ON SUCCESSIVE RADII OF p-SUMS OF CONVEX BODIES

BERNARDO GONZALEZ AND MARIA A. HERNANDEZ CIFRE

ABSTRACT. We study the behavior of the so called successive inner and
outer radii with respect to the p-sums of convex bodies, p > 1, which
were introduced by Firey in 1962. For all p > 1 we get the upper and
lower bounds for the radii of the p-sum of two convex bodies in terms of
the radii of the sets. These results generalize the corresponding relations
for the classical Minkowski addition.

1. INTRODUCTION

Let K™ be the set of all convex bodies, i.e., compact convex sets, in the
n-dimensional Euclidean space R™. Let (-,-) and |- |2 be the standard inner
product and the Euclidean norm in R", respectively, and denote by e; the
i-th canonical unit vector.

The set of all i-dimensional linear subspaces of R" is denoted by L7,
and for L € L, L+ denotes its orthogonal complement. For K € K" and
L € L7, the orthogonal projection of K onto L is denoted by K|L. With
lin{us,...,un,} we represent the linear hull of the vectors uy,...,u, and
with [u1, ug] the line segment with end-points uj, us. Finally, for S C R™ we
denote by conv S the convex hull of S and by bd S its boundary. Moreover,
we write relbd S to denote the relative boundary of 5, i.e., the boundary of
S relative to its affine hull aff S.

The diameter, minimal width, circumradius and inradius of a convex body
K are denoted by D(K), w(K), R(K) and r(K), respectively. For more
information on these functionals and their properties we refer to [4, pp. 56—
59]. If f is a functional on K™ depending on the dimension in which a convex
body K is embedded, and if K is contained in an affine space A, then we
write f(K; A) to stress that f has to be evaluated with respect to the space
A. Successive outer and inner radii are defined in the following way.

Definition 1.1. For K e K" andi=1,...,n let

Ri(K) = LHEHLI%I R(KI|L) and 1;(K)= irgz); max r(KN(z+L)z+L).
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Notice that R;(K) is the smallest radius of a solid cylinder with i-dimen-
sional spherical cross section containing K, and r;(K) is the radius of the
greatest i-dimensional ball contained in K. It is clear that the outer radii are
increasing in ¢, whereas the inner radii are decreasing in 7, and we obviously
have

Ry (K) = R(K), Ri(K) = D(K)

w(K

<2), ra(K) = r(K) and 1y(K) = =,
The first systematic study of the successive radii was developed in [I]. For
more information on these radii and their relation with other measures, we

refer, for instance, to [11, 2, [5l 8, [1T), 13, 14} 15] 19, 20, 21}, 22} 24].

From now on we write K} to denote the class of convex bodies containing
the origin. In [7] Firey introduced the following generalization of the classical
Minkowski addition (i.e., vectorial addition). Let p > 1 be given. Then, for
K,K' € Kj, the p-sum of K and K’ is the unique convex body K +, K’ for
which the support function

(1) h(K +, K',-)P = h(K,-)? + h(K',-)P.

We recall that h(K,u) = max{(x,u> cx € K}, u € S" 1 as usual, S"!
denotes the (n — 1)-dimensional unit sphere of R" (see e.g. [23, s. 1.7]).
Clearly, when p = 1, formula defines the usual Minkowski sum K + K,
and for p = oo it holds h(K +o K',u) = max{h(K,u),h(K' u)}, ie.,
K 4o K' = conv(K U K'). Moreover, in [7, Theorem 1] it is shown that

(2) K+,K CK+,K'

for all 1 < p < q. Observe that for the p-sums of sets, except in the case
p = 1, the translation invariance is lost.

In [16, 17] Lutwak studied p-sums of convex bodies systematically, and
developed a theory nowadays known as Brunn-Minkowski-Firey theory. In
the last years many important developments of this theory have come out;
we mention e.g. [3] [6, 18] and the references inside.

In this point we would like to notice that usually p-sums are defined for
convex bodies containing the origin as a relative interior point, since this
condition is needed in some aspects of the Brunn-Minkowski-Firey theory;
however, regarding the functionals we are working on, this condition can
be withdrawn, and thus we allow the origin to lie on the boundary of the
convex bodies.

