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Coherent systems

» A system with n components is a Boolean function

¢:{0,1}" — {0,1}

where ¢(x1,...,x,) represents the state of the system when
we know the states xq, ..., x, for the components.
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Coherent systems

» A system with n components is a Boolean function

¢:{0,1}" — {0,1}

where ¢(x1,...,x,) represents the state of the system when
we know the states xq, ..., x, for the components.

> A system is semi-coherent if ¢ is increasing, ¢(0,...,0) =0
and ¢(1,...,1)=1.
> A system is coherent if ¢ is increasing and it is strictly

increasing in at least a point in each variable (i.e. it does not
contain irrelevant components).
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Basic properties

> Aset PC{l,...,n} is a path set of a system ¢ if

¢(Xl7"'axn) =1

when x; = 1 for all / € P.
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Basic properties

> Aset PC{l,...,n} is a path set of a system ¢ if

¢(Xl7"'axn) =1

when x; = 1 for all / € P.

» A path set is a minimal pat set if does not contain other

path sets.
» If Py,..., P, are the minimal path sets of a system ¢, then
X1,...,Xp) = Max minx;.
o0, xa) i=1,...njep; ’
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Basic properties

> If T is the lifetime of a system, then Fr(t) = Pr(T > t) is the
system reliability function for t > 0.
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then Fi(t) = Pr(X; > t) is the reliability function of the ith
component and

Pr(X1 > t1,..., X, > tn) = C(Fi(t1),. .., Fa(ta))

is the joint reliability function of the components.
» If Py,..., P, are the minimal path sets of a system ¢, then

T:gb(Xl,...,Xn):i:r\;ai(njrre\pXj.
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Basic references on coherent systems

» Barlow, R.E. and Proschan, F. (1975). Statistical Theory of
Reliability and Life Testing. Holt, Rinehart and Winston.
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Basic references on coherent systems

» Barlow, R.E. and Proschan, F. (1975). Statistical Theory of
Reliability and Life Testing. Holt, Rinehart and Winston.

» My new book:

Jorge Navarro

Introduction
to System

Reliability
Theory
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Distortion representations

» The system reliability function can be written as
Fr(t) = Q(Fi(t),...,Fy(t)) forall t € R, (1.1)

where @ : [0,1]" — [0,1] is a distortion function, i.e., Qis
continuous, is increasing and satisfies Q(0,...,0) =0 and
Q(1,...,1)=1. Q only depends on Ps,...,P, and C.
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» The system reliability function can be written as
Fr(t) = Q(Fi(t),...,Fy(t)) forall t € R, (1.1)

where @ : [0,1]" — [0,1] is a distortion function, i.e., Qis
continuous, is increasing and satisfies Q(0,...,0) =0 and
Q(1,...,1)=1. Q only depends on Ps,...,P, and C.

> |If the components are identically distributed (ID), then

Fr(t) = g(F(t)), forall t € R, (1.2)
where g(u) = C_)(y, ..., u) is a distortion function and
F=FfH=---=F,
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Definition (Navarro, Cali, Longobardi and Durante (2022))

A multivariate distribution function F is said to be a multivariate
distorted distribution (MDD) of the univariate distribution
functions Gy, ..., G, if there exists a multivariate distortion
function D such that

F(x1,...,xn) = D(Gi(x1),..., Gn(xn)), Vx1,...,xp € R, (1.3)

D is a continuous multivariate distribution function with support
contained in [0, 1]".
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Distortion representations

> If T; and T, are the lifetimes of two coherent systems with
common ID component lifetimes Xy, ..., X, then

PI’(Tl > ty, To > tg) = D(F_(tl), F_(tg)) for all t1,t, € R,
(1.4)
where D is a bivariate distortion function which depends on
¢1,2 and C.
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PI’(Tl > ty, To > tg) = D(F_(tl), F_(tg)) for all t1,t, € R,
(1.4)
where D is a bivariate distortion function which depends on
¢1,¢2 and 6
» The purpose of the paper is to use (1.4) to predict T, when
we know T7 and we assume T1 < T».
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Distortion representations

> If T; and T, are the lifetimes of two coherent systems with
common ID component lifetimes Xy, ..., X, then

PI’(Tl > ty, To > tg) = D(F_(tl), F_(tg)) for all t1,t, € R,
(1.4)
where D is a bivariate distortion function which depends on
¢1,¢2 and C.
» The purpose of the paper is to use (1.4) to predict T, when
we know T7 and we assume T1 < T».
> To this end we will use quantile regression techniques that also
provide prediction intervals for T>.
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Conditional distributions

» All the conditional distributions of a multivariate distorted
distribution (MDD) have also MDD representations.
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Preliminary results
y Coherent systems

Distortion representations

Conditional distributions

» All the conditional distributions of a multivariate distorted
distribution (MDD) have also MDD representations.

» In particular (T2|T; = t1) has a distortion representation, i.e.,
Fop(t2|t) = Pr(T2 > | Ty = t1) = Dya(F(t2)|F(11)) (1.5)

where
01D(u,v) — 81D(u,07)

9.D(u, 1)

is a distortion function for all 0 < v < 1 such that
61D(u, 1) > 0.

Dy1(v|u) =
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Quantile regression

> The (mean) regression curve to predict T, from Ty is

ﬁ'”l(tl) = E(T2|T1 = tl).
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Quantile regression

> The (mean) regression curve to predict T, from Ty is
ﬁ”](tl) = E(T2|T1 = tl).

> Another option to predict T, from Ty is the conditional
median regression curve

m(tl) = _2_|11(0.5|t1)

(see Koenker (2005) or Nelsen (2006), p. 217).

12th Int. Conf. on Mathematical Methods in Reliability Jorge Navarro, Email: jorgenav@um.es. 13/49



Preliminary results
y Coherent systems

Distortion representations

Quantile regression

> The (mean) regression curve to predict T, from Ty is
ﬁ”](tl) = E(T2|T1 = tl).

> Another option to predict T, from Ty is the conditional
median regression curve

m(tl) = _2_|11(0.5|t1)

(see Koenker (2005) or Nelsen (2006), p. 217).

12th Int. Conf. on Mathematical Methods in Reliability Jorge Navarro, Email: jorgenav@um.es. 13/49



Preliminary results
y Coherent systems

Distortion representations

Quantile regression

> The (mean) regression curve to predict T, from Ty is
ﬁ”](tl) = E(T2|T1 = tl).

> Another option to predict T, from Ty is the conditional
median regression curve

m(tl) = _2_|11(0.5|t1)

(see Koenker (2005) or Nelsen (2006), p. 217).
» The quantile function F;ﬁl can be computed from (1.5).

12th Int. Conf. on Mathematical Methods in Reliability Jorge Navarro, Email: jorgenav@um.es. 13/49



Preliminary results
y Coherent systems

Distortion representations

Quantile regression

> The (mean) regression curve to predict T, from Ty is
ﬁ?(tl) = E(T2|T1 = tl).

