Preservation of aging classes in coherent systems

1

Jorge Navarro
Universidad de Murcia, Murcia, Spain.

Partially supported by Ministerio de Ciencia e Innovacién of Spain under
grant PID2019-108079GB-C22/AEI/10.13039/501100011033.

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 1/32



References

The conference is based on the following references:

» M. Alimohammadi, J. Navarro (2023). Resolving an old
problem on the preservation of the IFR property under the
formation of k-out-of-n systems with discrete distributions. To
appear in Journal of Applied Probability.

» J. Navarro (2018). Preservation of DMRL and IMRL aging
classes under the formation of order statistics and coherent
systems. Statistics and Probability Letters 137, 264-268.

> J. Navarro (2022). Introduction to System Reliability Theory.
Springer. Chapter 4.

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 2/32



Basic references on reliability and coherent systems

» Barlow, R.E. and Proschan, F. (1975). Statistical Theory of
Reliability and Life Testing. Holt, Rinehart and Winston, New
York.

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 3/32



Basic references on reliability and coherent systems

» Barlow, R.E. and Proschan, F. (1975). Statistical Theory of
Reliability and Life Testing. Holt, Rinehart and Winston, New
York.

» My new book:

Jorge Navarro

Introduction
to System

Reliability
Theory

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 3/32



Outline

Preliminary results
Aging classes
Coherent systems
Distortion representations

Preservation of aging classes
Systems with ID components
Systems with 1ID components
Further results

Main references

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es.



Preliminary results Aging classes
Coherent systems
Distortion representations

Preliminary results

Spanish-Polish Mathematical Meetin 6dz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 5/32



Preliminary results Aging classes
Coherent systems
Distortion representations

Notation

» X and Y nonegative random variables.

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 6/32



Preliminary results Aging classes
Coherent systems
Distortion representations

Notation

» X and Y nonegative random variables.
» Fx(t) =Pr(X <t)and Fy(t) = Pr(Y < t) cumulative
distribution functions (CDF).

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 6/32



Preliminary results Aging classes
Coherent systems
Distortion representations

Notation

» X and Y nonegative random variables.

» Fx(t) =Pr(X <t)and Fy(t) = Pr(Y < t) cumulative
distribution functions (CDF).

> Fx(t) =1—Fx(t) = Pr(X > t) and
Fy(t) =1— Fy(t) =Pr(Y > t) survival (or reliability)
functions (SF).

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023

Jorge Navarro, Email: jorgenav@um.es.

6/32



Preliminary results Aging classes
Coherent systems
Distortion representations

Notation

» X and Y nonegative random variables.

» Fx(t) =Pr(X <t)and Fy(t) = Pr(Y < t) cumulative
distribution functions (CDF).

> Fx(t) =1—Fx(t) = Pr(X > t) and
Fy(t) =1— Fy(t) =Pr(Y > t) survival (or reliability)
functions (SF).

> fx = Fy and fy = F{, probability density functions (PDF).

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 6/32



Preliminary results Aging classes
Coherent systems
Distortion representations

Notation

» X and Y nonegative random variables.

» Fx(t) =Pr(X <t)and Fy(t) =Pr(Y < t) cumulative
distribution functions (CDF).

> Fx(t) =1—Fx(t) = Pr(X > t) and
Fy(t) =1— Fy(t) =Pr(Y > t) survival (or reliability)
functions (SF).

> fx = Fy and fy = F{, probability density functions (PDF).

» hx = fx/Fx and hy = fy/Fy hazard rate functions (HR).

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 6/32



Preliminary results Aging classes
Coherent systems
Distortion representations

Notation

» X and Y nonegative random variables.

» Fx(t) =Pr(X <t)and Fy(t) =Pr(Y < t) cumulative
distribution functions (CDF).

> Fx(t) =1—Fx(t) = Pr(X > t) and
Fy(t) =1— Fy(t) =Pr(Y > t) survival (or reliability)
functions (SF).

> fx = Fy and fy = F{, probability density functions (PDF).

hx = fx/Fx and hy = fy/Fy hazard rate functions (HR).

> Xe=(X—t|X>t)and Yy = (Y — t|Y > t) residual
lifetimes.

v

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 6/32



Preliminary results Aging classes
Coherent systems
Distortion representations

Notation

» X and Y nonegative random variables.