The behavior of the diameter, minimal width, circumradius and inradius
with respect to the Minkowski sum is well known (see e.g. [23] p. 42]),
namely,

, DK+ K') <D(K)+D(K"), wK+K')>wlkK)+wK'),
) R(K + K') <R(K) + R(K'), r(K+ K') >r(K) +r(K'),
and in [9] we obtained the corresponding relations for the more general

successive inner and outer radii. Here we are interested in generalizing those
results to the p-sums of convex bodies. We prove the following theorems.
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Theorem 1.1. Let K,K' € K and p > 1. Then

-1
(4) 2% Ry(K +, K') > Ry(K) +Ry(K") forallp>1,

3p—2
(5) 2% Riy(K+,K')>Ri(K)+Ri(K') for1<p<2i=2,...,n,
(6) Ri(K +p K') > max{R;(K),Ri(K")} forp>2,i=2,....,n.
All inequalities are best possible.

Moreover, a reverse inequality can be obtained only in the case of the
circumradius:

Proposition 1.1. Let K, K’ € K and p > 1. Then

Ru(K +p K') < Rn(K) + Ra(K'),
which is tight, and for any i =1,...,n — 1, there exists no constant ¢ > 0
such that ¢R;(K +, K') < R;(K) + R;(K).

Theorem [1.1]and Proposition[1.1]become [9, Theorem 1.1 and Remark 3.1]
when p = 1.

Theorem 1.2. Let K, K' € K and p > 1. Then
1
(1) 2% 1p(K 4+, K') > 10(K) +10(K')  forallp > 1,
3p—2
(8) 2% ri(K 4, K') >r;(K)+1(K')  for1<p<2i=1,....,n—1,
9) ri(K +p K') > max{r;(K),r;(K")} forp>2,i=1,....,n—1.

All inequalities are best possible.
A reverse inequality can be obtained only in the case of the diameter:
Proposition 1.2. Let K, K’ € K and p > 1. Then
11 (K +p K') < 11(K) +11(K'),

which is tight, and for any i = 2,...,n, there exists no constant ¢ > 0 such
that cri(K +p K') <1;(K) 4+ 1;(K').

Theorem|L.2]and Proposition[1.2]become [9, Theorem 1.2 and Remark 3.2]
when p = 1.

We notice that in both Theorems and the last two inequalities
are valid for all p > 1. We point out that the distinction depending on the
range of p is needed for the sharpness.

In Section [2] we present the proofs of the main results, as well as some
remarks. Finally, Section3]is devoted to study a particular case for which the
bounds in Theorems and [T.2] can be improved, the so called p-difference
body of a convex set K, i.e., K +, (—K).
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2. PROOFS OF THE MAIN RESULTS

For p > 1 let Bl be the unit p-ball associated to the p-norm |- |, i.e.,

n 1/17
BP = :c:(xl,...,xn)ER":|x|p:<Z|:1:Z-|p> <1y,
=1

with |2]|e = max{|z;| : i = 1,...,n}. For the sake of brevity, we will write
B,, = B2 to denote the n-dimensional Euclidean unit ball. Moreover, for
L e L7, we will write B; ;, = B, N L and BﬁL =BfNL.

On the one hand, for any 1 < p < g, it is a direct consequence of Hélder’s
inequality for ¢/p (see e.g. [12, p. 15]) that |- |, < |- |, < n'/P~1/4|.|,, which
is equivalent to the inclusions B, C B} C nt/p=1/ 4BP. On the other hand,
it is known (see e.g. [10]) that [—e1,e1] 45 -+ +p [—en,en] = B for ¢ > 1
such that 1/p+ 1/q = 1. Therefore we get, in particular, that

nl/p_l/an for 1 <p<2,

10)  [~eren] 45y [—en.en] C
(10) [—e1 el]+p +p[ €n; €n] {Bn for p > 2.

We start proving the lower bound for the outer radii R;(K +, K') of the
p-sum of two convex bodies in terms of the corresponding radii.

Proof of Theorem[1.1]. In [7, Theorem 1] it is shown that

1

(11) so K+ E)C K+ K' CK+ K.

