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Many classical results about compactness in functional analysis can be derived
from suitable inequalities involving distances to spaces of continuous or Baire
one functions: this approach gives an extra insight to the classical results as well
as triggers a number of open questions in different exciting research branches.
We exhibit here, for instance, quantitative versions of Grothendieck’s character-
ization of weak compactness in spaces C'(K) and also of the Eberlein-Smulyan
and Krein-Smulyan theorems. The above results specialized in Banach spaces
lead to several equivalent measures of non-weak compactness. In a different di-
rection we envisage a method to measure the distance from a function f € RX
to B1(X) —space of Baire one functions on X— which allows us to obtain, when
X is Polish, a quantitative version of the well known Rosenthal’s result stating
that in Bj(X) the pointwise relatively countably compact sets are pointwise
compact. Other results and applications are commented too.
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1. Introduction

These are the written notes of a lecture with the same title delivered by
the second named author at the IIT International Course of Mathematical
Analysis of Andalucia, Huelva, September 3-7, 2007. We collect here results,
mostly without proof, that mainly correspond to the papers.!™ A good
deal of extra information about the subject can also be found in the Ph. D.
dissertation by the second named author.?

In this survey we present recent quantitative versions of many of the clas-
sical compactness results in functional analysis and their relatives. As an
example, and in order to fix ideas, one of the problems studied is illustrated
and explained in the lines below. Take K a compact Hausdorff space and let
C(K) be the space of real-valued continuous functions defined on K. Look
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at O(K) embedded in R¥ | let d be the metric of uniform convergence on R¥
and take H C R¥ a uniformly bounded set. If 7, is the topology of pointwise

convergence on R¥ | then Tychonoff’s theorem says that H is 7,-compact.
Therefore for H to being 7,- relatlvely compact in C(K) the only thing we

should worry about is to have = C C (K). Notice that if d is the worst

distance from H to C(K) then d = 0 if, and only, ifH C(K). In gen-
eral d > 0 gives us a measure of non 7,-compactness for H relative to C'(K).
Hence the questions are: a) Is there any
way of computing d? b) are there use-
ful estimates involving d that are equiv-

alent to qualitative properties of the sets
-~ H’s? The answer to a) has been known

. \ for a long time and is yes: the distance
z of a function f € R to C(K) can be

- computed in terms of the global oscilla-

d 3 | tion of f on K, see section 2. Here is a

C(K) : first case in the spirit of b) that is illus-

| | trated through the Figure 1: if p is the

RE Lo worst distar}ce from the closed convex
7R . .

Figure 1 hull co(H)  to C(K), then it is proved

that d < p < 5d; — the constant 5 can be

replaced by 2 for sets H C C(K). Note

that the above inequality is the quanti-

tative version of the celebrated Krein-Smulyan theorem about weak com-
pactness of the closed convex hull of weakly compact sets in Banach spaces.
A bit of the history behind the classical results that we quantify follows.

In 1940 Smulyan® showed that weakly relatively compact subsets of a Ba-
nach space are weakly relatively sequentially compact. He also proved that
if a Banach space E has w*-separable dual then a subset H of F is weakly
relatively countably compact if, and only if, H is weakly relatively sequen-
tially compact. Dieudonné and Schwartz” extended this last result to locally
convex spaces with a coarser metrizable topology. The converse of Smulyan
theorem was obtained by Eberlein® who proved that relatively countably
compact sets are relatively compact sets for the weak topology of a Banach
space. Grothendieck generalized these results to locally convex spaces that
are quasicomplete for its Mackey topology: this result is based upon a simi-
lar one for spaces (C'(K), 7,) of continuous functions on a compact space K
endowed with the pointwise convergence topology. Fremlin’s notion of an-
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gelic space and some of its consequences can be used for proving the above
results in a clever and clear way, see the book by Floret.? Orihuela!® showed
in 1987 that spaces (C(X),7,) with X a countably K-determined space
(or even more general spaces) are angelic. Similarly, for spaces (B1(X),7,)
of Baire one functions on a Polish space with the pointwise convergence
topology, Rosenthal showed that relatively countably compact sets are rel-
atively compact. Bourgain, Fremlin and Talagrand'! showed that in fact
(B1(X),7p) is angelic.

