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Born-Oppenheimer approximation

Born-Oppenheimer approximation

Molecular Hamiltonian ⇒ Ĥ(r,R) = T̂e(r) + T̂N(R) + V̂ (r,R)

BO approximation:

ψ(r,R, t) = φBOj (r,R)︸ ︷︷ ︸
electronic

Ω(R, t)︸ ︷︷ ︸
nuclear

[
T̂e(r) + V̂ (r,R)

]
φBOj (r,R) = εBOj (R)φBOj (r,R)

i~∂Ω(R,t)
∂t =

[
T̂N(R) + εBOj (R)

]
Ω(R, t)

Grid {Ri}Ni=1 ⇒ {εBOj (Ri )}Ni=1

Adolfo Bastida (Universidad Murcia) Nuclear potentials QCyMM 3 / 39



Stretching vibrations

Potential energy curve

Unbound states.

Bound states.

Dissociation energy ⇒ De

Internuclear equilibrium
distance ⇒ Re (bond length)

Potential energy curve

V (R)= ���V (Re)︸ ︷︷ ︸
energy
origin

+
�
��( ∂V∂R )

Re︸ ︷︷ ︸
minimun

(R−Re)+ 1
2

(
∂2V
∂R2

)
Re

(R−Re)2+ 1
6

(
∂3V
∂R3

)
Re

(R−Re)3+
higher order

terms
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Stretching vibrations Harmonic oscillator

Harmonic oscillator

◦ l��m
R→∞

Vh(R) =∞ 6= De

◦ Minimun at R = Re

◦ l��m
R→0

Vh(R) = 1
2
kR2

e <∞

Harmonic potential

Vh(R) =
1

2

(
∂2V

∂R2

)
Re︸ ︷︷ ︸

k → force
constant

(R − Re︸ ︷︷ ︸
q

)2

Hooke's law

F = −dVh
dq

= −k qh
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Stretching vibrations Harmonic oscillator

Harmonic oscillator (HO)

Classical HO

E =
p2h
2µ

+
1

2
kq2h =

1

2
kA2

µ=
mAmb

mA + mB

F = −k qh = µ a→ −k qh = µ
d2qh
dt2

↓ qh(0)=0

qh(t) = A sin(ωt)→ ω = 2πν =
√
k/µ
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Stretching vibrations Harmonic oscillator

Harmonic oscillator (HO)

Adolfo Bastida (Universidad Murcia) Nuclear potentials QCyMM 7 / 39



Stretching vibrations Harmonic oscillator

Harmonic oscillator (HO)

ph(t) = µ q̇h(t) = µAω cos(ωt) = µω
√

A2 − q2h(t)

R.W. Roninette, Am. J. Phys. 63, 823

(1995)

ρh(q) ∝ 1

ph(t)

↓

ρh(q) =
1

π
√
A2 − q2h(t)

ρh(p) =
1

π
√
p2max − p2h(t)
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Stretching vibrations Harmonic oscillator

Harmonic oscillator (HO)

Quantum HO

Ĥh(q) = − ~2

2µ

d2

dq2
+

1

2
kq2 → Ĥh(q)φhn(q) = Ehn φ

h
n(q)

⇒ HO eigenvalues

◦ Ehn = (n + 1
2

) hν n = 0, 1, 2, . . .

◦ Minimun energy → Eh0 = 1
2
hν →

Zero-point energy (ZPE)

◦ ∆E = En+1 − En = hν →
vibrational quantum
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Stretching vibrations Harmonic oscillator

Harmonic oscillator (HO)

⇒ HO wavefunctions

◦ Nodes ⇒ n

φ0(q) =
(
α
π

)1/4
e−α q2/2

φ1(q) =
(
4α3

π

)1/4
q e−α q2/2

φ2(q) =
(
α
4π

)1/4
(1− 2α q2) e−α q2/2

α= 2πνµ
~
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Stretching vibrations Harmonic oscillator

Harmonic oscillator (HO)

Classicaly allowed and forbidden regions

E = T + V
T>0−→ E > V → −A ≤ qhcl ≤ +A
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Stretching vibrations Harmonic oscillator

Harmonic oscillator (HO)

B J.J. Diamond, Am. J.

