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Univariate distorted distributions

» The distorted distributions were introduced by Wang (1996)
and Yaari (1987) in the context of theory of choice under risk.

5th Int. Conference on Mathematical Modelling, ICMM22 Jorge Navarro, Email: jorgenav@um.es. 5/41



Distorted distributions Definitions
Main properties
Examples

Univariate distorted distributions

» The distorted distributions were introduced by Wang (1996)
and Yaari (1987) in the context of theory of choice under risk.

» The purpose was to allow a “distortion” (a change) of the
initial (or past) risk distribution function.
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Distorted distributions Definitions
Main properties
Examples

Univariate distorted distributions

» The distorted distributions were introduced by Wang (1996)
and Yaari (1987) in the context of theory of choice under risk.

» The purpose was to allow a “distortion” (a change) of the
initial (or past) risk distribution function.

Definition

The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion function
q : [0,1] — [0, 1] such that g(0) = 0 and g(1) = 1, is given by

Fo(t) = q(F(t)), for all t € R. (1.1)
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» If g is a distortion function, then Fg is a proper distribution
function for all distribution functions F.
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Distorted distributions Definitions
Main properties
Examples

Properties

» If g is a distortion function, then Fg is a proper distribution
function for all distribution functions F.

» From (1.1), F=1—F and F, = 1 — F, satisfy
Fo(t) = G(F(t)), for all t € R, (1.2)

where g(u) :=1— q(1 — u) is called the dual distortion
function.
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Distorted distributions Definitions
Main properties
Examples

Properties

» If g is a distortion function, then Fg is a proper distribution
function for all distribution functions F.

» From (1.1), F=1—F and F, = 1 — F, satisfy
Fo(t) = G(F(t)), for all t € R, (1.2)

where g(u) :=1— q(1 — u) is called the dual distortion
function.
» (1.1) and (1.2) are equivalent.
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Examples of univariate distorted distributions

> Proportional Hazard Rate (PHR) Cox model Fy(t) = F%(t),
where g(u) = u? and 6 > 0.
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Examples of univariate distorted distributions

> Proportional Hazard Rate (PHR) Cox model Fy(t) = F%(t),
where g(u) = u? and 6 > 0.

> Proportional Reversed Hazard Rate (PRHR) model
Fo(t) = FO(t), where g(u) = u® and 6 > 0.
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Distorted distributions Definitions
Main properties
Examples

Examples of univariate distorted distributions

> Proportional Hazard Rate (PHR) Cox model Fy(t) = F%(t),
where g(u) = u? and 6 > 0.
> Proportional Reversed Hazard Rate (PRHR) model
Fo(t) = FO(t), where g(u) = u® and 6 > 0.
> Order statistics Xi.n, ... Xn:n from 1ID X1, ..., X
i—1
Funlt) = 3 () FIOF™(6) = il Fle)

j=0
where gj.p(u) = ZJ':;(I) (7)(1 —uyu".
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Distorted distributions Definitions
Main properties
Examples

Examples of univariate distorted distributions

> Proportional Hazard Rate (PHR) Cox model Fy(t) = F%(t),
where g(u) = u? and 6 > 0.
> Proportional Reversed Hazard Rate (PRHR) model
Fo(t) = FO(t), where q(u) = u? and 6 > 0.
> Order statistics Xi.n, ... Xn:n from 1ID X1, ..., X
i—1
— n . — . _ _
Fin(t) = Z <')Fj(t)Fn (t) = Gi:n(F (1)),
=0 M
where gj.p(u) = Z};(l) (7)(1 —uyu".
» Coherent system lifetimes T:

Fr(t) = Q(F(t)..... Fa(t)), (1.3)

where @ : [0,1]" — [0, 1] is a generalized distortion function,
see e.g. Navarro (2022a).
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Examples

Navarro (2022a)

» This is my new book on System Reliability Theory.

