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[BDIEVCINITEN I CTC  Hamiltonian

¢® Hamiltonian

@ Rotational-vibrational Hamiltonian (I.N. Levine, Molecular Spectroscopy,
John Wiley & sons, 1975), A. Requena y J. Zafiiga, Espectroscopia, Pearson
Education SA, 2004

ra=Xai+ Yyaj+2zak
rp = Xpi+ypj+2zpk

2 5 K2 5
Va _Trnbvb + V(r) wnuc(ren rb) = E"yzjnuc('

_2ma
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"oox? * dy? * 0z?

R = Mmata+mptp h2 ) h2 )
:ma+Tb = [ —Vr—=—Vr+ V(r )]1/1(R, r) = Ev¥(R,r)
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[BDIEVCINITEN I CTC  Hamiltonian

¢® Hamiltonian

w(R7 r) = wtras(R)wrovib(r) [_%vﬁ] ¢trans(R) = Etrans¢trans(R)

E = Etrans + Erovib [_%vg + V(r)] ¢rovib(r) = Erovib¢rovib(r)

= Spherical polar coordinates (x, y,z) — (r,0, ¢)
R[> 20 [2
[_2u <a2 " rar) oz TV

wrovib(ra9:¢):Rv,J(r) YJM(O’QS)

@Z}rovib(ry 9, Qb) = Erovibwrovib(ra 03 ¢)

n?d?>  J(J+1)h?

izwrovib:J(J‘i’l)hzwrovib |:_2/,I/er2 + + V(r) ¢V,J(r) = ErOVib¢V,J

24ur?
R\,y_/(l’):(f)\,y_/(l’)/l’
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[BDIEVCINITEN I CTC  Hamiltonian

¢® Hamiltonian

I:I(r)¢v,J(r) = EV,J ¢V,J(r)

~ R? d?>  J(J+1)R?
HN=—-—— — +>2~ 7 +V
(r) 2u dr? + 2ur? +V(r)
Ve, u(r)
Ver ()
- @ Rovibrational energy levels

@ 1 J = Rotational barrier

r
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Diatomic molecules Basic approximations

¢® Basic approximations

@ Approximations

o Vibration = harmonic oscillator = V/(r) ~ L1k(r — r.)?

o Rotation 1o o 2
r—r, r—r,
S+ Tt

r ra re rd

JU+1DRZ2  J(J+1)R?
rigid rotor = (J+ 2) ~ (J+1)
2ur 2ur?

} Be — rotational constant

= 82,12
8m2prs

R I+ 1
I L k(e — r)?| bus(r) = Evs by
2 dr? + 2ur2 +3 (r—re)™| dv.u(r) 40y u(r)
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Diatomic molecules Basic approximations

¢® Basic approximations

o Energy

Eyj=(v+1/2)hw+ J(J+ 1)hBe v,J=0,1,2,...

1=3
E
vJ | o )
v=2 J=1
1=0
1=3
s =2
V=l J=1
J=0
1=3
= 1=2
v=0 I=1
1=0
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[DIEYCT ISV YT CI  Perturbations

e® Perturbations

@ Perturbations (¢ = r — re)

1
V(r)= Equ + k3q® + kaq* + . ..

J(J +1)r?

24ur?

kg = U+ 1)hBe

anharmonicity

= J(J+1)hBe + kig + kog® + . ..
——

centrigugal
distortion

re

i

3 4
_ 3J(J+1)hBe _1(d>Vv(n) _1(d7V(n)
k=07 ’k3*?(7r A=y )
e e

e

AO = _J2 BSOS 1

A(q)

2 dr? 2ur?

A = kig + kag® + k3q® + kaq®
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[DIEYCT ISV YT CI  Perturbations

e® Perturbations

@ First order correction

4
EY) = [ 6O 60dq = () = Y kitvlg'l)
i=1
b Wlalv)=( a3 =0, (v]q?[v)=E2L2, (v]qt|v)= 32 Tt2viD)
£ _ 3hBeJ(J + 1) (v +1/2) N kg3(2v2 4 2v 4 1)

v,J arez 4—0[2

@ Second order correction

ER_ 5 latlalv (@ K0V Sovin)  anslius+n)?
v,J Vv E‘(,)—E\(,)/ 8a2hue argue

6Beks (v+1/2)J(J+1)
a2reue

+
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[DIEYCT ISV YT CI  Perturbations

e® Perturbations

o Total energy (in wave numbers v=\1=v/c=(E, y—E, j)/hc)