Therefore 2°P~V/PR;(K 4, K') > R;(K + K') for all i = 1,...,n, and by [9,
Theorem 1.1] we get

2P=D/PRy (K +, K') > Ry (K + K') > Ry(K) + R1(K"),

2= V/P Ry(K +, K') > Ri(K + K') Ri(K) +Ri(K')),

> 1 (
V2
1 = 2,...,n, which shows inequalities and . Notice also that it always
holds K, K’ C K +, K', which leads to
RZ(K +p K,) > maX{Ri(K), RZ(K,)}

Since for any non-negative real numbers a,b > 0 it holds that if p > 2 then
max{a,b} > 1/2037=2)/CP) (g + b), inequality (6) is obtained.

So it remains to be shown that the three inequalities are best possible.
For the first one, let K = K’. Then K +, K = 21/PK and thus

2P~ D/PRY (K +, K) = 2P~ D/Po/P R, (K) = Ry (K) 4 Ry (K).

Next, for i € {2,...,n — 1} we consider the convex bodies

n n

K =[-epell+ Y [-erer], K =[—eye]+ > [—ep e,
k=i+1 k=i+1
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i.e., the O-symmetric (n — i+ 1)-cubes with edges parallel to the coordinate
axes and length 2, of the subspaces L; = lin{ej,e;11,...,en} € L] 4,
j = 1,2, and for i = n we take K = [—ej,e1], K/ = [—eg,e3]. Clearly
R(K|L),R(K'|L) > 1 for all L € L. Moreover, R(K|lin{ey,...,e;}) =
R(K’|linfeq,...,e;}) = 1, which shows that R;(K) = R;(K’) = 1.

Let 1 < p < 2, and we compute R;(K +, K’). Let L € L. On the one
hand, since dimL; N L > (n —i+1) +i—n =1, there exist x € K N L and
' € K'N L with |z|s,|2'|2 > 1, and because of the central symmetry, we
may assume that (z,z’) > 0. Then

1/2
(z+2)| _ (=3+2'3)" 2%y
20-1/p |, — 2(p—1)/p = 9(-1)/p
and thus, since (z +2')/2P~V/P € (K +, K') N L (see (11])), we get
(12) R((K 4, K")|L) > R((K +, K')n L) > 27/

for all L € L. On the other hand, since the orthogonal projection of the
p-sum of two convex bodies onto any lower dimensional linear subspace is
the p-sum of the projections (see [7, pp. 21-22]), and using (10)), we get
(K 4+, K')|lin{ey,...,e;} = K|lin{eq, ..., e} +p K'|lin{eq, ..., €}

= K|lin{e; } +, K'|lin{ea} = [—e1, e1] 45 [—e2, e2]

- 2(2—p)/(2p)32 lin{e,e2}>

which gives R((K 4, K')[lin{eq, ..., e;}) < 2(2=p)/(2P) | Then, together with
we get R((K +, K')|lin{e1,...,e;}) = 27P)/(2P) and moreover,

Ri(K +, K') = min R((K 4, K')|L) = 2-P)/CP) = 5 (1+1)
ecy

(3p—2)/(2p)
1

= m(Ri(K) + Ri(K,))v

as required.

Now let p > 2 and K, K’ as before. First notice that R;(K +, K') >
Ri(K) = R;(K’) = 1. With an analogous argument to the previous one, but
using when p > 2, we get that

R((K +p, K")|lin{e1, ..., ei}) <R (Bajinfer,e0}) = 1-
Both inequalities give R;(K 4+, K') =1 = R;(K) = Ri(K’). O

However, as we show next, there is no chance to get a reverse inequality
for all outer radii.

Proof of Proposition[I.1 In the case of the circumradius we easily get, using

and , that
Ro(K +p K') <Ry (K + K') <R, (K) + Ru(K').

