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Notation

» X random variable (lifetime) over (€, S, Pr).
» Distribution function (DF) F(t) = Pr(X <'t).
» Reliability or survival function F(t) = Pr(X > t) =1 — F(t).
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Notation

>

X random variable (lifetime) over (22, S, Pr).

Distribution function (DF) F(t) = Pr(X <t).

Reliability or survival function F(t) = Pr(X > t) =1 — F(t).
Probability density function (PDF) f(t) = F'(t) = —F'(t).

v

v

v
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Notation

v

X random variable (lifetime) over (22, S, Pr).

Distribution function (DF) F(t) = Pr(X <t).

Reliability or survival function F(t) = Pr(X > t) =1 — F(t).
Probability density function (PDF) f(t) = F'(t) = —F'(t).

» Mean, expected lifetime or mean time to failure (MTTF):

v

v

v

= E(X) = / " () dx = /  F(x)dx — / " F(dx.

—00 0 —00
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v

X random variable (lifetime) over (22, S, Pr).

Distribution function (DF) F(t) = Pr(X <t).

Reliability or survival function F(t) = Pr(X > t) =1 — F(t).
Probability density function (PDF) f(t) = F'(t) = —F'(t).

» Mean, expected lifetime or mean time to failure (MTTF):

v

v

v

= E(X) = / " () dx = /  F(x)dx — / " F(dx.

—00 0 —00

v

Hazard rate (HR) or failure rate (FR) function
h(t) = f(t)/F(t), when F(t) > 0.
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Distorted distributions

» The distorted distributions were introduced by Wang (1996)
and Yaari (1987) in the context of theory of choice under risk.
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Distorted distributions

» The distorted distributions were introduced by Wang (1996)
and Yaari (1987) in the context of theory of choice under risk.

» The purpose was to allow a “distortion” (a change) of the
initial (or past) risk distribution function.
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Distorted distributions

» The distorted distributions were introduced by Wang (1996)
and Yaari (1987) in the context of theory of choice under risk.

» The purpose was to allow a “distortion” (a change) of the
initial (or past) risk distribution function.

» Definition
The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion function
q : [0,1] — [0, 1] such that g(0) = 0 and g(1) =1, is given by

Fo(t) = q(F(t)), for all t € R. (1.1)
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Properties

» If g is a distortion function, then Fg is a proper distribution
function for all distribution functions F.
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» If g is a distortion function, then Fg is a proper distribution
function for all distribution functions F.

» If g is an strictly increasing distortion function, then F, has
the same support of F.
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Properties

» If g is a distortion function, then Fg is a proper distribution
function for all distribution functions F.

» If g is an strictly increasing distortion function, then F, has
the same support of F.

» From (1.1), F =1~ F and F, = 1 — F, satisfy
Fq(t) = G(F(t)), for all t € R, (1.2)

where g(u) :=1— q(1 — u) is called the dual distortion
function.
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Properties

v

If g is a distortion function, then Fg is a proper distribution
function for all distribution functions F.

If q is an strictly increasing distortion function, then Fg has
the same support of F.

From (1.1), F=1— F and F, = 1 — F, satisfy
Fq(t) = G(F(t)), for all t € R, (1.2)

where g(u) :=1— q(1 — u) is called the dual distortion
function.

(1.1) and (1.2) are equivalent.
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» The PDF of Fy is

fo(t) = q'(F(1))f(t) = § (F(£))f(t).
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Properties

» The PDF of Fy is

fo(t) = q'(F(1))f(t) = § (F(£))f(t).

» The hazard rate of Fy is

I (GIO) P
halt) = % 70 = AF (O,

where h is the hazard rate of F and

O
o) = ey ve 0.1
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Generalized distorted distributions

» The concept of distorted distributions was extended in
Navarro, del Aguila, Sordo and Suarez-Llorens (2016) as
follows.
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Generalized distorted distributions

» The concept of distorted distributions was extended in
Navarro, del Aguila, Sordo and Suarez-Llorens (2016) as

follows.
» Definition
The generalized distorted distribution (GDD) associated to n
distribution functions F1,..., F, and to an increasing continuous

distortion function Q : [0,1]” — [0, 1] such that Q(0,...,0) =0
and Q(1,...,1) =1, is given by

Fo(t) = Q(Fi(t),..., Fn(t)), forall t € R. (1.3)
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Properties

» If Q is a distortion function, then Fg is a proper distribution
function for all distribution functions F4,..., F,.
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Properties

» If Q is a distortion function, then Fg is a proper distribution
function for all distribution functions F4,..., F,.

» From (1.3), F; =1~ F; and Fg = 1 — Fy satisfy
Fo(t) = Q(Fi(t),...,Fn(t)), forall t € R, (1.4)

where Q(u1,...,up) :=1—Q(1—uy,...,1— u,) is called the
dual distortion function.
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Properties

» If Q is a distortion function, then Fg is a proper distribution
function for all distribution functions F4,..., F,.

» From (1.3), F; =1~ F; and Fg = 1 — Fy satisfy
Fo(t) = Q(Fi(t),...,Fn(t)), forall t € R, (1.4)

where Q(u1,...,up) :=1—Q(1—uy,...,1— u,) is called the
dual distortion function.
» (1.3) and (1.4) are equivalent.
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Properties

» The PDF of Fq is

fo(t) = 3 H(FQFL(E), ... Fa(1)) = Y () QFL(2), .., Fa(t)).

i=1 i=1
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Properties

» The PDF of Fq is

fo(t) =Y f(0)0Q(FL(t), ..., Fa(t)) = Y _ fi(1)0:Q(Fu(t), ..., Fa(t)).

i=1 i=1

» The hazard rate of Fy is

ho(t) = Z 0;iQ(F1(t), ..., Fa(t))

3(Fi(0), . ) "= ;ai(ﬁl(t)’ o Pl

i=1
where h; is the hazard rate of F; and

u,~8,~@(u1, ceey u,-,)

= , upe|0,1],i=1,...,n.
Qu,...,up) [0.1]

aj(u) =
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Examples of distorted distributions: PHR.

» Proportional Hazard Rate (PHR) Cox model
Fo(t) = FO(t),t € R,

where 6 > 0 is a risk (hazard) measure.
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Examples of distorted distributions: PHR.

» Proportional Hazard Rate (PHR) Cox model
Fo(t) = FO(t),t € R,

where 6 > 0 is a risk (hazard) measure.

» It is a distorted distribution with g(u) = v’ and
q(u) =1—(1—u)? for u € [0,1].
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Examples of distorted distributions: PHR.

» Proportional Hazard Rate (PHR) Cox model
Fo(t) = FO(t),t € R,

where 6 > 0 is a risk (hazard) measure.

» It is a distorted distribution with g(u) = v’ and
q(u) =1—(1—u)? for u € [0,1].

» Its PDF is fy(t) = OF01(t)f(¢).
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Examples of distorted distributions: PHR.

» Proportional Hazard Rate (PHR) Cox model
Fo(t) = FO(t),t € R,

where 6 > 0 is a risk (hazard) measure.

» It is a distorted distribution with g(u) = v’ and
q(u) =1—(1—u)? for u € [0,1].

» Its PDF is fy(t) = OF01(t)f(¢).

> Its hazard rate is

FO-1(¢)
Fo(t)

he(t) =6 f(t) = 0h(t),

that is, ag(u) = 0 for u € [0, 1].
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Examples of distorted distributions: PRHR.

» Proportional Reversed Hazard Rate (PRHR) model
Fo(t) = FO(t),t € R, 6 > 0.
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Examples of distorted distributions: PRHR.

» Proportional Reversed Hazard Rate (PRHR) model
Fo(t) = FO(t),t € R, 6 > 0.

» It is a distorted distribution with g(u) = v and
G(u) =1— (1 —u)? for ue[0,1].
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Examples of distorted distributions: PRHR.

» Proportional Reversed Hazard Rate (PRHR) model
Fo(t) = FO(t),t € R, 6 > 0.

» It is a distorted distribution with g(u) = v and
G(u) =1— (1 —u)? for ue[0,1].
» Its PDF is fy(t) = OF9=1(t)f(¢).
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Examples of distorted distributions: PRHR.