Ev J
h—(’: = we(V+1/2) 4+ BeJ(J 4+ 1) —wexe(v + 1/2)?
harmonic rigid rotor anharmonicity
— De[J(J+1)]? —ae(v+1/2)J(J+1)
centrigugal distortion rovibrational coupling
1/2 h
—ve__1 (ke = —
YT e Tane ( “> B 8m2urc
_ 6B2:4 [5Bek2r2 48B3
weXe="_Zhe [W*k‘* er="0%
2 3
ae:—% {1+4:3Ciege :|
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[DIEYCT ISV YT CI  Perturbations

e® Perturbations

Molecule We B. WeXe Qe De., re (A) D. (eV)

Ha 44012 60.85 121.3 3.06 4.7x1072 0.74 4.7
HF 41383 20.96 89.88 0.80 22x10°% 0.92 6.1
HCI 2990.9 1059 52.82 031 53x107* 1.27 4.6
N» 2358.6 1.998 1432 0.0173 58x107® 1.10 9.9
CO 2169.8 1.931 1329 0.0175 6.1x107® 1.13 11.2
NO 1904.2 1672 14.08 0.0171 5.4x107°% 1.15 6.6
O, 1580.2 1438 12.00 0.0159 4.8x107°% 1.21 5.2
I 21450 0.0374 0.61 0.0001 4.3x107° 2.67 1.6

@Data from Molecules and their spectroscopic properties, S. V. Kristenko,
A. |. Maslov y V. P. Shevelko, Springer-Verlag, Berlin (1998).

war BEv wEX87 ae y De7r en Cm_l
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Diatomic molecules Electric dipole moment

W
0
4

;' Electric dipole moment

F

o Electric dipole moment

Y=velecPnuc
<1/1|ﬂ|¢’>=f w;ucwlnuc [ f w; el dTe ] dTnuc
p==73eri+Zsers+Zyer, —

/Je —> permanent

electronic
dipole
moment
:f w:ovib He? ovibdTrovib
pe=fe(r)[sen 0 cos pi+sen O sen ¢ j+cos O k] |,

=Jo° by, u(r) pe(r) ¢yr 4 (r)dr 02" Jo YJ",”/*[sen 0 cos ¢i+sen 0 sen pj-+cos 0k]Y’\//’l sen 0d0d e

AJ==1
AM=0,%1
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Diatomic molecules Electric dipole moment

m

0
4

;' Electric dipole moment

F

@ Homonuclear molecules = pie(r) =0

o Heteronuclear molecules = [ ¢y 4(r) pe(r) ¢y s(r)dr

He(r)

Z il o) e o lim r)= lim r)y=20
He®) = et + Hi(r) (1) B fre(r) m fre(r)

l—le("e) ’ #;/(fe) 2
O pe(r)=pe(re)tue(re)(r—re)+=5—(r—re)"+...

17 dv(Npe(r)oy (rdr=pe(re) [22, ¢ (a)dv(q)dg +ul(re) 22 dyr(a)ady(q)dg +...
—_——
Av=0 Av=+1
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Diatomic molecules Pure rotational spectrum

m

o0—e
PO

s Pure rotational spectrum

- +q

o Av=0
e Rigid rotor = (J - J+1)=2(J+1)B. = Av =28,

o= N W
b

3B, 4B, 6B, 8B, 10B, 2B,

Vv ——

= Microwaves (0.03-10 cm™!) (1-300 GHz)
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Diatomic molecules Pure rotational spectrum

m

0
4

] Pure rotational spectrum

4 &

o Non-rigid rotor = #(J — J+ 1) =2(J + 1)B, — 4D, ,(J + 1)3

FIEP L L LT E T O T
T T T T T T

100 l T T T T T 2018

YV

g

% Transmisién

i 3 1y o VWL o 5 v ] Wt WUt 5 .
1S 20 25 30 35 40

Niimero de ondas (cm)
= By = Be — ae(v +1/2)
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Diatomic molecules Rovibrational spectrum

W
0
4

> Rovibrational spectrum

4 &

p=we(v+1/2)+BeJ(J+1)

o Harmonic oscillator/Rigid rotor = =2

@ Absortion spectrum = Av = +1
o AJ=+1 = R branch

PRlv =v+1,J = J+1]l=we +2(J+1)Be

J=0,1,2,...
d
ADr= 2B,
o AJ=-1= P branch
vplv—ov+1l,J—>J—-1=w.—2JB, J=1,2,3,...
1
Abp =2 B,
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Diatomic molecules Rovibrational spectrum