> Another option to predict T, from Ty is the conditional
median regression curve

m(tl) = _2_|11(0.5|t1)

(see Koenker (2005) or Nelsen (2006), p. 217).
» The quantile function F;ﬁl can be computed from (1.5).

» Moreover, it can be used to obtain a-prediction bands for T,
(B (Balt0), iy (Bal)

taking 0 < 81 < B2 < 1 such that 8, — 1 = a € (0,1).
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is a system that does not fail with the first component failure.
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Case I: Ty <
Predicting system failures Case II:
Case Ill: Ty

Typical cases

> Let us consider three typical cases:

» Case I: T1 < T. For example, T1 = min(X1,...,X,) and T
is a system that does not fail with the first component failure.

> Case Il: T; < T. Here we have two options:
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we can provide a protocol to predict T without the knowledge
of the event Ty = T. Herewe use (T|T; =t < T).

> Case Il,b: In the a posteriori option, i.e., when we are at time
t = Ty, we could assume T > t since if T = t we do not need
to predict it. Here we use (T2|T; =t < Ta).
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Predicting system failures Casell: T4 < T

Caselll: Ty < To < T

Typical cases

> Let us consider three typical cases:

» Case I: T1 < T. For example, T1 = min(X1,...,X,) and T
is a system that does not fail with the first component failure.

> Case Il: T; < T. Here we have two options:

> Case ll.a: In the a priori option, i.e., before the failure of T7,
we can provide a protocol to predict T without the knowledge
of the event Ty = T. Herewe use (T|T; =t < T).

> Case Il,b: In the a posteriori option, i.e., when we are at time
t = Ty, we could assume T > t since if T = t we do not need
to predict it. Here we use (T2|T; =t < Ta).

» Case Ill: We can predict the system lifetime T from two
preceding system lifetimes T;1 < To < T.
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Casel: Ty < T
Predicting system failures Casell: T4 < T

Caselll: Ty < To < T

Casel: Ty < T

Theorem

If Ty and T are the lifetimes of two coherent systems satisfying
T1 < T based on the same ID component lifetimes and (T1, T)
has a joint absolutely continuous distribution, then there exists a
bivariate distortion function D : [0,1]% — [0, 1] such that

G(x.y):=Pr(Ti>xT>y)=D(F(x).F(y))  (21)
for all x,y. Moreover, the reliability function of (T|T1 = t) is

91D(F(t), F(y)) — 91D(F(t),0%)

Grin(ylt) =Pr(T >y Ti=1)= o1D(F().1)

) . (22)
for y > t, where 91D(u,0") := lim,_,o+ 81D(u, v).
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Casel: Ty < T
Predicting system failures Casell: T4 < T

Caselll: Ty < To < T

Casel: Ty < T

> Note that (2.1) is not a copula representation since F is
neither the reliability function of T; nor that of T.
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» Note that (2.1) is not a copula representation since F is
neither the reliability function of Ty nor that of T.
» The proof of Theorem 2.1 shows how to get D.
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Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Casel: Ty < T

» Note that (2.1) is not a copula representation since F is
neither the reliability function of T; nor that of T.

» The proof of Theorem 2.1 shows how to get D.

> In many cases 8;D(u,0") = 0 holds and then

o1D(F(t),1) |

GT|T1(Y|t) =
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12th Int. Conf. on Mathematical Methods in Reliability
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Caselll: Ty < To < T

Casel: Ty < T

» Note that (2.1) is not a copula representation since F is
neither the reliability function of T; nor that of T.

» The proof of Theorem 2.1 shows how to get D.

> In many cases 8;D(u,0") = 0 holds and then

a1D(F (1), F(y))
81D(’E(t)a 1)
> This expression can be used to both compute

() = E(T|Ty = 1) = /0°° Gryry(y|t)dy = /0°°

and to get the quantiles of (T|T; = t).

Grin(vlt) = (2.3)

a1D(F(t), F(y))
o D(F(t),1)
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Casel: Ty < T

» Note that (2.1) is not a copula representation since F is
neither the reliability function of T; nor that of T.
» The proof of Theorem 2.1 shows how to get D.
> In many cases 8;D(u,0") = 0 holds and then
01D(F(t), F(y))
OD(F(1).1)

> This expression can be used to both compute

ﬂnzﬂnnznzéw@mwmwzlm

and to get the quantiles of (T|T; = t).
> For the latter, we will need the inverse function of Gr1,(y|t),

Grin(vlt) = (2.3)

a1D(F(t), F(y))
o D(F(t),1)

denoted as G.,_.|1T1(W|t), obtained by solving GT|T1 (y|t) =w
for 0 < w < 1.
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Casel: Ty < T
Predicting system failures Casell: T4 < T

Caselll: Ty < To < T

Casel: Ty < T

» Then, the median regression curve to predict T from Ty is
obtained with w = 0.5 as

m(t) = (0.5]t) fort >0

T|T
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Casel: Ty < T

» Then, the median regression curve to predict T from Ty is
obtained with w = 0.5 as

m(t) = Gt

T|T1(0.5|t) fort >0

» The centered prediction band for T at level 90% is obtained
with w = 0.05 and w = 0.95 as

loo(t) = [G‘;|1T1(o.95|t), G;|1Tl(o.05|t)] .
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Caselll: Ty < To < T

Casel: Ty < T

» Then, the median regression curve to predict T from Ty is
obtained with w = 0.5 as

m(t) = G (0.5]t) for t >0

» The centered prediction band for T at level 90% is obtained
with w = 0.05 and w = 0.95 as

loo(t) = [Gm (0.95/1), Gyt (0.05|t)} .

» Of course, Pr(T € loo(t)| T1 = t) = 0.90 for all t > 0.
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with w = 0.05 and w = 0.95 as

loo(t) = [G‘;|1T1(o.95|t), G;|1Tl(o.05|t)] .

» Of course, Pr(T € loo(t)| T1 = t) = 0.90 for all t > 0.
> Other prediction bands can be obtained similarly.
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Case I:

v

Casel: Ty < T
Predicting system failures Casell: T4 < T

Caselll: Ty < To < T

T1<T

Then, the median regression curve to predict T from Ty is
obtained with w = 0.5 as

m(t) = G.,_.|1T1(0.5|t) fort >0

The centered prediction band for T at level 90% is obtained
with w = 0.05 and w = 0.95 as

loo(t) = [G‘;|1T1(o.95|t), G;|1Tl(o.05|t)] .

Of course, Pr(T € lgo(t)|T1 = t) = 0.90 for all t > 0.
Other prediction bands can be obtained similarly.

The median regression curve is an excellent alternative to the
conditional expectation, and the prediction bands allow us to
give more accurate predictions.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll: 1 < T

» This is the most complex case because (T3, T) has a singular
part over the line T = T3.
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» This is the most complex case because (T3, T) has a singular
part over the line T = T3.