» Proportional Reversed Hazard Rate (PRHR) model
Fo(t) = FO(t),t € R, 6 > 0.
» It is a distorted distribution with g(u) = v and
G(u) =1— (1 —u)? for ue[0,1].
» Its PDF is fy(t) = OF9=1(t)f(¢).
» Its hazard rate is

_OF% (1) s
ho(t) = wf(t) = ag(F(t))h(t),
that is, ap(u) = % for u € [0,1].
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Examples of distorted distributions: PRHR.

» Proportional Reversed Hazard Rate (PRHR) model
Fo(t) = FO(t),t € R, 6 > 0.

It is a distorted distribution with g(u) = v and
g(u) =1— (1 —u)? for u € [0,1].

lts PDF is fy(t) = OF9=1(t)f(¢).

Its hazard rate is

hy(t)

v

v

v

_OF(1)
1= (- F())

that is, ag(u) = % for u € [0, 1].

Its reversed hazard rate is
- fo(t)
ho(t) =
(1) Fo(t)

f(t) = ag(F(t))h(t),

v

= 0h(t).
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Examples of distorted distributions: Order statistics.

» Sample: Xi,..., X, lID with distribution F.
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Examples of distorted distributions: Order statistics.

» Sample: Xi,..., X, lID with distribution F.
> Xi.n,...Xnn the ordered values.
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Examples of distorted distributions: Order statistics.

» Sample: Xi,..., X, lID with distribution F.
> Xi.n,...Xnn the ordered values.

» Then
i—1

Fn(t) = (7)Fj(t)lf”_j(t).
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Examples of distorted distributions: Order statistics.

v

Sample: Xi,..., X, lID with distribution F.

> Xi.n,...Xnn the ordered values.
» Then -
—_ = n . _ .
Fi:n(t) = Z ( ) FJ(t)Fn—J(t).
=0 M
» |t is a distorted distribution with
i—1
_ n . n_.
qi:n(u) = Z ( )(1 — u)fu J
—\J
J
and .
n . .
qi:n(u) = Z (_j) Ul(l — u)"_f.
Jj=i
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Examples of distorted distributions: Order statistics.

v

Sample: Xi,..., X, lID with distribution F.

> Xi.n,...Xnn the ordered values.
» Then -
—_ = n . _ .
Fi:n(t) = Z ( ) FJ(t)Fn—J(t).
=0 M
» |t is a distorted distribution with
i—1
_ n . n_.
qi:n(u) = Z ( )(1 — u)fu J
—\J
J
and .
n . .
qi:n(u) = Z (_j) UJ(]. — u)"_f.
Jj=i

v

Note that both are polynomials.
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Examples of distorted distributions: Order statistics.

» Particular cases:
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Examples of distorted distributions: Order statistics.

» Particular cases:
> Xi.p = min(Xy, ..., X,) with

n

Fin(t) = (0) FO(t)F=O(t) = F(t)

for n=1,..., n which belongs to the PHR model.
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Examples of distorted distributions: Order statistics.

» Particular cases:
> Xi.p = min(Xy, ..., X,) with

n

Fin(t) = (0) FO(t)F=O(t) = F(t)

for n=1,..., n which belongs to the PHR model.
» Its hazard rate is hy.,(t) = nh(t).
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Examples of distorted distributions: Order statistics.

» Particular cases:
> Xi.p = min(Xy, ..., X,) with

n

Fin(t) = (0) FO(t)F=0(t) = F(¢)

for n=1,..., n which belongs to the PHR model.
» Its hazard rate is hy.,(t) = nh(t).
> Xp:n = max(Xy, ..., X,) with

Funlt) = (1) (O (0) = ()

for n=1,..., n which belongs to the PRHR model.
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Examples of generalized distorted distributions: Mixtures.

» The mixture distribution
Fp(t) = plFl(t) + o+ PnFn(t)7 te R,
where p=(p1,...,pn), pi>0and p1 + -+ p, = 1.
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Examples of generalized distorted distributions: Mixtures.

» The mixture distribution
Fp(t) = plFl(t) + o+ PnFn(t)7 te R,

where p=(p1,...,pn), pi>0and p1 + -+ p, = 1.
» Then ) ) )
Fo(t) = prFi(t) + - + paFa(t), t € R.
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Examples of generalized distorted distributions: Mixtures.

» The mixture distribution
Fp(t) = plFl(t) + o+ PnFn(t)7 te R,
where p = (p1,...,pn), pi>0and pr + -+ p, = 1.
» Then ) ) .
Fp(t) = plFl(t) +- pnFn(t)7 teR.

> It is a generalized distorted distribution with

Qur,...,up) = Qur,...,up) = prur+---+ppup, ui €[0,1].
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Examples of generalized distorted distributions: Mixtures.

» The mixture distribution
Fp(t) = plFl(t) + o+ PnFn(t)7 te R,

where p=(p1,...,pn), pi>0and p1 + -+ p, = 1.
» Then ) ) )
Fo(t) = prFi(t) + - + paFa(t), t € R.

> It is a generalized distorted distribution with

Qur,...,up) = Q(ur,...,up) = prur—+---+ppun, u; €[0,1].
» Its PDF is fo(t) = p1fi(t) + - -+ pafa(t), t € R.

40th Annual Convention of ISPS, 2021 Jorge Navarro, E-mail: jorgenav@um.es. 16/82



Distorted distributions Examples
Systems
Stochastic comparisons

Examples of generalized distorted distributions: Mixtures.

» The mixture distribution
Fp(t) = plFl(t) + o+ PnFn(t)7 te R,

where p = (p1,...,pn), pi >0and py +-- -+ p, = 1.
Then

v

Fo(t) = prFi(t) + -+ + paFa(t), t € R.

> It is a generalized distorted distribution with

Qur,...,up) = Qur,...,up) = prur+---+ppup, ui €[0,1].

Its PDF is fo(t) = prfa(t) + - - + pafa(t), t € R.
Its HR is

v

v

ho(t) = wi(t)hi(t) + - - + wa(t)ha(t), wi(t) = p}fé’;)

> 0.
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Systems

» (Xi,...,X,) component lifetimes of a system with joint
distribution

F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).
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Systems

» (Xi,...,X,) component lifetimes of a system with joint
distribution

F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).

» Marginal distributions F;(x;) = Pr(X; < x;), i=1,...,n.
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Systems

» (Xi,...,X,) component lifetimes of a system with joint
distribution

F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).

» Marginal distributions F;(x;) = Pr(X; < x;), i=1,...,n.
» Sklar’'s theorem: There exist a copula C such that

F(xi,...,xn) = C(F1(x1), ..., Fo(xn)), Xx1,-..,xn € R.

Moreover, if F1,..., F, are continuous, then C is unique.
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Systems

» (Xi,...,X,) component lifetimes of a system with joint
distribution

F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).

» Marginal distributions F;(x;) = Pr(X; < x;), i=1,...,n.
» Sklar’'s theorem: There exist a copula C such that

F(xi,...,xn) = C(F1(x1), ..., Fo(xn)), Xx1,-..,xn € R.

Moreover, if F1,..., F, are continuous, then C is unique.

» A copula C is a multivariate distribution function with uniform
marginals over the interval (0, 1) (see Nelsen (2006)).
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Systems

» (Xi,...,X,) component lifetimes of a system with joint
distribution

F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).

» Marginal distributions F;(x;) = Pr(X; < x;), i=1,...,n.
» Sklar’'s theorem: There exist a copula C such that
F(xi,...,xn) = C(F1(x1), ..., Fo(xn)), Xx1,-..,xn € R.
Moreover, if F1,..., F, are continuous, then C is unique.
» A copula C is a multivariate distribution function with uniform
marginals over the interval (0, 1) (see Nelsen (2006)).
» Note that we just need C in [0, 1]".

40th Annual Convention of ISPS, 2021 Jorge Navarro, E-mail: jorgenav@um.es.  17/82



Distorted distributions Examples
Systems
Stochastic comparisons

Survival copula representation

» (X1,...,X,) with joint reliability (survival) function

F(xi,...,xn) = Pr(Xy > x1,..., Xy > Xn).
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Survival copula representation

» (X1,...,X,) with joint reliability (survival) function
F(xi,...,xn) = Pr(Xy > x1,..., Xy > Xn).