Rovibrational spectrum

—_

v+1

QN = O W

[N P

PG
p(s) PP " ) P(1) R( M5
P(6) ' I R(0) |
1
il

R(5)
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Diatomic molecules Rovibrational spectrum
n

o0—e
e

> Rovibrational spectrum

4 &

e Band origin = ¥ = we € (10 — 4000cm~1)
e ¥ € IR (10 — 13000 cm~1)

o Example = CO molecule

2060 2100 2120 280 2220

emt ———
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m

Diatomic molecules Rovibrational spectrum
o0

4 4

is
e

& Rovibrational spectrum

@ Anharmonicity and centrigugal distortion

= =0 (v41/2) 4 BeJ(J+1) —wexe (v+1/2)2 — e (v+1/2) J(J+1)—De, [J(J+1)]?
Av==+142,...

o Band origin = #p(v = V') = we(v' — v) — wexe[V/ (V' + 1) — v(v + 1)]

o Room temperature = v =20

76(0 = V') = wev' — wexeV' (V' + 1)

> 0 — 1 = Fundamental band

> 0— 2,3,... = First, second,...overtones
> v # 0 = Hot bands
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Diatomic molecules Rovibrational spectrum

Rovibrational spectrum

o Rotational structure

> R branch = Band head
p(v—v' , J=J+1)=io(v—=v')+[2Be— e (v +v+1)](J+1) —ae (v —v) (J+1)?

—4D, (J+1)? J=0,1.2,...
> P branch
p(v—v' J=J—1)=0o(v—ov')—[2Be — e (v +v+1)]|J— e (v —v)J?

+4D, ,J? J=1.2,...

> Intensities = Rotational populations

NV,J
NV.O

_ (2J + 1)e—BeJ(J+l)h/KBT
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Polyatomic molecules Motion equations

bf)

o Body fixed cartesian coordinates = (xf, y2f, zb

@ Mass-weighted cartesian coordinates = (qu,. .., g3n,)

qi=ymi(xpf—xL), q2=ymi(yy —yL), gz=/ma(zp — 2%,
qa=/m2(x5" —x3L), as=\/ma2(y5 —ybL), go=+/m2 (25— 25",
A3 —2=/TNs O —XRE )y @ave— 1= /mnc N —YRE ) aswe=v/ming (2pf —25f )
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Polyatomic molecules Motion equations

! Motion equations

@ Internal energy

M o
H= T—l—V—Z(dt') + V(q1,---,93n.)

i=1
3N oy s 3Ns 2y
V= W+M+ 5 Z;JZ; <8q,8qj> qiqj
3N, 3N, 3N, 53V
3l 2;; <3q,8qﬁq ) KA
1 3Ns 3Ns
~ EZZ ujjqiq; — ujj Hessian matrix
i=1 j=1
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Polyatomic molecules Motion equations

Motion equations

o Newton's law

d2qk . oV

de2 gk
{
3N
Z ug;qj — coupled differential equations
j=1
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Equilirium normal modes
! Equilibrium normal modes

@ Equilibrium normal modes

3Ns
LIUL=A = Q=) lhia i=1,...,3Ns

k=1

z =5 — linear molecules
ANy = oo = A =0 — )
3Ns—z 3Ns z = 6 — non-linear molecules
translation+rotation

Q1, @2, ..., Q3n,—, — vibrations
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EIWELTO IRV CTIEE  Equilibrium normal modes

Equilibrium normal modes

o Kinetic energy

3Ns 3N5 3N 3N
S CIEE ST

k=1
3Ng dQ 3Ns dQ 3Ns 3Ns dQ
LTSS -3 ()

5k/
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EIWELTO IRV CTIEE  Equilibrium normal modes

Equilibrium normal modes

o Potential energy

3Ns 3Ns 3NS 3N 3N, 3N;
Zzuuqlqj ZZUU<ZI’kaZ/ﬂQl>
i=1j=1 i=1 j=1

3N5 3Ns 3Ns 3Ns
- Z Z QkQI (Z Z Ilkuu _]/)

k 1/=1 i=1 j=1

1 3N: 3N, L 3Ne=
*ZZ Qe QA = 7 Z Q7

k=1 /=1 k=1
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EIWELTO IRV CTIEE  Equilibrium normal modes

m Equilibrium normal modes

o Vibrational energy
3Ns—=z 1

Evib = Z 5

k=1

Adolfo Bastida (Universidad Murcia)

(Q,% +)\ka) — uncoupled harmonic oscillators

1
d’Q;
dt?