Notice that the inequality is tight, because the circumradius is a continuous
functional and equality is attained if K" = {0}.
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In order to show the non-existence of a reverse inequality, i = 1,...,n—1,
we take the convex bodies

n—i

K =[-epit1,en—it1] and K' = Z[_elmek]-
k=1
On the one hand, since
K|lin{en_i,en_ii2,...,ent = K'|lin{ep_i11,...,en} = {0},
then R;(K) = R;(K') =0, i.e., Rj(K) 4+ R;(K’) = 0. On the other hand,
1 n—i+1

1 /
2(p—1)/p(K +E) = 2(p=1)/p Z; [=ej i,
J:

K+,K'D

i.e., K 4, K’ contains an (n — i+ 1)-dimensional convex body, which implies
that dim((K +, K’)|L) > 1 for all L € L. Then, R;(K +, K’) > 0, which
shows the result. O

Remark 2.1. We notice that the inequality R(K +, K') < R(K) + R(K'),
p > 1, can be strengthened in the particular case when the circumcenter of
both K, K' € K lies at the origin: since

WK +, K u) = (h(K,u)? + h(K', u)?)? < (R(K)? + R(K")?)"/”
for all w € S"™1, then we get
R(K +, K') < (R(K)? + R(K")P)"”.
If K' = K equality holds.
Now we deal with the inner radii r;(K 4, K’) and prove Theorem [1.2]
Proof of Theorem[1.2. By we have 2(P~D/Pr (K 4+, K') > r;(K + K)
for all i =1,...,n, and applying [9, Theorem 1.2] we get

20 D/Py (K 4, K') > 1 (K + K') > 1,(K) 4 1, (K"),
1
2P VP ry(K 4y K') 2 (K + K') > 75 (iK) +1i(K7),
i =1,...,n—1, which shows inequalities and . Again, since K, K' C
K +, K', then
ri(K +p K') > max{r;(K), r;(K")},
which, together with the fact that max{a, b} > 1/20P=2/P)(a4-b) for p > 2
and a,b > 0, leads to inequality @
So, we have to show that these inequalities are best possible. For the first
one, with K = K’ we get
2P=V/Py (K 4, K) =20~ V/PolPy (K) =1, (K) + 1, (K).

Next we fix ¢ € {1,...,n — 1} and consider the i-dimensional unit balls
B; 1, and B; 1+ of the following i-dimensional linear subspaces: if 2i > n, let

. / . .
L= hn{elv c03€2—n, €2i—nt1,. - )e’i}7 L' = hn{e].) < 5€2—n, €41, - 7en}a
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if 21 < n, let
Lzlin{el,...,ei}, LI :1in{ei+1,...,62i}.

Clearly, r;(B;,r) = 1;(B;,1r) = 1. We notice also that, since B; r,, B; 1/ are
O-symmetric, then B; , +, B; 1/ is also O-symmetric, and then

ri(Bi, +p Bi,r) = [oax r((Bi,r +p Bi,y) N L; L).

Let 1 < p < 2. We are going to show that
(13) I"((B@L +p Bi,L’) M I:; Ij) < 2(2—p)/(2p)
for all L € £, which will imply that

1 1
-p)fep) - L IS N o
2 ~ 2(3p-2)/(2p) (1+1)= 2(3p—2)/(2p) (ri(Biz) +1i(Bir))

2-p
<r1i(Bir+pBir) <272,

ie., ry(Bir +p Bir) = 1/2(37’_2)/(2”) (ri(Bi,L) + ri(BiyL/)), as required.

Let L” =lin{ejy1,...,en}, where j =2i—nif 20 > nand j = 0if 2i < n.
In both cases,

dim(L N L") = dim L + dim L” — dim(L + L") =i +n — j — dim(L + L")
>itn—j-n=i—j>1

Therefore, since dim(B; 1, +, B;, L_/) = n, then, for all L € L7, we can always
find z € relbd(B;, +p Biry) "L NL", z # 0. Moreover, notice that, in
particular, z € lin{ej;1,...,e_;}, and so it can be expressed in the form

z=wx+a2 €lin{eji1,...,e;} +lin{ejt1,..., e} = (LNL")+ (L' NL");
observe that z, 2’ lie in orthogonal subspaces. Writing u = z/ |z|,, we have

1/p
‘2‘2 = <Z,U> S h (BLL +p BZ‘7L/,'LL) = (h (Bi7L,U)p + h (Bi7L/,U)p> ,
and since
BB = sup () = o s () = )
i,L, W)= Sup \Y,u) = —— Sup (Y, r)= " 7%
YEB; I, |Z|2y€Bi,L |Z|2 |5L“‘2