In recent years, several quantitative counterparts for some other clas-
sical results have been proved by different authors. These new versions
strengthen the original theorems and lead to new problems and applica-
tions in topology and analysis: see, for instance,'? 16
A bit of terminology: by letters T', X, Y, ... we denote sets or completely
regular topological spaces; (Z, d) is a metric space (Z if d is tacitly assumed);
R is considered as a metric space endowed with the metric associated to the
absolute value |-|. The space Z% is equipped with the product topology Tp-
We let C(X, Z) denote the space of all Z-valued continuous functions on X,
and let By (X, Z) denote the space of all Z-valued functions of the first Baire
class (Baire one functions), i.e. pointwise limits of Z-valued continuous
functions. When Z = R, we write, as usual, C(X) and B;(X) for C(X,R)
and B (X, R), respectively.

If ) #£ A C (Z,d) we write diam(A) := sup{d(z,y) : z,y € A}. For A
and B nonempty subsets of (Z, d), we consider the usual distance between
A and B given by

d(A, B) = inf{d(a,b) : a € A,b € B},
and the Hausdorff non-symmetrized distance from A to B defined by
d(A, B) = sup{d(a,B) : a € A}.

In ZX we deal with the standard supremum metric given for arbitrary
functions f,g € ZX by
d(f,g9) = sup d(f(x),g(x))
zeX
that is allowed to take the value 4+o0. If F C Z¥ is some space of functions
we consequently define d(f, F) and ci(A,]—") for sets A C ZX; the spaces of
functions F that we will consider are C'(X, Z) and By (X, Z).

By (E, ||-||) we denote a real Banach space (or simply E if ||-|| is tacitly
assumed). Finally, Bg stands for the closed unit ball in F, E* for the dual
space of £ and E** for the bidual space of F; w is the weak topology of a
Banach space and w* is the weak* topology in the dual.
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2. Distance to spaces of continuous functions

We start with the proof for the formula (1) below that gives us the distance
of a function f € R¥ to the space of continuous functions C(X). Next
result is used in the proof that we provide for Theorem 2.2.

Theorem 2.1 ( [17, Theorem 12.16]). Let X be a normal space and let
f1 < fo be two real functions on X such that fy is upper semicontinuous
and fo is lower semicontinuous. Then, there exists a continuous function

f e C(X) such that fi(x) < f(x) < fa(x) for allz € X.

Theorem 2.2. Let X be a normal space. If f € RX, then

(f,C(X)) = 3 osc(f) (1)

where

osc(f) = sup osc(f, z) = sup inf{diam f(U) : U C X open,x € U}.
reX zeX

Proof.

We prove first that 1osc(f) <
d(f,C(X)). If d(f,C(X)) is infi-
nite, the inequality clearly holds.
Suppose that p = d(f,C(X)) is
finite. Fix z € X and € > 0. Take
g € C(X) such that d(f,g) <
p+e/3. Since g is continuous at x,
there is an open neighborhood U
20 X =[0.1] of x such that diam(g(U)) < &/3.
Figure 2 Then, if y,z € U,

d(f(y), f(2)) < d(f(y),9(y)) +d(9(y), 9(2)) + d(g(2), f(2)) < 2p +e.

Thus osc(f,x) < 2p+ ¢ for each € > 0. We conclude that osc(f,z) < 2p for
every z € X and so the inequality 1 osc(f) < d(f, C(X)) is established.

Let us prove now that d(f, C(X)) < 4 osc(f). We only have to prove the
inequality when § = %osc( f) is finite. For z € X denote by U, the family
of open neighborhoods of x and define

V. :=A{U € U, : diam(f(U)) < osc(f) + 1}.

Clearly V, is a basis of neighborhoods for z and for each U € V,, f|y is
upper and lower bounded.
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An easy computation gives us that
> _ . _ .
20 > osc(f,x) Ulgbf{m diam(f(U)) Ulg\lim diam(f(U))
= 1 f -
Jnf - sup (f(y) = f(2))

= y,z€U

> inf - sup (fy) = f(2)) =

UVEVs yeU,zev
= inf su — sup inf f(z).
UEV, yegf(y) Ue\% ZGUf( )

If we define

fi(x) :== inf sup f(z) =4

UeVe cU
fa(z) :== sup inf f(z)+9d
Uey, z€U

then f; < fo. It is easy to check that f; is upper semi-continuous and fo
is lower semi-continuous. By Theorem 2.1, there is a continuous function
h € C(X) such that

fi(z) < Wz) < folz)
for every x € X. On the other hand, for every x € X we have
fa(@) =6 < fz) < fr(z) + 96
and therefore
hz) =6 < fa(x) =6 < f(x) < fi(x) +6 < h(z) + 0.

