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» The marginal probability density functions (PDF) are
fi(t) = —F;(t) for j & [n].

» The jth hazard (or failure) rate function is

<hH

. 1 (1)
(t) = lim —P(X; <t+At|X = :
A(t) = lim = P(X < t+ A|X; > t) (1)

» The condition \j(t) = ¢; for t > 0 leads to the exponential
distribution with F;(t) = exp(—¢;t) for t > 0 and ¢; > 0.
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» Forj € [n]and i1,..., ik € [n] with j ¢ | = {i,..., ik}, and
0<t; <--- < tg, the jth multivariate conditional hazard
rate (MCHR) function Aj(t|i1, ..., ik t1,..., tx) is defined as:

1
li —P(X <t+ At
Atoor At ( =St

)(,'1 = 1.'1,...,X,'k = tk,rpé?Xh > t) .
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» Forj € [n]and i1,..., ik € [n] with j ¢ | = {i,..., ik}, and
0<t; <--- < tg, the jth multivariate conditional hazard
rate (MCHR) function Aj(t|i1, ..., ik t1,..., tx) is defined as:

1
i —P( X <t+ At
A0 AL ( j st

)(,'1 = 1.'1,...,X,'k = tk,rpé?Xh > t) .

> We use the following notation for the MCHR functions with no
failures (also called risk-specific or initial hazard rate)

1
Ai(t]0) lim E]P’(XJ- <t+ At|Xyp > t),

At—0t

where X1., = min(Xy,..., X,).
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The models
Properties

Particular cases

> If Xi,...,X, are independent, then, for all j ¢ {i,..., ik},
Ni(tlin, .oyt .o t) = Aj(t) forall £ > 0.
> If Xq,...,X, are exchangeable, i.e.,
(X1, -, Xn) =sT (Xz(1)s - - - » Xa(m)) for any permutation 7,

then the MCHR functions do not depend on j and iy, . .., ik
but only on k and the failure times t1, ..., t, that is,

Nty ikt ) = At 1)

and
A(t]0) = A1),
forall ke {1,2,...,n—1}andall 0 <t < tp <--- <ty < t.
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> Similar expressions hold when 0 < t; ;) <+ < ty(,) for some
permutation .
» For the proof see Shaked and Shanthikumar (1988).
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depends on the calendar time t and on the set of working
components.

» If in addition the MCHR functions do not depend on the
calendar time t, then, they are constant functions and we talk
about time-homogeneous load-sharing (THLS) models.

» This model is a natural generalization of the joint distribution
of a vector of independent and exponentially distributed
random variables.

» For a review on these models see Spizzichino (2018).
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The models
Definition
(X1,...,Xy,) is distributed according to a load-sharing (LS) model
if, forany i1,...,ix € [n] and j & | = {i1,..., ik}, there exist

functions p;(t|/) such that, forall0 <t; <--- <t <'t,
)\j(t‘il, ety tk) = Nj(t“)-

Furthermore, a load-sharing model is time-homogeneous (THLS)
when there exist non-negative numbers (/) and yj(0) such that,
forany t > 0 and any j ¢ I,

(1) = p(1),
Aj(t0) = 1 (D).
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The models

In this paper, we will consider a more general model.

Definition

(Xi,...,Xy) is distributed according to an order dependent
load-sharing (ODLS) model if, for any i, ..., ik € [n] and

J &1 ={i,... ik} there exist functions y(t|i1, ..., i) such that,
forall0<t; <. <t <t,

)\j(tli]_, ey PR t1,..., tk) = ,Uj(t|i1, RN ik).

Furthermore, an ODLS model is time-homogeneous (ODTHLS)
when there exist non-negative numbers (i1, ..., ix) and p;(0)
such that, for any t > 0 and any j ¢ /,

,lLJ'(t|i1, ey ik) = ;Lj(l'l, e ik),
Aj(t0) = 1i(0).
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> If for any non-empty set | C [n] and any j ¢ [, the function
wj(t|i, ..., ix) is invariant under permutations of iy, ..., i,
then the ODLS model reduces to a LS model.
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> If for any non-empty set | C [n] and any j ¢ [, the function
wj(t|i, ..., ix) is invariant under permutations of iy, ..., i,
then the ODLS model reduces to a LS model.