» Marginal reliability (survival) functions F;(x;) = Pr(X; > x;),
i=1,...,n.
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Survival copula representation

» (X1,...,X,) with joint reliability (survival) function
F(xi,...,xn) = Pr(Xy > x1,..., Xy > Xn).

» Marginal reliability (survival) functions F;(x;) = Pr(X; > x;),
i=1,...,n

» Sklar's theorem: There exist a copula C (called survival
copula) such that

F(xt,.. . xn) = C(Fi(x1),- - -, Fa(xn)), Xis-..,%n €R.

Moreover, if F1,..., F, are continuous, then C is unique.
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Survival copula representation

v

(X1,...,Xn) with joint reliability (survival) function
F(xi,...,xn) = Pr(Xy > x1,..., Xy > Xn).

Marginal reliability (survival) functions F(x;) = Pr(X; > x;),
i=1,...,n

Sklar’s theorem: There exist a copula C (called survival
copula) such that

v

v

F(xt,.. . xn) = C(Fi(x1),- - -, Fa(xn)), Xis-..,%n €R.

Moreover, if F1,..., F, are continuous, then C is unique.

v

C is a copula (distribution function), not a survival function.
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Parallel systems

» Lifetime of a parallel system X., = max(Xi, ..., Xy).
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Parallel systems

» Lifetime of a parallel system X., = max(Xi, ..., Xy).

» |ts distribution function is

Fon(t) = Pr(Xpn <t)=Pr(X1 <t,..., X, <t)=F(t,...,1t).
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Parallel systems

» Lifetime of a parallel system X., = max(Xi, ..., Xy).

» Its distribution function is
Fon(t) = Pr(Xpn <t)=Pr(X1 <t,..., X, <t)=F(t,...,1t).

» Then
Frn(t) = C(Fi(t),..., Fa(t)), t € R.

40th Annual Convention of ISPS, 2021 Jorge Navarro, E-mail: jorgenav@um.es. 19/82



Distorted distributions Examples
Systems
Stochastic comparisons

Parallel systems

» Lifetime of a parallel system X., = max(Xi, ..., Xy).
» Its distribution function is
Fon(t) = Pr(Xpn <t)=Pr(X1 <t,..., X, <t)=F(t,...,1t).
» Then
Frn(t) = C(Fi(t),..., Fa(t)), t € R.
» |t is a generalized distorted distribution from Fy, ..., F, with

Qn:n = C.

40th Annual Convention of ISPS, 2021 Jorge Navarro, E-mail: jorgenav@um.es. 19/82



Distorted distributions Examples
Systems
Stochastic comparisons

Parallel systems

» Lifetime of a parallel system X., = max(Xi, ..., Xy).
» Its distribution function is
Fon(t) = Pr(Xpn <t)=Pr(X1 <t,..., X, <t)=F(t,...,1t).
» Then
Frn(t) = C(Fi(t),..., Fa(t)), t € R.
» |t is a generalized distorted distribution from Fy, ..., F, with
Qn:n = C.
» All the copulas are distortion functions.
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Parallel systems

» Lifetime of a parallel system X., = max(Xi, ..., Xy).

» |ts distribution function is
Fon(t) = Pr(Xpn <t)=Pr(X1 <t,..., X, <t)=F(t,...,1t).
» Then
Frn(t) = C(Fi(t),..., Fa(t)), t € R.

» |t is a generalized distorted distribution from Fy, ..., F, with
Qn:n = C.
» All the copulas are distortion functions.

» The reverse is not true.
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Series systems

» Lifetime of a series system Xi., = min(Xy, ..., X,).
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Series systems

» Lifetime of a series system Xi., = min(Xy, ..., X,).

» lts reliability function is

Fin(t) =Pr(Xpn, > t) =Pr(Xy > t,..., X, > t) =F(t,...,t).
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Series systems

» Lifetime of a series system Xi., = min(Xy, ..., X,).

» lts reliability function is
Fin(t) =Pr(Xpn, > t) =Pr(Xy > t,..., X, > t) =F(t,...,t).

» Then R
F_l;,,(t) = C(F_l(t), e I:_,,(t)), t e R.
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Series systems

» Lifetime of a series system Xi., = min(Xy, ..., X,).
» lts reliability function is
Fin(t) =Pr(Xpn, > t) =Pr(Xy > t,..., X, > t) =F(t,...,t).
» Then _ o _
Fl:n(t) = C(Fl(t)7 BN Fn(t))a teR.
> It is a generalized distorted distribution from Fy,..., F, with

Ql:n = C.
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Systems

Theorem (Distortion representation, general case)

If T is the lifetime of a semi-coherent system and its component
litetimes (X1, ..., Xy) have the survival copula C, then the
reliability function of T can be written as

:ET(t) = Q('El(t)7"-7,:_n(t)) (1'5)

for all t, where Q is a distortion function which depends on the
structure ¢ of the sytem and on C.

(see, e.g., Navarro, del Aguila, Sordo and Suarez-Llorens, 2016)
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Distortion representation, |ID case

Theorem (Distortion representation, ID case)

If T is the lifetime of a semi-coherent system and the component
litetimes (X1, ..., X,) have the survival copula C and a common
reliability F, then the reliability function of T can be written as

Fr(t) = q(F(t))

for all t, where G is a distortion function which only depends on ¢
and on C.

Proof. Take g(u) = Q(u,...,u).
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Distortion representation, |ID case

Theorem (Distortion representation, IID case)

If T is the lifetime of a semi-coherent system with IID component
lifetimes X1, ..., X, having a common reliability F, then the
reliability function of T can be written as

Fr(t) = q(F(t))

for all t, where g(u) = >.7_; a;ju’ is a distortion function and

a=(a1,...,apn) is the minimal signature which only depends on ¢.
Moreover, q(u) = >, bju' where b= (b1,..., byp) is the maximal
signature.
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Table 1: Minimal and maximal signatures

Table: Minimal a and maximal b signatures of all the coherent systems
with 1-4 [ID components.

i T | a | b |
1 [ X=X (1) (1)
2 | Xi2 = min(Xy, X2) (2-series) (0,1) (2,-1)
3 | Xo.2 = max(Xz, Xz2) (2-parallel) (2,-1) (0,1)
4 | X3 = min(Xq, X2, X3) (3-series) (0,0,1) (3,-3,1)
5 | min(X1, max(Xz, X3)) (0,2,-1) (1,1,-1)
6 | X2:3 (2-out-of-3) (0,3,-2) (0,3,-2)
7 | max(X1, min(Xz, X3)) (1,1,-1) (0,2,-1)
8 | Xz:3 = max(Xi, Xz, X3) (3-parallel) (3,-3,1) (0,0,1)
9 | Xua = min(Xa, Xz, Xa, Xa) (series) (0,0,0,1) | (4,-6,4,-1)
10 | max(min(Xy, X2, X3), min(Xz2, X3, X4)) | (0,0,2,-1) | (2,0,-2,1)
11 | min(Xz3, Xa) (0,0,3,-2) | (1,3,-5,2)
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Minimal and maximal signatures

i T a b

12 | min(Xz1, max(Xz, X3), max(Xs, Xs)) (0,1,1,-1) | (1,2,-3,1)

13 | min(Xy, max(Xz, X3, Xa)) (0,3,-3,1) | (1,0,1,-1)

14 | Xza (3-outof-4) (0,0,4,-3) | (0,6,-8,3)
max(min(Xy, X2), min(X1, X3, Xa),

15 min(Xa, Xa, Xs)) (0,1,2,-2) | (0,5,—6,2)

16 | max(min(X1, X2), min(Xs, X4)) (0,2,0,-1) | (0,4,—4,1)
max(min(Xy, X2), min(Xz, X3),

17 in(Xs. X0, X0)) (0,2,0,—1) | (0,4, —4,1)
max(min(Xy, X2), min(Xz, X3),

18 min(Xs, Xs)) (0,3,—-2,0) | (0,3,—2,0)
max(min( Xy, max(Xz, X3, Xa)), B B

19 min(Xa, Xa, X)) (0,3,—-2,0) | (0,3,—2,0)
min(max(Xy, X2), max(Xz, X3), B B

20 (X X 50)) (0,4,-4,1) | (0,2,0,-1)

21 | min(max(X1, X2), max(Xz, Xs)) (0,4,—4,1) | (0,2,0,—1)
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Table 1: Minimal and maximal signatures

i T; a b
min(max(Xi, X2), max(X1, X3, Xa),

22 (e, %, ) (0,5,-6,2) | (0,1,2,-2)
23 | Xz (2-out-of-4) (0,6,-8,3) | (0,0,4,-3)
24 | max(Xy, min(Xz, X3, Xa)) (1,0,1,-1) | (0,3, 3, 1)
25 | max(X1, min(X2, X3), min(Xs, Xa)) (1,2,-3,1) | (0,1,1,—-1)
26 max(X2;3,X4) (1,3, —5,2) (0,0, 3, 2)
27 | min(max(Xy, X2, X3), max(Xz2, X3, Xa)) | (2,0,—2,1) (0,0,2,-1)
28 | Xaa = max(Xy, X2, X3, X4) (4-parallel) | (4,—-6,4,—1) | (0,0,0,1)
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Main stochastic orderings

» Stochastic order: X <s7 Y < Fx < Fy.
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Main stochastic orderings

» Stochastic order: X <s7 Y < Fx < Fy.

