < Fy(t), stochastic order.
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o X <s7 Y & Fx(t) < Fy(t), stochastic order.
o X <yr Y & hx(t) > hy(t), hazard rate order.
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.
o X <pr Y & hx(t) > hy(t), hazard rate order.
o X <pyr Y & (X —t|X >t) <st (Y —t|Y >t) for all t.
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

o X <Hr Y & hx(t) > hy(t), hazard rate order.

o X <Hr Y & (X —t|IX >t) <s7 (Y —t|Y > t) for all t.
o X <yrt Y & E(X =t X >1t) <E(Y —t|]Y >t) forall t.
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Comparison results
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

o X <Hr Y & hx(t) > hy(t), hazard rate order.

o X <Hr Y & (X —t|IX >t) <s7 (Y —t|Y > t) for all t.
o X <yrt Y & E(X =t X >1t) <E(Y —t|]Y >t) forall t.

o X <;r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.
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Comparison results
pa Coherent systems

Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

X <Hr Y < hx(t) > hy(t), hazard rate order.

X<HrY & (X —t|X>t)<st (Y —t]Y >t) forall t.
X <ur Y & E(X —t|X >1t) < E(Y —t|Y > t) for all t.
X <ir Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.

X<pur Y & (t = X|X <t) >s7 (t = Y]Y < t) for all ¢.

e 6 o6 o

(4]
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Comparison results
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

o X <pr Y & hx(t) > hy(t), hazard rate order.

o X <pyr Y & (X —t|X >t) <st (Y —t|Y >t) for all t.

o X <prL Y & E(X —t|X >1t) < E(Y —t|Y > t) for all t.

o X <r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.

o X<pur Y & (t—=X|X <t)>s7 (t—Y|Y < t) for all t.

o Then

X<rY = X<urY = X<wrY

I ! U
X <RHR Y = X <sT Y = E(X) < E(Y)
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Preservation of stochastic orders-DD

o If T; has the RF g;(F(t)), i = 1,2, then:
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o Ty <g1 T for all Fif and only if g, —g; > 0in (0,1).
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Preservation of stochastic orders-DD

o If T; has the RF g;(F(t)), i = 1,2, then:
o Ty <g1 T for all Fif and only if g, —g; > 0in (0,1).
o T1 <yr T for all F if and only if g,/q; decreases in (0, 1).
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Preservation of stochastic orders-DD

o
o
Qo
(*]

If T; has the RF q;(F(t)), i = 1,2, then:

T1 <s7 T for all F if and only if g, —g; > 0in (0,1).

T1 <ur T for all F if and only if §,/q; decreases in (0,1).
T1 <grur T» for all F if and only if g2/q;1 increases in (0,1).
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Comparison results
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Preservation of stochastic orders-DD

o If T; has the RF g;(F(t)), i = 1,2, then:

T1 <s7 T for all F if and only if g, —g; > 0in (0,1).

T1 <ur T for all F if and only if §,/q; decreases in (0,1).
T1 <grur T» for all F if and only if g2/q;1 increases in (0,1).
T1 <(r T3 for all F if and only if §,/q} decreases in (0,1).

e 6 o6 o
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Comparison results
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Preservation of stochastic orders-DD

®© 6 6 o o o

If T; has the RF q;(F(t)), i = 1,2, then:

T1 <s7 T for all F if and only if g, —g; > 0in (0,1).

T1 <ur T for all F if and only if §,/q; decreases in (0,1).
T1 <grur T» for all F if and only if g2/q;1 increases in (0,1).
T1 <(r T3 for all F if and only if §,/q} decreases in (0,1).

T1 <mgre T for all F such that E(Ty) < E(T>) if g,/q; is
bathtub in (0,1).
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Preservation of stochastic orders-GDD

o If T; has RF Q;(F1,...,F,), i =1,2, then:
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o If T; has RF Q;(F1,...,F,), i=1,2, then:
o Ty <st Trforall Fy,...,F,ifand only if @; — Q1 > 0 in
(0,1)".
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Preservation of stochastic orders-GDD

o If T; has RF 5,-(?1, ... ,F,), i=1,2, then:

o Ty <st Trforall Fy,...,F,ifand only if @; — Q1 > 0 in
(0,1)".

o Ty <pr To forall Fy,...,F, if and only if @2/@1 is
decreasing in (0,1)".
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Distorted Distributions

Comparison results
pa Coherent systems

Preservation of stochastic orders-GDD

o If T; has RF 5,-(?1, ... ,F,), i=1,2, then:

o Ty <st Trforall Fy,...,F,ifand only if @; — Q1 > 0 in

(0,1)".

o Ty <pr To forall Fy,...,F, if and only if @2/@1 is
decreasing in (0,1)".

o Ty <gur T2 forall F1,...,F, if and only if Q2/Qy is
increasing in (0,1)".
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Example-System 1 and 2 INID components.
(a)
N
(®)

Figure: System 1.

