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Hydrogenic atoms⇒ Only one electron. Ej. H,He+, Li2+,. . .

Hamiltonian

Ĥ(x,y,z) =−~
2

2µ

(
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

)
− k

Ze2√
x2+ y2+ z2︸ ︷︷ ︸

r• Point particles

• Nucleus fixed at the origin of coordinates mnucleus� me

µ =
mnucleusme

mnucleus+me
' me

• Spherical polar coordinates

Ĥ(r,θ,φ) =−~
2

2µ

(
1
r2

∂

∂r
r2 ∂

∂r

)
+

L̂2(θ,φ)

2µr2 − k
Ze2
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Eigenfunctions⇒ Ĥψn,l,m(r,θ,φ) = Eψn,l,m(r,θ,φ)

ψn,l,m(r,θ,φ) = Rn,l(r)︸ ︷︷ ︸
radial

Y m
l (θ,φ)︸ ︷︷ ︸
angular

Origin of the quantum numbers

• ψ(r,θ,φ) = ψ(r,θ+2π,φ)

• ψ(r,θ,φ) = ψ(r,θ,φ+2π)

• lı́m
r→∞

ψ(r,θ,φ) = 0

Discrete values

• n = 1,2,3, . . .⇒ Ĥψ = Eψ⇒ E =−µe4k2

2~2
Z2

n2

• l = 0,1,2, . . . ,n−1⇒ L̂2ψ = L2ψ⇒ L2 = l(l +1)~2

• m =−l,−l+1, . . . ,0, . . . , l−1, l⇒ L̂zψ = Lzψ⇒ Lz = m~
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En =−
µe4k2

2~2︸ ︷︷ ︸
RH

Z2

n2
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Emission

Absorption
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Subshell degeneracy⇒ 2l +1

Shell degeneracy⇒
n−1
∑

l=0
(2l +1)
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Probability density

|ψn,l,m(r,θ,φ)|2 = |Rn,l(r)|2︸ ︷︷ ︸
radial

|Y m
l (θ,φ)|2︸ ︷︷ ︸
angular

Radial functions

n l Rn,l(r)

1 0 2
(

Z
a′o

)3/2
e−Zr/a′o

2 0 1
2
√

2

(
Z
a′o

)3/2(
2− Zr

a′o

)
e−Zr/2a′o

2 1 1
2
√

6

(
Z
a′o

)3/2 Zr
a′o

e−Zr/2a′o

a′o = ~2/kµe2 = aome/µ
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Radial distribution function⇒ |Rn,l(r)|2 r2

P(r ∈ (a,b)) =
∫ b

a
|Rn,l(r)|2 r2 dr
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Experimental measurements of energy level splitting

Dirac⇒ Relativistic effects⇒ Intrinsic angular momentum

Ŝ2 = Ŝ2
x + Ŝ2

y + Ŝ2
z

Ŝ2 f = s(s+1)~2 f ; s = 0, 1
2,1,

3
2 . . .

{
bosons⇒ integer
fermions⇒ half-integer

Ŝz f = ms~ f ; ms =−s,−s+1, . . . ,s−1,s

e−⇒ s = 1
2 ⇒ ms =±1

2 ⇒
{

Ŝzα = 1
2α

Ŝzβ =−1
2β

ψn,l,m,ms = ψn,l,m(r,θ,φ)Sms
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Indistinguible particles


q1 = (x1,y1,z1,ms,1)
q2 = (x2,y2,z2,ms,2)
...
qn = (xn,yn,zn,ms,n)

ψ(q1,q2, ...,qi, ...,q j, ...,qn) ψ(q1,q2, ...,q j, ...,qi, ...,qn)
↓ ↓

|ψ(q1,q2, ...,qi, ...,q j, ...,qn)|2 ≡ |ψ(q1,q2, ...,q j, ...,qi, ...,qn)|2

The state function of a system of electrons (fermions) must be

antisymmetric with respect to the exchange of any two electrons.

ψ(q1,q2, ...,qi, ...,q j, ...,qn) =−ψ(q1,q2, ...,q j, ...,qi, ...,qn)
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Consequence. If the electron e− 2 has the same spacial coordi-

nates than electron e− 1 then

ψ(q1,q1, ...,qi, ...,q j, ...,qn) =−ψ(q1,q1, ...,qi, ...,q j, ...,qn)

ψ(q1,q1, ...,qi, ...,q j, ...,qn) = 0

|ψ(q1,q1, ...,qi, ...,q j, ...,qn)|2 = 0 ⇒ Pauli’s repulsion