1
Qi(t) = A; sen()\}/2

i=1...,3Ny—z

+AiQi=0

A; — amplitude
a; — phase

t+a,-){
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Polyatomic molecules

Equilibrium normal modes

! Equilibrium normal modes

o Water molecule

Symmetric stretching mode, vq

Bending mode, v2

Asymmetric stretching mode, v3

3657 e’ 1595 cmi’! 3756 cm’
Water
INFRARED SPECTRUM
1
©
4
% 0.8
£ |
£
7
£ ol
= 0.6
v
2
=
& 04
. | \
3000 2000 1000

wavenumber (cm-1)

NIST Chemistry WebBook (http:/fwebbook nist.gou/chermistry)
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Polyatomic molecules Quantum Hamiltonian

g : :
4= Quantum Hamiltonian

@ Hamiltonian operator

3Ns—z
Hv1b = Z hk
k=1

K2 0?2 1

S Ve
2a%+2k@

hi(Qe) =

1
heok(Qr) = ex wr( Q)
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el Sugluss
4= Eigenfunctions and eigenvalues

@ 3N, — z dimensional function

3N~
Aivtbib = Evinthvin = Yvib = [ #u( Qi)
k=1

1
3Ng—z 3N;—=z

Vlb_zek_z Vk+ th
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el Sugluss
-y’ . : .
4= Eigenfunctions and eigenvalues

o CO5 molecule

Oxygen Carbon Oxygen carbon dioxide
INFRARED SPECTRUM
L. Symmetric 1
maodes (100) W

9

g oef
E
S

2 06
_______ Bending £
""""" 4 v

modes (0v0) 2 oal
o}
&

02

I I I

. — e Asymmetric 3000 2000 1000
modes (00v) Wavenurmber fcm-1)

NIST Chernistry WebBook (http://webbook.nist.gov/chemistry)
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REIWELTOITV T T EEIl  Selection rules

P .
4= Selection rules

@ Electronic dipole moment p

/Wiib B yin dQr - - dQan,—z = = fix bt + fby jof + fiz Kot

I
S Z 3Ns—z3Ns—z 62'u
a=X,y,zZ a=Ha,e Q + —% | + .
y fto=fte,et Z " Z JZ: (8Qjan>eQJQk
I
3Ng—z 8M
(WUhyin|paltbvib) = tae(Wlvib|Pvib) + Z (aQa> (Phyin| Qk|tvib) +
k=1
3Ns—=z
o (Whinltuin) = [ (evilov) #0 = v =vi, Vk
k=1

pure rotational spectrum
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REIWELTOITV T T EEIl  Selection rules

= '
4= Selection rules

3Ng—z 3Ng—z
O (Wrin|Qilvvib)= T (oy/ 1Qilevi)= (e |Qilev;) TI (e lev,)7#0
e k J k=1 K
ke
b= Vk #£j
= V;( Vi, 7&./
Vi =Vj +1

Fundamental bands

3Ng—z 3Ng—z
O (Yryin|QFYyib)= k]:Il <SOVL|Q/2|SOV/<>: <SDVJ/,|Qj|90vJ-> I1 <<Pv'k|90vk>750
kA
{ V;( = Vg, Vk #./
= .
Vi =Vj +2
Overtones
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REIWELTOITV T T EEIl  Selection rules

= '
4= Selection rules

3Ns—z 3Ng—z
O (Plvib| Qi QjlYvib)= kl_Il <9DV;(\Qinva):(%f_|Qi|90v,-><<ﬂvjl.|Qj|90vj) [T (e lov,)#0
= ! k=1
ki j
Ve =Vk, Vk#i,j
=< vi=vitl
A
Vi =Yj +1

Combination bands
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REIWELTOITV T T EEIl  Selection rules

e .
4= Selection rules

@ Vibrational bands

(0,L,1)
(0,2,0)
(0,0,1)
(1,0,0)
Hot Difference )
(0,0,0)
Fundamental Ov me Combination
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REIWELTOITV T T EEIl  Selection rules

e .
4= Selection rules

@ Rotational structure of the vibrational bands (Example: CH,)

e

0.02}

Normalized Irtensity

u\HHHH\I ‘H ‘HM.

n L L L L P
ZBDD Lﬂ 3000 ED D 3100 D 3200
‘Wavenumber/cm-1

0

AJ=—-1 — P branch
AJ=0 — @ branch
AJ=+1 — R branch
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