()
N
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Example-System 1 and 2 INID components.
(a)
N
)

Figure: System 2.

(e)
N
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Comparison results Coherent systems

Example-System 1 and 2 INID components.

o T; has a GDD with Q1(x,y) = x*> + xy — x%y.
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Example-System 1 and 2 INID components.

o T; has a GDD with Q1(x,y) = x*> + xy — x%y.
o T, has a GDD with Qa(x,y) = 2xy — x°y.
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Comparison results Coherent systems

Example-System 1 and 2 INID components.

o T; has a GDD with Q1(x,y) = x*> + xy — x%y.
o T, has a GDD with Qa(x,y) = 2xy — x°y.
@ Then T1 <s7 T» holds for all F4, Fg if and only if

D(x,y) = Qa(x,y) = Qu(x,y) = x(y —x) >0

in (0,1)2.
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i |
Comparison results Coherent systems

Example-System 1 and 2 INID components.

o T; has a GDD with Q1(x,y) = x*> + xy — x%y.

o T, has a GDD with Qa(x,y) = 2xy — x°y.

@ Then T1 <s7 T» holds for all F4, Fg if and only if
D(X7y) = 62(X7y) - 61(X7y) = X(y - X) > 0

in (0,1)2.
o T1 <s1 T, holds if and only if x < y, that is, for all F4 < Fp.
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i |
Comparison results Coherent systems

Example-System 1 and 2 INID components.

o T; has a GDD with Q1(x,y) = x*> + xy — x%y.
o T, has a GDD with Qa(x,y) = 2xy — x°y.
@ Then T1 <s7 T» holds for all F4, Fg if and only if

D(x,y) = Qa(x,y) = Qu(x,y) = x(y —x) >0

in (0,1)2.
o T1 <s1 T, holds if and only if x < y, that is, for all F4 < Fp.
@ They are not HR ordered since
52()(7 y) 2—x

= y
Qi(x,y) x+y—xy

is increasing in y and decreasing in x in the set (0,1).
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Example-System 1 and the IND components.

o T; has a GDD with Q1(x,y) = x* + xy — x%y.
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Example-System 1 and the IND components.

o T; has a GDD with Q1(x,y) = x* + xy — x%y.
o Xy has DF Fy, then Qa(x,y) = x.
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i |
Comparison results Coherent systems

Example-System 1 and the IND components.

o T; has a GDD with Q1(x,y) = x* + xy — x%y.
o Xy has DF Fy, then Qa(x,y) = x.
o T1 <pr Xa holds for all Fa, Fg since

Qa(x,y) _ X B 1
Qi(x,y) X24+xy—x2y x+y—xy

is decreasing in x and y in the set (0,1)2.
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Example-System 1 and the IND components.

o T has a GDD with Q1(x,y) = x*> + xy — x%y.
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Example-System 1 and the IND components.

o T has a GDD with Q1(x,y) = x*> + xy — x%y.
o Xp has DF Fg, then Qg(x,y) = y.
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Comparison results Coherent systems

Example-System 1 and the IND components.

o T has a GDD with Q1(x,y) = x*> + xy — x%y.
o Xp has DF Fg, then Qg(x,y) = y.
e T; and Xg are not HR ordered (for all Fa, Fg) since

gs(xay) y 1

Qi(x,y) X2+ xy — x2y - x—x2+x2]y

is decreasing in x and increasing in y in the set (0,1)2.
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Example-System 1 and the IND components.

o T has a GDD with Q1(x,y) = x*> + xy — x%y.
o Xp has DF Fg, then Qg(x,y) = y.
e T; and Xg are not HR ordered (for all Fa, Fg) since

gs(xay) y 1

Qi(x,y) X2+ xy — x2y - x—x2+x2]y

is decreasing in x and increasing in y in the set (0,1)2.
o T has a GDD with Qa(x,y) = 2xy — x?y.
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Example-System 1 and the IND components.

(*]

T1 has a GDD with Q1(x,y) = x? + xy — x?y.
Xp has DF Fg, then Qg(x,y) = y.
T1 and Xpg are not HR ordered (for all Fa, Fg) since

gs(xay) y 1

(7]

(]

Qi(x,y) X2+ xy — x2y - x—x2+x2]y

is decreasing in x and increasing in y in the set (0,1)2.

