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Solvents

Solvents

Most of chemical reactions take place in solution

Good solvent


Inert
Able to solve all reactants
Adequate ebullition point
Easy to separate

Inert 6= neutral ⇒
{

Energy fluxes
Intermolecular interactions

Quantum-mechanical simulations ⇒ computationally forbidden.

Molecular Dynamics
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Periodic boundary conditions

Periodic boundary conditions

Cubic box ⇒ Surface effects ⇒ Surface tension

53=125 molecules


Surface 25+(25−5)+(25−9)+(25−9)

+(25−13)+(25−16)=98 (78.4%)

Bulk 125−98=27 (21.6%)

63=216 molecules


Surface 36+(36−6)+(36−11)+(36−11)

+(36−16)+(36−20)=152 (70.4%)

Bulk 216−152=64 (29.6%)

103=1000 mol.


Surface 100+(100−10)+(100−19)+(100−19)

+(100−28)+(100−36)=488 (48.8%)

Bulk 1000−488=512 (51.2%)
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Periodic boundary conditions

Periodic boundary conditions

Central box ⇒ infinite lattice
Periodic image in each box moves in the
same way
If a molecule leaves a box, one of its
images will enter through the opposite
face
The number density in all boxes is
constant
Only (ri ,pi ) of the molecules in the
central box are stored
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Periodic boundary conditions

Periodic boundary conditions

Special conditions
{

Phase transitions
Supercritical fluids

Test ⇒ increase box size

Other boxes ⇒ space filling polyhedra{
Rombic dodecahedron
Truncated octahedron
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Periodic boundary conditions

Periodic boundary conditions

Infinite number of interactions
(potential energy and forces)

Minimun Image Convention ⇒ each
molecule interacts with the closest
periodic image of the other N − 1
molecules

Define a box centered in molecule 1
⇒ interacts with 2, 3E, 4E, and 5C

Pairwise-additive interactions
⇒ 1

2 N(N − 1) terms
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Molecular Dynamics Hamilton’s equations

Hamilton’s equations

Newton’s second law

Fi = mi ai = mi
d2ri
dt2
⇒ Second order differential equation

Hamilton’s equations

ṙi = pi/mi

ṗi = Fi

}
⇒ Coupled first order differential equations

Equivalent formulations ⇒ Fi = ṗi = mi r̈i = mi ai

Forces ⇒ Fi = −∇2
riV = −

(
∂V
∂xi
, ∂V∂yi ,

∂V
∂zi

)
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Molecular Dynamics Finite difference methods

Verlet algorithm

r(t) = r(t0) + ṙ(t0)︸︷︷︸
v(t0)

(t − t0) +
1
2

r̈(t0)︸︷︷︸
a(t0)

(t − t0)2 +���
���O((t − t0)3

= r(t0) + v(t0) (t − t0) +
1
2

a(t0) (t − t0)2 (1)

r(t ± δ) = r(t0) + v(t0) (t ± δ − t0) +
1
2

a(t0) (t ± δ − t0)2 (2)

(1), (2)⇒ r(t+δ)+r(t−δ)−2 r(t) =��r(t0)+((((
((v(t0) (t+δ−t0)+ 1

2a(t0)(t+δ−t0)2

+��r(t0)+((((
((v(t0) (t−δ−t0)+ 1

2a(t0)(t−δ−t0)2

−���2 r(t0)−((((
((2 v(t0) (t−t0)−a(t0) (t−t0)2

= 1
2 a(t0)(���(t−t0)2+δ2+���

�2 (t−t0) δ)

+ 1
2 a(t0)(���(t−t0)2+δ2−���

�2 (t−t0) δ)

−(((((a(t0) (t−t0)2=a(t0) δ2
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Molecular Dynamics Finite difference methods

Verlet algorithm

r(t + δ) = 2 r(t)− r(t − δ) + a(t0) δ2

r(t0 + δ) = 2 r(t0)− r(t0 − δ) + a(t0) δ2 ⇐ Verlet

(1)⇒ ṙ(t) = v(t) = v(t0) + a(t0) (t − t0) (3)

r(t+δ)−r(t−δ) =��r(t0)+v(t0) (�t+δ−�t0)+
1
2 a(t0) (t+δ−t0)2

−��r(t0)−v(t0) (�t−δ−�t0)−
1
2 a(t0) (t−δ−t0)2

=2 v(t0) δ+ 1
2 a(t0)

(
���(t−t0)