So d(f,h) <& = % osc(f) and this finishes the proof. O

A proof for the above result when X is a paracompact space and all
functions are assumed to be bounded can be found in [18, Proposition 1.18].
We note that the validity of Theorem 2.2 characterizes normal spaces.

Corollary 2.1. Let X be a topological space. The following statements are
equivalent:

(i) X is normal,
(ii) for each f € R there is g € C(X) such that d(f,g) = % osc(f),
(iii) d(f,C(X)) = % osc(f) for each function f € R¥.
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3. Distances to spaces of continuous functions on compact
spaces

We aim now to estimate d = J(HRK ,C(K)) using some other distinguished
quantities that we shall define.

Let T be a topological space. For a subset A of T, AN is considered
as the set of all sequences in A and the set of all cluster points in T of a
sequence ¢ € AV is denoted by clustr (). Recall that clusty () is a closed
subset of T that can be expressed as

clustr (¢ ﬂ {o(m) :m > n}.
neN

Definition 3.1. Let X be a topological space and (Z, d) a metric space. If
H be a subset ZX we define
ck(H) := sup d(clustgx (), C(X, Z)).

peHN

If K C X we write
vi (H) := sup{d(limlim f,,(z,),limlim f,,(x,)) : (fm) C H, (z,) C K},
assuming the involved limits exist.

By definition we agree that inf () = +oco. Observe that if H C C(X,Z) is
a Tp-relatively countably compact subset of C'(X,Z) then ck(H) = 0. Also
notice that yx(H) = 0 means in the language of'® that H interchanges
limits with K.

Theorem 3.1 (Y2). Let K be a compact space and let H be a uniformly
bounded subset of C(K). We have

(i) € dE C(K) © et € 2ck(m).

Explanation of the proof.-. The details of the proof can be found
in.2 Here is a pretty short explanation of the ideas behind. Inequality
(a) straightforwardly follows from the definitions involved. Inequality (c)
uses the same kind of arguments than those used in the proof to show that
if H is 7p-relatively compact in C'(K) then H interchanges limits with K.
Inequality (b) is much more involved than the other two: here the idea is

RX C
to show that for every x € K and f € H  the semi-oscillation

osc*(f,z) == inf{sup |f(y) — f(z)| : U C X open,z € U}.
U yeU
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is at most vk (H). Therefore, osc(f) < 2vx(H) and now Theorem 2.2
)

applies to finally obtain that d(f, C(K)) < vk (H). Thus d(ﬁR ,C(K)) <
vi (H) and (a) is proved. |

The following theorem is a quantitative version of the Krein-Smulyan
theorem: see next section for its consequences in Banach spaces.

Theorem 3.2 (1). Let K be a compact topological space and let H be a
uniformly bounded subset of RX. Then

V& (H) = 7k (co(H)) (2)
and as a consequence for H C C(K) we obtain that

d(eo(M" ,C(K)) < 20T, C(K)) (3)

and if H C RX is uniformly bounded then

Aol C(K)) < 5d(HS , C(K)). ()

Explanation of the proof.-. The equality (2) is rather involved: the
proof offered in! uses some ideas from the proof of the Krein-Smulyan
theorem in Kelley-Namioka’s book [20, Ch 5. Sec. 17]; we note that a version
for Banach spaces, less general than the one here, was proved first in'?
using Ptak’s combinatorial lemma. Inequality (3) easily follows from (2)
and Theorem 3.1:

N K

d(co()" ,C(K)) < i (co(H)) = i (H) < 2ck(H) < 2d(H" , C(K)).

When H C R we approximate H by some set in C'(K), then use inequal-
ity (3) and, after some computations with the sets, 5 appears as 5 = 2x2+1:
see! for details. |

4. Distance to Banach spaces

The aim of this section is to specialize the result of the previous one in
the case of Banach spaces: in order to do so we have to overcome some
technicalities. If E¥ is Banach space and H is a bounded subset of E and
we consider the w*-closure of H in £** we can measure how far H is from
being w-relatively compact in F using

kE(H) = d(ﬁw*,E) = sup inflly—z|.
yeﬁ”* zeFE
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Next theorem gives as a tool to export results obtained in the context of
distances to spaces of continuous functions on a compact set to the context
of Banach spaces.

