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Schrédinger’s equation

: | I‘I | 1 w00 x<0 (1)
! ! Vix)={ 0 0<x<L (II)

— m - X
x=0 %=l o0 L<x (1)

@ Zones (I) and (I11) = [¥(x)|? = 0 — 91(x)=¢1(x) = 0

@ Zone (II) .
Ay = Ey

+ V(x)d(x) = Ev(x)
—_—

0

W2 d*(x)
2m  dx?
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Schrédinger’s equation

d?i(x 2mE
dx(2 - 2 V)
@ Independent solutions
1 (x)= sen(kx) a(x)= cos(kx)
d? d?
Z/Z);z(X) = —k? sen(kx) iiz(x) — —k? cos(kx)
2mE
k=3

B2) ()

P(x) = A1(x) + Byo(x) = Asen<
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RETGECNTIEN Il Eigenfunctions and eigenvalues

| - Eigenfunctions and eigenvalues

Wx)w&s(mX)

B(x) = Asen< -

e Continuity x =0 = ¢1(x = 0) = ¢r(x = 0)
Asen( v 27;”E0> + Bcos( V 2};"Eo> =0

A-0+B-1=0
B=0

e Continuity x =L = ¢(x = L) = ¢p(x = L)

vV2mE vV2mE
A - sen N L) =0=> -

L=nm n=0,+£1,+£2,...
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RETGECNTIEN Il Eigenfunctions and eigenvalues

\7 Quantization

nmx n =0 no normalizable
dn(x) = Asen( L ) n=12,... { n < 0 phase factor

E A
E, n=4 e Quantization E, = 8:,—29 n?
n=12,...
E, n=3 e Ground state = E;
E, n=2 @ Spacing = E,=n’FE
E1 n=1
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RETGECNTIEN Il Eigenfunctions and eigenvalues

:3‘7:;}1 Normalization

@ Normalization

GRS

0 L +oo

/ WJI(X)‘Z dX+/ ’¢II(X)|2 dx +/ ‘ZDIH(X)F dx =1
0o 0 L

————

0 0

L
A2 / sen2<m> dx=1 = [Al= 2
0 L L

)L (75
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RETGIC T IEN I Eigenfunctions and eigenvalues

Y3 w3

e L 2/t
0 us\/ﬁus.'. X 0 fs L x

Y2 '4—'§

Ve | 2/LL Z“"C?b\l @ Nodes ¢(x;) =0

|
0 U2\/L x 0 L/2 L x
Wi ll’?
ve/iL L 2/L1L
0 L X 0 L X
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Particle in a box [NEEESTEINITIS

Classical limit

Ex. electron vs melon

@ Electron in a box @ Melon in a box
m=09.1-10"3 kg m=1kg
L=10A L=1m
E,=6-1020n%J E,=4-10%p%)
AE ~107%0) AE ~107% ]

v=1lm/s= E=05J
8mlL2E
h2
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@ 3D box
0<x<a
. W (d> 42 d? P
Hap(x.y,2) = — <dx2+d2+dz2> O<y<b
4 0<z<c
/' .s’f ] /'AlsD V3p = E3pW¥3p

“ . e Hp(x,y,2) = Aip(x) + Aip(y) + Fip(2)

/.
; e V3p(x,y,z) = Vip(x)Vip(y)V¥1ip(2)
o Aip(a)V¥ip(a) = EipWip(a) (o = x,y, z)
2 2h2 2
° E3D 8nmi;2 + 8mb2 + 8m,::2 Ny, Ny, Ny = 1727 s
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Particle in a ring VIEH]

Model

e Cartesian coord. (x,y)
X% 4 y? = R?

e Polar coord. (r, )
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Particle in a ring VIEH]

Polar coordinates

@ Transformations

X r=+/x2+y2 ¢ = arctan <y>
X

; y = rsen¢ X = rcos ¢
|y
(1) @ Intervals
r €[0, +00)
¢ €[0,2r)

Adolfo Bastida (Universidad Murcia) Useful quantum models in Chemistry Physical Chemistry | 12 /27



Particle in a ring VIEH]

Polar coordinates

o Differential element of surface = dxdy = rdrd¢

dS=rdddr

|/ f(x,y)dxdy_/0*”/02”f(r,¢)rd,d¢
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RETGE N IENG -l Eigenfunctions and eigenvalues

W . . .
w¥  Eigenfunctions and eigenvalues

@ Hamiltonian in polar coordinates

. R /92 52
H(X’y):2m(8x2+8y2>
N R /0% 10 1 92
H(r,¢) = " 2m <8r2 Tt r28¢2>

A K2 92

Ale) = -+ 9

(4) 2 mR2 0¢?
——

I
@ Schrodinger's equation

2 9%P(9)
21 92

= Ev(¢)
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RETGE N IENG -l Eigenfunctions and eigenvalues