> In practice, two options can be considered.

» In the first case (Il.a), we are at time zero, and we want to
know a priori what will happen when the failure of T; occurs
at a time t.
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part over the line T = T3.

> In practice, two options can be considered.

» In the first case (Il.a), we are at time zero, and we want to

know a priori what will happen when the failure of T; occurs
at a time t.

> This case includes when both lifetimes coincide, that is,
T.=T=t.
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Casel: T < T
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Case ll: 1 < T

» This is the most complex case because (T3, T) has a singular
part over the line T = T3.

> In practice, two options can be considered.

» In the first case (Il.a), we are at time zero, and we want to
know a priori what will happen when the failure of T; occurs
at a time t.

> This case includes when both lifetimes coincide, that is,
T.=T=t.

» In the second case (Il.b), we are at a time t > 0 and we know
that T3 = t and that T > t.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll: 1 < T

» This is the most complex case because (T3, T) has a singular
part over the line T = T3.

> In practice, two options can be considered.

» In the first case (Il.a), we are at time zero, and we want to
know a priori what will happen when the failure of T; occurs
at a time t.

> This case includes when both lifetimes coincide, that is,
T.=T=t.

» In the second case (Il.b), we are at a time t > 0 and we know
that T3 = t and that T > t.

» Note that if T = t, we do not need to predict T.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll: 1 < T

» This is the most complex case because (T3, T) has a singular
part over the line T = T3.

> In practice, two options can be considered.

» In the first case (Il.a), we are at time zero, and we want to
know a priori what will happen when the failure of T; occurs
at a time t.

> This case includes when both lifetimes coincide, that is,
T.=T=t.

» In the second case (Il.b), we are at a time t > 0 and we know
that T3 = t and that T > t.

» Note that if T = t, we do not need to predict T.

> Let us see how these cases can be managed.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.b: (T|Ty=t<T).

> First, we note that the joint reliability function of (77, T) can
be written as in (2.1) for this case as well.
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Case ll.b: (T|Ty=t<T).

> First, we note that the joint reliability function of (77, T) can
be written as in (2.1) for this case as well.
» Now we might have a singular part in T = T3.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.b: (T|Ty=t<T).

> First, we note that the joint reliability function of (77, T) can
be written as in (2.1) for this case as well.

» Now we might have a singular part in T = T3.

» However, if the components have an absolutely continuous
joint distribution, then the joint distribution of (T1, T) in the
set T > Ti is absolutely continuous as well.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.b: (T|Ty=t<T).

> First, we note that the joint reliability function of (77, T) can
be written as in (2.1) for this case as well.

» Now we might have a singular part in T = T3.

» However, if the components have an absolutely continuous
joint distribution, then the joint distribution of (T1, T) in the
set T > Ti is absolutely continuous as well.

» Then (2.2) holds for y > t > 0 and can be completed by
adding that GT|-,—1(y|t) =1for0<y<t.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.b: (T|Ty=t<T).

> First, we note that the joint reliability function of (77, T) can
be written as in (2.1) for this case as well.

» Now we might have a singular part in T = T3.

» However, if the components have an absolutely continuous
joint distribution, then the joint distribution of (T1, T) in the
set T > Ti is absolutely continuous as well.

» Then (2.2) holds for y > t > 0 and can be completed by
adding that GT|-,—1(y|t) =1for0<y<t.

» However, note that, in this case

a(t) :=Pr(T > t|T1 =t)= lim G-,-|Tl(y|t)
y—tt

can be less than 1 and if & D(F(t),0T) = 0 then
P(T >y|Ti=1t) _ 0:1D(F(t), F(y))

P(T>yTi=t<T)= B D(F
(T>ylTi=t<T) Pr(T>t|Ti=1t)  a(t)0,D(E(t).1
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.a: (T|T; =t<T).

> This case is actually straightforward, and we can directly use
the reliability function given in (2.2).
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.a: (T|T; =t<T).

> This case is actually straightforward, and we can directly use
the reliability function given in (2.2).

» Now this function might have a jump at t, that is, it might
have a mass Pr(T =t|T; =t) =1 — a(t) at time t.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.a: (T|T; =t<T).

> This case is actually straightforward, and we can directly use
the reliability function given in (2.2).

» Now this function might have a jump at t, that is, it might
have a mass Pr(T =t|T; =t) =1 — a(t) at time t.

> In this case, it is better to use bottom prediction bands instead
of centered ones.
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.a: (T|T; =t<T).

> This case is actually straightforward, and we can directly use
the reliability function given in (2.2).

» Now this function might have a jump at t, that is, it might
have a mass Pr(T =t|T; =t) =1 — a(t) at time t.

> In this case, it is better to use bottom prediction bands instead
of centered ones.

> For example the bottom prediction band for T at level 90% is
obtained with w = 0.10 as

jbottom 4y — [t G.,_.|1T1(0.10|t)] .
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Casel: T < T
Predicting system failures Casell: T; < T
Caselll: Ty < To < T

Case ll.a: (T|T; =t<T).

> This case is actually straightforward, and we can directly use
the reliability function given in (2.2).

» Now this function might have a jump at t, that is, it might
have a mass Pr(T =t|T; =t) =1 — a(t) at time t.

> In this case, it is better to use bottom prediction bands instead
of centered ones.

> For example the bottom prediction band for T at level 90% is
obtained with w = 0.10 as

jbottom 4y — [t G.,_.|1T1(0.10|t)] .

> It might also happen that the median regression curve satisfies
m(t) = t for some values of t.

12th Int. Conf. on Mathematical Methods in Reliability Jorge Navarro, Email: jorgenav@um.es. 21/49



Case : T < T
Predicting system failures Casell: T4 < T

Caselll: T < T2 < T

Case lll: i< To < T

> Here the purpose is to use all the information available.

12th Int. Conf. on Mathematical Methods in Reliability Jorge Navarro, Email: jorgenav@um.es. 22/49



Case I:
Predicting system failures Case II: <
Caselll: T < T2 < T

Case lll: i< To < T

> Here the purpose is to use all the information available.
» We consider a simple case where we know a first failure at a
time T1 = ty.
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Case : T < T

Predicting system failures Casell: T; < T
Caselll: T, < Toa < T

Case lll: i< To < T

> Here the purpose is to use all the information available.

» We consider a simple case where we know a first failure at a
time T1 = ty.

» Then, we know a second failure To = t, for to > t1, and we
assume T > T, (with probability one).

Jorge Navarro, Email: jorgenav@um.es. 22/49
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Case : T < T
Predicting system failures Casell: T4 < T

Caselll: T < T2 < T

Case lll: i< To < T

> Here the purpose is to use all the information available.

» We consider a simple case where we know a first failure at a
time T1 = ty.

» Then, we know a second failure To = t, for to > t1, and we
assume T > T, (with probability one).