» Hazard rate order: X <yr Y < Fy/Fx increases (or
hx > hy).
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Main stochastic orderings

» Stochastic order: X <s7 Y < Fx < Fy.

» Hazard rate order: X <yr Y < Fy/Fx increases (or
hx > hy).
» Mean residual life order:
X<mrLY © E(X =t X>t)<E(Y—-t]Y >t)forall t.
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Main stochastic orderings

>

Stochastic order: X <s7 Y < Fx < Fy.

Hazard rate order: X <yr Y < Fy/Fx increases (or

hx > hy).

Mean residual life order:

X<mre Y © E(X —t|X>1t)<E(Y—t|Y >t)forall t.
Likelihood ratio order: X <,;gr Y < fy/fx increases.

v

v

v
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Main stochastic orderings

» Stochastic order: X <s7 Y < Fx < Fy.
» Hazard rate order: X <yr Y < Fy/Fx increases (or
hx > hy).
» Mean residual life order:
X<mre Y © E(X —t|X>1t)<E(Y—t|Y >t)forall t.
» Likelihood ratio order: X <;gr Y < fy/fx increases.
| 4

Revgrsed Ilazard rate order: X <gpr Y < Fy/Fx increases
(OI’ hX < hy).
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Main stochastic orderings

» Stochastic order: X <s7 Y < Fx < Fy.
» Hazard rate order: X <yr Y < Fy/Fx increases (or
hx > hy).
» Mean residual life order:
X<mre Y © E(X —t|X>1t)<E(Y—t|Y >t)forall t.
» Likelihood ratio order: X <;gr Y < fy/fx increases.
> Revgrsed Ilazard rate order: X <gpr Y < Fy/Fx increases
(OI’ hX < hy).
» Then

X<irY = X<urY = X<wrY

! \ 4
X <RHR Y = X <sT Y = E(X) < E(Y)
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Comparisons of distorted distributions

Theorem (Navarro, del Aguila, Sordo and Suarez-Llorens
(2013); Navarro and Gomis (2016))

If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:
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Comparisons of distorted distributions

Theorem (Navarro, del Aguila, Sordo and Suarez-Llorens
(2013); Navarro and Gomis (2016))

If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:

» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).
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Comparisons of distorted distributions

Theorem (Navarro, del Aguila, Sordo and Suarez-Llorens
(2013); Navarro and Gomis (2016))

If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:
» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).
» T1 <pgr T, for all F iff go/g; decreases in (0,1).
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Comparisons of distorted distributions

Theorem (Navarro, del Aguila, Sordo and Suarez-Llorens
(2013); Navarro and Gomis (2016))
If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:
» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).
> T1 <HR T2 for all F iff (72/(71 decreases in (0, 1).
» T1 <gur T2 for all F iff g2/q; increases in (0,1).
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Comparisons of distorted distributions

Theorem (Navarro, del Aguila, Sordo and Suarez-Llorens
(2013); Navarro and Gomis (2016))

If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:

» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).
» T1 <pgr T, for all F iff go/g; decreases in (0,1).
» T1 <gur T2 for all F iff g2/q; increases in (0,1).
» Ty <(r T> for all Fiff §,/g; decreases in (0,1).
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Comparisons of distorted distributions

Theorem (Navarro, del Aguila, Sordo and Suarez-Llorens
(2013); Navarro and Gomis (2016))

If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:

» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).

» T1 <pgr T, for all F iff go/g; decreases in (0,1).

» T1 <gur T2 for all F iff g2/q; increases in (0,1).

» Ty <(r T> for all Fiff §,/g; decreases in (0,1).

» Ty <mrL T> for all F such that E(Tl) < E(Tg) if C_]Q/C_]]_ is
bathtub in (0, 1).
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Figure: All ST orderings for the systems in Table 1 (11D case).
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Figure: All the HR orders for the systems in Table 1 (IID case).
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Figure: All the LR orders for the systems in Table 1 (IID case).
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Comparisons for systems with non-ID components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT,- = Q,'(Fl, ce Fn), i=1,2, then:
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Comparisons for systems with non-ID components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT,- = Q,'(Fl, ce Fn), i=1,2, then:

» Ty <st Toforall Fi,...,F,iff @ < Qin (0,1)".
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Comparisons for systems with non-ID components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT; = Q,'(Fl, ce Fn), i=1,2, then:

» Ty <st Toforall Fi,...,F,iff @ < Qin (0,1)".
» Ty <pr Taforall Fy,..., F,iff Q/Qy is decreasing in (0,1)".
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Comparisons for systems with non-ID components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT; = Q,'(Fl, ce Fn), i=1,2, then:

» Ty <st Toforall Fi,...,F,iff @ < Qin (0,1)".

» Ty <pr Taforall Fy,..., F,iff Q/Qy is decreasing in (0,1)".

» T1 <gur Tz forall Fi,... F,iff Q2/Q is increasing in
(0,1)".
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Comparisons for systems with ordered components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT,- = Q,'(Fl, ey Fn), i=1,2, then:
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Comparisons for systems with ordered components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT,- = Q,'(Fl, ey Fn), i=1,2, then:

» Ty <st Toforall Fy >g7 -+ >s7 Fp iff Q1 < Q2 in
D={(u1,...,un) €[0,1]" 11y > -+ > up};
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Comparisons for systems with ordered components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT,- = Q,'(Fl, ey Fn), i=1,2, then:
» Ty <st Taforall Fy >s7 -+ 257 F iff Q1 < Q2 in
D={(u1,...,un) €[0,1]" 11y > -+ > up};
» Ty <pygr To for all F; >xr -+ - >Hr F, iff the function
- )_QQ(V]_,V1V2,...,V1...V,,)

H(vi,...,vp) = = 1.6
( Qi(vi,vive, ..., vi...vp) (16)

is decreasing in (0,1)";
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Comparisons for systems with ordered components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT,- = Q,'(Fl, ey Fn), i=1,2, then:
> T1 <st Taforall i >s7 - 257 Fy iff Q1 < @ in

D={(u1,...,un) €[0,1]" 11y > -+ > up};
» Ty <pygr To for all F; >xr -+ - >Hr F, iff the function

F/(Vl,...,vn):92(\/1,‘/1‘/27'”7‘/1'”\/”) (16)
Ql(vl, Vivo,...,V1... Vn)
is decreasing in (0,1)";
» T1 <gur To for all F; <gpr -+ <gur Fn iff the function
Q2(vi,viva, ... V1. . Vy)

1.7
Qi(vi,viva, ... vi...Vp) (1.7)

H(vi,...,vp) =

is increasing in (0, 1)".
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Table: Dual distortions functions of 5 systems with 1-3 IND components.
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=2

T = 77D()<17 X27 X3)

Q(ula uz, U3)

O NO OB WN R

X1;3 = min(Xl, XQ, X3)
min(Xz,X3)
min(X1, X3)
min(Xl,Xz)

min (X3, max(X1, X2))

min( X, max(Xi, X3))

min( X1, max(Xz, X3))
X3

ujusus

us U3

upuz

upuz
uu3 + upuz — Ul U3
uplp + Upuz — Uplia U3
uyup + upu3z — Uil U3

u3
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Table 2: Dual distortions of systems with IND components

N T = 1/)(X1,X2,X3) Q(U]_,U2,U3)

9 X5 u»

10 X1 ui

11 X2:3 urup + upu3 + touz — 2ui b U3

12 | max(X3, min(X1, X2)) uz + Uil — Ui la U3

13 | max(Xz, min(X1, X3)) Us + ujuz — uplou3

14 | max(X1, min(X2, X3)) U + Uol3z — U lr U3

15 max(Xz, X3) Us + Uz — U3

16 max(X1, X3) u + uz — uu3

17 max(Xl, Xg) uy + up — uiUn

18 | X3.3 = max(X1, X2, X3) | v1 + u2 + u3 — ugup — uuz — waU3
+uiupus3
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Systems with IND components

Table: Relationships for the ST order between the coherent systems with
independent components given in Table 2. The value 2 indicates that

T; <st T; holds for any Fi, F>, F3 (i denotes the row and j the column).
The value 1 indicates that T; <s7 T; holds for all F1 >s7 F> >s7 F3. It
also indicates that T; <st T; does not hold for all F, F, F3. The value
0 indicates that T; <s7 T; does not hold for all F; >s7 F> >s7 F3.