» Fx(t) =Pr(X <t)and Fy(t) =Pr(Y < t) cumulative
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> Fx(t) =1—Fx(t) = Pr(X > t) and
Fy(t) =1— Fy(t) =Pr(Y > t) survival (or reliability)
functions (SF).

> fx = Fy and fy = F{, probability density functions (PDF).

» hx = fx/Fx and hy = fy/Fy hazard rate functions (HR).

> Xe=(X—t|X>t)and Yy = (Y — t|Y > t) residual
lifetimes.

> mx(t) = E(X —t|X >t)and my(t) = E(Y — t|Y > t)
mean residual life functions (MRL).
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Main stochastic orders

» Stochastic order: X <s7 Y < Fx < Fy.

» Hazard rate order: X <pgr Y < Fy/Fx increases.

> X <pr Y & X; <571 Y; forall t.

> X <pr Y & hx > hy.

> Mean residual life order: X <pyrr Y © mx < my.
> Llikelihood ratio order: X <;g Y < fy/fx increases.
> Relationships:

X<rRY = X<prY = XZ<ur Y

4 4
X<stY = E(X)<E(Y)
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Xs >s1 Xt (<g7) for all s < t.
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» X is Increasing (Decreasing) Failure Rate, IFR (DFR), if

Xs >s1 Xt (<g7) for all s < t.

X is IFR (DFR) iff hx is increasing (decreasing).

X is IFR (DFR) iff Xs >pr Xt (Spg) for all s < t.

X is New Better (Worse) than Used, NBU (NWU), if

X >s1 X; (SST) forall t > 0.

» X is Increasing (Decreasing) Likelihood Ratio, ILR (DLR), if
X >R Xt (SST) forall £ > 0.

» X is ILR (DLR) iff fx is log-concave (log-convex).

» X is Increasing (Decreasing) Mean Residual Life, IMRL
(DMRL), if my is increasing (decreasing).

» X is New Better (Worse) than Used in Expectations, NBUE
(NWUE), if E(X) = m(0) > mx(t) (<) for all t > 0.

vyy
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> Relationships between natural (or positive) aging classes:

ILR = IFR = NBU

4 4
DMRL = NBUE
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Coherent systems

» A (binary) system is a Boolean function ¢ : {0,1}" — {0, 1}.

» x; =1 (= 0) means that the ith component works (fails).

» ¢(x1,...,xn) =1 (= 0) means that the system works (fails).

> A system ¢ is semi-coherent if ¢ is increasing,
#(0,...,0)=0and ¢(1,...,1) = 1.

> A system ¢ is coherent if ¢ is increasing and all the

components are relevant that is ¢ is not constant in any
variable.
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Examples

>
>
>
>

Series system xi., = min(xi, . .., Xp).
Parallel system xp., = max(xi, . .., Xn).
k-out-of-n system ¢(x1,...,x,) =1if x3 + -+ 4+ x, > k.

If x1.p < -+ < Xp.p, are the ordered values obtained from
X1 ...,Xp
Qb(xla ce. 7Xn) = Xn—k+1:n-

v

The series system xi., is a n-out-of-n system.

» The parallel system xp,., is a 1-out-of-n system.
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Distortion representations

> If X1,..., X, are the lifetimes of the components, then the
lifetime of the system T can be written as

T =¢(X1,...,Xp)

for a function ¢ : [0,00)" — [0, 00).
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Distortion representations

> If X1,..., X, are the lifetimes of the components, then the
lifetime of the system T can be written as

T =¢(X1,...,Xp)

for a function ¢ : [0,00)" — [0, 00).
» From any random vector (Xi, ..., Xp,), the reliability function
of T can be written as

Fr(t) = Q(Fi(t),...,Fa(t)) forall t € R, (1.1)

where F;(t) = Pr(X; > t) and @ : [0,1]" — [0,1] is a
distortion (or aggregation) function, i.e., Q is continuous,
increasing and satisfies Q(0,...,0) =0 and Q(1,...,1) =1,
see Navarro (2022), p. 54.
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Distortion representations, particular cases.

> |If the components are identically distributed (ID), that is,
F; = F for all i, then

Fr(t) = g(F(t)), forall t €R, (1.2)

where G(u) = Q(u, ..., u) is a distortion function.
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> |If the components are identically distributed (ID), that is,
F; = F for all i, then

Fr(t) = g(F(t)), forall t €R, (1.2)

where G(u) = Q(u, ..., u) is a distortion function.