Phys. 60, 912 (1992)

Problems

No dissociation limit (↑ n)
Anharmonicities ⇒ k3 q

3 + k4 q
4 + . . .→ ∆E 6= constant
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Stretching vibrations Morse oscillator

Morse oscillator

◦ l��m
r→∞

VM(r)=De

◦ Minimun at r = re

◦ l��m
r→0

VM(r)=De(1−eaRe )
2
<∞

Philip McCord Morse, (August
6, 1903 - September 5, 1985)

VM(R) = De

(
1− e−a(R−Re)

)2
En=4De

[
n+1/2

S
−
(

n+1/2
S

)2]

ZPE ⇒ D0 = De − E0

∆E = 4De
S

(
1− 2(n+1)

S

)
S =
√
8µDe/a~
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Stretching vibrations Morse oscillator

Morse oscillator

Morse wavefunctions
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Stretching vibrations Kratzer oscillator

Kratzer oscillator

B. Adolf Kratzer (1893-1983)

VK(R) = De

(
1− re

r

)2
◦ l��m

r→∞
VK(r) = De

◦ Minimun at r = re

◦ l��m
r→0

VM(r) =∞

En=De

(
1− De/Be

(n+m+1)2

)
m=(De

Be
+ 1
4)

1/2
− 1
2 and Be= ~2

2µr2e

∆E = D2
e

Be

(
1

(n+m+1)2
− 1

(n+m+2)2

)
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Stretching vibrations Other oscillators

Other oscillators

Analytic: Rosen-Morse, Rydberg, Linnett, . . .

Power series expansions:

V (y) = V (0) +

(
∂V

∂y

)
0

y +
1

2!

(
∂2V

∂y2

)
0

y2 +
1

3!

(
∂3V

∂y3

)
0

y3 + . . .

y= R − Re , 1− e−a(R−Re),
R − Re

R
, . . .

Many adjustable parameters. Quality of the �t ⇔ Uncertainty
Numerical solution of the vibrational Schrödinger equation.
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Bending vibrations

Bending vibrations

Harmonic bending vibrations

V (θ) = 1

2
k (θ − θe)2

Fθ = −k (θ − θe)

Anharmonic terms
⇒ k3 (θ − θe)3 + . . .
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Torsional motions

Torsional motions

Dihedral angles
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Torsional motions

Torsional motions

Torsional motions
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Torsional motions

Torsional motions

V (φ) = 1
2
k (1 + cos(n φ+ γ))
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Non-bonded interactions Coulomb forces

Coulomb forces

V (rij) = 1
4πε0

qi qj
rij

−e < qi , qj < +e
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Non-bonded interactions van der Waals forces

van der Waals forces

van der Waals forces

Electric dipole ⇒ µ = q · l

Dipole-dipole interactions

Vdd = − C
r6 → C ∝ µ1µ2

T

Dipole-induced dipole interactions

⇒
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Non-bonded interactions van der Waals forces

van der Waals forces

Instantaneous dipole-induced dipole interactions.
Ej. He(l), Ne(l), . . .

Vdd = − C
r6
→ C ∝ α1 α2

T → α polarizability

Intensity ⇒ dipole-dipole > dipole-ind. dipole > inst. dipole-ind. dipole

Short range repulsive forces ⇒ Vrep ∝ 1
r12
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Non-bonded interactions van der Waals forces

van der Waals forces

Lennard-Jones potential

VLJ(r) = 4ε
((

σ
r

)12 − (σr )6) = ε
((

rmin
r

)12 − 2
(
rmin
r

)6)
rmin = 21/6 σ ⇒ VLJ(rmin) = −ε

VLJ(σ) = 0 ⇒ e�ective atomic radius
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Non-bonded interactions van der Waals forces

van der Waals forces

Homoatomic interactions

Heteroatomic interactions

σAB =
1

2
(σA + σb) εAB =

√
εA · εB
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Potential energy models

Criteria

Any fragment of the molecule

ABC → A + BC

→ B + AC

→ C + AB

→ A + B + C

Symmetry properties
Reproduce experimental/ab
initio data
Reasonable behaviour
everywhere
Smooth behaviour

Simple algebraic form
Easy to �t
Good convergence with new
data
Focus on most meaningful
regions
...
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Potential energy models Power series expansions

Power series expansions

V = Veq +
∑
i

(
∂V

∂qi

)
eq

qi +
1

2!

∑
i ,j

(
∂2V

∂qi∂qj

)
eq

qiqj

+
1

3!

∑
i ,j ,k

(
∂3V

∂qi∂qj∂qk

)
eq

qiqjqk + . . .