Theorem 4.1 (1). Let E be a Banach space and let Bg- be the closed
unit ball in the dual E* endowed with the w*-topology. Leti : E — E** and
Jj: B — Lo (Bg~) be the canonical embeddings. Then, for every ©** € E**
we have

d(z™,i(E)) = d(j(z™),C(Bg-)) -

Explanation of the proof.-. The proof of this result goes along the proof
we have given for Theorem 2.2 but instead of using Theorem 2.1 as a
tool now the concourse of Hahn-Banach theorem is required: namely, it
is used Theorem 21.20 in?! that states that if f; < fo are two real-valued
functions defined on Bg~ with f1 concave and w*-upper semicontinuous and
fo convex and w*-lower semicontinuous then there exist a w*-continuous
affine function h defined on Bg+ such that

fi(z) < h(z) < fa(z)

for every x € Bp«. See! for details. O

If we consider (o (Bp~) as a subspace of (RP#* 7,), then the natural
embedding j : (E**, w*) — ({oo(Bg+), 7p) is continuous. For a bounded set

H C E**, the closure H' is w*-compact and therefore the continuity of j
gives us that j(H) " = j(H" ). So

d(j(H)",C(Bg+,w"))

dG(H" ), C(Bg-, w*))
= sup d(](z), C(BE*71U*)>

2eHY

sup_d(z,i(E)) = dH" i(E).  (5)

Similarly we have
d(j(H) ", C(Bp-,w")) =d(H " ,i(E)). (6)

Definition 4.1. Let E be a Banach space and let H be a subset of E. We
define:

~v(H) := sup{| liy{nliygnfm(mn)—lwliyrln fm(@n)| : (fm)m C Bg~, (xn)n, C H},
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assuming the involved limits exists,

ck(H) := sup d(clustg o (p), E)
pEHN

and
w(H):=inf{e >0: H C K, +¢Bg and K. C X is w-compact}.

The function w was introduced by de Blasi?? as a measure of weak non-
compactness that can be regarded as the counterpart for the weak topology
of the classical Hausdorff measure of norm noncompactness. The function
~ already appeared in?® and in?* with an a priori different definition: in the
latter the sup is taken over all the sequences in the convex hull co(H) in-
stead of sequences only in H; but by Theorem 3.2 y(H) = y(co(H)) which
says that our definition for v is equivalent to the one given in.2* The index
k has been used in.!*'?13 Whereas w and 7 are measures of weak noncom-
pactness in the sense of the axiomatic definition given in?® the function k
fails to satisfy k(co(H)) = k(H), that is one of the properties required in
order to be a measure of weak noncompactness in the sense of:?® see!314
for counterexamples. Nonetheless, k as well as v and w does satisfy the
condition k(H) = 0 if, and only if, H is relatively weakly compact in E.

All the above quantities are related with each other.

Theorem 4.2 (}3). Let H be a bounded subset of a Banach space E. Then
ck(H) <k(H) <~v(H)<2ck(H) <2k(H) <2w(H) (7)

Y(H) =~(co(H)) and w(H)=w(co(H).

For any x** € H" | there is a sequence (), in H such that
[a™ =y || <~(H)

for any cluster point y** of (xn)n in E**. Furthermore, H is relatively
compact in (E,w) if, and only if, it is zero one (equivalently all) of the
numbers ck(H),k(H),v(H) and w(H).

Explanation of the proof.-. The first part of the Theorem uses the re-
sults stated in the previous section together with the equalities (5) and (6).
For the second part, the approximation by sequences, again equalities (5)
and (6) are used together now with [1, Proposition 5.2]. |

We point out that y(H) = vy(co(H)) and k(H) < v(H) < 2k(H) have
also been established in:'? note that inequalities (7) immediately imply
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Krein-Smulyan theorem for Banach spaces that states that the closed con-
vex hull of a weakly compact set is again weakly compact.

Recall that a topological space T is said to be angelic if, whenever H is
a relatively countably compact subset of T, its closure H is compact and
each element of H is a limit of a sequence in H: a good reference for angelic
spaces is.? Inequalities (7) together with the approximation by sequences in
Theorem 4.2 offers us a quantitative version of the angelicity of a Banach
space endowed with its weak topology, Eberlein-Smulyan’s theorem.