» The other options can be solved similarly.
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Casel: T < T
Predicting system failures Casell: T4 < T

Caselll: T < T2 < T

Case lll: i< To < T

> Here the purpose is to use all the information available.

» We consider a simple case where we know a first failure at a
time T1 = ty.

» Then, we know a second failure To = t, for to > t1, and we
assume T > T, (with probability one).

» The other options can be solved similarly.

> As in the preceding cases, if the components are ID~ F, then
the joint reliability of (T, T2, T) can be written as

G(tl, tz,t) = 5(,:-(1'1),":_(1'2)7":_“))

for all t1, to, t, where we assume that this joint reliability is
absolutely continuous. Then its PDF is

g(t1, ta, t) = F(t1)f(t2)F(t)0123D(F (1), F(t2), F(t))
forall0<t; <t <t
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Case : T < T
Predicting system failures Casell: T4 < T

Caselll: T < T2 < T

Case lll: i< To < T

» The joint reliability function of (T3, T2) can be written as
Gro(t1, 1) = G(t1, t2,0) = D(F(t1), F(t2), 1)
for all t, t>, t and its PDF is
g1o(t1, 1) = F(11)f(t2)12D(F (1), F(t2), 1) for all 0 < t; < to.
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Case : T < T
Predicting system failures Casell: T4 < T

Caselll: T < T2 < T

Case lll: i< To < T

» The joint reliability function of (T3, T2) can be written as
Gia(t1, 1) = G(t1, 12,0) = D(F(t1), F(t2), 1)

for all t, t>, t and its PDF is

g1o(t1, 1) = F(11)f(t2)12D(F (1), F(t2), 1) for all 0 < t; < to.
> Hence, the PDF of (T|Ty =t1, To = to) is
glti,t,t) _ d123D(F(n), F(t2), F(t)
g12(t1, 1) d12D(F(t1), F(t2),1)
for 0 < t; < t, < t such that f(t1)f(t2) # 0.

g312(tt1, t2) =

f(t)
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Casel: T < T
Predicting system failures Casell: T4 < T

Caselll: T < T2 < T

Case lll: i< To < T

» The joint reliability function of (T3, T2) can be written as
Gia(ti, 1) = G(t1, t2,0) = D(F(t1), F(t2), 1)
for all t, t>, t and its PDF is
g1o(t1, 1) = F(11)f(t2)12D(F (1), F(t2), 1) for all 0 < t; < to.
> Hence, the PDF of (T|Ty =t1, To = to) is
glti,t,t) _ d123D(F(n), F(t2), F(t)
g12(t1, 1) d12D(F(t1), F(t2),1)
for 0 < t; < t, < t such that f(t1)f(t2) # 0.
> Therefore, the conditional reliability function is
912D(F(t), F(t2), F(t)) — 912D(F(t), F(12),07)
31,25(/:_('51),’:_(752)71)

f(t)

g312(tt1, t2) =

G3|1,2(f|f1, t2) =
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Case |
Case Il
Examples Case I

Example 1, case |

» We consider the system lifetime T = max(X1, min(Xz, X3)).
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Case Il
Examples Case I

Example 1, case |

» We consider the system lifetime T = max(X1, min(Xz, X3)).
» Its minimal path sets are P; = {1} and P, = {2,3}.

12th Int. Conf. on Mathematical Methods in Reliability Jorge Navarro, Email: jorgenav@um.es. 25/49



Case |
Case Il
Examples Case I

Example 1, case |

» We consider the system lifetime T = max(X1, min(Xz, X3)).
» Its minimal path sets are P; = {1} and P, = {2,3}.
» Thence

Fr(t) =Pr(Xy > t)+Pr(Xp3) > t)—Pr(Xp 233 > ). (3.1)
» If the components are |ID~ F, then
Fr(t) = F(t) + F?(t) — F3(t) = G(F(1))
for t > 0, where g(u) = u + u? — u for u € [0, 1].
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Case |
Case Il
Examples Case I

Example 1, case |

» We consider the system lifetime T = max(X1, min(Xz, X3)).
» Its minimal path sets are P; = {1} and P, = {2,3}.
» Thence
IET(t) = Pr(X1 > t)+PI’(X{2?3} > t)—Pr(X{1’2’3} > t). (31)
» If the components are |ID~ F, then
Fr(t) = F(t) + F?(t) — F3(t) = G(F(1))
for t > 0, where g(u) = u + u? — u for u € [0, 1].
» Then

E(T) = /0 T a(F(8)dy.
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Case Il
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Example 1, case |

» We consider the system lifetime T = max(X1, min(Xz, X3)).
» Its minimal path sets are P; = {1} and P, = {2,3}.
» Thence

IET(t) = Pr(X1 > t)+PI’(X{2?3} > t)—Pr(X{1’2’3} > t). (31)
» If the components are |ID~ F, then
Fr(t) = F(t) + F2(t) — F3(t) = (F(1))

for t > 0, where g(u) = u + u? — u for u € [0, 1].
» Then

> If F(t) = e t/" for t > 0, then E(T) = 7u/6 = 1.166667 1.
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Example 1, case |

» We consider the system lifetime T = max(X1, min(Xz, X3)).
» Its minimal path sets are P; = {1} and P, = {2,3}.
» Thence
IET(t) = Pr(X1 > t)+Pr(X{2?3} > t)—Pr(X{1’2’3} > t). (31)
» If the components are |ID~ F, then
Fr(t) = F(t) + F?(t) — F3(t) = G(F(1))
for t > 0, where g(u) = u + u? — u for u € [0, 1].
» Then

E(T) = /0 T a(F(8)dy.

> If F(t) = e t/" for t > 0, then E(T) = 7u/6 = 1.166667 1.
» This is the prediction (expected value) at time t = 0.
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Example 1, case |

» Now let us predict T at the first component failure
T1:X1:3:tfort20.
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Case |
Case Il
Examples Case I

Example 1, case |

» Now let us predict T at the first component failure
T1:X1:3:tfort20.
» From Theorem 2.1, the joint reliability function of (T1, T) is
G(x,y) =Pr(Ty >x, T >y)=Pr(T1 > x) = F3(x)

for 0 <y < x and

G(x,y) = FP(X)F(y) + F(x)F?(y) = F(y)

for0 < x <y.
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Case |
Case Il
Examples Case I

Example 1, case |

» Now let us predict T at the first component failure
Ti = Xi3=tfort>0.
» From Theorem 2.1, the joint reliability function of (T1, T) is

G(x,y) =Pr(T1 >x, T >y)=Pr(Ty > x) = F3(x)
for 0 < y < x and
G(x,y) = F2()F(y) + F(x)F2(y) = FP(y)

for0 < x <y.
> Hence G(x,y) = D(F(x), F(y)) for all x,y, where

5(uv)— u3 for 0<u<v<l,
U v+ v =3 for 0<v<u<l.
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Example 1, case |

> Hence

~ 3u? for 0<u<v<l,
81D(u’v)_{2uv—1—v2 for 0<v<u<l.
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Example 1, case |

> Hence

~ 3u? for 0<u<v<l,
81D(u’v)_{2uv—1—v2 for 0<v<u<l.