> If the components are independent (IND), then Q is a
multinomial.
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Distortion representations, particular cases.

> |If the components are identically distributed (ID), that is,
F; = F for all i, then

Fr(t) = G(F(t)), forall t € R, (1.2)

where G(u) = Q(u, ..., u) is a distortion function.

> If the components are independent (IND), then Q is a
multinomial.

> |If the components are IID, then G is a polynomial.
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> Xl;,-, = min(Xl, e ,Xn).
> General case:

F_lz,,(t) = PI’(Xl;n > t) = Pr(X1 >t Xy > t)
= C(Fi(t),. .., Fa(t)),

where @ = C is the survival copula of (Xi,...,Xn).
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where Q :,\6 is the survival copula of (Xi,..., Xy).
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> ID case: Fi.q(t) = C(F(t),...,F(t)) = §¢(F(t)), where
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An example

> Xl;,-, = min(Xl, e ,Xn).
> General case:
F_lz,,(t) = PI’(Xl;n > t) = Pr(X1 >t Xy > t)
= C(Fi(t),. .., Fa(t)),

where Q :,\6 is the survival copula of (Xi,..., Xy).
» IND case: C(u1,...,up)=u;...upand

Fin(t) = Fi(t) ... Fa(t).
> ID case: Fi.q(t) = C(F(t),...,F(t)) = §¢(F(t)), where
g(u) = d0¢(u) = C(u, ..., u) is the diagonal section of C.
> 11D case:
Fin(t) = F"(t) = G(F(t))
with g(u) = u" for u € [0, 1].
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Preservation of aging classes in systems

> We say that an aging class C is preserved in a system if

X,..., X, €C= Tqu(Xl,...,Xn)EC.
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Preservation of aging classes in systems

> We say that an aging class C is preserved in a system if
X,..., X, €C= T:gb(Xl,...,Xn) eC.

» One can expect that if the components have an aging process
the same would hold for the system.

> However this is not always the case.

> These preservation properties might depend on the structure
of the system and on the dependence between the components
(the copula).

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 16/32



Systems with ID components
Preservation of aging classes Systems with IID components
Further results

Systems with ID components

» Recall that if F; = F for all i, then F+ = G(F) where
G :[0,1] — [0,1] is a distortion function.
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Systems with ID components

> Recall that if F; = F for all i, then F+ = G(F) where
G :[0,1] — [0,1] is a distortion function.

> Let a(u) = ug'(u)/g(u) be the elasticity function associated
to g. Then we have the following properties:

> The IFR class is preserved iff « is decreasing.

» The DFR class is preserved iff « is increasing.
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Systems with ID components

» Recall that if F; = F for all i, then F+ = G(F) where
G :[0,1] — [0,1] is a distortion function.

> Let a(u) = ug'(u)/g(u) be the elasticity function associated
to g. Then we have the following properties:

> The IFR class is preserved iff « is decreasing.

v

The DFR class is preserved iff « is increasing.

» The IFR and DFR classes are preserved iff g(u) = u€ for a
c>0.

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 17/32



Systems with ID components
Preservation of aging classes Systems with IID components
Further results

Systems with ID components

» Recall that if F; = F for all i, then F+ = G(F) where
G :[0,1] — [0,1] is a distortion function.

> Let a(u) = ug'(u)/g(u) be the elasticity function associated
to g. Then we have the following properties:

> The IFR class is preserved iff « is decreasing.

v

The DFR class is preserved iff « is increasing.

» The IFR and DFR classes are preserved iff g(u) = u€ for a
c>0.
> The NBU class is preserved iff g is submultiplicative, that is,

G(uv) < g(u)g(v) for all u,v €[0,1].
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Systems with ID components

» Recall that if F; = F for all i, then F+ = G(F) where
G :[0,1] — [0,1] is a distortion function.

> Let a(u) = ug'(u)/g(u) be the elasticity function associated
to g. Then we have the following properties:

> The IFR class is preserved iff « is decreasing.

v

The DFR class is preserved iff « is increasing.

» The IFR and DFR classes are preserved iff g(u) = u€ for a
c>0.

> The NBU class is preserved iff g is submultiplicative, that is,
G(uv) < g(u)g(v) for all u,v € [0, 1].