» In the same way, if for any non-empty set / C [n] and any j ¢ /
the number (i1, ..., ix) is invariant under permutations of
fi1,..., I, then the ODTHLS model reduces to a THLS model.

» Note that the LS model includes a kind of weak
exchangeability property since the MCHR functions just

depend on the set of broken components | = {i1,...,ix}
instead of the vector of ordered failures (i1, ..., k) used in the
ODLS model.

» The same holds for the THLS and the ODTHLS models.
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The models
Properties

Inversion formula for the ODTHLS model

Proposition

The PDF of (Xi,...,Xs) under the ODTHLS model can be
obtained for0 < t; < tp < --- < t, as

F(tr,- o tn) = ma(B)exp | —t1 Y (D)

pa(l)exp |—(t2— 1) Y (1) ...
j=2

wn(l,...,n—1)exp[—(tn — th—1)un(1,...,n—1)].

Similar expressions hold when t1, ..., t, are such that
tr() < -+ < tr(n) for some permutation .
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Properties

» Under the ODTHLS model we use
M(i, i) = Y pali, . ik); (1)

h¢{i1,...,ik}
: , pili, - ik
pj(ll,...,lk)zﬁ. (2)
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Preliminary results Conditional hazard rate functions
The models
Properties

Properties

» Under the ODTHLS model we use
M(i,vie) = Y palin i) (1)

h¢{i1,...,ik}
: , pili, - ik
pj(ll,...,lk)zﬁ. (2)

» Then if 7 is a fixed permutation,
P(X1:n = Xr(1)s - > Xrn = Xa(r)) = (1) (0)pr(2) (w(1))
Px3)(m(1),7(2)) - pr(r)(w(1),... . 7w(r = 1)) (3)
for 1 <r < nand
P(Xin = X(1)s -« s Xmn = Xa(m) = P(Xiin = Xe(1)s -+ s Xn-1:n-1 = Xn(n_1))
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Properties

> For AU = (A1,...,\,) € R, Gpw(t) is the survival function
of Y o1 s, where I'1,..., T, are independent r. v. with
exponential distributions of parameters \1,..., \,.
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Properties

> For AU = (A1,...,\,) € R, Gpw(t) is the survival function
of Y o1 s, where I'1,..., T, are independent r. v. with
exponential distributions of parameters \1,..., \,.

» Moreover, for a permutation 7 of [n] and r € [n], we place
A (x) = (M(D), M(x(1)), ..., M(x(1),...,7(r — 1))).
» In the ODTHLS model, for any j € [n] we have
P(X1:n > t|X1:n = Xj) = exp(—tM(0))
and for any permutation 7 of [n] and k € {2,..., n},

IP)()<k:n > t|X1:n = XTI‘(].)? T X7r(k)) = EA(k)(ﬂ')(t)‘
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Properties.

» In Spizzichino (2018) it is observed that conditioning on the
event (X1.n = Xr(1), - -+ Xkin = Xi(ky), the interarrival times
X1:n, Xo:n — X1:ny + -+ s Xien — Xk—1.n are independent random
variables exponentially distributed with parameters
M(0), M(x(1)),..., M(m(1),...,m(k — 1)), respectively.
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not depend on m(k).
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Preliminary results Conditional hazard rate functions
The models
Properties

Properties.

» In Spizzichino (2018) it is observed that conditioning on the
event (X1.n = Xr(1),--+» Xk:n = Xz(k), the interarrival times
X1:n, Xo:n — X1:ny + -+ s Xien — Xk—1.n are independent random
variables exponentially distributed with parameters
M(0), M(x(1)),..., M(m(1),...,m(k — 1)), respectively.

» We note that M(0), M(=(1)),..., M(x(1),...,m(k — 1)) do
not depend on m(k).

» In particular, the events (Xi., > t) and (X1., = X) are
independent.

» Hence, under this conditioning event, the distribution of Xj.,
is a convolution of k independent exponential distributions.
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Predictions, Scenario 1

> We consider the problem of predicting future failure times in
the ODTHLS model.
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Predictions under different scenarios
Predictions Simulations
Examples

Predictions, Scenario 1

» We consider the problem of predicting future failure times in
the ODTHLS model.

» We analyze different scenarios given by different levels of
knowledge.