» Note that lim,_,o+ 815(u, v) =0.
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Case |
Case Il
Examples Case I

Example 1, case |

> Hence
~ 3u? for 0<u<v<l,;
81D(u,v)—{ 2uv +v2 for 0<v<u<l.

» Note that lim,_,o+ 815(u, v) =0.
» Then, from (2.3), we get

OLD(F(t). F(y)) _ 2F(y)F(t) + F2(y)
o D(F(t),1) 3F2(t)

for0 <t <y (1fory<t).
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Case |
Case Il
Examples Case I

Example 1, case |

> By solving the quadratic equation
F2(y) + 2F(t)F(y) — 3wF?(t) = 0,
for 0 < w < 1 we get the quantile function

Gyl (wit) = F (—ﬁ(t) +E()VIT 3_W) .
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Case Il
Examples Case I

Example 1, case |

> By solving the quadratic equation
F2(y) + 2F(t)F(y) — 3wF?(t) = 0,
for 0 < w < 1 we get the quantile function
Gyl (wit) = F (_ﬁ(t) + ﬁ(t)m) .
> Therefore, the median regression curve to predict T is

m(t) = G (0.5]t) = F~ (ﬁ(t) (\/2_5 - 1))
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Examples Case I

Example 1, case |

> By solving the quadratic equation
F2(y) + 2F(t)F(y) — 3wF?(t) = 0,
for 0 < w < 1 we get the quantile function
Gyl (wit) = F (_ﬁ(t) + ﬁ(t)m) .
> Therefore, the median regression curve to predict T is
m(t) = G (0.5]t) = F~ (ﬁ(t) (\/2_5 - 1))

» The centered 90% prediction band for T are

loo(t) = [F (F(t) (V385 - 1)), F 2 (F(o) (Vits - 1))] .
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Case |
Case Il
Examples Case I

Example 1, case |

> If the components have an exponential distribution, then
m(t) = t — plog (\/2.5 - 1) — t + 0.5427656y,
and the mean regression curve is

() = E(T|Ty = t) = / Grir(y|t)dy = t + 0.83333334.
0
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Case Il
Examples Case I

Example 1, case |

> If the components have an exponential distribution, then
m(t) =t — plog (\/ﬁ - 1) — ¢+ 0.5427656,1,
and the mean regression curve is
m(t)=E(T|Ty=t) = /ooo Gri7,(y|t)dy = t +0.8333333.

» The quantile regression curves are also straight lines.
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Case |
Case Il
Examples Case I

Example 1, case |

> If the components have an exponential distribution, then
m(t) = t — plog (\/2.5 - 1) — t + 0.5427656y,
and the mean regression curve is

() = E(T|Ty = t) = / Grir(y|t)dy = t + 0.83333334.
0

» The quantile regression curves are also straight lines.

> As expected from the independence assumption and the lack
of memory property of the exponential distribution, the
predictions for the residual lifetime (T — t|T1 = t) do not
depend on t.
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Case Il
Examples Case I

Example 1, case |

» In the following figure (left) we provide the plots of the median
(red) and mean (green) regression curves and the prediction
bands for a standard exponential distribution jointly with a
scatterplot of a simulated sample from ( Ty, T) of size 100.
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Case |
Case Il
Examples Case I

Example 1, case |

» In the following figure (left) we provide the plots of the median
(red) and mean (green) regression curves and the prediction
bands for a standard exponential distribution jointly with a
scatterplot of a simulated sample from ( Ty, T) of size 100.

» In the right plot we estimate these curves (lines) by using
linear quantile regression (LQR) (for m and the prediction
band limits) and linear regression (for m). The basic theory for
LQR can be seen in Koenker (2005).
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T1 T1

Figure: Scatterplots of a sample from ( Ty, T) for the systems in Example
1 jointly with the theoretical (left) and estimated (right) median (red)
and mean (green) regression curves and prediction bands with confidence
levels 50% (dark grey) and 90% (light grey).
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Example 1, case |

> Note that the prediction bands explain better the uncertainty
in these predictions than the single mean or median regression
curves.
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Example 1, case |

> Note that the prediction bands explain better the uncertainty
in these predictions than the single mean or median regression
curves.

» For example, the first data in our sample is T; = 0.4632196
and T = 0.8434573.
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Case |
Case Il
Examples Case I

Example 1, case |

> Note that the prediction bands explain better the uncertainty
in these predictions than the single mean or median regression
curves.

» For example, the first data in our sample is T; = 0.4632196
and T = 0.8434573.

» The predictions for T at this failure time for T; are
m(Ty) = 1.105407 and m(T;) = 1.296553, which are quite far
from the exact value.
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> Note that the prediction bands explain better the uncertainty
in these predictions than the single mean or median regression
curves.

> For example, the first data in our sample is T; = 0.4632196
and T = 0.8434573.

» The predictions for T at this failure time for T; are
m(Ty) = 1.105407 and m(Ty) = 1.296553, which are quite far
from the exact value.

> However, the centered prediction intervals for this value are
Iso = [0.8554071, 1.355407] and lyo = [0.6554071, 1.555407].
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> Note that the prediction bands explain better the uncertainty
in these predictions than the single mean or median regression
curves.

» For example, the first data in our sample is T; = 0.4632196
and T = 0.8434573.

» The predictions for T at this failure time for T; are
m(Ty) = 1.105407 and m(Ty) = 1.296553, which are quite far
from the exact value.
> However, the centered prediction intervals for this value are
Iso = [0.8554071, 1.355407] and lyo = [0.6554071, 1.555407].
> The first one does not contain the exact value (it is close to
the left margin) but the second does.
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Example 2, case |

> Let us assume now that the components in this system are
dependent with the following Clayton type survival copula

~ uiuo U3
Clu, 2, 13) = ——————
U 4+ uz — upu3

for uy, up, u3 € [0,1].
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Example 2, case |

> Let us assume now that the components in this system are
dependent with the following Clayton type survival copula
~ uiu U3

Clug, o, u3) = ————=>
(u1, U2, u3) Uy + Uz — o

for uy, up, u3 € [0,1].
> Then we get the following regression curves.
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Figure: Scatterplots of a sample from ( Ty, T) for the systems in Example
2 jointly with the theoretical (left) and estimated (right) median (red)
and mean (green) regression curves and prediction bands with confidence
levels 50% (dark grey) and 90% (light grey).
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> Let us study the system T = min(X1, max(Xz, X3)).
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» The minimal path sets are P; = {1,2} and P, = {1, 3}.
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> Let us study the system T = min(X1, max(Xz, X3)).
» The minimal path sets are P; = {1,2} and P, = {1, 3}.
> Hence we get

Fr(t) =Pr(Xpoy > t) + Pr(Xpa3; > t) — Pr(X103 > t).
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> Let us study the system T = min(X1, max(Xz, X3)).
» The minimal path sets are P; = {1,2} and P, = {1, 3}.
> Hence we get

Fr(t) =Pr(Xpoy > t) + Pr(Xpa3; > t) — Pr(X103 > t).