Jorge Navarro

Introduction
to System
Reliability

Theory
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» (Xi,...,X,) random vector over (£, S, Pr).
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Distorted distributions Definitions
Main properties
Examples

Multivariate distorted distributions

» (Xi,...,X,) random vector over (£, S, Pr).
> Joint distribution function (DF)

F(xi,...,xn) = Pr(X1 < x1,..., Xy < xp).
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Distorted distributions Definitions
Main properties
Examples

Multivariate distorted distributions

» (Xi,...,X,) random vector over (£, S, Pr).
> Joint distribution function (DF)

F(xi,...,xn) = Pr(X1 < x1,..., Xy < xp).
> Copula representation
F(xi,...,xn) = C(Fi(x1), ..., Fa(xn)),

where F1,..., F, are the marginals, F;(x;) = Pr(X; < x;).
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Distorted distributions Definitions
Main properties
Examples

Multivariate distorted distributions

» (Xi,...,X,) random vector over (£, S, Pr).
> Joint distribution function (DF)

F(xi,...,xn) = Pr(X1 < x1,..., Xy < xp).
> Copula representation
F(xi,...,xn) = C(Fi(x1), ..., Fa(xn)),

where F1,..., F, are the marginals, F;(x;) = Pr(X; < x;).
» A similar representation holds for the joint survival function

F(xts. . %n) = Pr(Xe > x1,. .., Xn > xn) = C(F1(x1), - ., Fn(xn)).
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Distorted distributions Definitions
Main properties
Examples

Definition

Definition (Navarro, Cali, Longobardi and Durante (2022))

A multivariate distribution function F is said to be a multivariate
distorted distribution (MDD) of the univariate distribution functions
Gi, ..., G, if there exists a distortion function D such that

F(x1,...,x0) = D(Gi(x1), ..., Gn(xn)), Vx1,...,xs € R. (1.4)

We write F = MDD(Gy,. .., G,), when F is a MDD of Gi,..., G,.
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Distorted distributions Definitions
Main properties
Examples

Definition

Definition
A continuous function D : [0,1]” — [0,1] is called (n—dimensional)
distortion function (shortly written as D € D,) if:
(1) D(u1y ..., ui—1,0,Uj11,...,u,) =0 for all ug,...,u, €[0,1].
(i) D(1,...,1) = 1.
(i) D is n—increasing, i.e. for all x = (x,...,x,) and
y = (y1,---,¥n) with x; < y;, it holds AY D > 0, where

A(y]_,.“,yn)D = Z (—1)1(21""72")D(Z]_, . ,Zn),

(x1,-+,%n)
zie{x,yi}

with 1(z1,...,2,) =Y. ; 1(zi = x;) and 1(A) =1
(respectively, 0) if A is true (respectively, false).
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Main properties

> As in Sklar's theorem for copulas, the MDD representation is
unique for fixed continuous DF G, ..., G,.
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Main properties

> As in Sklar's theorem for copulas, the MDD representation is
unique for fixed continuous DF G, ..., G,.

» If D € D, then

D(Gl(Xl), ) Gn(Xn))

is a multivariate distribution function for all DF Gy, ..., G,.
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Distorted distributions Definitions
Main properties
Examples

Main properties

> As in Sklar's theorem for copulas, the MDD representation is
unique for fixed continuous DF G, ..., G,.

» If D € D, then

D(Gl(Xl), ) Gn(Xn))

is a multivariate distribution function for all DF Gy, ..., G,.
» If F = MDD(Gy,..., G,), then

F(x1,...,xn) = D(Gi(x1), - -, Gn(xn)), (1.5)

where G; =1 — G; and De D,.
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Marginal distributions

» If F= MDD(G,..., Gy), then all the marginal distributions of
F are also MDD from Gy, ..., G,.
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Distorted distributions Definitions
Main properties
Examples

Marginal distributions

» If F= MDD(Gy,...,G,), then all the marginal distributions of
F are also MDD from Gy, ..., G,.