ST|2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
112 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
2]/2 1 1 2 2 1 2 2 1 2 2 2 2 2 2 2 2
3]0 2 1 2 1 2 2 1 2 2 2 2 2 2 2 2 2
4 |0 0 2 0 2 2 0 2 2 2 2 2 2 2 2 2 2
510 0 0 2 1 1 2 1 1 2 2 2 2 2 2 2 2
6 |0 0 0 0 2 1 0 2 1 2 2 2 2 2 2 2 2
7|/0 0O O O O 2 O O 2 2 2 2 2 2 2 2 2
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Distorted distributions Examples
Systems
Stochastic comparisons

Systems with IND components

Table: Relationships for the HR order between the coherent systems with
independent components given in Table 2. The value 2 indicates that

Ti <ur Tj holds for any Fy, F>, F3 (i denotes the row and j the column).
The value 1 indicates that T; <yg T; holds for all F; >pr Fo >Hr F3. It
also indicates that T; <ygr T; does not hold for all F1, F>, F3. The value
0 means that T; <pr T; does not hold for all F; >pr F2 >Hr Fs.

HR|2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
112 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
212 1 1 1 1 1 2 2 1 1 1 1 1 2 1 1 1
3|0 2 1 0 0 1 2 1 2 0 1 1 1 1 2 1 1
4 10 0 2 0 0 O 0 2 2 0 0 0 0 0 0 2 0
510 0 0 2 0 0 2 1 1 0 0 1 1 1 1 2 2
6 /0 0 0 0 2 0 0 2 1 0 0 0 1 0 2 1 2
710 0 O O O 2 0 O 2 0 0 0 1 2 1 1 2
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Multivariate distorted distributions
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Notation

» (Xi,...,X,) random vector over (22, S, Pr).
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Notation

» (Xi,...,X,) random vector over (22, S, Pr).
» Joint distribution function (DF)

F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).
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Notation

» (Xi,...,X,) random vector over (22, S, Pr).
» Joint distribution function (DF)

F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).
» Copula representation
F(x1,...,%n) = C(F1(x1), ..., Fa(xn)),

where F1,..., F, are the marginals.
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Notation

» (Xi,...,X,) random vector over (22, S, Pr).
» Joint distribution function (DF)
F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).
» Copula representation
F(x1,...,%n) = C(F1(x1), ..., Fa(xn)),
where F1,..., F, are the marginals.
» A similar representation holds for the joint survival function

F(x1,...,%n) = Pr(X1 > x1,..., X5 > xp).
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Definition

Definition (Navarro, Cali, Longobardi and Durante (2021))

A multivariate distribution function F is said to be a multivariate
distorted distribution (MDD) of the univariate distribution functions
Gi,..., G, if there exists a distortion function D such that

F(x1,...,%xn) = D(Gi(x1),..., Gn(xn)), ¥x1,...,xp € R. (2.1)

We write F = MDD(Gy, ..., Gp), when F is a MDD of Gi,..., G,.
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Definition

Definition
A continuous function D : [0,1]” — [0,1] is called (n—dimensional)
distortion function (shortly written as D € D,) if:

(1) D(u1y ..., ui—1,0,uj11,...,u,) =0 for all ug,...,u, €[0,1].

(i) D(,...,1) = 1.

(i) D is n—increasing, i.e. for all x = (x1,...,x,) and
y=(y1,---,yn) with x; < y;, it holds AY D > 0, where

A(yl» 7y’1 Z ( 1)1(217 -2 (Z]_, N ,Zn),

(x1,. 7Xn)
zle{xl 7.)/1}

with 1(z1,...,2z,) =>.7 1 1(zi = x;) and 1(A) =1
(respectively, 0) if A is true (respectively, false).
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Main properties

> According to Sklar's theorem, any multivariate distribution
function can be expressed in terms of its univariate marginal
distributions via a copula representation.
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Main properties

> According to Sklar's theorem, any multivariate distribution
function can be expressed in terms of its univariate marginal
distributions via a copula representation.

» |If the marginals are continuous then this representation
(copula) is unique.
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Main properties

> According to Sklar's theorem, any multivariate distribution
function can be expressed in terms of its univariate marginal
distributions via a copula representation.

» |If the marginals are continuous then this representation
(copula) is unique.

> In the following result, we state a similar Sklar-type theorem
for MDD under mild conditions.
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Sklar-type theorem

Proposition

Let (X1,...,Xy) be a random vector with joint continuous
distribution function F. Let Gy,..., G, be arbitrary continuous
distribution functions and let us assume that G; is strictly
increasing in the support of X; for i = 1,...,n. Then there exists a
unique distortion D € D,, such that

F(x1,...,%xn) = D(Gi(x1), ..., Gn(xn))

holds for all (x1,...,xn) € R".
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Construction of new multivariate models

The converse of the preceding proposition can be stated as follows.
Proposition
If D € D, then

D(Gi(x1),- .., Gn(xn))

is @ multivariate distribution function for all univariate distribution
functions Gy, ..., G,.
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Relationship with the copula

Proposition
Let (Xi,...,Xp,) be a random vector with joint continuous
distribution function F. Let Gy, ..., G, be arbitrary continuous

distribution functions. Suppose that F = MDD(Gy, ..., G,) with
distortion D. Then,

D(uy, ..., up) = C(F1(Gy H(u1)),- .., Fa(G, (un)))

for all (u1,...,u,) € [0,1]", where G * is the quasi-inverse of G;
and F; is the ith marginal of F fori=1,...,n.
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Joint survival function.

Proposition

Let (Xi,...,Xy,) be a random vector with distribution function F.
If (2.1) holds for Gi,..., G, and D € Dy, then the joint survival
function of (X1, ..., X,) can be written as

F(xi,..., %)) = ﬁ(él(xl), ooy Ga(xn)) (2.2)

for all x1, ..., xn, where Gi =1 — G; is the survival function
associated to G; fori =1,...,n and D € D,,.
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Marginal distributions

» A relevant property of the MDD representation
F = MDD(G;, ..., Gp) is that all the multivariate marginal
distributions of F are also MDD from Gy, ..., G,.
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Marginal distributions

» A relevant property of the MDD representation
F = MDD(G;, ..., Gp) is that all the multivariate marginal
distributions of F are also MDD from Gy, ..., G,.

» Let Fi__m be the distribution function of (Xi,..., Xn).
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Marginal distributions

» A relevant property of the MDD representation
F = MDD(G;, ..., Gp) is that all the multivariate marginal
distributions of F are also MDD from Gy, ..., G,.

» Let Fi__m be the distribution function of (Xi,..., Xn).

» Proposition
IfF = MDD(G,...,G,) and 1 < m < n, then

Fi.om(x1, .. xm) = D1, m(G1(x1), - - ., Gm(Xm)) (2.3)
for all (x1,...,xm) € R™, where
Dy, . m(ui,...,um) = D(ur,...,um,1,...,1)

for all (uy,...,um) €[0,1]™ and D1, m € Dp.
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Univariate marginal distributions.