(=)

and analogously h(B; 1/, u) = h([—2'/|2'|5, '/ |2'|,],u), we obtain that

1/p
p / / P
o< (0[] o) o ([ ] )
EPaEd 2'|5 " 2],
r x 2 y
=h |:_’:| + |:_7:| s ul=nh BP/.(p s U
( ‘$|2 ’1"2 P ‘.%'"2 |w"2 ( 2lin{z,z'} )

<R (BN ) < 20V OIR (Bypy ) = 270/
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by (L0). This implies r((BZ-,L +p Bir) N I:;f,) < 22-P)/2P) | showing
and concluding the proof of the case 1 < p < 2.

Now let p > 2. Notice that r; (Bi,L +p Bi,L’) > (Bi,L) =1 (Bi,L’) =1.
So, it suffices to show that r((Bi,L +pBirr) NL; E) <1forall L € £L?. With
an analogous argument as before, but using when p > 2, we get that
there exists z € relbd(B; 1, +p Bi /) N LN L" such that

el < R (BYI0) < R (Bosneay) = 1

It shows that r((BZ‘VL +p Bir) N L; E) < 1 and concludes the proof. O

We deal again with the possible existence of a reverse inequality, showing
Proposition [T.2]
Proof of Proposition[I.2. In the case of the diameter we easily get, using

and , that
r(K+, K') <1i(K + K') <11(K) + 11 (K').

The inequality is tight, since the diameter is a continuous functional and
equality is attained if K’ = {0}.

In order to show the non-existence of a reverse inequality, i = 2,...,n,
we take the convex bodies

i
K =[-ej,e;] and K'= Z[—ek,ek].
k=2

Clearly r;(K) = r;(K’) = 0, because they have dimensions dim K = 1 and
dim K’ = i — 1. However,

ri(K+,K') > 2~ (P=/Pr (K + K'Y = 2~ (P~ 1)/py, <Z[—ekaek]> =2-(=1/p,
k=1
which shows the result. ]

3. ON THE p-DIFFERENCE BODY OF A CONVEX SET

The difference body of a convex body K € K™ is defined as the Minkowski
addition K — K := K + (—K) which, in particular, is a 0-symmetric body.
Thus, this operation defines the so called central symmetral of a convex
body K, just taking K = (K — K)/2 (see e.g. [4, p. 79] for properties of
the central symmetrization).

Similarly, the p-difference body can be defined: for K € K}, we take the
p-sum K —, K := K+, (—K). We observe that K —, K is also a 0-symmetric
convex body: in fact,

WE —p K, —u)? = h(K, —u)P + h(—K, —u)? = h(—K,u)P + h(K, u)
= (K —p K, u)P.

In [3], a sharp Rogers-Shephard inequality for the p-difference body of a
planar convex body was obtained, i.e., the best (upper) bound for the volume
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of the set K —, K in terms of the volume of the original body K. Here we
are interested in obtaining upper and lower bounds for the in- and outer
radii of the p-difference body K —, K in terms of the ones of K. In [J,
Proposition 4.2] we already studied the behavior of the radii regarding the
usual difference body: for all i =1,...,n,

" VB[ AR < Ri(K ~ K) < 2Ry(K),
21,(K) < (K — K) < 2(i + 1)ni(K).

Next proposition extends the above results to the p-difference body, p > 1,
showing moreover that the bounds in Theorems|[I.I]and [1.2] can be improved
and that, in this particular case, there are non-trivial reverse inequalities (cf.

Propositions and .
Proposition 3.1. Let K € Kij. Then for alli=1,...,n and all p > 1,

(15) Ri(K —p K) < 2Ri(K),

(16) oU/p=1/2\ JHIR,(K) <Ry(K —p K)  if 1<p<2,
(17) max{21/p_1/2ﬁ,l}Ri(K) <Ri(K -, K) ifp>2
(18) 2VPry(K) <1i(K —p K) < 2(i + 1)r;(K).

Inequalities , and the lower bound in are best possible.