> In particular, the ith marginal is
F,'(X,') = D(l, ey 1, G,'(X,'), 1, ey 1) = D,'(G,'(X,')), (16)

where D;(u) := D(1,...,1,u,1,...,1) and the value u is
placed at the ith position.
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Distorted distributions Definitions
Main properties
Examples

Marginal distributions

» If F= MDD(Gy,...,G,), then all the marginal distributions of
F are also MDD from Gy, ..., G,.

> In particular, the ith marginal is
F,'(X,') = D(l, ey 1, G,'(X,'), 1, ey 1) = D,'(G,'(X,')), (16)

where D;(u) := D(1,...,1,u,1,...,1) and the value u is
placed at the ith position.

» Clearly, we have G; = F; for a fixed i € {1,...,n} when
Di(u) = u for all u € [0, 1].
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Examples

Conditional distributions

» All the conditional distributions of F = MDD(Gy, ..., G,)
have MDD representations.
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Distorted distributions Definitions
Main properties
Examples

Conditional distributions

» All the conditional distributions of F = MDD(Gy, ..., G,)
have MDD representations.
» We just consider the DF Fyj; of (X2|X1 = x1).
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Distorted distributions Definitions
Main properties
Examples

Conditional distributions

» All the conditional distributions of F = MDD(Gy, ..., G,)
have MDD representations.
» We just consider the DF Fyj; of (X2|X1 = x1).

Proposition (Navarro, Cali, Longobardi and Durante (2022))
Let (X1, X2) with F = MDD(G;, Gy) for D € D, then

Fap(xex1) = Do (Ga(x2)|G1(x1)) (1.7)
whenever lim, g+ 01D(Gi1(x1),v) = 0, where

Dy1(v|Gi(x1)) = %

for 0 < v < 1 and x; such that 01D(Gi(x1),1) > 0.

5th Int. Conference on Mathematical Modelling, ICMM22 Jorge Navarro, Email: jorgenav@um.es. 14/41



Distorted distributions Definitions
Main properties
Examples

Theoretical Quantile Regression

» The (mean) regression curve to predict X, from Xj is
E(X2|X1 = x1) can be obtained from (1.7).
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Distorted distributions Definitions
Main properties
Examples

Theoretical Quantile Regression

» The (mean) regression curve to predict X, from Xj is
E(X2|X1 = x1) can be obtained from (1.7).

» Another option to predict X from Xj is the conditional
median regression curve my|1(x1) = F2_|11(0.5|x1) (see Koenker
(2005) or Nelsen (2006), p. 217).
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Distorted distributions Definitions
Main properties
Examples

Theoretical Quantile Regression

» The (mean) regression curve to predict X, from Xj is
E(X2|X1 = x1) can be obtained from (1.7).

» Another option to predict X from Xj is the conditional
median regression curve my1(x1) := Fy 1(0.5/x1) (see Koenker

1
(2005) or Nelsen (2006), p. 217).
» This quantile function F2_|11 can be computed from (1.7) as

Fyi(alx) = G, 1 (Dy1(alGi(a))), 0< g < 1.
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Distorted distributions Definitions
Main properties
Examples

Theoretical Quantile Regression

» The (mean) regression curve to predict X, from Xj is
E(X2|X1 = x1) can be obtained from (1.7).

» Another option to predict X from Xj is the conditional
median regression curve myi(x1) := F2_|11(0.5|x1) (see Koenker
(2005) or Nelsen (2006), p. 217).

» This quantile function F2_|11 can be computed from (1.7) as
Fyi(alx) = G, 1 (Dy1(alGi(a))), 0< g < 1.
» Moreover, it can be used to obtain a-prediction bands for X»
Fat (Bxa). Py (Baba)|

taking 0 < 81 < B2 < 1 such that 8, — 1 = a € (0,1).
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Distorted distributions Definitions
Main properties
Examples

Examples of MDD

> Multivariate residual lifetimes
Xe=(X1—t,...,Xn—t| X1 > t,..., X, > t), see Navarro,
Cali, Longobardi and Durante (2022).
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Examples of MDD

> Multivariate residual lifetimes
Xe=(X1—t,...,Xn—t| X1 > t,..., X, > t), see Navarro,
Cali, Longobardi and Durante (2022).