> |In particular, the ith marginal distribution function of X; can
be written as

F,'(X,') = D(l, ceey 1, G,'(X,'), 1, ey 1) = D,'(G,'(X,‘)) (24)
for all x; € R, where
Di(u) :=D(1,...,1,u,1,...,1)

and the value v is placed at the ith position.
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Univariate marginal distributions.

> |In particular, the ith marginal distribution function of X; can
be written as

F,'(X,') = D(l, ceey 1, G,'(X,'), 1, ey 1) = D,'(G,'(X,‘)) (24)
for all x; € R, where
Di(u) :=D(1,...,1,u,1,...,1)

and the value v is placed at the ith position.

» Clearly, we have G; = F; for a fixed i € {1,...,n} when
Di(u) = u for all u € [0, 1].
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Probability density function

Let us assume that F is absolutely continuous with joint probability
density function (PDF) f, where

f(x1,....xn) =01, nF(x1,...,xn) (a.€.).

Proposition

IfF = MDD(Ga, ..., G,) for absolutely continuous distribution
functions Gy, ..., G, with PDFs gy, ..., gn, respectively, and a
distortion function D that admits continuous mixed derivatives of
order n, then

f(x1,....xn) = g1(x1) ... &n(xn) 01, nD(Gi(x1), ..., Gn(xn)).
(2.5)
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Conditional distributions

» All the conditional distributions of F = MDD(Gy, ..., G,)
have MDD representations.
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Conditional distributions

» All the conditional distributions of F = MDD(Gy, ..., G,)
have MDD representations.
» We just consider the DF Fy; of (X2|X1 = x1).
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Conditional distributions

» All the conditional distributions of F = MDD(Gy, ..., G,)
have MDD representations.
» We just consider the DF Fy; of (X2|X1 = x1).

» Proposition

Let (X1, X2) with F = MDD( Gy, Gy) for a distortion function
D € D, that admits continuous mixed derivatives of order 2, then

Faji(xalx1) = D21 (G2(x2)| Gi(x1)) (2.6)
whenever lim, g+ 01D(Gi1(x1), v) = 0, where

B M D(Gi(x1),v)
D1 (v|Gi(x1)) = 9.D(G1(x1), 1)

for 0 < v <1 and x; such that 91D(G;i(x1),1) > 0.
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Theoretical Quantile Regression

» The (mean) regression curve to predict X, from Xj is

myi(x1) = E(Xo|X1 = x1)
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Theoretical Quantile Regression

» The (mean) regression curve to predict X, from Xj is
myi(x1) = E(Xo|X1 = x1)

> If dyjy(v]u) == Dé“(v\u), then

+oo
myp(x1) = / x282(x2) day1(G2(x2)| G1(x1)) dxe.

—00
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Theoretical Quantile Regression

» The (mean) regression curve to predict X, from Xj is
myi(x1) = E(Xo|X1 = x1)

> If dyjy(v]u) == Dé“(v\u), then

+oo
myp(x1) = / x282(x2) day1(G2(x2)| G1(x1)) dxe.

—00

» Another option is the conditional median regression curve
mo1(x1) = F2_|11(0-5|X1)
(see Koenker (2005) or Nelsen (2006), p. 217).
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Theoretical Quantile Regression

» The (mean) regression curve to predict X, from Xj is
myi(x1) = E(Xo|X1 = x1)

> If dyjy(v]u) == Dé“(v\u), then

+oo
myp(x1) = / x282(x2) day1(G2(x2)| G1(x1)) dxe.

—00

» Another option is the conditional median regression curve
~ . _1
m2|1(X1) = F2|1 (0.5]x1)

(see Koenker (2005) or Nelsen (2006), p. 217).
» This quantile function F;ﬁl can be computed from (2.6) as

Fyi(aba) = Gy {(Dy1(alGu(x))), 0 < g < 1.
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Confidence bands

» Moreover, we can obtain a-confidence bands in a similar way
with
-1 —1
F2\1 (Blx1), F2|1 (/82|X1)]

taking 0 < 1 < 2 < 1 such that 5, — 51 = .
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Confidence bands

» Moreover, we can obtain a-confidence bands in a similar way
with

Fon (Bilx), Fypg (52|X1)]
taking 0 S /Bl < 52 S 1 SUCh that 62 — Bl = Q.

» For example, the centered 50% and 90% quantile-confidence
bands for (X2| X1 = x1) are determined, respectively, by

Fa(025a). Fy}(0.75]4)|

and
[ Fy(0.05]x1), F51(0. 95|x1)]
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Example 1: Residual lifetimes

» Xi,..., X, represent the lifetimes of n components.
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Example 1: Residual lifetimes

» Xi,..., X, represent the lifetimes of n components.
» (Xi — t|X; > t) denotes the univariate residual lifetimes at
time t > 0 with

= F-,' t
Foo(x) = Pr(Xi — t > x|X; > t) = %

for every x > 0, whenever F;(t) > 0.
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Example 1: Residual lifetimes

» Xi,..., X, represent the lifetimes of n components.
» (Xi — t|X; > t) denotes the univariate residual lifetimes at
time t > 0 with
_ F-,'(t + X)
Fi =Pr(Xi —t>x|X;i > t) = —=——
) = Prl — £ 61X > ) = D
for every x > 0, whenever F;(t) > 0.
» The mean residual lifetime is m;(t) = E(X; — t|X; > t).
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Example 1: Residual lifetimes

» Xi,..., X, represent the lifetimes of n components.
» (Xi — t|X; > t) denotes the univariate residual lifetimes at
time t > 0 with
_ F-,'(t + X)
Fie(x) =Pr(Xi—t>x|Xi>t) = ————
’7t( ) ( 1 | ! ) F,(t)

for every x > 0, whenever F;(t) > 0.
» The mean residual lifetime is m;(t) = E(X; — t|X; > t).
» From X = (Xi,...,X,), we can consider

Xe=(Xi—t,..., Xg—t|Xg > t,..., Xy > t)
whose survival function for xq,...,x, > is

l:_t(xl, cooyXn) = Pr(Xy > xatt, . Xy > xp -t Xy >t X, > ).
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Example 1: Residual lifetimes

Proposition
IfE(t,...,t) >0 for some t >0, then

Fe(xi,. .- xn) = De(Fre(x1), - - - Fr(xn)) (2.7)

for all x1,...,x, >t and distortion function

Up,...,Up € [071]a
(2.8)

_ C(Ri(t)un,. .., Fa(t)un)
C(Fi(t),...,Fn(t))
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Example 1: Residual lifetimes

> Note that I:_,-7t is not the jith marginal survival function of the
random vector X;.
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Example 1: Residual lifetimes

> Note that I:_,-7t is not the jith marginal survival function of the
random vector X;.

» The ith marginal survival function is

Hi+(x) =Pr(Xi —t > x| Xy > t,..., X, > t).
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Example 1: Residual lifetimes

> Note that I:_,-7t is not the jith marginal survival function of the
random vector X;.

» The ith marginal survival function is
Hi+(x) =Pr(Xi —t > x| Xy > t,..., X, > t).

» Hence (2.7) is not a copula representation and 515 is not
always a copula.

40th Annual Convention of ISPS, 2021 Jorge Navarro, E-mail: jorgenav@um.es. 58/82



Main properties
Multivariate distorted distributions Quantile regression
Examples

Example 1: Residual lifetimes

> Note that I:_,-7t is not the jith marginal survival function of the
random vector X;.

» The ith marginal survival function is
Hi+(x) =Pr(Xi —t > x| Xy > t,..., X, > t).

» Hence (2.7) is not a copula representation and 515 is not
always a copula.

» If Xq,..., X, are exponential, then I:_,-yt =F +# I-_I,-,t.
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Example 2: Ordered paired data

» Let us assume that X and Y have a common absolutely
continuous distribution function F. Then

Fxy(x,y) = C(F(x), F(¥))-
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Example 2: Ordered paired data

» Let us assume that X and Y have a common absolutely
continuous distribution function F. Then

Fxy(x,y) = C(F(x), F(¥))-

» Sometimes, we may also assume that C is permutation
symmetric, i.e., (X, Y) is exchangeable (EXC).
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Example 2: Ordered paired data

» Let us assume that X and Y have a common absolutely
continuous distribution function F. Then

Fxy(x,y) = C(F(x), F(¥))-

» Sometimes, we may also assume that C is permutation
symmetric, i.e., (X, Y) is exchangeable (EXC).