> If we assume that the component lifetimes are 1D~ F, then
Fr(t) = g(F(t)), where g(u) = 2u? — u3 for u € [0,1].
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> Let us study the system T = min(X1, max(Xz, X3)).
» The minimal path sets are P; = {1,2} and P, = {1, 3}.
> Hence we get

Fr(t) =Pr(Xpoy > t) + Pr(Xpa3; > t) — Pr(X103 > t).

> If we assume that the component lifetimes are 1D~ F, then
Fr(t) = g(F(t)), where g(u) = 2u? — u3 for u € [0,1].
> Hence

E(T):/Oooc‘,(ﬁ(t))dtzz/ooo F‘2(t)dt—/0OO F3(t)dt.
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> Let us study the system T = min(X1, max(Xz, X3)).
» The minimal path sets are P; = {1,2} and P, = {1, 3}.
> Hence we get

Fr(t) =Pr(Xpoy > t) + Pr(Xpa3; > t) — Pr(X103 > t).

> If we assume that the component lifetimes are 1D~ F, then
Fr(t) = g(F(t)), where g(u) = 2u? — u3 for u € [0,1].
> Hence

E(T):/Oooq(ﬁ(t))dtzz/ooo F‘2(t)dt—/00 F3(t)dt.

0

> If F(t) = e /8 for t > 0, then E(T) = 2u/3 = 0.666667.
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Example 3, case |l

> As in the preceding examples we choose T7 = Xi.3, that is, it
is the first component failure.
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Example 3, case |l

> As in the preceding examples we choose T7 = Xi.3, that is, it
is the first component failure.

> However, now
Pr(T = Tl) = Pr(T1 = Xl) = 1/3

and (T, T) have a singular part at T = T; with probability
1/3 (even when the component lifetimes are IID and
absolutely continuous).
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Example 3, case |l

> As in the preceding examples we choose T7 = Xi.3, that is, it
is the first component failure.

> However, now
Pr(T = Tl) = Pr(T1 = Xl) = 1/3

and (T, T) have a singular part at T = T; with probability
1/3 (even when the component lifetimes are IID and
absolutely continuous).

» Therefore, we are in case Il.
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Example 3, case |l

» The joint reliability function of (71, T) is
G(x,y)=Pr(Ty >x, T >y)=Pr(T1 > x) = F3(x)
for 0 <y < x, and
G(x,y) = 2F(x)F2(y) = F*(y)
for0 < x<y.
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» The joint reliability function of (71, T) is
G(x,y)=Pr(Ty >x, T >y)=Pr(T1 > x) = F3(x)
for 0 <y < x, and
G(x,y) = 2F(x)F2(y) = F*(y)

for0 < x<y.
> Note that G is continuous but not absolutely continuous.
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Example 3, case |l

» The joint reliability function of (71, T) is
G(x,y)=Pr(Ty >x, T >y)=Pr(T1 > x) = F3(x)
for 0 <y < x, and
G(x,y) = 2F(x)F2(y) = F*(y)
for0 < x<y.

» Note that G is continuous but not absolutely continuous.
» Moreover, G(x,y) = D(F(x), F(y)) for all x,y, where
5( )= ud for 0<u<v<l
BYVITN 22— V3 for 0<v<u<li;
and > ¢
~ 3uc for 0<u<v<l;
81D(u,v)—{ 2v2 for 0<v<u<l.
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Example 3, case Il.a

> To solve case Il.a, we use (2.2) obtaining

2F%(y)
3F2(t)

Grin(ylt)=Pr(T >y|T1 =1t) =

for y > t (one for 0 < y < t).
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Example 3, case Il.a

> To solve case Il.a, we use (2.2) obtaining

2F%(y)
3F2(t)

Grin(ylt)=Pr(T >y|T1 =1t) =

for y > t (one for 0 < y < t).
> Note that

. = 2
a(t)=Pr(T > T1|T; =t) = lim GT|7—1(y|t) = -,
y—tt 3

and that 1 —a(t) =Pr(T = T1| Ty = t) = 1/3.
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Example 3, case Il.a

> To solve case Il.a, we use (2.2) obtaining

2F%(y)

for y > t (one for 0 < y < t).
> Note that

. = 2
a(t)=Pr(T > T1|T; =t) = lim GT|7—1(y|t) = -,
y—tt 3

and that 1 — o(t) =Pr(T = T1|T1 =t) =1/3.
> In this case, they do not depend on t and so they coincide
with Pr(T > Ti1) and Pr(T = Ty), respectively.
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Example 3, case Il.a

> To solve case Il.a, we use (2.2) obtaining

2F%(y)
3F2(t)

Grin(ylt)=Pr(T >y|T1 =1t) =

for y > t (one for 0 < y < t).
> Note that

. = 2
a(t)=Pr(T > T1|T; =t) = lim GT|7—1(y|t) = -,
y—tt 3

and that 1 —a(t) =Pr(T = T1| Ty = t) = 1/3.

> In this case, they do not depend on t and so they coincide
with Pr(T > Ti1) and Pr(T = Ty), respectively.

» Then the median regression curve is

m(t) = GrL (0.5]t) = F~1 <\/0.75I:_(t)>

for t > 0.
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Example 3, case Il.a

> In the exponential case, we get

m(t) =t — 0.54In(0.75) = t + 0.143841.
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Example 3, case Il.a

> In the exponential case, we get
m(t) =t — 0.5uIn(0.75) = t + 0.143841.
» The regression curve is

> 2F%(y)
3F2(t)

- R 1
(t) = /0 Griry(vlt)dy = t + /0 dy = t+ S
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> In the exponential case, we get
m(t) =t — 0.5uIn(0.75) = t + 0.143841.
» The regression curve is

> 2F%(y)
3F2(t)

- R 1
(t) = /0 Griry(vlt)dy = t + /0 dy = t+ S

» The prediction bands can be obtained in a similar way.
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Example 3, case Il.a

> In the exponential case, we get
m(t) =t — 0.5uIn(0.75) = t + 0.143841.
» The regression curve is

> 2F%(y)
3F2(t)

- R 1
(t) = /0 Griry(vlt)dy = t + /0 dy = t+ S

» The prediction bands can be obtained in a similar way.
» For example, the 90% bottom prediction band is

jbottom 4y — [t, F (\/E:E(t)ﬂ — [t, t + 0.94856/] .
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Example 3, case Il.a

> In the exponential case, we get
m(t) =t — 0.5uIn(0.75) = t + 0.143841.
» The regression curve is

> 2F%(y)
3F2(t)

- R 1
(t) = /0 Griry(vlt)dy = t + /0 dy = t+ S

» The prediction bands can be obtained in a similar way.
» For example, the 90% bottom prediction band is

jbottom 4y — [t, F (\/E:E(t)ﬂ — [t, t + 0.94856/] .