» Ordered paired data, see next section.
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Distorted distributions Definitions
Main properties
Examples

Examples of MDD

> Multivariate residual lifetimes
Xe=(X1—t,...,Xn—t| X1 > t,..., X, > t), see Navarro,
Cali, Longobardi and Durante (2022).

» Ordered paired data, see next section.

» Coherent systems with ID components, see Navarro, Cali,
Longobardi and Durante (2022); Navarro et al. (2023).
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Main properties
Examples

Examples of MDD

» Multivariate residual lifetimes
Xe=(X1—t,...,Xn—t| X1 > t,..., X, > t), see Navarro,
Cali, Longobardi and Durante (2022).

» Ordered paired data, see next section.

» Coherent systems with ID components, see Navarro, Cali,
Longobardi and Durante (2022); Navarro et al. (2023).

» Order statistics (k-out-of-n systems with ID components),
see Navarro and Buono (2022).
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Distorted distributions Definitions
Main properties
Examples

Examples of MDD

> Multivariate residual lifetimes
Xe=(X1—t,...,Xn—t| X1 > t,..., X, > t), see Navarro,
Cali, Longobardi and Durante (2022).

» Ordered paired data, see next section.

» Coherent systems with ID components, see Navarro, Cali,
Longobardi and Durante (2022); Navarro et al. (2023).

» Order statistics (k-out-of-n systems with ID components),
see Navarro and Buono (2022).

» Record values, see Navarro (2022b).
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Prediction of ordered paired data
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

> Let us assume that X and Y are ID, that is, they have a
common absolutely continuous distribution function F. Then

Fx.v(x,y) = C(F(x), F(y))-
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Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

> Let us assume that X and Y are ID, that is, they have a
common absolutely continuous distribution function F. Then

Fx.v(x,y) = C(F(x), F(y))-

> We also assume that C is abs. cont. and permutation
symmetric, i.e., (X, Y) is exchangeable (EXC).
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

> Let us assume that X and Y are ID, that is, they have a
common absolutely continuous distribution function F. Then

Fx.v(x,y) = C(F(x), F(y))-

> We also assume that C is abs. cont. and permutation
symmetric, i.e., (X, Y) is exchangeable (EXC).

» We want to predict U = max(X, Y) from L = min(X,Y).
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

> Let us assume that X and Y are ID, that is, they have a
common absolutely continuous distribution function F. Then

Fx.v(x,y) = C(F(x), F(y))-

> We also assume that C is abs. cont. and permutation
symmetric, i.e., (X, Y) is exchangeable (EXC).
» We want to predict U = max(X, Y) from L = min(X,Y).

> To this purpose we need the conditional distribution function

Gou(s|t) :=Pr(U<s|[L=t), s>t
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

» We assume that we have a training sample
(X1, Y1), -« -, (Xm, Ym) from (X, Y) to estimate C and F (or
the unknown parameters in them).
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

» We assume that we have a training sample
(X1, Y1), -« -, (Xm, Ym) from (X, Y) to estimate C and F (or
the unknown parameters in them).

» For other individuals, we just know L = min(X, Y) and we
want to estimate U = max(X, Y).
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

» We assume that we have a training sample
(X1, Y1), -« -, (Xm, Ym) from (X, Y) to estimate C and F (or
the unknown parameters in them).

» For other individuals, we just know L = min(X, Y) and we
want to estimate U = max(X, Y).

> So, we want to obtain a MDD representation for the random
vector (L, U) in terms of F and C.

