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Rotational-vibrational Hamiltonian (I.N. Levine, Molecular Spectros-

copy, John Wiley & sons, 1975), A. Requena y J. Zúñiga, Espectroscopía,

Pearson Education SA, 2004

ra=xa i+ya j+za k
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− ~2

2ma
∇2

a− ~2
2mb

∇2
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ψ(R,r)=ψtras(R)ψrovib(r)

E=Etrans+Erovib


[
− ~2

2M∇2
R
]
ψtrans(R)=Etransψtrans(R)[

−~2
2µ∇2

r+V (r)
]
ψrovib(r)=Erovibψrovib(r)

⇒ Spherical polar coordinates (x,y,z)→ (r,θ,φ)[
−~2

2µ

(
∂2

∂r2+
2
r

∂

∂r

)
+ L̂2

2µr2+V (r)
]

ψrovib(r,θ,φ)=Erovibψrovib(r,θ,φ)

ψrovib(r,θ,φ)=Rv,J(r)Y
M
J (θ,φ)

L̂2ψrovib=J(J+1)~2ψrovib

Rv,J(r)=φv,J(r)/r


[
−~2

2µ
d2

dr2+
J(J+1)~2

2µr2 +V (r)
]

φv,J(r)=Erovibφv,J(r)
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Ĥ(r)φv,J(r) = Ev,J φv,J(r)

Ĥ(r) =−~
2

2µ
d2

dr2 +
J(J+1)~2

2µr2 +V (r)︸ ︷︷ ︸
Vef,J(r)

Rovibrational energy levels

↑ J⇒ Rotational barrier
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Approximations

◦ Vibration⇒ harmonic oscillator⇒V (r)' 1
2k(r− re)

2

◦ Rotation
1
r2'

1
r2e
−2(r−re)

r3
e

+
3(r−re)2

r4e
+...

rigid rotor⇒ J(J+1)~2

2µr2 ≈ J(J+1)~2

2µr2
e

↓ Be= h
8π2µr2e

→ rotational constant[
−~2

2µ
d2

dr2 +
J(J+1)~2

2µr2e
+1

2k(r−re)
2
]

φv,J(r)=Ev,J φv,J(r)
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◦ Energy

Ev,J = (v+1/2)~ω+ J(J+1)hBe v,J = 0,1,2, . . .
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Perturbations (q = r− re)

V (r) =
1
2

kq2+ k3q3+ k4q4︸ ︷︷ ︸
anharmonicity

+ . . .

J(J+1)~2

2µr2 = J(J+1)hBe+ k1q+ k2q2︸ ︷︷ ︸
centrigugal
distortion

+ . . .

k1=−
2J(J+1)hBe

re , k2=
3J(J+1)hBe

r2e
, k3=

1
3!

(
d3V (r)

dr3

)
re
, k4=

1
4!

(
d4V (r)

dr4

)
re

Ĥ(q)

 Ĥ(0) =−~2

2µ
d2

dr2 +
J(J+1)~2

2µr2
e

+ 1
2k(r− re)

2

Ĥ ′ = k1q+ k2q2+ k3q3+ k4q4
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First order correction

E(1)
v,J =

∫
φ
(0)
v Ĥ ′φ(0)v dq = 〈v|Ĥ ′|v〉=

4

∑
i=1

ki〈v|qi|v〉

↓ 〈v|q|v〉=〈v|q3|v〉=0, 〈v|q2|v〉=v+1/2
α , 〈v|q4|v〉=3(2v2+2v+1)

4α2

E(1)
v,J =

3hBeJ(J+1)(v+1/2)
αr2

e
+

k43(2v2+2v+1)
4α2

Second order correction

E
(2)
v,J= ∑

v′6=v

|k1〈v′|q|v〉+k3〈v′|q3|v〉|2

E0
v−E0

v′
=−

k2
3(30v2+30v+11)

8α2hνe
−2hB2

e [J(J+1)]2

αr2eνe

+
6Bek3(v+1/2)J(J+1)

α2reνe
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Total energy (in wave numbers ν̃=λ−1=ν/c=(Ev′,J′−Ev,J)/hc)