Proof. By we have, for all i = 1,...,n, that

1
2(0—1)/p
and analogously for the inner radii. Then applying , together with the
fact that K C K —, K', we directly get the required inequalities.

We observe that if p > 2, then max{2Y/P~V/2,/(i +1)/i,1} = 1 for all
i>2and all p > (2log2)/log(2i/(i + 1)) € (2,4.81...).

So we deal with the sharpness of the inequalities, starting with the left
hand side in . In this case, just notice that if K is a 0-symmetric convex
body then K = —K and hence r;(K —, K) = 1;(K +, K) = 2'/Pr;(K).

Next we study . We fix i € {1,...,n} and consider the convex body
K =[0,e1] + 377, ,,[—ej,ej], for which it clearly holds

Ri(K — K) <R;(K — K) < Ri(K — K),

R;(K) = R(K|lin{ey,...,e;}) = R([0,e1]) = %;

here, if ¢ = n we are taking K = [0,e1]. Now, on the one hand we notice
that (K —, K)|lin{ey,...,e;} =[0,e1] +, [—e1,0] and that, by ,

[—e1,e1] = conv([0,e1] U [—e1,0]) C [0,e1] +p [—e1,0] € [—er,e1],
ie., (K —p K)|lin{ey,...,e;} = [0,e1] +p [—e1,0] = [—e1,e1]. On the other
hand we observe that conv(KU(—K)) = Cp_;41 is the (n—i+1)-dimensional
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cube of edge-length 2 contained in lin{er, €;;1,...,e,} and thus, by (2)), we
get that for all L € L

R((K — K)|L) > R(conv(K U (—K))|L) = R(Cp—i11|L)
> R(Cn_i+1| lin{ey, ..., ei}) = R([—el, el])
=R((K —p K)|lin{e1, ..., e}).
Therefore,

R;(K — K) = R((K —p K)|lin{e1, ..., &;}) = 1 = 2R;(K).
Finally we consider the equality case in .
If i = n, let S,, be the n-dimensional simplex, embedded in R"*!, lying
in the hyperplane {x = (21,...,Tnp1) € RPHL: Z?;rll xj = 0}, given by

n —1 )
Sn:conv{pk:pkk:m,pkan_i_lfor];ék:,kzl,...,n+1}.

Since S, —p Sy is a 0-symmetric n-dimensional convex body, then
n+1
Ry (Sp —p Sn) = max ¢ h(Sy, —p Sp,u) : Jul, =1 and Zuj =0
j=1
Let u € R™™! with |ul, = 1 and Z?:ll uj = 0. Recall that the value of the
support function of a convex body at any vector is attained in an extreme

point (cf. e.g. [12, Theorem 5.6]), so, in order to compute h(S,,u) it suffices
to consider the vertices of S,,. Since

n 1
(P, u) = n+1uk_n+1§Uj:Uk,
J

then h(Sp,u) = max{(pg,u) : k = 1,...,n+ 1} = max{uy,...,unt1}.
Without loss of generality we may assume that w; > --- > u,41. Hence

h(Sn —p Sn,u)? = h(Sp,w)? + h(—Sp,w)? = h(Sp, w)? + h(Sy, —u)?

= u]f + (—un+1)?P.

We observe that u; > 0 and uy,y1 < 0. Then, by elementary calculations it
can be shown that the maximum of the function v} + (—up41)?, 1 <p < 2,
under the conditions |ul, = 1 and "% u; = 0, is attained in the point

j=1
(1/\@,0,...,0,—1/\/5). Therefore,

S S ) = 1 1 1/177 1/p—1/2
Rn(n_p n)— W‘FW =2 .

Since Ry, (S,) = y/n/(n + 1), then we get the required equality:

Ry (Sn —p Sp) = 21/P=1/2 = 91/p=1/2, /nT+1 R, (S).



ON SUCCESSIVE RADII OF p-SUMS OF CONVEX BODIES 11

If ¢ < n, we take the i-dimensional simplex S; and consider the convex body
K = S;+MC,,_;, where C,,_; C (aff S;)* represents the (n —i)-dimensional
unit cube and M > 0 is sufficiently large such that R;(K —, K) = R(S;—, S;)
and R;(K) = R(S;). The above argument gives the result. O
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