» We assume that L = min(X, Y is known and that we want to
predict U = max(X, Y).
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Example 2: Ordered paired data

» Let us assume that X and Y have a common absolutely
continuous distribution function F. Then

Fx,v(x,y) = C(F(x), F(y)).
» Sometimes, we may also assume that C is permutation
symmetric, i.e., (X, Y) is exchangeable (EXC).

» We assume that L = min(X, Y is known and that we want to
predict U = max(X, Y).
» To this purpose we need the conditional distribution function

Gou(s|t) :=Pr(U<s|[L=1t), s>t
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Example 2: Ordered paired data

» Let us assume that X and Y have a common absolutely
continuous distribution function F. Then

Fx,v(x,y) = C(F(x), F(y)).
» Sometimes, we may also assume that C is permutation
symmetric, i.e., (X, Y) is exchangeable (EXC).

» We assume that L = min(X, Y is known and that we want to
predict U = max(X, Y).

» To this purpose we need the conditional distribution function
Gou(s|t) :=Pr(U<s|[L=1t), s>t

> |t can be used to compute the median regression curve and the
confidence bands.
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Example 2: Ordered paired data

» We assume that we have a training sample
(Xla Yl)a SRR (Xm7 Ym) from (Xa Y)
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Example 2: Ordered paired data

» We assume that we have a training sample
(Xla Yl)a SRR (Xm7 Ym) from (Xa Y)

» However, for other individuals, we may just know
L =min(X,Y) and we want to estimate U = max(X, Y).
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Example 2: Ordered paired data

» We assume that we have a training sample
(X1, Y1), ..., (Xm, Ym) from (X, Y).
» However, for other individuals, we may just know
L =min(X,Y) and we want to estimate U = max(X, Y).
» Note that both F and C can be estimated from the training

sample by using parametric models or empirical or kernel type
estimators.
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Example 2: Ordered paired data

» We assume that we have a training sample
(X1, Y1), ..., (Xm, Ym) from (X, Y).

» However, for other individuals, we may just know
L =min(X,Y) and we want to estimate U = max(X, Y).

» Note that both F and C can be estimated from the training
sample by using parametric models or empirical or kernel type
estimators.

» So, we want to obtain a MDD representation for the random
vector (L, U) in terms of F and C.
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Example 2: Ordered paired data

» The joint distribution function G(x,y) = Pr(L < x,U < y) of
(L,U)is

Gx) = { C(F(y). F(»)) for y < x
: C(F(x), F(y)) + C(F(y), F(x)) = C(F(x), F(x)) for y > x.
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Example 2: Ordered paired data

» The joint distribution function G(x,y) = Pr(L < x,U < y) of
(L,U)is

Gx) = { C(F(y). F(»)) for y < x
: C(F(x), F(y)) + C(F(y), F(x)) = C(F(x), F(x)) for y > x.

» Therefore, G= MDD(F,F), i.e.
G(x,y) = D(F(x), F(y)) (2.9)

with the following distortion function

B C(v,v) for v<u;
D(u,v) = { C(u,v)+ C(v,u) — C(u,u) for u<v.
(2.10)
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Example 2: Ordered paired data

» Then the marginal distributions of (L, U) can be written as
Gi(x) :=Pr(L < x) = D(F(x),1) = Di1(F(x)),

Ga(y) :=Pr(U <y) = D(L, F(y)) = D2(F(y)),

where
Di(u) = D(u,1) = 2u — C(u, u)

and
Dy(v) = D(1,v) = C(v,v)

for all u,v € [0,1].
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Example 2: Ordered paired data, |ID case

» For example, if X and Y are independent, then
Di(u) = D(u,1) =2u—u*#u

and
Dy(u) = D(1,u) = u* # u

for all v e (0,1).
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Example 2: Ordered paired data, |ID case

» For example, if X and Y are independent, then
Di(u) = D(u,1) =2u—u*#u
and
Dy(u) = D(1,u) = u* # u
for all u € (0,1).
» The distortion function is

D(u,v) = {

v2 for v<u;

2uv —u? for u<v. (211)

» Note that it is not a copula and that the marginals G; and G;
of G do not appear in (2.9) (we use F instead).
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Example 2: Ordered paired data

» From (2.6) and (2.9), the distribution function of (U|L = x) is
Gop(y[x) = Dayn(F(y)IF(x)) (2.12)
for y > x, where

Do (vIF(x)) := %7

M D(u,v) =0 C(u,v)+0C(v,u)—01 C(u, u)—02C(u, u), for v > u.
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Example 2: Ordered paired data

» From (2.6) and (2.9), the distribution function of (U|L = x) is

Go1(y|x) = Dap(F(y)IF(x)) (2.12)
for y > x, where

Do (vIF(x)) := %7

M D(u,v) =0 C(u,v)+0C(v,u)—01 C(u, u)—02C(u, u), for v > u.

» |In the EXC case, we have

01D(u,v) =201C(u,v) — 201 C(u,u), u<v<1.

40th Annual Convention of ISPS, 2021 Jorge Navarro, E-mail: jorgenav@um.es.  64/82



Main properties
Multivariate distorted distributions Quantile regression
Examples

Example 3: Coherent systems

Theorem
If Ty and T, are two coherent systems with ID~ F components
(X1,...,Xn), then its joint distribution is MDD(F,F).
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Example 3: Coherent systems

Theorem
If Ty and T, are two coherent systems with ID~ F components
(X1,...,Xn), then its joint distribution is MDD(F,F).

» In particular, it can be applied to the k-out-of-n systems
(order statistics).

40th Annual Convention of ISPS, 2021 Jorge Navarro, E-mail: jorgenav@um.es.  65/82



Main properties
Multivariate distorted distributions Quantile regression
Examples

Example 3: Coherent systems

Theorem
If Ty and T, are two coherent systems with ID~ F components
(X1,...,Xn), then its joint distribution is MDD(F,F).

» In particular, it can be applied to the k-out-of-n systems
(order statistics).

» In a more particular case, for X1., and X5., we obtain the
distortion D of the preceding subsection.
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Example 3: Coherent systems

Theorem
If Ty and T, are two coherent systems with ID~ F components
(X1,...,Xn), then its joint distribution is MDD(F,F).

» In particular, it can be applied to the k-out-of-n systems
(order statistics).

» In a more particular case, for X1., and X5., we obtain the
distortion D of the preceding subsection.

» Other examples: Sequential order statistics, record values, ...
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Exact QR curves for paired ordered data. |ID case.

» Let (X;, Y;) be a sample from (X, Y) where X, Y are lID~ F.
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Exact QR curves for paired ordered data. |ID case.

» Let (X;, Y;) be a sample from (X, Y) where X, Y are lID~ F.
» Let L; = min(X;, Y;) and U; = max(Xj, Yi).
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Exact QR curves for paired ordered data. |ID case.

» Let (X;, Y;) be a sample from (X, Y) where X, Y are lID~ F.
» Let L; = min(X;, Y;) and U; = max(Xj, Yi).
» Note that L; and U; are dependent.
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Exact QR curves for paired ordered data. |ID case.

v

Let (Xi, Y;) be a sample from (X, Y) where X, Y are IID~ F.
Let L; = min(X;, Y;) and U; = max(X;, Yi).

Note that L; and U; are dependent.

From (2.12), the distribution function of (U|L = x) is

G2|1(Y\X) = D2|1(F(Y)\F(X)) (2.13)

for y > x, where

v

v

v

Do (v1F() = s

for F(x) <v <1,
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Paired ordered data. IID case.

40
1
40
1

30
1
30
1

Figure: Independent data from two exponential distributions with mean
w =10 (left) and the associated paired ordered data (right).
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Exact QR curves for paired ordered data. |ID case.

» The quantile function F2_|1:l can be computed as
Fi(alx) = FH (D51 (alF(x)))

ff)r 0 < v <1, where D2_|11(q|F(x)) = F(x) + gF(x), when
F(x) = exp(—x/u) and F1(y) = —plog(1 — y). Then

F2_|11(q|X) = —plog ((1 - q)e_x/“> =x— pulog(l — q).
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Exact QR curves for paired ordered data. |ID case.