Ev,J
hc

= ωe(v+1/2)︸ ︷︷ ︸
harmonic

+BeJ(J+1)︸ ︷︷ ︸
rigid rotor

−ωexe(v+1/2)2︸ ︷︷ ︸
anharmonicity

− De[J(J+1)]2︸ ︷︷ ︸
centrigugal distortion

−αe(v+1/2)J(J+1)︸ ︷︷ ︸
rovibrational coupling

ωe=
νe
c =

1
2πc

(
ke
µ

)1/2
Be =

h
8π2µr2

ec

ωexe=
6B2

er4
e

ω2ehc

[
5Bek2

3r2
e

ω2ehc
−k4

]
De,r=

4B3
e

ω2e

αe=−6B2
e

ωe

[
1+4k3Ber3

e
hcω2e

]
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Moleculea ωe
b Be ωexe αe De,r re (Å) De (eV)

H2 4401.2 60.85 121.3 3.06 4.7×10−2 0.74 4.7
HF 4138.3 20.96 89.88 0.80 2.2×10−3 0.92 6.1
HCl 2990.9 10.59 52.82 0.31 5.3×10−4 1.27 4.6
N2 2358.6 1.998 14.32 0.0173 5.8×10−6 1.10 9.9
CO 2169.8 1.931 13.29 0.0175 6.1×10−6 1.13 11.2
NO 1904.2 1.672 14.08 0.0171 5.4×10−6 1.15 6.6
O2 1580.2 1.438 12.00 0.0159 4.8×10−6 1.21 5.2
I2 214.50 0.0374 0.61 0.0001 4.3×10−9 2.67 1.6

aData from Molecules and their spectroscopic properties, S. V. Kristenko, A. I.
Maslov y V. P. Shevelko, Springer-Verlag, Berlin (1998).

bωe, Be, ωexe, αe y De,r en cm−1.
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Momento dipolar eléctrico

ψ=ψelecψnuc

µ̂=−∑

i
eri+Zaera+Zberb

〈ψ|µ̂|ψ′〉=∫
ψ∗nucψ′nuc

[ ∫
ψ∗el µ̂ψeldτel︸ ︷︷ ︸

µe→ permanent
electronic

dipole
moment

]
dτnuc

=
∫

ψ∗rovib µeψ′rovibdτrovib

µe=µe(r)[senθcosφ i+senθsenφ j+cosθk] ↓

=
∫

∞
0 φv,J(r)µe(r)φv′,J(r)dr

∫ 2π
0

∫
π
0 Y M′

J′
∗
[senθcosφi+senθsenφj+cosθk]Y M′

J′ senθdθdφ︸ ︷︷ ︸
∆J=±1

∆M=0,±1
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Homonuclear molecules⇒ µe(r) = 0

Heteronuclear molecules⇒
∫

∞
0 φv,J(r)µe(r)φv′,J(r)dr

◦ lı́m
r→0

µe(r) = lı́m
r→∞

µe(r) = 0

◦ µe(r)=µe(re)+µ′e(re)(r−re)+
µ′′e (re)

2! (r−re)
2+...

∫
∞
0 φv(r)µe(r)φv′(r)dr=µe(re)

∫
∞
−∞

φv′(q)φv(q)dq︸ ︷︷ ︸
∆v=0

+µ′e(re)
∫

∞
−∞

φv′(q)qφv(q)dq︸ ︷︷ ︸
∆v=±1

+...
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∆v = 0
Rigid rotor⇒ ν̃(J→ J+1) = 2(J+1)Be⇒ ∆ν̃ = 2Be

⇒Microwaves (0.03-10 cm−1) (1-300 GHz)
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Non-rigid rotor⇒ ν̃(J→J+1)=2(J+1)Bv−4De,r(J+1)3

⇒ Bv = Be−αe(v+1/2)
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Harmonic oscillator/Rigid rotor⇒ Ev,J
hc =ωe(v+1/2)+BeJ(J+1)

Absortion spectrum⇒ ∆v =+1
◦ ∆J =+1⇒ R branch

ν̃R[v→ v+1,J→ J+1]= ωe+2(J+1)Be J = 0,1,2, . . .

↓
∆ν̃R= 2Be

◦ ∆J =−1⇒ P branch

ν̃P[v→ v+1,J→ J−1]= ωe−2JBe J = 1,2,3, . . .

