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USEFUL QUANTUM MODELS IN CHE-
MISTRY

\é:; WAV SChrodlnger’S equation _-

o 11 m o x<0 (1)
| — > =

iy m o x V(x) 0 O<x<!l (II)

too < x (1)

= Zones (I) and (I11) = |[y(x)[* = 0 — yi(x)=ym(x) = 0
= Zone (II)
Hy =Ey

B d*y(x)
2m  dx?

+ V(X)Ollf(x) = Ey(x)
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= |[ndependent solutions

W1 (x)= sen(kx)

USEFUL QUANTUM MODELS IN CHE-
MISTRY

2 2
d :lijxlz(x) — —k?sen(kx) d :Iisz(x) — —k?cos(kx)
2mE
k= h
Y(x)=Ay(x)+Bwya(x) :Asen< zi;%Ex> —I—Bcos( 2:Ex>



.B. Eigenfunctions and

eigenvalues
V2mE 2mE
y(x) =Asen ™= ) + Bcos T
h h
= Continuity x =0 = y;(x=0) = yp(x =0)
V V2mE
Asen 2mEO + Bcos "20) =0
h h
A-0+B-1=0
B=0

= Continuity x =1 = vypx=1) =vyx=1)

vV 2mE vV 2mE
A -sen []=0=

r r [=nm,n=0,£1,+£2,...



.B. Eigenfunctions and
eigenvalues: quantization _-

n < 0 phase factor

T _ :
Ypi(x) = Asen (?) n= 1’27.”{ n =0 no normalizable

E A
E n=4 = Quantization E,, = 2
4 " 8mi?
n=12,...
= I = Ground state = E
E, e m Spacing = E, = n2E1
E n=1




.B. Eigenfunctions and
eigenvalues: normalization _-

= Normalization

[ P =1

—0Q0

0 ) [ ) +o0 5
| waRdx+ [P [ fym(ofdx=1

J

~~

0 0

l 2
|A’2/Osen2<”Tm)dx:1 = |A| = :

as) = |/ sen ()



.B. Eigenfunctions and

eigenvalues: graficas _ |
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USEFUL QUANTUM MODELS IN CHE-
MISTRY

|.C. Classical limit

Ex. electron vs melon

m Electron in a box = Melon in a box
m=9.1-10" kg m=1kg
I =10A I=1m
E,=6-1072042] E,=4-107%%,2]
AE ~ 107207 AE ~ 107687

y=1m/s= E=0.5]




USEFUL QUANTUM MODELS IN CHE-
MISTRY

A 22 2 2 O0<x<a
Hap(x,y,2) = — ( s+-——5+-5]¢ 0<y<b
m\ dx- dy- dz 0<z<c

» H3p¥3p = E3pWPap

= Asp(x,y,z) = Hip(x) + Hip(y) + H1p(z)

» W3p(x,y,2) = ¥1p(x)¥1p(y)¥1p(2)

Y

b

= Aip(a)¥1p(a) = Ep¥1p(a) (0= x,,2)

21,2 212
I’lyh nzh

212
nyh
8mb2 - 8mc2

5>+

m f3p= ny,hy,n; = 1,2,...

8ma



USEFUL QUANTUM MODELS IN CHE-

Y, Il.A. Model
€ Iparicemang [y

\ = Cartesian coord. (x,y)

2 4y? =R

= Polar coord. (r,0)




Qﬁ II.LA. Model: polar coordinates

m Transformations
r=1/x —|—y2 ¢ = arctan (X)
X
y=rsend X=17rcosd

m |ntervals




¢7? !I.A. Model: polar coordinates

= Differential element of surface = dxdy = rdrdo

dS= rdodr

dx X X

[ rwyaray= [ 7 0) rdrdo
oo S T o Jo ’



II.B. Eigenfunctions and

eigenvalues

= Schrddinger’s equation

h* 9*y(9)
20 g2

= Ey(9)



USEFUL QUANTUM MODELS IN CHE-

Il.B. Eigenfunctions and MISTRY
eigenvalues




II.B. Eigenfunctions and

eigenvalues: degeneracy _.