5th Int. Conference on Mathematical Modelling, ICMM22 Jorge Navarro, Email: jorgenav@um.es. 19/41



Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

» We assume that we have a training sample
(X1, Y1), -« -, (Xm, Ym) from (X, Y) to estimate C and F (or
the unknown parameters in them).

» For other individuals, we just know L = min(X, Y) and we
want to estimate U = max(X, Y).

> So, we want to obtain a MDD representation for the random
vector (L, U) in terms of F and C.

» It can be used to compute G2_|11(q|t), the median regression
curve m(t) and the associated prediction bands.
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

» The joint distribution function G(x,y) = Pr(L < x,U < y) of
(L, U) can be written as

_ C(F(y). F(y)) for y <x;
Glxy) = { 2C(F(x), F(y)) — C(F(x),F(x)) for y > x.
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

» The joint distribution function G(x,y) = Pr(L < x,U < y) of
(L, U) can be written as

_ C(F(y). F(y)) for y <x;
Glxy) = { 2C(F(x), F(y)) — C(F(x),F(x)) for y > x.

» Therefore, G = MDD(F, F), that is,
G(x,y) = D(F(x), F(y)) (21)
with the following distortion function

C(v,v) for v <u;

D(u,v) = { 2C(u,v) — C(u,u) for u<wv. (2.2)
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data

» Then the marginal distributions of (L, U) can be written as
Gi(x) :=Pr(L < x) = D(F(x),1) = Di(F(x)),

Ga(y) := Pr(U <y) = D(L, F(y)) = D2(F(y)),

where
Di(u) = D(u,1) =2u — C(u, u)

and
Dy(v) = D(1,v) = C(v,v)

for all u,v € [0,1].
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Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Representations of ordered paired data, IID case

» If X and Y are independent, then the distortion function is

v2 for v<u;

2uv — u? for u<v. (23)

D(u,v) = {
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Representations
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Representations of ordered paired data, IID case

» If X and Y are independent, then the distortion function is

v2 for v<u;

2uv — u? for u<v. (23)

D(u,v) = {
» Then, for all u € (0,1),
Di(u) = D(u,1) =2u—u? #u

and
Do(u) = D(1,u) = v* # u.
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Representations of ordered paired data, IID case

» If X and Y are independent, then the distortion function is
2

v for v<u;
D(u,v) = { 2uv — u? for u<v. (23)

» Then, for all u € (0,1),
Di(u) = D(u,1) =2u—u? #u

and
Do(u) = D(1,u) = v* # u.

> Note that D is not a copula and that the marginals G; and G,
of G do not appear in (2.1) (we use F instead).
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Representations of ordered paired data

» From (1.7) and (2.1), the distribution function of (U|L = x) is
G2|1(Y|X) = D2|1(F()’)|F(X)) (2.4)
for y > x, where

and 01D(u,v) =201 C(u,v) — 201 C(u,u), for 0 < u <v <1.
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Representations of ordered paired data

» From (1.7) and (2.1), the distribution function of (U|L = x) is

G2|1()/|X) = D2|1(F()’)|F(X)) (2.4)
for y > x, where

_ 1D(F(x), v)
D2|1(V|F(X)) S (91D(F(X),].)
and 01D(u,v) =201 C(u,v) — 201 C(u,u), for 0 < u <v <1.
» In the IID case, 01D(u,v) =2(v — u) for u < v <1 and
v — F(x)
Doy (v|F(x)) = S
2|1(V| (x)) F(x)

for F(x) <v <1
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Example 1: [ID exponential case

> Let (Xj, Y;) be a sample from (X, Y) where X, Y are [ID~ F.
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Example 1: [ID exponential case

> Let (Xj, Y;) be a sample from (X, Y) where X, Y are [ID~ F.
> Let L; = min(X;, Y;) and U; = max(Xj, Y)).
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Example 1: [ID exponential case

> Let (Xj, Y;) be a sample from (X, Y) where X, Y are [ID~ F.
> Let L; = min(X;, Y;) and U; = max(Xj, Y)).
> Note that L; and U; are dependent.
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Example 1: [ID exponential case

> Let (Xi, Y;) be a sample from (X, Y) where X, Y are IID~ F.
> Let L; = min(X;, Y;) and U; = max(Xj, Y)).