2+�δ2+2 (t−t0) δ−���(t−t0)
2−�δ2+2 (t−t0) δ

)
=2 v(t0) δ+2 a(t0) (t−t0) δ =

(3)
2 v(t) δ

v(t)= r(t+δ)−r(t−δ)
2 δ

v(t0) = r(t0+δ)−r(t0−δ)
2 δ ⇐ Verlet
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Molecular Dynamics Finite difference methods

Leap-grog algorithm

(3) with t→t0+
δ
2 ⇒ v(t0+ δ

2 ) =v(t0)+a(t0) (t0+ δ
2−t0)=v(t0)+ 1

2 a(t0) δ (4)
(2) with t→t0 ⇒ r(t0+δ) =r(t0)+v(t0) δ+ 1

2 a(t0) δ2

=r(t0)+δ (v(t0)+ 1
2 a(t0) δ)

=
(4)

r(t0)+v(t0+ δ
2 ) δ

r(t0 + δ) = r(t0) + v(t0 + δ
2) δ ⇐ Leap-frog

(4)⇒v(t0+ δ
2 ) =v(t0)+ 1

2 a(t0) δ

(4) with δ→−δ ⇒v(t0− δ
2 ) =v(t0)− 1

2 a(t0) δ

v(t0+ δ
2 )−v(t0− δ

2 )=a(t0) δ

v(t0 + δ
2) = v(t0 − δ

2) + a(t0) δ ⇐ Leap-frog
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Molecular Dynamics Finite difference methods

Other algorithms

r(t0 + δ) = r(t0) + v(t0) δ + 1
2 a(t0) δ2

v(t0 + δ
2) =v(t0)+ 1

2a(t0) δ

v(t0 + δ) =v(t0+ δ
2 )+

1
2a(t0+δ) δ

⇐ Velocity Verlet

r(t0+δ) =r(t)+v(t0) δ+ 2
3 a(t0) δ2− 1

6 a(t0−δ) δ2

v(t0+δ) =v(t0)+ 1
3 a(t0+δ) δ+ 5

6 a(t0) δ− 1
6 a(t0−δ) δ

⇐ Beeman

Verlet, Leap-frog, velocity Verlet, Beeman,. . .⇒ Similar global errors
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Molecular Dynamics Finite difference methods
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Molecular Dynamics Ensembles

NVE ensemble

NVE ensemble ⇒
{

N/V → density
E constant→ Hamilton’s equations

E=
p2

2m
+ V (r)

Ė =
�2p · ṗ
�2m

+ V̇ (r) =
p · ṗ
m

+∇r V · ṙ

=
p
m
· (ṗ +∇r V ) = 0 ⇒ ṗ = −∇r V
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Molecular Dynamics Ensembles

NVT ensemble

Equilibrium ⇒ degree of freedoom ⇒ 1
2 kB T

Temperature ⇒ K =
N∑
i=1

1
2 mi v2

i = 3N
(1

2 kB T
)
⇒ T = 2K

3N kB

Scaling

K =
N∑
i=1

1
2 mi v2

i = 3N
( 1

2 kB T
)

N∑
i=1

1
2 mi v ′2i = 3N

( 1
2 kB Tf

)

∑
i

mi v2
i∑

i

mi v ′2i
=

T

Tf
→
∑
i

mi v2
i =

∑
i

mi v ′2i
T

Tf

v2
i = v ′2i

T

Tf

v ′i =
Tf

T
vi
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Molecular Dynamics Ensembles

NVT ensemble

Coupling to a external bath [Berendsen 1984]

v ′i = λ vi → λ =

√
1 +

∆t

τ

(
Tf

T
− 1
)

Other thermostats (Nose-Hoover,. . . )

Equilibration (NVT ) - Production (NVE )

Other emsembles (NPT ,. . . )
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Molecular Dynamics Tests

Conservation principles

Mass ⇒ M =
∑
i
mi

Energy ⇒ E =
∑
i

p2i
2mi

+ V (ri )

Linear momentun ⇒
∑
i

pi = 0

Angular momentun ⇒
∑
i

ri × pi = 0
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Molecular Dynamics Tests

Maxwell-Boltzmann distribution

Velocity distribution

ρ(vx) =

√
m

2πkBT
e−

1
2mv2x /kBT ⇐

∫ ∞
−∞

ρ(vx) dvx = 1
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Molecular Dynamics Static properties

Static properties

Time average

〈
A
〉

= ĺım
τ→∞

1
τ

∫ τ

0
A(t) dt ≈ 1

M

M∑
k=1

A(tk)

Fluctuations

δA = A−
〈
A
〉

〈
(δA)2〉 =

〈
(A−

〈
A
〉
)2〉

=
〈
A2 − 2A

〈
A
〉

+
〈
A
〉2〉

=
〈
A2〉− 〈A〉2
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Molecular Dynamics Static properties