> We start by giving the prediction of Xx;1., from the observed
history

Hy = {Xl:n = Xﬂ'(l) =t Xkn = Xﬂ'(k) - tk}

for k < n, where 7 is a permutation of [n].
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Predictions under different scenarios
Predictions Simulations
Examples

Predictions

Proposition

Let (Xi,...,Xy) follow an ODTHLS model. Given the history H
for k < n, the median and the mean predictions of Xy 1., are

log 2
M(m(1),...,m(k))’

Xit1:0 = m(ty) =ty +

(4)

and
1

M(x(D),. - 7(K))’
Moreover, a prediction band of size v = 5 — «, with o, 8,7 € (0,1),

is given by [t + qa, tx + qg], where q, and qg are the quantiles of
the exponential distribution with parameter M(7(1),...,m(k)).

Xk+1:n = tx +
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Predictions under different scenarios
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Examples

Predictions

> Note that we just need the value X., = tx to get the
predictions.
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Predictions

> Note that we just need the value X., = tx to get the
predictions.

> For example, in the above proposition, the centered 90%
prediction band is obtained with § = 0.95 and a = 0.05 as

log(0.95) . log(0.05)
M(x(1),...,7(k)" ™ M(x(1),... 7(k)]|"

Coo = |tk —
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Predictions Simulations
Examples

Predictions

> Note that we just need the value X., = tx to get the
predictions.

> For example, in the above proposition, the centered 90%
prediction band is obtained with § = 0.95 and a = 0.05 as

log(0.95) . log(0.05)
M(x(1),...,7(k)" ™ M(x(1),... 7(k)]|"

Coo = |tk —

> Here, we prefer to use the predictions given by the median
m(ty), instead of the ones based on the mean, since they are
obtained by using quantiles as well as the prediction bands.
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> Note that we just need the value X., = tx to get the
predictions.

> For example, in the above proposition, the centered 90%
prediction band is obtained with § = 0.95 and a = 0.05 as

log(0.95) . log(0.05)
M(x(1),...,7(k)" ™ M(x(1),... 7(k)]|"

Coo = |tk —

> Here, we prefer to use the predictions given by the median
m(ty), instead of the ones based on the mean, since they are

obtained by using quantiles as well as the prediction bands.

» Let us denote by m. = '°§2 the median of an exponential

distribution with parameter c.
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> Let (Xi,...,Xp,) follow an ODTHLS model.
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Predictions, Scenario 2

> Let (Xi,...,Xp,) follow an ODTHLS model.

> Let us suppose to know the history
Xin = X7r(1)a Xo.p = Xﬂ.(z), - 7Xk:n = Xﬂ.(k), for k < n.
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Predictions, Scenario 2

> Let (Xi,...,Xp,) follow an ODTHLS model.

> Let us suppose to know the history
Xin = Xﬂ(l);XZ:n = Xz(2)s--- 7Xk:n = Xr(k) for k < n.

» Then the median and the mean predictions for the next failure
time Xy.1., are respectively given by

Xittn = muio) + Muae(ay) + -+ Musa(a)...x(6)):
X S !
T M@) T M(r(1)) M(r(1),...,w(k))
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Predictions, Scenario 2

> Let (Xi,...,Xp,) follow an ODTHLS model.

> Let us suppose to know the history
Xin = Xﬂ(l);XZ:n = Xz(2)s--- 7Xk:n = Xﬂ.(k), for k < n.

» Then the median and the mean predictions for the next failure
time Xy.1., are respectively given by

Xittn = muio) + Muae(ay) + -+ Musa(a)...x(6)):
X S !
KR T OM0) T M(r (D)) M(x(1), ..., 7(k)’

» The prediction can also be obtained from the median of the
convolution of k + 1 independent exponential distributions
with parameters M(0), M(n(1)),... ,M(n(1),...,7(k)).