= Single valued function = y(¢) = y (¢ + 27)

A Mo _|_Be—im¢ — A oim(¢+2m) +Be—im(¢+2ﬂ:)

Aeim(b(l - e27cmi) _I_Be—m(l)i(l - e—2nmi) —0

| _e—ZTCmi: e—2nmi(62nmi_ 1) _ _e—2nmi(1 _e2nmi)
Aeim¢<1 - e2ﬂ:mi) _Be—im(be—ani(l - eani) —0
1 — eZTEmz Aeimq) Be—lm¢e—2rcmz 0
( ) )

0
cos(2mm) +isen(2mn) =1= m=0,£1,42,...



w  II.B. Eigenfunctions and

Y

= digenvalues: degeneracy  [ECTTITEINNN -

. . h2m2
= Energy quantization = E, = =5

A

b * Degeneracy

m=-2 m=+2
E_1=E

E_»,=E,

m=-1 m=+1

m=0



= Angular momentum operator = If particle moves in the xy plane

~ h{({ O 0 ~ ho
lZ:xPy_)’Px% lZ:_, xa—y—ya = lZ:_._
= Eigenfunctions and eigenvalues

A h o
() = ; a(b

(A Mo +Be_’m¢> = mh (A Mo _ Be_’mq))
=1, (A oMo —|—Be_im¢)

B=0= 1 =mh

y(0) =A™  m=0,+1,+2...



USEFUL QUANTUM MODELS IN CHE-
MISTRY

lz >()

27 1
Normalization = / 2d — 1= Al = ——
- ) Pdo =1 14]=
. . 1 imo , 1
e Probability density = y(¢) = —e" = W(0)]* = >
V21



USEFUL QUANTUM MODELS IN CHE-
MISTRY

[1l.A. Model

Free motion on the surface

V(x,y,z2) =0

Simple atomic model
Cartesian coordinates

24yt =R




Ill.A. Model: Spherical polar

y = Spherical polar coordinates

x=rsen0 cos
y =rsen0 sen
z=rcosH

/3 = Intervals r € [0,), ¢ € [0,27),
X

0 c|0,m)

= Differential element of volume = dt = 2 sen0drd0do

///:oof()c,y,z)dxdydz — /O+oo/0n/02nf(r79’¢) Fzsenﬁdrdedq)



USEFUL QUANTUM MODELS IN CHE-

IIl.B. Energy and angular | wistav

g v voDELS 1 G-

= Angular momentum

2
iz(e,(l))hZ( L 9 + : aseneaae>

sen?0 a2  sen6 9O

12Y"(8,0) = L*Y/"(0,0) — L> =1(I+1)h* — 1=0,1,2,...

A

. 72 2
= Energy = H = 2:>E:l(l+1)%

2R
I
m 7 component angular momentum
. ho .
LZ la(l)% LYZ (eaq)):LZYl (e,(l))

L,=mh m=-1,—1+1,...,0,...,01—1,1



USEFUL QUANTUM MODELS IN CHE-
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= Spherical Harmonics = Y;"(0,0) = ©; ,,(6)®;,(0)
1

elm(I)

- Vonm

©; ,(0) = Associated Legendre’s functions

L m Y/"(6,9)
0 0 1/v/4m

1 0 \/3/4m cosO

+1 +./3/8nsen0e™?




I11.C. Spherical Harmonics:

Probability density _ .

(=0, (m=0)

=1, (m=0, |m|=1)
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I11.C. Spherical Harmonics:

polar representations

‘ Y20, $)f

Y20, I°  |Yi6 dF

i € @

Y20, 0F  |Yie.eF  |Yie,ef

{ § & @

Yo, o  |YHe.oF  |Yie,eF Y6, 0f




I1.C. Spherical Harmorics:

alphabetical order

[ Symbol

0 s sharp

1 P principal

2 d diffuse

3 f fundamental
4 g

m = subscript if / # 0

= Examples
Yo = ' = po
1
Y| = pi Yy = po

Y2()_>d0 Y22—>d2



I11.C. Spherical Harmonics:

C.;L)Ca Ly?