> If the IFR class is preserved, then so is the NBU class.
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Examples

> For a series system with |ID components we have g(u) = u"

and o(u) = n.
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> For a series system with |ID components we have g(u) = u"

and o(u) = n.
> Therefore IFR, DFR, NBU and NWU classes are preserved.
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> For a series system with |ID components we have g(u) = u"

and o(u) = n.
> Therefore IFR, DFR, NBU and NWU classes are preserved.
» Actually it is easy to see that hr(t) = nh(t) for all t > 0.
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Examples

> For a series system with |ID components we have g(u) = u"

and o(u) = n.
> Therefore IFR, DFR, NBU and NWU classes are preserved.
Actually it is easy to see that hr(t) = nh(t) for all t > 0.

> For a parallel system with IID components we have
G(u) =1—(1—u)" and « is strictly decreasing for all n > 1.

v
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> For a series system with |ID components we have g(u) = u"
and o(u) = n.

> Therefore IFR, DFR, NBU and NWU classes are preserved.

» Actually it is easy to see that hr(t) = nh(t) for all t > 0.

> For a parallel system with IID components we have
G(u) =1—(1—u)" and « is strictly decreasing for all n > 1.

» Therefore IFR and NBU classes are preserved.
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> For a series system with |ID components we have g(u) = u"

and o(u) = n.
> Therefore IFR, DFR, NBU and NWU classes are preserved.
» Actually it is easy to see that hr(t) = nh(t) for all t > 0.

> For a parallel system with IID components we have
G(u) =1—(1—u)" and « is strictly decreasing for all n > 1.

» Therefore IFR and NBU classes are preserved.
» DFR and NWU classes are not preserved!
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Examples

> For a series system with |ID components we have g(u) = u"
and o(u) = n.

> Therefore IFR, DFR, NBU and NWU classes are preserved.

» Actually it is easy to see that hr(t) = nh(t) for all t > 0.

> For a parallel system with IID components we have
G(u) =1—(1—u)" and « is strictly decreasing for all n > 1.

» Therefore IFR and NBU classes are preserved.

v

DFR and NWU classes are not preserved!
» The same happen for the 2-out-of-3 system X5.3.
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Figure: Alpha functions (left) and hazard rate functions (right) of
k-out-of-3 systems for k = 1,2, 3 (black, blue, red) with IID components
having a common standard exponential distribution. The dotted line
represents the hazard rate of the components.
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Figure: Two coherent systems of order 3.
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Examples

> Wich one preserves the IFR class if the components are 11D?
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Examples

> Wich one preserves the IFR class if the components are 11D?

> The lifetimes are T; = min(X1, max(Xz, X3)) and
T2 = max(Xl, min(XQ,X3)).
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Examples

> Wich one preserves the IFR class if the components are 11D?
> The lifetimes are T; = min(X1, max(Xz, X3)) and
T2 = max(Xl, min(XQ,X3)).
» Their respective distortion functions are gi(u) = 2u? — u® and
G2(u) = u+ v? — u® and their alpha-functions

4 — 3y 1+ 2u—3u?

ar(u) = 5 and azlu) = === "—5
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> Wich one preserves the IFR class if the components are 11D?
> The lifetimes are T; = min(X1, max(Xz, X3)) and
T2 = max(Xl, min(XQ,X3)).
» Their respective distortion functions are gi(u) = 2u? — u® and
G2(u) = u+ v? — u® and their alpha-functions

—3u 1+2u—3u?
= d = -
a1 (u) o and az(uw) T
> |t can be proved that «ay is strictly decreasing but that as is
not monotone in (0, 1).
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> Wich one preserves the IFR class if the components are 11D?
> The lifetimes are T; = min(X1, max(Xz, X3)) and
T2 = max(Xl, min(XQ,X3)).
» Their respective distortion functions are gi(u) = 2u? — u® and
G2(u) = u+ v? — u® and their alpha-functions

— 3u 1+ 2u—3u?

ag(u) = o and ap(u) = T

> |t can be proved that «ay is strictly decreasing but that as is
not monotone in (0, 1).

> Therefore, the IFR class is preserved in Ty but it is not
preserved in T».
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> Wich one preserves the IFR class if the components are 11D?
> The lifetimes are T; = min(X1, max(Xz, X3)) and
T2 = max(Xl, min(XQ,X3)).
» Their respective distortion functions are gi(u) = 2u? — u® and
G2(u) = u+ v? — u® and their alpha-functions

—3uad (u) 1+ 2u—3u?
nd ap(u) = ————
2—u 2 1+u—u?

ag(u) =

> |t can be proved that «ay is strictly decreasing but that as is
not monotone in (0, 1).