T, has a GDD with Qx(x,y) = 2xy — x%y.
T2 <HR XB for all FA, FB since

Qs(x,y) y 1

Qa(x,y) C 2xy — X%y 2x — x2

(4]

(7]

is decreasing in x and y in (0, 1)2.
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Comparison results Coherent systems

Hazard rate functions

Figure: Hazard rate functio_ns of the components (red) and the systems
(T1 black, T, blue) when Fa(t) = et and Fpg(t) = exp(—t?) for t > 0.
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Example-System 1 and 3 INID components.
(a)
N
(®)

Figure: System 1.

()
N
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Example-System 1 and 3 INID components.

Figure: System 3.

O
20,02
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Example-System 1 and 3 INID components.

o T; has a GDD with Q1(x,y) = x* + xy — x%y.
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Comparison results Coherent systems

Example-System 1 and 3 INID components.

o T; has a GDD with Q1(x,y) = x* + xy — x%y.
o T3 has a GDD with Q3(x,y) = x + xy — x%y.
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Comparison results Coherent systems

Example-System 1 and 3 INID components.

o T; has a GDD with Q1(x,y) = x* + xy — x%y.
o T3 has a GDD with Q3(x,y) = x + xy — x%y.
o T1 <pgr T3 holds for all F4, Fg since

Q(xy) _1+y—xy
Qi(x,y) x+y—xy

is decreasing in x and y in (0,1)2.
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Comparison results Coherent systems

Hazard rate functions

Figure: Hazard rate functio_ns of the components (red) and the systems
(T1 black, T3 blue) when Fa(t) = et and Fpg(t) = exp(—t?) for t > 0.
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RR-plots

1ID case
Relevant cases

RR-plots INID case with r = 2.

o Ty with RF Fr,(t) = Q1(F1(t), Fa(t)).
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RR-plots INID case with r = 2.

o T7 with RF FTl(t) =
o T> with RF FT2(t) =
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RR-plots
Relevant cases D) Gz

RR-plots INID case with r = 2.

o T7 with RF FTl(t) =
o T> with RF FT2(t) =

@ Domination region

C ={(x,y) €[0,1°: D(x,y) > 0}
where D(x,y) = Qa(x,y) — Qi(x, y).
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RR-plots
Relevant cases D) Gz

RR-plots INID case with r = 2.

o T7 with RF FTl(t) =
o T> with RF FT2(t) =

@ Domination region

C={(xy) €[0,1: D(x,y) > 0}
where D(x,y) = Qz2(x,y) — Qi(x,y).
o T; <s7 T» holds if and only if (F1(t), F2(t)) € C for all t
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RR-plots
Relevant cases D) Gz

RR-plots INID case with r = 2.

(*]

T1 with RF FTl(t) =
T> with RF FT2(t) =

Domination region

(7]

(7]

C ={(x,y) €[0,1°: D(x,y) > 0}
where D(x,y) = Qa(x,y) — Qi(x, y).

T1 <s7 T» holds if and only if (F1(t), F2(t)) € C for all t
RR-plot: (F1(t), Fa(t)) for t € (0,00).

(7]

(7]
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RR-plots

1ID case
Relevant cases

Example

()
N

Figure: System 1 in Frank’s talk.
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RR-plots

1ID case
Relevant cases

Example

Q010
@

Figure: System 2 in Frank’s talk.
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RR-plots

1ID case
Relevant cases

Example

o System 1:

Q1(x,y) = x>+ xy° + 2x%y% = 3x%y? — 2%y2 + 2x3y3
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RR-plots

1ID case
Relevant cases

Example

o System 1:
Q1(x,y) = x>+ xy° + 2x%y% = 3x%y? — 2%y2 + 2x3y3
o System 2:

Qa(x,y) = 9xy — 9xy? + 3xy> — 0x%y + 9x%y? — 3x?%)3
+3x3y —3x3y2 + X33,
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RR-plots

1ID case
Relevant cases

Example

o System 1:
Qi(x,y) =x3+xy> + 2x%y% — 3x3y? — 2x%y3 4 2x3)3
o System 2:
Qa(x,y) = 9xy — 9xy? + 3xy> — 0x%y + 9x%y? — 3x?%)3
+3x3y —3x3y2 + X33,
o Difference

D(x,y) = 9xy — 10xy® + 3xy> — 9x%y + 7x%y? — x%)°

+3x3y — x3y% — x5,
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RR-plots

1ID case
Relevant cases

Example

o System 1:
Q1(x,y) = x>+ xy° + 2x%y% = 3x%y? — 2%y2 + 2x3y3
o System 2:

Qa(x,y) = 9xy — 9xy? + 3xy> — 0x%y + 9x%y? — 3x?%)3
+3x3y —3x3y2 + X33,

o Difference

D(x,y) = 9xy — 10xy® + 3xy> — 9x%y + 7x%y? — x%)°

+3x3y — x3y% — x5,

o T1 <s1 T whenever X4 <s7 XB.
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RR-plots

1ID case
Relevant cases

Domination region and RR-plots.

o T <s7 Ty if and only if (F1(t), F2(t)) € C for all t.
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RR-plots

1ID case
Relevant cases

Domination region and RR-plots.

o T <s7 Ty if and only if (F1(t), F2(t)) € C for all t.
o We consider F1(t) = exp(—t) and:
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RR-plots

1ID case
Relevant cases

Domination region and RR-plots.

o T1 <st T if and only if (Fy(t ) (t)) € C for all t.
o We consider F1(t) = exp(—t) an
o Case 1: Fy(t) = exp(—t?) (blu )
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RR-plots

1ID case
Relevant cases

Domination region and RR-plots.

o T; <s7 T, if and only if (Fy(t
o We consider F1(t) = exp(—t) an
o Case 1: Fp(t) = exp(—t?) (blu )

o Case 2: Fy(t) = exp(—3t) (red) and

) (t)) € C for all t,
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RR-plots

1ID case
Relevant cases

Domination region and RR-plots.

o
o
o
o
*]

T1 <s1 T, if and only if( 1(t
We consider F1(t) = exp(—t) an
Case 1: Fy(t) = exp(—t?) (blu )
Case 2: Fy(t) = exp(—3t) (red) and
Case 3: F(t) = exp(—6t) (green).

) (t)) € C for all t,
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RR-plots
11D case

Relevant cases

Figure: Domination region and RR-plots.
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RR-plots

1ID case
Relevant cases

Ordering properties

o Ty <s7 Ty if F1(t) < Fa(t) for all t (above the diagonal).

o If F1(t) = exp(—t) and:

o Case 1: Fy(t) = exp(—t?) (blue), then T1 <s7 T>.

o Case 2: Fy(t) = exp(—3t) (red), then Ty <57 T>.

o Case 3: Fy(t) = exp(—6t) (green), then Ty and T, not ST
ordered.

(4]

There exist cases in which T1 >gs71 To.
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RR-plots

1ID case
Relevant cases

Ordering properties 11D case

e T; with minimal signature (p1, ..., ps) |ID comp.
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Relevant cases

Ordering properties 11D case

e T; with minimal signature (p1, ..., ps) |ID comp.
e T, with minimal signature (g1,...,qn) 1ID comp.
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Ordering properties 11D case

e T; with minimal signature (p1, ..., ps) |ID comp.
e T, with minimal signature (g1,...,qn) 1ID comp.
o T1 <st1 T3 holds for all F if and only if
n
Z(q,- — pi)x' >0 for all x € (0,1).
i=1
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RR-plots

1ID case
Relevant cases

Ordering properties 11D case

e T; with minimal signature (p1, ..., ps) |ID comp.
e T, with minimal signature (g1,...,qn) 1ID comp.
o T1 <st1 T3 holds for all F if and only if
n
Z(q,- — pi)x' >0 for all x € (0,1).
i=1
o T1 <yr T> holds for all F if and only if

n—1 n

>3 G = i)pigi — pigj)x" 2 > 0 for all x € (0, 1).
i=1 j=it+1
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RR-plots

1ID case
Relevant cases

Ordering properties 11D case

e T; with minimal signature (p1, ..., ps) |ID comp.
e T, with minimal signature (g1,...,qn) 1ID comp.
o T1 <st1 T3 holds for all F if and only if

n

Z(q,- — pi)x' >0 for all x € (0,1).

i=1
o T1 <yr T> holds for all F if and only if
n—1 n
> (= )pai — pigi)x' % > 0 for all x € (0,1).
i=1 j=i+1
o T1 <ir T, holds for all F if and only if
n—=1 n o
> il - )(pigi — pigi)x™ 7 > 0 for all x € (0, 1),
i=1 j=i+1
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Our Main References

@ Samaniego and Navarro (2016). On comparing coherent
systems with heterogeneous components. To appear in
Advances in Applied Probability 48(1).

o Navarro (2015). Stochastic comparisons of generalized
mixtures and coherent systems. To appear in TEST. Published
online first (May 2015). DOI 10.1007/s11749-015-0443-5.
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@ Thank you for your attention!!
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