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Unbound states.

Bound states.

• Dissociation energy⇒ De

• Equilibrium internuclear
distance⇒ Re (bond distance)

Potential energy curve
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Harmonic potential energy

Vhar(R) =
1
2

(
∂2V
∂R2

)
Re︸ ︷︷ ︸

k→force

constant

(R−Re︸ ︷︷ ︸
q

)2

◦ lı́m
R→∞

Vh(R) = ∞ 6= De

◦ Minimum at R = Re

◦ lı́m
R→0

Vh(R) =
1
2kR2

e < ∞

Hooke’s law

F =−dVhar
dq

=−k q
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Classical energy

E =
p2

2µ
+

1
2

kq2 =
1
2

kA2

µ=
mAmb

mA+mB

F =−k q = µa→−k q = µ
d2q
dt2

↓ q(0)=0

q(t) = A sin(ωt)→ ω = 2πν =
√

k/µ
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ν = 1
2π

√
k/µ⇒ Frequency (s−1)

ω = 2πν⇒ Angular frequency (s−1)

T = 1/ν⇒ Period (s)
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p(t) = µq̇(t) = µAωcos(ωt) = µω

√
A2−q2(t)

ρ(q) ∝
1

p(t)
↓

ρ(q) =
1

π

√
A2−q2(t)

ρ(p) =
1

π

√
p2

máx− p2(t)

R.W. Roninette, Am. J. Phys. 63, 823 (1995)
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Hamiltonian

Ĥ(q) =−~
2

2µ
d2

dq2 +
1
2

kq2→ Ĥ(q)φn(q) = Enφn(q)

⇒ Eigenvalues

◦ En =(n+ 1
2) hν︸︷︷︸

~ω

, n= 0,1,2, . . .

◦ Minimal energy → E0 = 1
2 hν→

Zero point energy

◦ ∆E = En+1−En = hν→
vibrational quantum



D
ra

ftIII.B. Eigenfunctions
HARMONIC OSCILLATOR

Quantum treatment

8

Eigenfunctions⇒


φn(q) = (2nn!)−1/2

(
α

π

)1/4 e−αx2/2Hn(
√

αx)
Hermite’s polynomials⇒ Hn(z) = (−1)nez2 dne−x2

dzn

Parity⇒ n even, n odd

φ0(q) =
(

α

π

)1/4

e−αq2/2

φ1(q) =
(

4α3

π

)1/4

qe−αq2/2

φ2(q) =
(

α

4π

)1/4

(1−2αq2)e−αq2/2

α= 2πνµ
~

◦ Nodes⇒ n
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◦ Parity

n = 0,2,4, . . .⇒ φv(q) = φv(−q)→ even functions

n = 1,3,5, . . .⇒ φv(q) =−φv(−q)→ odd functions

Parity
even ·even=even
even · odd = odd
odd ·even= odd
odd · odd =even

B
∫ +∞

−∞
fodd(q)dq = 0

B
∫ +∞

−∞
feven(q)dq = 2

∫ +∞

0 feven(q)dq
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Classical allowed and forbidden regions

E = T +V T>0−→ E >V →−A≤ qcl ≤+A
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B J.J. Diamond, Am. J. Phys. 60,

912 (1992)

Problems

• No dissocation limit (↑ n)

• Anharmonicites⇒ k3 q3+ k4 q4+ . . .→ ∆E 6= constant