↓
∆ν̃P = 2Be
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Band origin⇒ ν̃0 = ωe ∈ (10−4000cm−1)

ν̃0 ∈ IR (10−13000cm−1)

Example⇒ CO molecule
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Anharmonicity and centrigugal distortion

Ev,J
hc =ωe(v+1/2)+BeJ(J+1)−ωexe(v+1/2)2−αe(v+1/2)J(J+1)−De,r[J(J+1)]2

∆v=±1,±2,...

◦ Band origin⇒ ν̃0(v→v′)=ωe(v′−v)−ωexe[v′(v′+1)−v(v+1)]

◦ Room temperature⇒ v = 0

ν̃0(0→v′)=ωev′−ωexev′(v′+1)

. 0→ 1⇒ Fundamental band

. 0→ 2,3, . . .⇒ First, second,. . . overtones

. v 6= 0⇒ Hot bands
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◦ Rotational structure

. R branch⇒ Band head

ν̃R(v→v′,J→J+1)=ν̃0(v→v′)+[2Be−αe(v′+v+1)](J+1)−αe(v′−v)(J+1)2

−4De,r(J+1)3 J=0,1,2,...

. P branch

ν̃P(v→v′,J→J−1)=ν̃0(v→v′)−[2Be−αe(v′+v+1)]J−αe(v′−v)J2

+4De,rJ3 J=1,2,...

. Intensities⇒ Rotational populations

Nv,J
Nv.0

=(2J+1)e−BeJ(J+1)h/KBT



D
ra

ftII.A. Motion equations
MOLECULAR SPECTROSCOPY

Polyatomic molecules

20

Body fixed cartesian coordinates⇒ (xbf
α ,ybf

α ,zbf
α )

Mass-weighted cartesian coordinates⇒ (q1, . . . ,q3Ns)

q1=
√m1(x

bf
1 −xbf

1,e), q2=
√m1(y

bf
1 −ybf

1,e), q3=
√m1(z

bf
1 −zbf

1,e)

q4=
√m2(x

bf
2 −xbf

2,e), q5=
√m2(y

bf
2 −ybf

2,e), q6=
√m2(z

bf
2 −zbf

2,e)

... ... ...

q3Ns−2=
√mNs(x

bf
Ns
−xbf

Ns,e
), q3Ns−1=

√mNs(y
bf
Ns
−ybf

Ns,e
), q3Ns=

√mNs(z
bf
Ns
−zbf

Ns,e
)
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Internal energy

H= T +V =
1
2

3Ns

∑
i=1

(
dqi
dt

)2
+V (q1, . . . ,q3Ns)

V=�
��V e+

�
���

����3Ns
∑

i=1

(
∂V
∂qi

)
e
qi+

1
2!

3Ns
∑

i=1

3Ns
∑

j=1

(
∂2V

∂qi∂q j

)
e
qiq j

+ 1
3!

3Ns
∑

i=1

3Ns
∑

j=1

3Ns
∑

k=1

(
∂3V

∂qi∂q j∂qk

)
e
qiq jqk+···

≈1
2

3Ns
∑

i=1

3Ns
∑

j=1
ui jqiq j→ ui j Hessian matrix
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Newton’s law

d2qk
dt2 =− ∂V

∂qk
k = 1, . . . ,3N

↓
3Ns

∑
j=1

uk jq j→ coupled differential equations
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Equilibrium normal modes

L†UL = Λ → Qi =
3Ns

∑
k=1

lkiqk i = 1, . . . ,3Ns

λ3Ns−z = . . .= λ3Ns = 0︸ ︷︷ ︸
translation+rotation

→
{

z = 5→ linear molecules
z = 6→ non-linear molecules

Q1,Q2, . . . ,Q3Ns−z→ vibrations
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◦ Kinetic energy

T =
1
2

3Ns

∑
k=1

(
dqk
dt

)2
=

1
2

3Ns

∑
i=1

(3Ns

∑
k=1

lik
dQk
dt

3Ns

∑
l=1

lil
dQl
dt

)