» The quantile function F2_|1:l can be computed as
Fi(alx) = FH (D51 (alF(x)))

ff)r 0 < v <1, where D2_|11(q|F(x)) = F(x) + gF(x), when
F(x) = exp(—x/u) and F1(y) = —plog(1 — y). Then

Fya (alx) = —plog ((1 - q)e_x/“> = x — plog(l—q).
|
» Therefore, the exact QR curve is

m(x) = x — plog(0.5).
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Exact QR confidence bands for paired ordered data

» Analogously, the exact QR centered 90% confidence band is

[x — plog(0.05), x — 1 log(0.95)].
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Exact QR confidence bands for paired ordered data

» Analogously, the exact QR centered 90% confidence band is
[x — plog(0.05), x — 1 log(0.95)].

» The 50% centered confidence band is obtained in a similar way.
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Exact QR confidence bands for paired ordered data

» Analogously, the exact QR centered 90% confidence band is
[x — plog(0.05), x — 1 log(0.95)].

» The 50% centered confidence band is obtained in a similar way.

» The exact QR lower 90% confidence band is

[x,x — plog(0.90)].
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QR for paired ordered data. IID case.

Figure: QR for the paired ordered data (L, U) associated to independent
data (X, Y) from two exponential distributions with mean g = 10 jointly
with 50% and 90% centered (left) or bottom (right) confidence bands.
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Predictions

» The first ordered pair in our sample is L; = 10.15771 and
U; = 14.17195.
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Predictions

» The first ordered pair in our sample is L; = 10.15771 and
U; = 14.17195.

» The prediction for Uy from Ly is

m(L1) = m(10.15771) = 10.15771 — 1 log(0.5) = 17.08918.
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Predictions

» The first ordered pair in our sample is L; = 10.15771 and
U; = 14.17195.

» The prediction for Uy from Ly is
m(L1) = m(10.15771) = 10.15771 — ulog(0.5) = 17.08918.

» The centered 90% confidence interval for this prediction is
[10.67064, 40.11503].
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Predictions

>

The first ordered pair in our sample is L; = 10.15771 and
U; = 14.17195.

The prediction for Uy from Ly is

v

m(L1) = m(10.15771) = 10.15771 — 1 log(0.5) = 17.08918.

v

The centered 90% confidence interval for this prediction is
[10.67064,40.11503].

The centered 50% confidence interval for this prediction is
[13.03453, 24.02065].

v
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Dependent EXC data

» Let us consider now that (X, Y') are DID with a copula C and
a common marginal distribution F.
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Dependent EXC data

» Let us consider now that (X, Y') are DID with a copula C and
a common marginal distribution F.

» We consider again the exponential model
F(t) = exp(—t/n), t>0
and the Clayton EXC copula

Clu,v) = ﬁ (u,v) € 0,1 (2.14)

72/82
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Dependent EXC data

» To get the QR curves we need the distribution Gy|1(y[x) of
(UIL = x). From (2.12) we need
OuD(u, v) = 200 C(u, v)—204 Cluu) = 202
LEAL V) = catithv ! u’u_(u+v—uv)2 (2 —u)?

and
2 2 2
Obl) =T T e T o ae
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Dependent EXC data

» To get the QR curves we need the distribution Gy|1(y[x) of
(UIL = x). From (2.12) we need
OuD(u, v) = 200 C(u, v)—204 Cluu) = 202
LEAL V) = catithv ! u’u_(u+v—uv)2 (2 —u)?

and
2 2 2
D(u,1) = — —2__“
WD) =T " ey 2 u)?
» Hence, for v > u, we get
v2 1
utv—uv)2  (2—=u)?
Dy (v]u) = R B2

(2—u)?
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Dependent EXC data

» To get the QR curves we need the distribution Gy|1(y[x) of
(UIL = x). From (2.12) we need
OuD(u, v) = 200 C(u, v)—204 Cluu) = 202
LEAL V) = catithv ! u’u_(u+v—uv)2 (2 —u)?

and
2 2 2
Obl) =T T e T o ae

» Hence, for v > u, we get

v2

1
utv—uv)?2  (2—u)?
Doy (v]u) = L B2
(2—u)?

» To compute the inverse, we need to solve in y the equation
Goi(y[x) = g for g € (0,1).
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Dependent EXC data

» This leads to

F(x)

F _1 2—F(x)
) =1+ e For

2|1 (q|X)

for0<g<1.
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Dependent EXC data

» This leads to

F(x)

F _1 2—F(x)
) =1+ e For

2|1 (q|X)

for0<g<1.
» Therefore, the exact median regression curve to predict U
from L = x is

m(x) = 2|1(0 5/x).

40th Annual Convention of ISPS, 2021 Jorge Navarro, E-mail: jorgenav@um.es.  74/82



Main properties
Multivariate distorted distributions Quantile regression
Examples

Dependent EXC data

» This leads to

F(x)

F _1 2—F(x)
) =1+ e For

2|1 (q|X)

for0<g<1.
» Therefore, the exact median regression curve to predict U
from L = x is

m(x) = 2|1(0 5/x).
» Analogously, the 90% centered confidence band is

[ Gy11(0.051x), Gy (0. 95’X)} :
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Dependent EXC data

» This leads to

F(x)

F _1 2—F(x)
) =1+ e For

2|1 (q|X)

for0<g<1.
» Therefore, the exact median regression curve to predict U
from L = x is

m(x) = 2|1(0 5/x).
» Analogously, the 90% centered confidence band is
[ G5 1(0.05]x), G31(0. 95]x)} .

» The other confidence bands can be obtained in a similar way.
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Dependent EXC data

» This leads to

F(x)

F _1 2—F(x)
) =1+ e For

2|1 (q|X)

for0<g<1.
Therefore, the exact median regression curve to predict U
from L = x is

v

m(x) = 2|1(0 5/x).
Analogously, the 90% centered confidence band is
[ G5 1(0.05]x), G31(0. 95]x)} .

The other confidence bands can be obtained in a similar way.
For an exponential distribution with © = 10 we get

v

vV Yy
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QR for paired ordered data. ID case.

Figure: QR curves for paired ordered data (L, U) associated to dependent
data (X, Y) from two exponential distributions with centered (left) and
bottom (right) confidence bands.
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Parametric QR curves

» Our model can contain some unknown parameters.
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Parametric QR curves

» Our model can contain some unknown parameters.
» They can be both in F or in C.
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Parametric QR curves

» Our model can contain some unknown parameters.
» They can be both in F or in C.

» We can use the training sample (Xj, Y;) from (X, Y) to
estimate the unknown parameters.
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Parametric QR curves

>

Our model can contain some unknown parameters.
They can be both in F or in C.

» We can use the training sample (Xj, Y;) from (X, Y) to
estimate the unknown parameters.

v

v

Then we can use the MDD representation with the estimated
parameters to get the estimated QR curves.
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Parametric QR for paired ordered data IID case

Figure: Parametric QR curves for (L, U) associated to 11D data (X, Y)
from an exponential distribution jointly with centered (left) and bottom
(right) confidence bands. The dashed lines are the exact curves.
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Parametric QR for paired ordered data ID case

0 5 10 15 20 0 5 10 15 20

Figure: Parametric QR curves for (L, U) associated to data (X, Y) from
an exponential distribution with unknown mean p and a Clayton copula
with unknown parameter f. The dashed lines are the exact curves.
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Non-parametric QR curves.

> |f we do not have a parametric model, we can use
non-parametric estimators for F and C.
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Non-parametric QR curves.

> |f we do not have a parametric model, we can use
non-parametric estimators for F and C.

» We can also use the statistical program R with
library(’quantreg’) to estimate the exact curves from the
training sample (see Koenker, 2005; Koenker and Bassett,
1978).
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Non-parametric QR for paired ordered data, IID case

Figure: Non-parametric QR curves for paired ordered data (L, U)
associated to IID data (X, Y) from an exponential distribution with
w=10 and k =1 (left) or k = 2 (right).
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Non-parametric QR for paired ordered data, ID case

Figure: Non-parametric QR curves for (L, U) associated to data (X, Y)
from an exponential distribution and a Clayton copula with § =1 and
k =1 (left) or k = 2 (right). The dashed lines are the exact curves.
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