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Variational method Variation theorem

Variation theorem

Ĥψk = Ekψk k = 1, 2, . . . E1 ≤ E2 ≤ . . .

ϕ =
∑
k=1

akψk

⟨ϕ|ϕ⟩ = ⟨
∑
j=1

ajψj |
∑
k=1

akψk⟩

=
∑
j=1

a∗j
∑
k=1

ak �����:δj ,k
⟨ψj |ψk⟩

=
∑
j=1

a∗j aj =
∑
j=1

|aj |2 = 1
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Variational method Variation theorem

Variation theorem

⟨ϕ|Ĥ|ϕ⟩ = ⟨
∑
j=1

ajψj |Ĥ|
∑
k=1

akψk⟩

=
∑
j=1

a∗j
∑
k=1

ak ⟨ψj |Ĥ|ψk⟩

=
∑
j=1

a∗j
∑
k=1

ak Ek �����:δj ,k
⟨ψj |ψk⟩

=
∑
j=1

a∗j aj Ej =
∑
j=1

|aj |2 Ej

= |a1|2 E1 + |a2|2 E2 + . . . ≥ E1

ϕ ⇒ Variational function ⇒ limit conditions
⟨ϕ|Ĥ|ϕ⟩ ⇒ Variational integral
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Variational method Linear variational function

Linear variational function

ϕ = c1f1 + c2f2 + · · ·+ cnfn =
n∑

j=1

cj fj (cj , fj ∈ ℜ)

⟨ϕ|ϕ⟩ = ⟨
n∑

j=1

cj fj |
n∑

k=1

ck fk⟩ =
n∑

j=1

n∑
k=1

cjck����*
Sjk

⟨fj |fk⟩

=
n∑

j=1

n∑
k=1

cjck Sjk

⟨ϕ|Ĥ|ϕ⟩ = ⟨
n∑

j=1

cj fj |Ĥ|
n∑

k=1

ck fk⟩ =
n∑

j=1

n∑
k=1

cjck�����:
Hjk

⟨fj |Ĥ|fk⟩

=
n∑

j=1

n∑
k=1

cjck Hjk
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Variational method Linear variational function

Linear variational function

Variational integral W = ⟨ϕ|Ĥ|ϕ⟩
⟨ϕ|ϕ⟩ =

n∑
j=1

n∑
k=1

cjck Hjk

n∑
j=1

n∑
k=1

cjck Sjk

W
n∑

j=1

n∑
k=1

cjck Sjk =
n∑

j=1

n∑
k=1

cjck Hjk

 W (c1, c2, . . . , cn)

∂W
∂ci

= 0, i = 1, 2, . . . , n

∂W
∂ci

n∑
j=1

n∑
k=1

cjckSjk+W ∂
∂ci

n∑
j=1

n∑
k=1

cjckSjk=
∂
∂ci

n∑
j=1

n∑
k=1

cjckHjk ,

i=1,2,...,n
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Variational method Linear variational function

Linear variational function

∂
∂ci

n∑
j=1

n∑
k=1

cjckSjk=
n∑

j=1

n∑
k=1

[
∂
∂ci

(cjck )
]
Sjk=

n∑
j=1

n∑
k=1

(
ck

∂cj
∂ci

+cj
∂ck
∂ci

)
Sjk

cj coefficients are independent variables

∂cj
∂ci

=0 if j ̸=i ,
∂cj
∂ci

=1 if j=i

∂cj
∂ci

=δij

Reordering (details can be found in 8th Chapter of Química Cuántica
by Ira N. Levine)

n∑
k=1

[(Hik − SikW )ck ] = 0 , i = 1, 2, . . . , n
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Variational method Linear variational function

Linear variational function

n = 2
(H11−S11W )c1+(H12−S12W )c2=0

(H21−S21W )c1+(H22−S22W )c2=0

n

(H11−S11W )c1+(H12−S12W )c2+···+(H1n−S1nW )cn=0

(H21−S21W )c1+(H22−S22W )c2+···+(H2n−S2nW )cn=0

...............................................................

(Hn1−Sn1W )c1+(Hn2−Sn2W )c2+···+(Hnn−SnnW )cn=0

Homogeneous system of equations
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Variational method Linear variational function

Linear variational function

n = 2 ∣∣∣∣∣H11−S11W H12−S12W

H21−S21W H22−S22W

∣∣∣∣∣=0

n
det(Hij − SijW ) = 0∣∣∣∣∣∣∣∣

H11−S11W H12−S12W ··· H1n−S1nW

H21−S21W H22−S22W ··· H2n−S2nW

· · · · · ·
Hn1−Sn1W Hn2−Sn2W ··· Hnn−SnnW

∣∣∣∣∣∣∣∣=0

Secular equation ⇒ Equation of nth degree in W
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Variational method Linear variational function

Linear variational function

W1 ≤ W2 ≤ · · · ≤ Wn

E1 ≤ E2 ≤ · · · ≤ En ≤ En+1 ≤ · · ·

E1 ≤ W1, E2 ≤ W2, E3 ≤ W3, . . . , En ≤ Wn
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Perturbation theory Definitions

Definitions

System Hamiltonian ⇒ Ĥ ⇒ Ĥψn = Enψn

Unperturbed Hamiltonian ⇒ Ĥ0 ⇒ Ĥ0ψ
(0)
n = E

(0)
n Ψ

(0)
n

Perturbation ⇒ Ĥ ′ ⇒ Ĥ = Ĥ0 + Ĥ ′

Perturbation parameter ⇒ λ ⇒ Ĥ = Ĥ0 + λĤ ′

λ ∈ [0, 1]
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Perturbation theory Non-degenerate perturbation theory

Non-degenerate perturbation theory

Ĥψn = (Ĥ0 + λĤ ′)ψn = Enψn ⇒ ψn = ψn(λ, q) y En = En(λ)

ψn = ψn|λ=0 +
∂ψn

∂λ

∣∣∣∣
λ=0

λ+
∂2ψn

∂λ2

∣∣∣∣
λ=0

λ2

2!
+ · · ·

En = En|λ=0 +
dEn

dλ

∣∣∣∣
λ=0

λ+
d2En

dλ2

∣∣∣∣
λ=0

λ2

2!
+ · · ·

ψn|λ=0 = ψ
(0)
n y En|λ=0 = E

(0)
n

ψ
(k)
n =

1
k!

∂kψn

∂λk

∣∣∣∣
λ=0

, E
(k)
n =

1
k!

dkEn

dλk

∣∣∣∣
λ=0

, k = 1, 2, . . .
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Perturbation theory Non-degenerate perturbation theory

Non-degenerate perturbation theory

ψn = ψ
(0)
n + λψ

(1)
n + λ2ψ

(2)
n + · · ·+ λkψ

(k)
n + · · ·

En = E
(0)
n + λE

(1)
n + λ2E

(2)
n + · · ·+ λkE

(k)
n + · · ·

Substitution in the Schödinger’s equation (details in Section 9.2 of
Química Cuántica by Ira N. Levine)

E
(1)
n = ⟨ψ(0)

n |Ĥ ′|ψ(0)
n ⟩ ψ

(1)
n =

∑
m ̸=n

⟨ψ(0)
m |Ĥ ′|ψ(0)

n ⟩
E
(0)
n − E

(0)
m

ψ
(0)
m

E
(2)
n =

∑
m ̸=n

| ⟨ψ(0)
m |Ĥ ′|ψ(0)

n ⟩ |2

E
(0)
n − E

(0)
m
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