> Therefore, the IFR class is preserved in Ty but it is not
preserved in T».

> The DFR class is not preserved in these systems.
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Figure: Alpha functions (left) and hazard rate functions (right) for the
systems Ty (blue) and T, (black) with 11D components having a common
standard exponential distribution. The dotted line represents the hazard
rate of the components.
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Figure: Reliability functions (left) for the system T, with IID components
having a common standard exponential distribution when new (black
line) and with ages t = 0.2,1.444,5 (blue, green, red). Hazard rate
functions (right) for T, when the components have Weibull distributions
with shape parameter 8 = 0.5,1,1.2,2 (green, black, red, blue). The
dotted lines represent the hazard rate of the components.
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Examples

» Consider now the series and parallel systems with dependent
components (X1, X2) having standard exponential distributions
and the Clayton-Oakes survival copula

~ uv
)=
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» Consider now the series and parallel systems with dependent
components (X1, X2) having standard exponential distributions
and the Clayton-Oakes survival copula

~ uv
Cu,v) = ———.
(u,v) u+v—uv
» Their respective dual distortion functions are

Gro(u) = C(u, u) = 55 and goo(u) = 2u— C(u, u) = 2u—2 5 ,
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» Consider now the series and parallel systems with dependent
components (X1, X2) having standard exponential distributions
and the Clayton-Oakes survival copula

Clu,v) = S S
u+v—uv
» Their respective dual distortion functions are
~ ~ u
g1 =C = and go. =2u-C =2u—
Gi:2(u) (u,u) 55 Go:2(u) = 2u—C(u,u) =2u 55

» Their respective alpha functions are

2u?> —8u+6
and Ozz;z(u) 4 ut

al;z(u):2_u :2u2—7u+6'
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» Consider now the series and parallel systems with dependent
components (X1, X2) having standard exponential distributions
and the Clayton-Oakes survival copula

Clu,v) = S S
u+v—uv
» Their respective dual distortion functions are
~ ~ u
g1 =C = and go. =2u-C =2u—
Gi:2(u) (u,u) 55 Go:2(u) = 2u—C(u,u) =2u 55

» Their respective alpha functions are

and (1) 202 —8u+6
aso(U) = —————.
2—u 22 202 —Tu+6

> «q.p is increasing and ap.» is decreasing.

ar2(u) =
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» Consider now the series and parallel systems with dependent
components (X1, X2) having standard exponential distributions
and the Clayton-Oakes survival copula

Clu,v) = S S
u+v—uv
» Their respective dual distortion functions are
~ u ~ u
g1 =C = and go. =2u-C =2u—
Gi:2(u) (u,u) 55 Go:2(u) = 2u—C(u,u) =2u 55

» Their respective alpha functions are

2u° —8u+6
2—u and az2(u) = 202 —Tu+6
> «q.p is increasing and ap.» is decreasing.
> Therefore, the IFR class is preserved in X5.» but it is not

preserved in X1.2. We have the opposite for the DFR class.

ar2(u) =

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 24/32



Systems with ID components
Preservation of aging classes Systems with IID components

Further results

o o
o o
v v
w T -
s 2
B <
s < | T 2
2 = g -
£ 3
=3 T
<
©v | © |
=] =]
o | o |
=] =]
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0 1 2 3 4 5

Figure: Alpha functions (left) and hazard rate functions for the series
(black) and parallel (blue) systems with dependent components. The
dotted line represents the hazard rate of the components.
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Preservation of DMRL/IMRL classes

» Abouammoh and El-Neweihi (1986) proved that the DMRL
class is preserved under the formation of parallel systems with
[ID components.
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Preservation of DMRL/IMRL classes

» Abouammoh and El-Neweihi (1986) proved that the DMRL

class is preserved under the formation of parallel systems with
[ID components.