XL Congreso Nacional SEIO, Elche 7-10 Nov. 2023 Jorge Navarro, Email: jorgenav@um.es. 21/43



Predictions under different scenarios
Predictions Simulations
Examples

Predictions, Scenario 3

Proposition
Let (Xi,...,Xy) follow an ODTHLS model. Given the history H
for k < n— 1, the prediction of Xy ., is given by

~ ~ log 2

Xk+2:n = Xk+1:n E pj(ﬂ-(l)v cee 77r(k)) .
M(x(1),... k

S (1) () (7)o mlk).J)

where )A(k+1:n is the median prediction of Xy 1., obtained before.
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Proposition
Let (X1,...,Xy) follow an ODTHLS model. Let 7 be a fixed
permutation of [n] and k < n— 1. Then,

P(Xiyo:n — ti > t|Hy) = > plr(1),. . ,ﬂ(k))@.r(_k)(w)(t),
JAm (L) ()} !

where Hy is the history defined above, ET(k) ( )(t) is the survival
j Ko

function of Y = Y1 + Y5, where Y1 and Y5 are independent
random variables with exponential distributions of parameters
M(n(1),...,m(k)) and M(m(1),...,7(k),J).
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Predictions, Scenario 3

> Conditioning on the observed history, the interarrival time
Xk+2:n — Xk:n is @ mixture of n — k distributions which are
sums of two independent exponential distributions.
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Predictions, Scenario 3

> Conditioning on the observed history, the interarrival time
Xk+2:n — Xk:n is @ mixture of n — k distributions which are
sums of two independent exponential distributions.

> The analytical expressions of the survival functions of such
distributions are well known.
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Predictions, Scenario 3

> Conditioning on the observed history, the interarrival time
Xk+2:n — Xk:n is @ mixture of n — k distributions which are
sums of two independent exponential distributions.

> The analytical expressions of the survival functions of such
distributions are well known.

> |t is necessary to distinguish between the case in which the
exponential distributions have the same parameter or not.
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Predictions, Scenario 3

> Conditioning on the observed history, the interarrival time
Xk+2:n — Xk:n is @ mixture of n — k distributions which are
sums of two independent exponential distributions.

> The analytical expressions of the survival functions of such
distributions are well known.

> |t is necessary to distinguish between the case in which the
exponential distributions have the same parameter or not.

» If they have parameters X\ and p with A # i, then

F K-t At
Fy(t) = - Ht> 0.
y(t) /\e )\e , t 0 (5)
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Predictions, Scenario 3

> Conditioning on the observed history, the interarrival time
Xk+2:n — Xk:n is @ mixture of n — k distributions which are
sums of two independent exponential distributions.

> The analytical expressions of the survival functions of such
distributions are well known.

> |t is necessary to distinguish between the case in which the
exponential distributions have the same parameter or not.

» If they have parameters X\ and p with A # i, then

F K-t At
F = - N > .
y(t) 'u_/\e M_)\e , t>0 (5)
> In the case A = p, then
Fy(t) = (1+ At)e ™, t >0. (6)
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» The median of such distributions can also lead to good
predictions for Xy 2:p.
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Predictions, Scenario 3

» The median of such distributions can also lead to good
predictions for Xy 2:p.

» Numerical methods should be used to get that medians.
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Predictions, Scenario 3

» The median of such distributions can also lead to good
predictions for Xy 2:p.

» Numerical methods should be used to get that medians.

» Then, if we want to get a confidence v = 8 — a, where
a,B,7 € (0,1) and g, and gg are the respective quantiles of
the distribution given in the preceding proposition, we use that

P (tk + ga < Xkto:n <t + qp|Hi) = 7.
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» The median of such distributions can also lead to good
predictions for Xy 2:p.

» Numerical methods should be used to get that medians.

» Then, if we want to get a confidence v = 8 — a, where
a,B,7 € (0,1) and g, and gg are the respective quantiles of
the distribution given in the preceding proposition, we use that

P (tk + ga < Xkto:n <t + qp|Hi) = 7.

> In this way, it is possible to predict Xs., for s > k.
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Predictions, Scenario 3

» The median of such distributions can also lead to good
predictions for Xy 2:p.

» Numerical methods should be used to get that medians.

» Then, if we want to get a confidence v = 8 — a, where
a,B,7 € (0,1) and g, and gg are the respective quantiles of
the distribution given in the preceding proposition, we use that

P (tk + ga < Xkto:n <t + qp|Hi) = 7.

> In this way, it is possible to predict Xs., for s > k.

> With the increase of s there will be more terms in the
convolutions.
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» The preceding results can be used to get simulated data from
an ODTHLS (or THLS) model.
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Simulations

» The preceding results can be used to get simulated data from
an ODTHLS (or THLS) model.

» The algorithm can be summarized as follows:

Step 1. Choose 7 according to the probabilities given in (3).