> Note that L; and U; are dependent.

» From (2.4), the distribution function of (U|L = x) is

Go1(y|x) = Dap(F(y)IF(x)) (2.5)
for y > x, where

Da(v1F() = 72

for F(x)<v<1
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Example 1: [ID exponential case

40
1

40
1

30
1
30
1

Figure: Independent data from two exponential distributions with mean
w =10 (left) and the associated ordered paired data (right).
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Example 1: [ID exponential case

» The quantile function F o €an be computed as

Fopt (alx) = F71(Dy1 (alF (%))

for 0 < v < 1, where D2_|11(q]F(x)) = F(x) + gF(x), when
F(x) = exp(—x/p) and F~1(y) = —plog(1 — y). Then

Fy1(alx) = —plog ((1 - q)e‘x/“) = x — plog(l - q).
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Example 1: [ID exponential case

» The quantile function F o €an be computed as

Fopt (alx) = F71(Dy1 (alF (%))

for 0 < v < 1, where D2_|11(q]F(x)) = F(x) + gF(x), when
F(x) = exp(—x/p) and F~1(y) = —plog(1 — y). Then

Fy1(alx) = —plog ((1 - q)e‘x/“) = x — plog(l - q).
> Therefore, the exact QR curve is

m(x) = x — p1log(0.5).
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Example 1: [ID exponential case

» Analogously, the exact QR centered 90% prediction band is

[x — 1 10g(0.95), x — log(0.05)].
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Example 1: [ID exponential case

» Analogously, the exact QR centered 90% prediction band is
[x — 1 10g(0.95), x — log(0.05)].

» The 50% centered prediction band is obtained in a similar way.
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Example 1: [ID exponential case

» Analogously, the exact QR centered 90% prediction band is
[x — 1 10g(0.95), x — log(0.05)].

» The 50% centered prediction band is obtained in a similar way.
> The exact QR lower 90% prediction band is

[x,x — wlog(0.10)] .
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Example 1: [ID exponential case

Figure: QR for the ordered paired data (L, U) associated to independent
data (X, Y) from two exponential distributions with mean p = 10 jointly
with 50% and 90% centered (left) or bottom (right) prediction bands.
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Predictions

» The first ordered pair in our simulated sample is
Ly = 10.15771 and U; = 14.17195.
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Predictions

» The first ordered pair in our simulated sample is
Ly = 10.15771 and U; = 14.17195.

> The prediction for Uy from Ly is

m(L1) = m(10.15771) = 10.15771 — 11 log(0.5) = 17.08918.
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Predictions

» The first ordered pair in our simulated sample is
Ly = 10.15771 and U; = 14.17195.

> The prediction for Uy from Ly is
m(L1) = m(10.15771) = 10.15771 — plog(0.5) = 17.08918.

> The centered 90% prediction interval for this prediction is
[10.67064, 40.11503].
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Predictions

» The first ordered pair in our simulated sample is
Ly = 10.15771 and U; = 14.17195.

> The prediction for Uy from Ly is
m(L1) = m(10.15771) = 10.15771 — plog(0.5) = 17.08918.

> The centered 90% prediction interval for this prediction is
[10.67064, 40.11503].

» The centered 50% prediction interval for this prediction is
[13.03453,24.02065].
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Example 2: Dependent EXC exponential case

> Let us consider now that (X, Y') are DID with a copula C and
a common marginal distribution F.
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Example 2: Dependent EXC exponential case

> Let us consider now that (X, Y') are DID with a copula C and
a common marginal distribution F.