» This result was extended in Navarro (2018) with the following:
Theorem

(i) The DMRL class is preserved if

- =2
p ) 7
ue(o,v] U veq (V)

for all v € (0,1). (2.1)
(i) The IMRL class is preserved if

o AW L 7

ue(O,v] U V2(_]'(v) for all v € (07 1)- (2.2)
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Example of preservation of DMRL class

» Consider the system
T = min(max(Xy, X2, X3), max(Xz, X3, Xa)).
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Example of preservation of DMRL class

» Consider the system
T = min(max(Xy, X2, X3), max(Xz, X3, Xa)).
» Then g(u) = 2u — 2u® + u* and
sup M: sup 2—2u® +ud=2.
ve(o,v] U ue(0,v]
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» Consider the system
T = min(max(Xy, X2, X3), max(Xz, X3, Xa)).
» Then g(u) = 2u — 2u® + u* and
sup M: sup 2—2u® +ud=2.
ve(o,v] U ue(0,v]

» On the other hand

=2 _ou2 4 W32
inf &: inf 2-2v+v7) =
ve(0,1] v2@'(v)  ve(o1] 2—6v+4v3

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 27/32



Systems with ID components
Preservation of aging classes Systems with IID components
Further results

Example of preservation of DMRL class

» Consider the system
T = min(max(Xy, X2, X3), max(Xz, X3, Xa)).
» Then g(u) = 2u — 2u® + u* and
sup M: sup 2—2u® +ud=2.
ve(o,v] U ue(0,v]

» On the other hand

=2 _ou2 4 W32
inf &: inf 2-2v+v7) =
ve(0,1] v2@'(v)  ve(o1] 2—6v+4v3

> Therefore (2.1) holds and the DMRL class is preserved.
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Systems with [ID components

> The IFR class is_preserved in Xi:n, .-+, Xn:n (k-out-of-n
systems) when F is absolutely continuous, Esary and Proschan
(1963).
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> The IFR class is_preserved in Xi:n, .-+, Xn:n (k-out-of-n
systems) when F is absolutely continuous, Esary and Proschan
(1963).

» The preservation of the IFR class in k-out-of-n systems cannot
be extended to coherent systems ( T>).

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 28/32



Systems with ID components
Preservation of aging classes Systems with IID components
Further results

Systems with [ID components

> The IFR class is_preserved in Xi:n, .-+, Xn:n (k-out-of-n
systems) when F is absolutely continuous, Esary and Proschan
(1963).

» The preservation of the IFR class in k-out-of-n systems cannot
be extended to coherent systems ( T>).

> As the IFR property was not preserved in all the coherent
systems, another aging class was considered, the NBU
property.
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Systems with [ID components

> The IFR class is_preserved in Xi:n, .-+, Xn:n (k-out-of-n
systems) when F is absolutely continuous, Esary and Proschan
(1963).

» The preservation of the IFR class in k-out-of-n systems cannot
be extended to coherent systems ( T>).

> As the IFR property was not preserved in all the coherent
systems, another aging class was considered, the NBU
property.

» In this sense Esary, Marshall and Proschan (1970) (see also
Navarro (2022), p. 85) proved that the NBU aging class is
preserved in all the systems with 1ID components.
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Systems with [ID components

> The IFR class is_preserved in Xi:n, .-+, Xn:n (k-out-of-n
systems) when F is absolutely continuous, Esary and Proschan
(1963).

» The preservation of the IFR class in k-out-of-n systems cannot
be extended to coherent systems ( T>).

> As the IFR property was not preserved in all the coherent
systems, another aging class was considered, the NBU
property.

» In this sense Esary, Marshall and Proschan (1970) (see also
Navarro (2022), p. 85) proved that the NBU aging class is
preserved in all the systems with 1ID components.

> That is, in the IID case, g is always submultiplicative.
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Preservation of the IFR, discrete case

» The preservation of the IFR class in k-out-of-n systems with
1D components having a discrete distribution was an open
problem since 1963.
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Preservation of the IFR, discrete case

» The preservation of the IFR class in k-out-of-n systems with

1D components having a discrete distribution was an open
problem since 1963.

> It is solved in the following recent paper.

Theorem (Alimohammadi and Navarro (2023))

Let X be a discrete random variable with ordered support {x;}ic.
Let X1,...,X, be IID random variables with the same distribution
of X. If X is IFR, then Xy.,, is IFR fork =1,... n.
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Preservation of the IFR, discrete case

» The preservation of the IFR class in k-out-of-n systems with
1D components having a discrete distribution was an open
problem since 1963.

> It is solved in the following recent paper.

Theorem (Alimohammadi and Navarro (2023))

Let X be a discrete random variable with ordered support {x;}ic.
Let X1,...,X, be IID random variables with the same distribution
of X. If X is IFR, then Xy.,, is IFR fork =1,... n.