Step 2. Simulate n independent exponential distributions 71, ..., Z,
with parameters M(0), M(n(1)),..., M(x(1),...,m(n —1)).

Step 3. Compute Xg.n =21+ -+ + 2, for k=1,...,n.

Step 4. Compute X (x) = Xk, for k=1,...,n.
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Example 1

> Let (X1, X2, X3) be distributed according to an ODTHLS
model with parameters

, 1(2) =2, (3) =1, 1(2,3) = p(3,2) =3,

1
p2(0) =2, p2(1) =1, p2(3) =3, p2(1,3) = p2(3,1) =2,
2, p3(1)=2, p3(2)=1, p3(1,2) =p3(2,1) =2.
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> Let (X1, X2, X3) be distributed according to an ODTHLS
model with parameters

(Q)) /'41(2) =2, Ml(?’) =1, N1(27 3) = /.1,1(3, 2) =3,

((b) /'42(1) =1, ,UJ2(3) =3, N2(17 3) = ,UQ(?” 1) =2,

p3(0) =2, p3(1) =2, pa(2)=1, ps(1,2)=ps(2,1) =2

» It is a THLS model since u;(j, k) = pi(k, ) for all i, j and k.

I
NN e
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> Let (X1, X2, X3) be distributed according to an ODTHLS
model with parameters

1, /'41(2) =2, Ml(?’) =1, M1(273) = ,UJ1(352) =3,
p2(0) =2, pa(1)=1, p2(3)=3, w2(1,3) = p2(3,1) =2,

27 M3(1) = 27 'U/3(2) = 1a ,u3(172) = :U’3(2a 1) =2
» It is a THLS model since u;(j, k) = pi(k, ) for all i, j and k.
> Hence, we have

M(0) =5, M(1)=3, M(2)=3, M(3)=4,

M(1,2) = M(2,1) =2, M(1,3) = M(3,1) =2,

M(2,3) = M(3,2) = 3.

XL Congreso Nacional SEIO, Elche 7-10 Nov. 2023 Jorge Navarro, Email: jorgenav@um.es. 27/43



Predictions under different scenarios
Predictions Simulations
Examples

Example 1
» Then
nO =3 nO=2 mO=;
p) =3 )=,
n@) =3 md)=3,
n@) =5 mE) =

and, naturally,

p1(2,3) = p1(3,2) = p2(1,3) = p2(3,1) = p3(1,2) = p3(2,1) = 1.
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» For n = 3 there are six possible permutations with probabilities

1
P(X1.3 = X1, X203 = X2, X33 = X3) = —

15’
P(X13 = X1, X3 = X3, X33 = Xp) = 1357
P(X1.3 = Xa, X3 = X1, X33 = X3) = 1i5,
P(X13 = Xo, X3 = X3, X33 = X1) = %,
P(X1:3 = X3, Xo.3 = X1, X33 = X2) = 1—10;
P(X13 = X3, Xo3 = X2, X3.3 = X1) = 1%
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» By generating a uniform number in (0,1), the permutation
(2,1,3) is chosen.
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» By generating a uniform number in (0,1), the permutation
(2,1,3) is chosen.

> Hence, three exponential numbers are generated with
parameters M() =5, M(2) =3, and M(2,1) = 2.
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Example 1

» By generating a uniform number in (0,1), the permutation
(2,1,3) is chosen.

> Hence, three exponential numbers are generated with
parameters M() =5, M(2) =3, and M(2,1) = 2.

» In this way, the simulated interarrival times obtained are
0.17166, 0.14498, 0.25606, respectively.
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Example 1

» By generating a uniform number in (0,1), the permutation
(2,1,3) is chosen.

> Hence, three exponential numbers are generated with
parameters M() =5, M(2) =3, and M(2,1) = 2.

» In this way, the simulated interarrival times obtained are
0.17166, 0.14498, 0.25606, respectively.

» Then the simulated values of the order statistics are
X1:3 = 0.17166, Xo.3 = 0.17166 + 0.14498 = 0.31663 and
X3.3 = 0.31663 + 0.25606 = 0.57270.
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Example 1

» By generating a uniform number in (0,1), the permutation
(2,1,3) is chosen.

> Hence, three exponential numbers are generated with
parameters M() =5, M(2) =3, and M(2,1) = 2.

» In this way, the simulated interarrival times obtained are
0.17166, 0.14498, 0.25606, respectively.

