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Spin-orbital functions Interelectronic repulsion

Interelectronic repulsion

Helium atom

Ĥ = ĥ1 + ĥ2 + k
e2

r12

ĥ1 = − ℏ2

2µ
∇2

1 − k
Ze2

r1

ĥ2 = − ℏ2

2µ
∇2

2 − k
Ze2

r2

h1 y h2 ⇒ hydrogenic Hamiltonians
Interelectronic repulsion ⇒ coupled motions
Schrödinger’s equation ⇒ no analytic solution
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Spin-orbital functions Slater determinants

Slater determinants

He ⇒ 1s2 ⇒ 1s(1)1s(2) ⇒ Symmetric with respect to P1,2

spin



α(1)α(2)→ Symmetric

β(1)β(2)→ Symmetric

α(1)β(2)

β(1)α(2)

}
No

symmetry
→

{
1√
2
(α(1)β(2)+β(1)α(2))→ Symmetric

1√
2
(α(1)β(2)−β(1)α(2))→ Antisymmetric

ψ1s2 = 1s(1)1s(2)
1√
2
(α(1)β(2)− β(1)α(2))
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Spin-orbital functions Slater determinants

Slater determinants

Li ⇒ 1s3? ⇒ 1s(1)1s(2)1s(3) ⇒ Symmetric.

There is no combination of α(1), α(2), α(3), β(1), β(2) y β(3)
antisymmetric with respect to P1,2, P1,3 y P2,3 simultaneously.

Pauli exclusion principle. Two or more identical fermions (particles
with half-integer spin) cannot occupy the same quantum state within
a quantum system simultaneously.
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Spin-orbital functions Slater determinants

Slater determinants

Slater determinants

ψHe,1s2 = 1√
2

∣∣∣∣∣∣1s(1)α(1) 1s(1)β(1)

1s(2)α(2) 1s(2)β(2)

∣∣∣∣∣∣=1s(1)1s(2) 1√
2
(α(1)β(2)−β(1)α(2))

ψLi,1s22s =
1√
6

∣∣∣∣∣∣∣∣
1s(1)α(1) 1s(1)β(1) 2s(1)α(1)

1s(2)α(2) 1s(2)β(2) 2s(2)α(2)

1s(3)α(3) 1s(3)β(3) 2s(3)α(3)

∣∣∣∣∣∣∣∣
= |1s1s2s|
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Approximate treatments Perturbation treatment

Perturbation treatment

Lithium atom

Ĥ(0)=− ℏ2
2me

∇2
1−

ℏ2
2me

∇2
2−

ℏ2
2me

∇2
3−k Ze2

r1
−k Ze2

r2
−k Ze2

r3

Ĥ
′
=k e2

r12
+k e2

r23
+k e2

r13

ψ(0)=6−1/2[1s(1)1s(2)2s(3)α(1)β(2)α(3)−1s(1)2s(2)1s(3)α(1)α(2)β(3)

−1s(1)1s(2)2s(3)β(1)α(2)α(3)+1s(1)2s(2)1s(3)β(1)α(2)α(3)

+2s(1)1s(2)1s(3)α(1)α(2)β(3)−2s(1)1s(2)1s(3)α(1)β(2)α(3)]

E (0) = E
(0)
1s + E

(0)
1s + E

(0)
2s
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Approximate treatments Perturbation treatment

Perturbation treatment

Independent electron approximation

E (0)=−
(

1
12 +

1
12 +

1
22

)(
Z2e2
2a0

)
=− 81

4 (13.606eV)=−275.5eV

Eexac=−203.5 eV⇒ Error −35.4%

First order correction

E (1)=2
∫∫

|1s(1)2s(2)|2 e2
r12

dv1 dv2+
∫∫

|1s(1)1s(2)|2 e2
r12

dv1 dv2

−
∫∫

1s(1)∗2s(2)∗1s(2)2s(1) e2
r12

dv1 dv2

=2J1s2s + J1s1s︸ ︷︷ ︸
Coulomb int.

− K1s2s︸ ︷︷ ︸
exchange int.

=83.5 eV

E (0)+E (1)=−192.0 eV⇒ Error 5.7%
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Approximate treatments Variational treatment

Variational treatment

Screening and effective nuclear charge ⇒ Z ∗ = Z − σ

ϕ =
1√
6

∣∣∣∣∣∣
f (1)α(1) f (1)β(1) g(1)α(1)
f (2)α(2) f (2)β(2) g(2)α(2)
f (3)α(3) f (3)β(3) g(3)α(3)

∣∣∣∣∣∣
f =

1
π1/2

(
b1

a0

)3/2

e−b1r/a0

g =
1

4(2π)1/2

(
b2

a0

)3/2 (
2 − b2r

a0

)
e−b2r/2a0

b1 = 2.686, b2 = 1.776 y W = −201.2 eV ⇒ Error 1.1%
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Approximate treatments Hartree-Fock approximation

Hartree-Fock approximation

Factorable function

ϕ = g1(r1, θ1, ϕ1)g2(r2, θ2, ϕ2) · · · gn(rn, θn, ϕn)

gi = hi (ri )Y
li
mi
(θi , ϕi )

Hartree-Fock approximation[
− ℏ2

2µ
∇2

1 − k
Ze2

r1
+
〈
g(2)|k e2

r12
|g(2)

〉]
g(1) = ϵ1g(1)[

− ℏ2

2µ
∇2

2 − k
Ze2

r2
+
〈
g(1)|k e2

r12
|g(1)

〉]
g(2) = ϵ2g(2)
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Approximate treatments Hartree-Fock approximation

Hartree-Fock approximation

Li ⇒ Error = 0.6 %
Correlation energy ⇒ Ecorr = Eexac − EHF

1 a.u. = 27 eV
E. Clementi. J. Chem.
Phys. 38, 2248 (1963).
↓Error if ↑ Z
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Electronic configurations Energy levels

Energy levels

Energy levels
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Electronic configurations Aufbau rule

Aufbau rule

Aufbau rule

Energy ∝ n + l

For a given n + l lower energy
for lower n
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Electronic configurations Hund’s rule

Hund’s rule

Hund’s rule ⇒ The sum of the spins must be maximun

[H] ⇒ ↑
1s

[B] ⇒ ↑↓
1s

↑↓
2s

↑
2p

[He] ⇒ ↑↓
1s

[C] ⇒ ↑↓
1s

↑↓
2s

↑ ↑
2p

[Li] ⇒ ↑↓
1s

↑
2s

[N] ⇒ ↑↓
1s

↑↓
2s

↑ ↑ ↑
2p

[Be] ⇒ ↑↓
1s

↑↓
2s

[O] ⇒ ↑↓
1s

↑↓
2s

↑↓ ↑ ↑
2p
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Electronic configurations Periodic table of the elements

Periodic table of the elements
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