» The 50% bottom prediction band is I&tom () = [t, m(t)].
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Example 3, case Il.b

> To solve case |l.b we assume that the first component failure
happens at a time t (T; = t) and that at this time we know
that the system is still alive (T > t).
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Example 3, case Il.b

> To solve case |l.b we assume that the first component failure
happens at a time t (T; = t) and that at this time we know
that the system is still alive (T > t).

> Then we want to predict T under these assumptions.
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Example 3, case Il.b

> To solve case |l.b we assume that the first component failure
happens at a time t (T; = t) and that at this time we know
that the system is still alive (T > t).

> Then we want to predict T under these assumptions.
» To this end, we need to solve

D(F(t), F(y)) _ FP(y) _
a(t)o1D(F(t),1)  F2(t)
(3.2)

P(T>ylTi=tT>t)=

fory>tand 0 < w < 1.
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Example 3, case Il.b

v

To solve case Il.b we assume that the first component failure
happens at a time t (T; = t) and that at this time we know
that the system is still alive (T > t).

Then we want to predict T under these assumptions.
To this end, we need to solve

D(F(t), F(y)) _ FP(y) _
a(t)o1D(F(t),1)  F2(t)
(3.2)

P(T>y|Ti=tT>t)=

fory>tand 0 < w < 1.
Thus the median regression curve is

m(t) = F1 (\/ﬁﬁ(t)) .
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Example 3, Case Il.a

> In the exponential case, we get

m(t) =t — 0.54In(0.5) = t + 0.3465736.

12th Int. Conf. on Mathematical Methods in Reliability Jorge Navarro, Email: jorgenav@um.es. 41/49



Case |
Case Il
Examples Case I

Example 3, Case Il.a

> In the exponential case, we get
m(t) =t — 0.5uIn(0.5) = t + 0.3465736 4.

» The mean regression curve in the exponential case is

oo [2
m(t) =t —I—/O I,_-;z(();)) dy =t +0.54.
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> In the exponential case, we get
m(t) =t — 0.5uIn(0.5) = t + 0.3465736 4.

» The mean regression curve in the exponential case is

oo [2
m(t) =t —I—/O ,,__;2(();)) dy =t +0.54.

> The bottom prediction bands are obtained similarly.
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Example 3, Case Il.a

> In the exponential case, we get
m(t) =t — 0.5uIn(0.5) = t + 0.3465736 4.

» The mean regression curve in the exponential case is

oo 'E2(y)
n(t) =t = dy =t+0.5u.
m(t) +/0 (1) ly u
> The bottom prediction bands are obtained similarly.

> In the following figure we provide the predictions for both
cases jointly with a simulated sample.
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m(t) =t — 0.5uIn(0.5) = t + 0.3465736 4.

» The mean regression curve in the exponential case is

oo 'E2(y)
n(t) =t = dy =t+0.5u.
m(t) +/0 (1) ly u
> The bottom prediction bands are obtained similarly.

> In the following figure we provide the predictions for both
cases jointly with a simulated sample.
» We have 39 data satisfying T = T3.
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Example 3, Case Il.a

> In the exponential case, we get
m(t) =t — 0.5uIn(0.5) = t + 0.3465736 4.

» The mean regression curve in the exponential case is

oo [2
m(t) =t —I—/O ,,__;2(();)) dy =t +0.54.
> The bottom prediction bands are obtained similarly.
> In the following figure we provide the predictions for both
cases jointly with a simulated sample.
» We have 39 data satisfying T = T3.
> For the 61 remaining points, we get 54 in the bottom 90%
prediction band. Only 7 data are not contained in this band.
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Example 3, Case Il.a

> In the exponential case, we get
m(t) =t — 0.5uIn(0.5) = t + 0.3465736 4.

» The mean regression curve in the exponential case is

oo [2
m(t) =t —I—/O ,,__;2(();)) dy =t +0.54.
> The bottom prediction bands are obtained similarly.
> In the following figure we provide the predictions for both
cases jointly with a simulated sample.
» We have 39 data satisfying T = T3.
> For the 61 remaining points, we get 54 in the bottom 90%
prediction band. Only 7 data are not contained in this band.
» The bottom 50% prediction band contains 32 out of 61 data.
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Figure: Scatterplots of a sample from ( Ty, T) for the systems in Example
3 jointly with the plots of theoretical median (red) and mean (green)

regression curves and the bottom prediction bands with confidence levels
50% (dark grey) and 90% (light grey) for cases Il.a (left) and Il.b (right).
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Example 4, Case |l

> Let us consider the same system but with dependent ID
components having the following Farlie-Gumbel-Morgenstern
(FGM) survival copula

6(U1, u, U3) = U1U2U3+9U1U2U3(1—Ul)(l—u2)(1—u3) (3.3)

for ui, up,u3 € [0,1] and 0 € [-1,1].
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Example 4, Case |l

> Let us consider the same system but with dependent ID
components having the following Farlie-Gumbel-Morgenstern
(FGM) survival copula

6(U1, u, U3) = U1U2U3+9U1U2U3(1—Ul)(l—u2)(1—u3) (3.3)

for ui, up,u3 € [0,1] and 0 € [-1,1].
» Then we get the following curves.
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Figure: Scatterplots of a sample from ( Ty, T) for the systems in Example
4 jointly with the plots of theoretical median (red) and mean (green)

regression curves and the bottom prediction bands with confidence levels
50% (dark grey) and 90% (light grey) for cases Il.a (left) and Il.b (right).
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Example 5, case Il

> Let us consider T = X3.3 = max(X1, X2, X3).
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Example 5, case Il

> Let us consider T = X3.3 = max(X1, X2, X3).

> Let us assume that we know T; = Xi.3 = t1 and
Toh=Xo3=1t for0 < t; < to.

» We assume that (X1, X2, X3) are exchangeable.
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Example 5, case Il

> Let us consider T = X3.3 = max(X1, X2, X3).

> Let us assume that we know T; = Xi.3 = t1 and
Toh=Xo3=1t for0 < t; < to.

» We assume that (X1, X2, X3) are exchangeable.

» Then the joint reliability function G of (T1, T2, T) is

G(t1,t, t) = 6F (1, ta, t)—3F(to, to, t) —3F(t1, t, t)+F(t, t, t)
for 0 < t; < tp < t, where

F(x1,x2,x3) = Pr(X1 > x1, Xo > x2, X3 > x3).
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Example 5, case Il

> Let us consider T = X3.3 = max(X1, X2, X3).

> Let us assume that we know T; = Xi.3 = t1 and
Toh=Xo3=1t for0 < t; < to.