=
1
2

3Ns

∑
k=1

dQk
dt

3Ns

∑
l=1

dQl
dt

3Ns

∑
i=1

liklil︸ ︷︷ ︸
δkl

=
1
2

3Ns

∑
k=1

(
dQk
dt

)2
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◦ Potential energy

V =
1
2

3Ns

∑
i=1

3Ns

∑
j=1

ui jqiq j =
1
2

3Ns

∑
i=1

3Ns

∑
j=1

ui j

(3Ns

∑
k=1

likQk

3Ns

∑
l=1

l jlQl

)

=
1
2

3Ns

∑
k=1

3Ns

∑
l=1

QkQl

(3Ns

∑
i=1

3Ns

∑
j=1

likui jl jl

)

=
1
2

3Ns

∑
k=1

3Ns

∑
l=1

QkQlδklλk =
1
2

3Ns−z

∑
k=1

λkQ2
k
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◦ Vibrational energy

Evib =
3Ns−z

∑
k=1

1
2

(
Q̇2

k +λkQ2
k

)
→ uncoupled harmonic oscillators

↓
d2Qi
dt2 +λiQi = 0 i = 1, . . . ,3Ns− z

↓

Qi(t) = Ai sen(λ1/2
i t +ai)

{
Ai→ amplitude

ai→ phase
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◦ Water molecule
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Hamiltonian operator

Ĥvib =
3Ns−z

∑
k=1

ĥk

↓

ĥk(Qk) =−
~2

2
∂2

∂Q2
k
+

1
2

λk Q2
k

↓
ĥkϕk(Qk) = εk ϕk(Qk)
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3Ns− z dimensional function

Ĥvibψvib = Evibψvib→ ψvib =
3Ns−z

∏
k=1

ϕk(Qk)

↓

Evib =
3Ns−z

∑
k=1

εk =
3Ns−z

∑
k=1

(vk +
1
2
)hνk
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◦ CO2 molecule
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Electronic dipole moment µ∫
ψ′∗vibµψvib dQ1 · · ·dQ3Ns−z→µ= µx ibf+µy jbf+µz kbf

↓

α=x,y,z µα=µα,e+
3Ns−z

∑
k=1

(
∂µα

∂Qk

)
e
Qk+

3Ns−z
∑

k=1

3Ns−z
∑

j=1

(
∂2µα

∂Q j∂Qk

)
e
Q jQk+...

↓

〈ψ′vib|µα|ψvib〉=µα,e〈ψ′vib|ψvib〉+
3Ns−z

∑
k=1

(
∂µα

∂Qk

)
e
〈ψ′vib|Qk|ψvib〉+...

◦ 〈ψ′vib|ψvib〉=
3Ns−z

∏
k=1
〈ϕv′k
|ϕvk〉6=0⇒ v′k = vk, ∀k

pure rotational spectrum
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◦ 〈ψ′vib|Q j|ψvib〉=
3Ns−z

∏
k=1
〈ϕv′k
|Q j|ϕvk〉=〈ϕv′j

|Q j|ϕv j〉
3Ns−z

∏

k=1
k 6= j

〈ϕv′k
|ϕvk〉6=0

︸ ︷︷ ︸
⇒
{

v′k = vk, ∀k 6= j
v′j = v j±1

Fundamental bands

◦ 〈ψ′vib|Q2
j |ψvib〉=

3Ns−z
∏

k=1
〈ϕv′k
|Q2

j |ϕvk〉=〈ϕv′j
|Q j|ϕv j〉

3Ns−z
∏

k=1
k 6= j

〈ϕv′k
|ϕvk〉6=0

︸ ︷︷ ︸
⇒
{

v′k = vk, ∀k 6= j
v′j = v j±2

Overtones
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◦ 〈ψ′vib|QiQ j|ψvib〉=
3Ns−z

∏
k=1
〈ϕv′k
|QiQ j|ϕvk〉=

〈ϕv′i
|Qi|ϕvi〉〈ϕv′j

|Q j|ϕv j〉
3Ns−z

∏

k=1
k 6=i, j

〈ϕv′k
|ϕvk〉6=0

︸ ︷︷ ︸
⇒


v′k = vk, ∀k 6= i, j
v′i = vi±1
v′j = v j±1

Combination bands
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Vibrational bands
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Rotational structure of the vibrational bands (Example: CH4)


∆J =−1 → P branch
∆J = 0 → Q branch
∆J =+1 → R branch