» Then the simulated values of the order statistics are
X1.3 = 0.17166, Xo.3 = 0.17166 + 0.14498 = 0.31663 and
Xs.3 = 0.31663 + 0.25606 = 0.57270.

> Since we have chosen permutation (2, 1, 3), the values
0.17166,0.31663 and 0.57270 represent a simulation of
Xo, X1 and Xj, respectively, i.e., the simulated data is
(0.31663,0.17166, 0.57270).

XL Congreso Nacional SEIO, Elche 7-10 Nov. 2023 Jorge Navarro, Email: jorgenav@um.es. 30/43



Predictions under different scenarios
Predictions Simulations
Examples

Example 1

» Suppose that the realization of the sample is the one that we
have simulated above, i.e., X; = 0.31663, X, = 0.17166 and
X3 = 0.57270.
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» Suppose that the realization of the sample is the one that we
have simulated above, i.e., X; = 0.31663, X, = 0.17166 and
X3 = 0.57270.

> Suppose now that we just know Xi.3 = X, = 0.17166 and that
our purpose is to predict X».3 and Xs.3.

» The mean and the median predictions of X5.3 = 0.31663 are

1
Xo.3 = Xq. —— = 0.50499
2:3 1:3 + M(2)

and log 2
Xo.3 = m(X1.3) = X1 = 0.40270
2.3 = m(X1:3) 13+ M(2) ,
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» Furthermore, the centered 90% and 50% prediction bands are

log(0.95)
M(2)

log(0.05
X3 — log(0.05)} _ [0.18875,1.17023]

Coo = | X1:3 — M(2)

and Csp = [0.26755,0.63375].
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» Furthermore, the centered 90% and 50% prediction bands are

log(0.95)
M(2)

log(0.05
X — 1080 1aa75 1.17023]

Coo = | X1:3 — M(2)

and Gso = [0.26755,0.63375].
» The true value of X».3 = 0.31663 belongs to both regions.
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» Furthermore, the centered 90% and 50% prediction bands are

log(0.95)
M(2)

log(0.05
X3 — log(0.05)} _ [0.18875,1.17023]

Coo = | X1:3 — M(2)

and Gso = [0.26755,0.63375].
» The true value of X».3 = 0.31663 belongs to both regions.
» Once Xo.3 has been predicted, also X3.3 can be predicted.

XL Congreso Nacional SEIO, Elche 7-10 Nov. 2023 Jorge Navarro, Email: jorgenav@um.es. 32/43



Predictions under different scenarios
Predictions Simulations
Examples

Example 1

» Furthermore, the centered 90% and 50% prediction bands are
log(0.95)
M(2)

and Gso = [0.26755,0.63375].
» The true value of X».3 = 0.31663 belongs to both regions.
Once X».3 has been predicted, also X3.3 can be predicted.

log(0.05)

Coo = | X1:3 — M(2)

X3 — = [0.18875, 1.17023]

v

» In this case the median prediction of X3.3 = 0.57270 is given by

2 2 log2 1 lo
082 ) 402721082, 1 log2

g2 1
M(21) 3253 372 T3 g 0o

Xz.3 = Xo. 3+01(2) ——
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> We can get a different prediction for X3.3 from
63‘1(1') = ]P’(X3:3 — X1.3 > t‘X1;3 =X = 0.17166)
= p1(2)6Y1,1+Y1,2(t) + p3(2)EY2,1+Y2,2(t)’

where Y11, Y12, Y21 and Y5 are independent and
exponentially distributed with parameters
M(2) =3, M(2,1) = 2, M(2) = 3 and M(2,3) = 3.
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> We can get a different prediction for X3.3 from
63‘1(1') = ]P’(X3:3 — X1.3 > t‘X1;3 =X = 0.17166)
= p1(2)6Y1,1+Y1,2(t) + p3(2)EY2,1+Y2,2(t)’

where Y11, Y12, Y21 and Y5 are independent and
exponentially distributed with parameters
M(2) =3, M(2,1) = 2, M(2) = 3 and M(2,3) = 3.
> Hence, we obtain
_ M(2 e—M(2,1)t - M 27 1 e—M(2)t B
(5 = ) e gy s M@ M
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> We can get a different prediction for X3.3 from
63‘1(1') = ]P’(X3:3 — X1.3 > t‘X1;3 =X = 0.17166)
= p1(2)6Y1,1+Y1,2(t) + p3(2)EY2,1+Y2,2(t)’
where Y11, Y12, Y21 and Y5 are independent and
exponentially distributed with parameters
M(2) = 3, M(2,1) = 2, M(2) = 3 and M(2,3) = 3.
> Hence, we obtain
- M(2)e=MEDt _ pM(2,1)e~ M)t
G3|1(t) = p1(2) M(2) — M(2 1)
» By resolving G3|1(t) = 0.5 we obtain a prediction for the
difference X3.3 — Xi.3 that is 0.64409, from which