Convergence properties ⇒ dissociation channels

Many parameters → accurate

Di�cult interpretation

Spectroscopy
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Potential energy models Power series expansions

Power series expansions

..............................................................................

..............................................................................
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Potential energy models Many-body expansions

Many-body expansions

V =
∑
i<j

V2(rij )+
∑

i<j<k
V3(rij ,rik ,rjk )+...

rij→distance between atoms i and j

V2→Two body interactions

V3→Three body interactions

Good asymptotic behaviour

Low �exibility in bond regions

Useful in reactivity
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Potential energy models Molecular Mechanics potentials

Molecular Mechanics potentials

V =
∑
bonds

1

2
kb(l − l0)2 +

∑
angles

1

2
ka(θ − θ0)2 +

∑
torsions

1

2
Vn[1 + cos(nω − γ)]

+
N−1∑
j=1

N∑
i=j+1

{
εi ,j

[(
r0ij
rij

)12

− 2

(
r0ij
rij

)6
]

+
qiqj

4πε0rij

}

Biomolecules (proteins, ADN,. . . )

Very general

Accuracy
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Potential energy models Molecular Mechanics potentials

Molecular Mechanics potentials

AMBER ⇒ Assisted Model Building with Energy Re�nement
W.D. Cornell et al. A second generation force �eld for the simulation of

proteins, nucleic acids and organic molecules. J. Am. Chem. Soc. 117,
5179-5197 (1995).

CHARMM ⇒ CHemistry At HaRvard Molecular Mechanics
small M. Karplus et al. All-atom empirical potential for molecular modeling

and dynamics studies of proteins. J. Phys. Chem. 102, 3586-3616 (1998).

GROMOS ⇒ GROningen MOlecular Simulation
van Gunsteren et al. A biomolecular force �eld based on the free enthalpy of

hydratation and solvation: The GROMOS force �eld parameter sets 53A5

and 53A6. J. Comput. Chem. 25, 1656-1676 (2004).

OPLS ⇒ Optimized Potential for Liquid Simulations
W.L. Jorgensen et al. Development and testing of the OPLS all-atom force

�eld on conformational energetics and properties of organic liquids. J. Am.
Chem. Soc. 118, 11225-11236 (1996).
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Potential energy models Molecular Mechanics potentials

Molecular Mechanics potentials
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Potential energy models Water

Water

Most studied molecule
⇒ H-bond

69 anomalous properties of
water

http://www1.lsbu.ac.uk/water/water_anomalies.html
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Potential energy models Water

Water

Models
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Potential energy models Water

Water

Best model? ⇒ B. Guillot. A reappraisal of what we have learnt during

three decades of computer simulations of water. J.Mol. Liquids 101,
219 (2002)
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Numerical calculation of vibrational states Pertubative treatment

Pertubative treatment

Perturbation theory

Ĥ = Ĥ(0) + λĤ ′ ⇒
{

E = E (0) + λE (1) + λ2 E (2) + . . .

ψ = ψ(0) + λψ(1) + λ2 ψ(2) + . . .

E (i), ψ(i) ⇒ 〈ψ(0)
i |H

′|ψ(0)
j 〉

↓
analytical/numerical

Analytical expresions ⇒ cumbersome
Convergence properties
Useful for interpretation
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Numerical calculation of vibrational states Variational method

Variational method

Linear variational method

Ĥ = Ĥ(0) + Ĥ ′ ⇒


Ĥ(0)ψ(0) = E (0)ψ(0) → basis set

ψ =
∑
k

ck ψ
(0)
k

C
†
HC =Λ ⇒ 〈ψ(0)

i |H
′|ψ(0)

j 〉
↓

analytical/numerical

Diagonalization ⇒ computationally demanding
Convergence properties
Choice of the basis set
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Numerical calculation of vibrational states DVR method

DVR method

Discrete Variable Representation method

ϕ
(0)
i → HO, particle in a box,. . .

↓

〈ϕ(0)
i |x̂ |ϕ

(0)
j 〉 → B

†
XB =λx

↓

〈φDVRi |x̂ |φDVRj 〉 =λxi δij ← φDVRi =
∑
k

bkiϕ
(0)
k

↓
〈φDVRi |V̂ (x)|φDVRj 〉 ≈ V (λxi )δij
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Numerical calculation of vibrational states DVR method

DVR method

J.J. Soares Neto and L.S. Costa, Braz. J. Phys. 28, 1 (1998)
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