Static properties

Pressure
P = ρkBT +

〈
W
〉

V

W =
1
3

N∑
i

ri · Fi → internal virial

Heat capacity ⇒ CV =
(
∂E
∂T

)
V
→ C∗V =

(
1− 2

3NT∗2

〈
(δK∗)2

〉)−1

Adiabatic compresibility ⇒ κ = − 1
V

(
∂V
∂P

)
S

κ∗ =
(
7P∗ − 16

3
ρ∗T ∗ − 8ρ∗U∗ − N

ρ∗
T ∗
〈
(δP∗)2〉)−1

Thermal pressure coefficient ⇒ γ =
(
∂P
∂T

)
V

γ∗ =
2
3
C∗V
(
ρ ∗ − 1

T ∗2
〈
δK∗δP∗

〉)
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Molecular Dynamics Static properties

Static properties

Radial distribution function g(r)

g(r) =
ρ(r)

ρ

r ∈ (R,R + δ) → V=
4
3
π ((R + δ)3 − R3)

ρ(R)=
n(R)

V
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Molecular Dynamics Dynamic properties

Dynamic properties

Time correlation functions〈
A(t0)B(t0 + t)

〉
=
〈
A(0)B(t)

〉
= ĺım
τ→∞

1
τ

∫ τ

0
A(t0)B(t0 + t) dt0

' 1
M

M∑
k=1

A(tk)B(tk + t)

Limits
〈
A(0)B(t)

〉

t = 0⇒
〈
AB
〉
' 1

M

M∑
k=1

A(tk)B(tk)

t →∞⇒
〈
A
〉 〈

B
〉
(uncorrelated)
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Molecular Dynamics Dynamic properties

Dynamic properties

Transport coefficients

Flux = −coefficient × gradient

Fick’s law⇒ Nẋ = −D ∂N

∂x

{
N(x , t)→ number atoms/unit volumen
ẋ(x , t)→ local velocity
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Monte Carlo simulations Statistical Thermodynamic

Statistical Thermodynamic

Statistical averages

〈
A
〉

=

∫
A e−β V drN

Z

 β = 1
kBT

Z =
∫
e−β V drN → partition function

=

∫
A

(
e−β V∫
e−β V drN

)
︸ ︷︷ ︸

N(rN)
probability density

drN

=

∫
AN(rN) drN
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Monte Carlo simulations Statistical Thermodynamic

Statistical Thermodynamic

∫ b

a
f (x) dx '

M∑
i=1

f

(
xi + xi

2

)
(xi+1 − xi )︸ ︷︷ ︸

δ

= δ

M∑
i=1

f

(
xi + xi

2

)

= δ ·M
〈
f
〉

= (b − a)
〈
f
〉

Adolfo Bastida (Universidad Murcia) Condensed Phase Simulations QCyMM 25 / 29



Monte Carlo simulations Statistical Thermodynamic

Statistical Thermodynamic

d dimensions → Md grid
{

N = 10 → d = 30
M = 100 grid points

}
10030 = 1060 grid points

Most of the grid points ⇒ V � kBT ⇒ N(rN) ' 0

How to generate points in configuration space with relative
probabilities proportional to the Boltzmann factor?

→ o (old) configuration with Boltzmann factor e−β V (o)

→ small random displacement

→ n (new) configuration with Boltzmann factor e−β V (n)

→ Accept or reject n?
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Monte Carlo simulations The Metropolis method

The Metropolis method

Detailed balance ⇒ Equilibrium

N(o)π(o → n) = N(n)π(n→ o)

π(o → n)

π(n→ o)
=

N(n)

N(o)
=

e−β V (n)/Z

e−β V (o)/Z
= e−β (V (n)−V (o)) (5)

The Metropolis method [Metropolis et al (1953)]

π(o → n) =

{
e−β (V (n)−V (o)) V (n) > V (o)
1 V (n) ≤ V (o)

V (n) > V (o) V (n) ≤ V (o)
⇓ ⇓{

π(o → n) = e−β (V (n)−V (o))

π(n→ o) = 1

}
→ (5)←

{
π(o → n) = 1
π(n→ o) = e−β (V (o)−V (n))

}
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Monte Carlo simulations The Metropolis method

The Metropolis method
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Monte Carlo simulations The Metropolis method

The Metropolis method

N. Metrópilis, , A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller,
and E. Teller, Equation of State Calculations by Fast Computing
Machines. J. Chem. Phys. 21, 1087 (1953).
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