Xs.3 = 0.17166 + 0.64409 = 0.81575.

+ p3(2)(1 + M(2)t)e M@,
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> By resolving G3|1(t) = q, for a = 0.05,0.25,0.75,0.95, we
obtain the 90% and 50% centered prediction bands as
GCoo = [0.30639,2.04858] and Cso = [0.53811, 1.21520].
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> By resolving G3|1(t) = q, for a = 0.05,0.25,0.75,0.95, we
obtain the 90% and 50% centered prediction bands as
GCoo = [0.30639,2.04858] and Cso = [0.53811, 1.21520].

> We observe that X3.3 = 0.57270 belongs to both regions.
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> By resolving C_J3|1(t) = q, for a = 0.05,0.25,0.75,0.95, we
obtain the 90% and 50% centered prediction bands as
GCoo = [0.30639, 2.04858] and Cs = [0.53811, 1.21520].

> We observe that X3.3 = 0.57270 belongs to both regions.

> In the following figure we plot these predictions (red) for
X2:3, X3:3 from Xi.3 jointly with the exact values (black points)
and the prediction bands.
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Figure: Predictions (red) for Xs.3 from Xi.3 for s = 2,3 jointly with the
exact values (black) for a simulated sample from an ODTHLS model.
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X1:3=X2

Figure: Scatterplots of 100 simulated samples from (Xj.3, X2:3), for the
case X1.3 = Xp jointly with the median regression curves (red) and 50%
(dark grey) and 90% (light grey) prediction bands.

XL Congreso Nacional SEIO, Elche 7-10 Nov. 2023 Jorge Navarro, Email: jorgenav@um.es. 36/43



Preliminary results
Predictions
Main references

X1:3=X1 X1:3=X3

Scatterplots of 100 simulated sample from (Xi.3, X2.3) for the
ODTHLS model jointly with the median regression curves (red) and 50%
(dark grey) and 90% (light grey) prediction bands for the cases X;.3 = Xi
(left) and Xi.3 = X3 (right).
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> Now, suppose we just know that X;3 = X>.
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> Now, suppose we just know that X;3 = X>.

» Then the predictions for the first and the second order
statistics based on the median (left) and the mean (right) are

o log 2 ~ 1
X1:3 _ N = 0.].38637 X1:3 = —_— = 02,
M(0) (9)
C log2 = log?2 ~ 1 1
Xog = o 4 %8S _ 036068, Koz =+ —0.53333.
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> Now, suppose we just know that X;3 = X>.

» Then the predictions for the first and the second order
statistics based on the median (left) and the mean (right) are

o log 2 ~ 1
X1:3 _ N = 0.].38637 X1:3 = —_— = 02,
M(0) M(0)
C log2 = log?2 ~ 1 1
Xo3 = —— + —— = 0.36968, Xo.3 = ——— + ——— = 0.53333.
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> The prediction of X,.3 can be obtained also by the median of
the convolution Xi.3 + (X2:3 — X1:3).
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o log 2 ~ 1
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C log2 = log?2 ~ 1 1
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> The prediction of X,.3 can be obtained also by the median of
the convolution Xi.3 + (X2:3 — X1:3).

> Given that Xj.3 = X5, these interarrival times are independent
and exponential with parameters M(0)) =5 and M(2) = 3.
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> Now, suppose we just know that X;3 = X>.

» Then the predictions for the first and the second order
statistics based on the median (left) and the mean (right) are

o log 2 ~ 1
X1:3 _ N = O.].38637 X1:3 = —_— = 02,
M(0) M(0)
C log2 = log?2 ~ 1 1
Xo3 = —— + —— = 0.36968, Xo.3 = ——— + ——— = 0.53333.
ETMO) T ME) =TMO) T ME)

> The prediction of X,.3 can be obtained also by the median of
the convolution Xi.3 + (X2:3 — X1:3).