W . . .
w¥  Eigenfunctions and eigenvalues

@ Independent solutions

h1(¢) = e? Uo(¢) = e
2 2
k = % i
21E
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¥
w  Degeneracy

@ Single valued function = ¢(¢) = ¥ (¢ + 27)
Aeim¢ + B e—im¢ — Aeim(¢+27r) + B e—im(¢+27r)
Aeim¢( 27rml) +B —m¢i(1 o e—27rmi) -0

= 11— 6727rmi: 6727rmi(627rmi o 1) _ _6727rmi(1 - 627rmi>

Aelmgb( 27rm/) — B e—im¢e—27rmi(1 _ e27rmi) =0

(1 _ 627rmi) (A eim¢ — B e—im¢e—27rmi) -0
0

cos(2mm) + isen(2mm) =1= m=0,£1,42,...

Adolfo Bastida (Universidad Murcia) Useful quantum models in Chemistry Physical Chemistry | 16 /27



RETGE N IENG -l Eigenfunctions and eigenvalues

w ' Degeneracy

o Energy quantization = E,, = 522712

E

e Degeneracy
E.=EF
E,=E
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RN IENG -l Angular momentum

@ Angular momentum operator = If particle moves in the xy plane then
L=1,

b=xpy—ype s b=t (i y D)o 20
z = XPy — YPx z 6y Y ox 209

@ Eigenfunctions and eigenvalues

~ h o
b9) =555

(Ae™ + Be™) = mh (Ae™ — Be™m)
— 1, (A em | B e*"""f’)

B=0=1,=mh

P(g) = Ae™? m=0,+1,+2...
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RN IENG -l Angular momentum

27
1
e Normalization = / [W()Pdp=1= |Al= —
0

e Probability density = ¢(¢) = e = W’(@F =5

Var

Adolfo Bastida (Universidad Murcia) Useful quantum models in Chemistry Physical Chemistry | 19 /27



Particle on a sphere [VEH]

@ Free motion on the surface
V(x,y,z) =0

@ Simple atomic model

o Cartesian coordinates

X2y 42 =R
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Particle on a sphere [VEH]

X ‘ Spherical polar coordinates

@ Spherical polar coordinates

x = r senf cos ¢
y = r senf sen ¢
z=rcosf

e Intervals r € [0,00), ¢ € [0,27),
0 € [0, )

o Differential element of volume = d7 = r?>sen @ dr df d¢

+oo +oo T 2T
/// f(x,y,z)dxdydz = / // f(r,0, ) r*senf drdfde
—oo 0 0J0
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EETA W IERE YO Energy and angular momentum

/| Energy and angular momentum

@ Angular momentum

Py = (L & L O a0
L6, 9) = —h <sen20 8¢2+sen980 en080

[2ym(0,¢) = L2Y"(0,¢) - L2 =I(l+1)h* —» 1=0,1,2,...

72

N 2
° Energy:>H:2n’:lR2 = E=I(+1)%

!
@ z component angular momentum
A h 0
L

z I@QSH L \// (e,d)):LZYIm(ead))

L, = mh m=—1,—1+1,...,0,....01—1,1
Adolfo Bastida (Universidad Murcia) Useful quantum models in Chemistry Physical Chemistry | 22 /27



[RETAlC ST BERE YW Spherical Harmonics

] . .
“ | Spherical Harmonics

o Spherical Harmonics = Y/"(0, ¢) = ©} m(0)Pm(¢)

1
V22T

e1m¢

(Dm((b) =

©/,m(#) = Associated Legendre's functions

I m Y™ (0, ¢)
0 0 1/Var

1 0 \/3/4m cos
+1 +,/3/87 senf e*i?

Adolfo Bastida (Universidad Murcia) Useful quantum models in Chemistry Physical Chemistry | 23 /27




[RETAlC ST BERE YW Spherical Harmonics

)
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| Probability density

1=0, (m=0)

v =1, (m=0, |m|=1)

0 2@ L k)
“RRNR) 123 (=0, =1, =2, =3
o VR 3 (0, =L, fmi=2, ml=3)
.
NELAY \
23 [ |
- e (L)
Ll 1))
KA TT )

AT

M)
s/ \wer/ (i

(\
L (T 1l

" Nawer W/
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[RETAlC ST BERE YW Spherical Harmonics

faw, l 1
@ | Polar representations
Y86, o)
t :
[yi@.oF |

| § € e
[Ys@. o  [Yio.oF Yoo  [Yie.ef
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[RETAlC ST BERE YW Spherical Harmonics

@ : Notation
| Symbol
0 s sharp
1 p principal
2 d diffuse
3 f fundamental
4 g alphabetical order

m = subscript if | #Z0

@ Examples

Y9 —s Y? = po
Y2 = do Y? = do
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[RETAlC ST BERE YW Spherical Harmonics

[} ~n ~
@ L, Ly?

A~

o [L,L,)#0, [L,,[,]#0

Z-axisT L.

S
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