> We consider again the exponential model
F(t) = exp(—t/p), t>0
and the Clayton EXC copula

Clu,v) = ﬁ (u,v) € [0,1]2. (2.6)
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Example 2: Dependent EXC exponential case

> To get the QR curves we need the distribution G1(y|x) of
(UIL = x). From (2.4) we need
OuD(u, v) = 200 C(u, v) 20y Cluu) = 202
AL vy =satkiy ! u’u_(u—i—v—uv)z (2 —u)?

and
2 2 2
Gl Al R ey B ¢ A ¢
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Example 2: Dependent EXC exponential case

> To get the QR curves we need the distribution G1(y|x) of
(UIL = x). From (2.4) we need
2v2 2

OrD(u,v) =201 C(u, ) =201 Clu ) = (e~

and
2 2 2
D(u,1) = — —2__ =
Ab ) =i ~ ey 2 u)?
> Hence, for v > u, we get
v2 o 1
ut+v—uv)? 2—u)2
Dy (v]u) = 0 B2

(2—u)?
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Example 2: Dependent EXC exponential case

> To get the QR curves we need the distribution G1(y|x) of
(UIL = x). From (2.4) we need
2v2 2

OrD(u,v) =201 C(u, ) =201 Clu ) = (e~

and
2 2 2
Sl PR e B ¢ ) A ¢

> Hence, for v > u, we get

v2

1
(uFv—uv)2 = (2—u)?

Dyj1(v]u) =

> To compute the inverse, we need to solve in y the equation
Gy1(y|x) = q for g € (0,1).

5th Int. Conference on Mathematical Modelling, ICMM22 Jorge Navarro, Email: jorgenav@um.es. 31/41



Representations
Prediction of ordered paired data Exact QR curves
Estimated QR curves

Example 2: Dependent EXC exponential case

> This equation leads to

F(x)

_ 2—F(x)
Fo) -1+ V1-q+q(2—F(x))?

Gyialx) = F~!
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Example 2: Dependent EXC exponential case

> This equation leads to

F(x)

_ 2—F(x)
Fo) -1+ V1-q+q(2—F(x))?

Gyialx) = F~!

» Therefore, the exact median regression curve to predict U
from L=xis

m(x) = Gz_|11(0.5|x).
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Example 2: Dependent EXC exponential case

> This equation leads to

-1 F(x)
_ 2—F(x)
FO) =1+ e roor

» Therefore, the exact median regression curve to predict U
from L=xis

G5 2(qlx) =

m(x) = Gy 2(05]x).
» Analogously, the 90% centered prediction band is

|6511(0.051x), G51(0.95x)| .
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Example 2: Dependent EXC exponential case

> This equation leads to

-1 F(x)
_ 2—F(x)
FO) =1+ e roor

» Therefore, the exact median regression curve to predict U
from L=xis

G5 2(qlx) =

m(x) = Gy 2(05]x).
» Analogously, the 90% centered prediction band is

|6511(0.051x), G51(0.95x)| .

> The other prediction bands can be obtained in a similar way.
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Example 2: Dependent EXC exponential case

> This equation leads to

-1 F(x)
_ 2—F(x)
FO) =1+ e roor

» Therefore, the exact median regression curve to predict U
from L=xis

G5 2(qlx) =

m(x) = Gy 2(05]x).
» Analogously, the 90% centered prediction band is
|6511(0.051x), G51(0.95x)| .

> The other prediction bands can be obtained in a similar way.
» For an exponential distribution with © = 10 we get
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Example 2: Dependent EXC exponential case

20

Figure: QR curves for paired ordered data (L, U) associated to dependent
data (X, Y) from two exponential distributions with centered (left) and

bottom (right) prediction bands.
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Parametric QR curves

» Our model can contain some unknown parameters.
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Parametric QR curves

» Our model can contain some unknown parameters.
» They can be both in F and/or in C.
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Parametric QR curves

» Our model can contain some unknown parameters.
» They can be both in F and/or in C.