> Given that Xj.3 = X5, these interarrival times are independent
and exponential with parameters M(0)) =5 and M(2) = 3.

» The median of such a distribution gives another prediction for
X2;3 as 0.441309.

XL Congreso Nacional SEIO, Elche 7-10 Nov. 2023 Jorge Navarro, Email: jorgenav@um.es. 38/43



Predictions under different scenarios

Predictions Simulations
Examples

Example 2

> If we know that the first and the second order statistics are
assumed in X5 and Xi, the maximum X3.3 can be predicted by
the median and the mean, respectively, as

S log2 log2 log 2
Xz — = 0.71625,
BTMO) M) M(2,1)

and
X33 = 1 + ! + = 1.03333
BTMO) T MER) T M(2,1) '
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> In addition, we can obtain the prediction of X3.3 based on the
convolution Y = Xi.3 + (X2:3 — X1:3) + (X3:3 — X2:3), given
that Xi.3 = Xo, Xo.3 = Xi.
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> In addition, we can obtain the prediction of X3.3 based on the
convolution Y = Xi.3 + (X2:3 — X1:3) + (X3:3 — X2:3), given
that Xi.3 = Xo, Xo.3 = Xi.

> The interarrival times are independent and have exponential
distributions with parameters M(0)) =5, M(2) = 3 and
M(2,1) = 2.
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> The interarrival times are independent and have exponential
distributions with parameters M(0)) =5, M(2) = 3 and
M(2,1) = 2.

» The survival function of this convolution can be obtained from
the results in Akkouchi (2008).
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> In addition, we can obtain the prediction of X3.3 based on the
convolution Y = Xi.3 + (X2:3 — X1:3) + (X3:3 — X2:3), given
that Xi3 = X2, Xo.3 = Xj.

> The interarrival times are independent and have exponential
distributions with parameters M(0)) =5, M(2) = 3 and
M(2,1) = 2.

» The survival function of this convolution can be obtained from
the results in Akkouchi (2008).

» The median of such a distribution can be numerically
computed and gives the prediction X33 = 0.90225.
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> In addition, we can obtain the prediction of X3.3 based on the
convolution Y = Xi.3 + (X2:3 — X1:3) + (X3:3 — X2:3), given
that Xi3 = X2, Xo.3 = Xj.

> The interarrival times are independent and have exponential
distributions with parameters M(0)) =5, M(2) = 3 and
M(2,1) = 2.

» The survival function of this convolution can be obtained from
the results in Akkouchi (2008).

» The median of such a distribution can be numerically
computed and gives the prediction X33 = 0.90225.

> It can also be used to get the prediction intervals for X3.3:
Coo = [0.26708,2.24684] and Cs = [0.57337,1.35021].
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> In addition, we can obtain the prediction of X3.3 based on the
convolution Y = Xi.3 + (X2:3 — X1:3) + (X3:3 — X2:3), given
that Xi3 = X2, Xo.3 = Xj.

> The interarrival times are independent and have exponential
distributions with parameters M(0)) =5, M(2) = 3 and
M(2,1) = 2.

» The survival function of this convolution can be obtained from
the results in Akkouchi (2008).

» The median of such a distribution can be numerically
computed and gives the prediction X33 = 0.90225.

> It can also be used to get the prediction intervals for X3.3:
Coo = [0.26708,2.24684] and Cs = [0.57337,1.35021].

> The exact value X3.3 = 0.57270 belongs to Cyg but it does not
belong to Csg.
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subject to common loads.
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> It is an extension of the exponential model and can also be
used to study coherent systems.

> In these cases it is very important to predict the future failures
from early failures under different assumptions.

» QOur finding jointly with quantile regression tools provide such
predictions jointly with prediction bands that can be used to
“control” de data.
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Conclusions

» The ODTHLS model is a good option to represent lifetimes
subject to common loads.

> It is an extension of the exponential model and can also be
used to study coherent systems.

> In these cases it is very important to predict the future failures
from early failures under different assumptions.

» QOur finding jointly with quantile regression tools provide such
predictions jointly with prediction bands that can be used to
“control” de data.

> In practice, the parameters of the model should be estimated
(see the paper).
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