» The proof is based on some preliminary results about
log-convexity and on the fact that the elasticity function
associated to Gk., is always decreasing.
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Preservation of the IFR, discrete case

» The preservation of the IFR class in k-out-of-n systems with
1D components having a discrete distribution was an open
problem since 1963.

> It is solved in the following recent paper.

Theorem (Alimohammadi and Navarro (2023))

Let X be a discrete random variable with ordered support {x;}ic.
Let X1,...,X, be IID random variables with the same distribution
of X. If X is IFR, then Xy.,, is IFR fork =1,... n.

» The proof is based on some preliminary results about
log-convexity and on the fact that the elasticity function
associated to Gk., is always decreasing.

> Some extensions to the general case are obtained as well.
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Further results

> For preservation properties based on the signature of the
systems (11D or EXC cases) see Samaniego (1985); Rychlik
and Szymkowiak (2021) and the references therein.
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Further results

> For preservation properties based on the signature of the
systems (11D or EXC cases) see Samaniego (1985); Rychlik
and Szymkowiak (2021) and the references therein.

> For preservation properties for systems with heterogeneous
(non-ID) components see Navarro (2022), p. 130.
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Further results

> For preservation properties based on the signature of the
systems (11D or EXC cases) see Samaniego (1985); Rychlik
and Szymkowiak (2021) and the references therein.

> For preservation properties for systems with heterogeneous
(non-ID) components see Navarro (2022), p. 130.

» The NBU is preserved if Q is submiultiplicative, that is,
Q(ulvl, cey UpVy) < @(ul, . u,,)@(vl, ceey Vn)

for all u;, v; € [0,1].

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 30/32



Systems with ID components
Preservation of aging classes Systems with IID components
Further results

Further results

> For preservation properties based on the signature of the
systems (11D or EXC cases) see Samaniego (1985); Rychlik
and Szymkowiak (2021) and the references therein.

> For preservation properties for systems with heterogeneous
(non-ID) components see Navarro (2022), p. 130.

» The NBU is preserved if Q is submiultiplicative, that is,
@(ulvl, cey UpVy) < @(ul, . u,,)@(vl, ceey Vn)

for all u;, v; € [0,1].
» The NBU property is preserved if the components are

independent, see Esary, Marshall and Proschan (1970) or
Navarro (2022), p. 131.

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 30/32



Main references

Main references

Spanish-Polish Mathematical Meetin 6dz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 31/32



Main references

Abouammoh, A. and El-Neweihi, E. (1986). Closure of NBUE and
DMRL under the formation of parallel systems. Statistics and
Probability Letters 4, 223-225.

Alimohammadi M., Navarro J. (2023). Resolving an old problem
on the preservation of the IFR property under the formation of
k-out-of-n systems with discrete distributions. To appear in
Journal of Applied Probability.

Barlow R.E., Proschan F. (1975). Statistical Theory of Reliability
and Life Testing. Holt,Rinehart and Winston, New York.

Esary, J.D., Marshall, A\W. and Proschan, F. (1970). Some
reliability applications of the hazard transform. SIAM Journal on
Applied Mathematics 18, 849-860.

Esary J., Proschan F. (1963). Relationship between system failure
rate and component failure rates. Technometrics 5, 183-189.

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 31/32



Main references

Navarro J. (2018). Preservation of DMRL and IMRL aging classes
under the formation of order statistics and coherent systems.
Statistics and Probability Letters 137, 264-268.

Navarro J. (2022). Introduction to System Reliability Theory.
Springer.

Rychlik T., Szymkowiak M. (2021). Signature conditions for
distributional properties of system lifetimes if component
lifetimes are i.i.d. exponential. IEEE Transactions on Reliability
1-13. DOI: 10.1109/TR.2021.3119463.

Samaniego, F.J. (1985). On closure of the IFR class under

formation of coherent systems. IEEE Transactions on Reliability
R-34, 69-72.

Spanish-Polish Mathematical Meeting Lédz, Sept. 2023 Jorge Navarro, Email: jorgenav@um.es. 31/32



Main references

Final slide

> More references in my web page

https://webs.um.es/jorgenav/miwiki/doku.php
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» That's all. Thank you for your attention!!
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> More references in my web page
https://webs.um.es/jorgenav/miwiki/doku.php

» That's all. Thank you for your attention!!
» Questions?
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