» We can use the training sample (Xj, Y;) from (X, Y) to
estimate the unknown parameters.
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Parametric QR curves

» Our model can contain some unknown parameters.

» They can be both in F and/or in C.

» We can use the training sample (Xj, Y;) from (X, Y) to
estimate the unknown parameters.

» Then we can use the MDD representation with the estimated
parameters to get the estimated QR curves.
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Example 1: [ID exponential case

Figure: Parametric QR curves for (L, U) associated to 11D data (X, Y)
from an exponential distribution jointly with centered (left) and bottom
(right) prediction bands. The dashed lines are the exact curves.
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Example 2: Dependent EXC exponential case

0 5 10 15 20 0 5 10 15 20

Figure: Parametric QR curves for (L, U) associated to data (X, Y) from
an exponential distribution with unknown mean p and a Clayton copula
with unknown parameter 6. The dashed lines are the exact curves.
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Non-parametric QR curves.

> If we do not have a parametric model, we can use
non-parametric estimators for F and C.
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Non-parametric QR curves.

> If we do not have a parametric model, we can use
non-parametric estimators for F and C.

> We can also use the statistical program R with
library(’quantreg’) to estimate the exact curves from the
training sample (see Koenker, 2005).
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Non-parametric QR curves.

> If we do not have a parametric model, we can use
non-parametric estimators for F and C.

> We can also use the statistical program R with
library(’quantreg’) to estimate the exact curves from the
training sample (see Koenker, 2005).

> Here k denotes the degree of the polynomial used to estimate
the QR curves.
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Example 1: Non-parametric QR, IID exponential case

Figure: Non-parametric QR curves for paired ordered data (L, U)
associated to IID data (X, Y)) from an exponential distribution with
w=10and k =1 (left) or k = 2 (right).
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Example 2: Non-parametric QR, DID exponential case

Figure: Non-parametric QR curves for (L, U) associated to data (X, Y)
from an exponential distribution and a Clayton copula with § =1 and
k =1 (left) or k = 2 (right). The dashed lines are the exact curves.
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Conclusions

» Similar results for future order statistics (ordered data) with or
without dependency can be seen in Navarro and Buono (2022)
and Buono and Navarro (2022).
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Conclusions

» Similar results for future order statistics (ordered data) with or
without dependency can be seen in Navarro and Buono (2022)
and Buono and Navarro (2022).

» Similar results for record values can be seen in Navarro
(2022b).
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Conclusions

» Similar results for future order statistics (ordered data) with or
without dependency can be seen in Navarro and Buono (2022)
and Buono and Navarro (2022).

» Similar results for record values can be seen in Navarro
(2022b).

> Predictions for sums of dependent random lifetimes are
included in Navarro, Pellerey and Mulero (2022).
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Conclusions

» Similar results for future order statistics (ordered data) with or
without dependency can be seen in Navarro and Buono (2022)
and Buono and Navarro (2022).

» Similar results for record values can be seen in Navarro
(2022b).

> Predictions for sums of dependent random lifetimes are
included in Navarro, Pellerey and Mulero (2022).

> Prediction for system failure times will be included in Navarro
et al. (2023).
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Conclusions

» Similar results for future order statistics (ordered data) with or
without dependency can be seen in Navarro and Buono (2022)
and Buono and Navarro (2022).

» Similar results for record values can be seen in Navarro
(2022b).

» Predictions for sums of dependent random lifetimes are
included in Navarro, Pellerey and Mulero (2022).

> Prediction for system failure times will be included in Navarro
et al. (2023).

> The representations based on distortions are very useful as an
alternative to the classic copula representations !
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> That's all.
» Thank you for your attention!!
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Publicity: The next year we will organize the
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Methods in Reliability (MMR2023)
May 30 to June 2, 2023, in Murcia, Spain.

v

That's all.
Thank you for your attention!!
> Questions?
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