» We assume that (X1, X2, X3) are exchangeable.

» Then the joint reliability function G of (T1, T2, T) is

G(t1,t, t) = 6F (1, ta, t)—3F(to, to, t) —3F(t1, t, t)+F(t, t, t)
for 0 < t; < tp < t, where

F(X]_,X2,X3)_: Pr(X; > xy, X2 > x2, X3 >_X3).
» Therefore, G(t1, ta,t) = D(F(t1), F(t2), F(t)), where

5(u, vV, w) = 66(u, v, W)—36(V, v, W)—36(u, w, W)—i—é\(w, W, W)
for0<w<v<u<l.

12th Int. Conf. on Mathematical Methods in Reliability Jorge Navarro, Email: jorgenav@um.es. 45/49



Case |
Case Il
Examples Case Il

Example 5, case Il

>
| 2

>
| 2

Let us consider T = X3.3 = max(X1, X2, X3).

Let us assume that we know T; = Xq.3 = t; and
Toh=Xo3=1t for 0 < t1 < to.

We assume that (X1, Xo, X3) are exchangeable.
Then the joint reliability function G of (T1, T2, T) is

G(t1,t, t) = 6F (1, ta, t)—3F(to, to, t) —3F(t1, t, t)+F(t, t, t)
for 0 < t; < tp < t, where

F(X]_,X2,X3)_: Pr(X; > xy, X2 > x2, X3 >_X3).
Therefore, G(t1, to, t) = D(F(t1), F(t2), F(t)), where

5(u, vV, w) = 66(u, v, W)—36(V, v, W)—36(u, w, W)—i—é\(w, W, W)

for0<w<v<u<l.
The expressions for D in the other cases can be obtained
similarly.
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Example 5, case Il

» The joint reliability function of (T3, T3) is
Gio(t1, t2) = 3F(t1, ta, t2) — 2F(t2, to, t2)
for 0 < t; < o, that is, Gy o(t1, &) = D(F(t1), F(t2),1) with
5(u, v,1) = 36(u, v,v) — 26(v, v, V)
for0<v<u<l.
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» The joint reliability function of (T3, T3) is
Gio(t1, o) = 3F(t1, ta, t2) — 2F(t2, o, t)
for 0 < t; < o, that is, Gy o(t1, &) = D(F(t1), F(t2),1) with
5(u, v,1) = BE(U, v,v) — 26(v, v, V)

for0<v<u<l.
> Therefore, by differentiating these expressions we get

81,25(u, v,w) =601, 6(u, v, w),

81,25(u, v,1) = 68172(?(u, v, V)
and the reliability function of (T|T1 = t1, To = t2) is
_ 012C(F(11). F(r2). F(1))
012C(F(t1), F(t2), F(t2))

Gspo(tlt1, t2)
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> If (A,"Als the product copula (independent components), we have
012C(u,v,w) =w and

012C(F(n). F(12). F(1)) _ F(1)
61,2C(F_(t1),f:_(t2),/:_(t2)) F(t2)
for t > to (Markovian property of the OS).

C_;3|1,2(t|f1, tr) =
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> If (A,"Als the product copula (independent components), we have
012C(u,v,w) =w and

012C(F(t1), F(r2), F(2)) _ F(t)
012C(F(n), F(t2), F(t2))  F(t2)

for t > to (Markovian property of the OS).
» If assume the FGM copula of Example 4, then

81’26(U1, uy, U3) = u3z + QU3(1 — U3)(1 — 2u1)(1 — 2u2)

C_;3|1,2(t\f1, tr) =

for all uy, up, uz € [0,1], and we get

F(t) 1460F(t)(1—2F(t1))(1 — 2F(t2))
F(t) 14 60F(t2)(1 —2F(t1))(1 —2F ()
for t > to (one for 0 < t < to).

Gappo(tlty, 1) =
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» For § = 0, it coincides with the expression for the IID case.
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Example 5, case Il

» For § = 0, it coincides with the expression for the IID case.
> For 0 # 0, it depends on t7.
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Example 5, case Il

» For § = 0, it coincides with the expression for the IID case.
> For 0 # 0, it depends on t7.
> To get its inverse function, we need to solve

fa(ty, t2)F3(t) — (1 + Aa(ty, t2))F(t) + we(ty, t2) = 0,
where a(ty, ) = (1 — 2F(t1))(1 — 2F(t2)) € [-1,1] and
c(t1, t2) = F(t2)+0F (t2) F(t2)(1—2F(t1))(1—2F(t2)) € [0, 1].
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» For § = 0, it coincides with the expression for the IID case.
> For 0 # 0, it depends on t7.
> To get its inverse function, we need to solve

fa(ty, t2)F3(t) — (1 + Aa(ty, t2))F(t) + we(ty, t2) = 0,
where a(ty, ) = (1 — 2F(t1))(1 — 2F(t2)) € [-1,1] and
c(t1, t2) = F(t2)+0F (t2) F(t2)(1—2F(t1))(1—2F(t2)) € [0, 1].
» This equation has a unique solution in [0, 1] given by

1+ 93(1‘1, t2) — \/(1 —+ 03(1’1, tz))z — 4¢9W3(t1, tz)C(tl, t2)
293(1‘1, t2)

F(t) =

for Qa(t1, t2) # 0.
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» For § = 0, it coincides with the expression for the IID case.
> For 0 # 0, it depends on t7.
> To get its inverse function, we need to solve

fa(ty, t2)F3(t) — (1 + Aa(ty, t2))F(t) + we(ty, t2) = 0,
where a(ty, ) = (1 — 2F(t1))(1 — 2F(t2)) € [-1,1] and
c(t1, t2) = F(t2)+0F (t2) F(t2)(1—2F(t1))(1—2F(t2)) € [0, 1].
» This equation has a unique solution in [0, 1] given by
Flt) = 14 0a(ty, t2) — /(1 + 0a(t1, t2))? — 40wa(ts, t2)c(t1, t2)
20a(t1, t2)

for Qa(t1, t2) # 0.
» From this expression we can compute Gillz(w]tl, tp) for
O<w<1,0<t; <tpandfe[-1,1].
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T2

T1 T1

Figure: Scatterplots of a sample from (T3, T3) (left) and (Ty, T) (right)
for the systems in Example 5 jointly with the theoretical median
regression curve (red) and the centered prediction bands (right plot) with
levels 50% (dark grey) and 90% (light grey). In the left plot, we only give
the level curves (predictions) of the median regression map m(ty, t2).
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Final slide

> More references in my web page

https://webs.um.es/jorgenav/miwiki/doku.php
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> More references in my web page
https://webs.um.es/jorgenav/miwiki/doku.php

» That's all. Thank you for your attention!!
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Final slide

> More references in my web page
https://webs.um.es/jorgenav/miwiki/doku.php

» That's all. Thank you for your attention!!
» Questions?
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