Corollary 4.1. If E is a Banach space then (E,w) is angelic.

In (7) the constants involved are sharp but sometimes the inequalities
involved are equalities.

Theorem 4.3 (3). If E is a Banach space with Corson property €, then
for every bounded set H C E we have ck(H) = k(H).

Recall that a Banach space F is said to have the Corson property € if
each collection of closed convex subsets of E with empty intersection has a
countable subcollection with empty intersection: the class of Banach spaces
with property € is a wide class that contains the classes of Banach spaces
which are Lindelof for their weak topologies (in particular w-K-analytic
Banach spaces) and also the class of Banach spaces with w*-countably tight
(in particular Banach spaces with w*-angelic dual unit ball), see.?6 We note
that equality ck(H) = k(H) does not hold for general Banach spaces: see3

for a counterexample.

The Hausdorff measure of norm noncompactness is defined for bounded
sets H of Banach spaces E as

h(H) :=inf{e >0: H C K. +¢Bg and K. C X is finite}.

A theorem of Schauder states that a continuous linear operator T': £ — F'
is compact if, and only if, its adjoint operator T* : F* — E* is compact. A
quantitative strengthening of Schauder’s result was proved by Goldenstein
and Marcus (cf. [23, p. 367]) who established the inequalities

SH(T(Bp)) < h(T*(Br-)) < 20(T(Bp)) (8)

For weak topologies Gantmacher established that the operator T is weakly
compact if, and only if, T* is weakly compact. Nonetheless, the correspond-
ing quantitative version to (8) where h is replaced by w fails for general
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Banach spaces: Astala and Tylli constructed in [23, Theorem 4] a separable
Banach space F and a sequence (T,),, of operators T,, : E' — ¢ such that

w(Iy(Bp)) =1 and w(T:*(BE))s@u(Tn(BE))s%-

On the positive side there exists a quantitative version of Gantmacher
result for v and henceforth for k and ck.

Theorem 4.4 (3). Let E and F be Banach spaces, T : E — F an operator
and T* : F* — E* its adjoint. Then

V(T(Bg)) < v(T7(Br-)) < 29(T(Bg))-

As a combination of the result and the aforementioned Astala and Tylli’s
construction we obtain:

Corollary 4.2 (>23). The measures of weak noncompactness vy and w are
not equivalent, meaning, there is no N > 0 such that for any Banach space
and any bounded set H C E we have w(H) < N~(H).

The following result is a quantitative strengthening of the classical
Grothendieck’s characterization of weakly compact sets in spaces C(K).

Theorem 4.5 (3). Let K be a compact space and let H be a uniformly
bounded subset of C(K). Then we have

Yx(H) < y(H) < 2y (H).

Note that this result implies that such an H is uniformly bounded subset
of C(K), then H is relatively weakly compact (i.e. v(H) = 0) if, and only
if, H is relatively 7,-compact (i.e. y(H) = 0). It is worth mentioning that
the proof we provided in® does not use the Lebesgue Convergence theorem
as the classical proof of Grothendieck’s theorem does: our proof relies on
purely topological arguments.

5. Distances to continuous functions on countably
K-determined spaces

For people just interested about results for spaces of continuous functions
in non compact spaces X, it is possible to get rid of the constraints imposed
in Theorem 3.1 and also deal with pointwise bounded sets H C R¥X instead
of uniformly bounded sets made up of continuous functions. To do so one
needs to prove first the two technical lemmas that follow.
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Lemma 5.1 (2). Let X be a topological space, (Z,d) a metric space and H
a relatively compact subset of the space (ZX,1,). Then, for every relatively
countably compact subset K C X we have

i (H) < 2(ck(H) + d(H,C(X, Z))).

Lemma 5.2 (2). Suppose that (Z,d) is a separable metric space and let X
be a set. Given functions fi,..., fn € ZX and D C X there is a countable
subset L C D such that for every x € D
inf max d(fi(y), fr(x)) = 0.
With the above two lemmas at hand and a long way of technical dif-

ficulties to overcome one arrives to the following two results that greatly
extends Theorem 3.1.

Theorem 5.1 (2). Let X be a countably K -determined space, (Z,d) a sep-
arable metric space and H a relatively compact subset of the space (ZX,1,).

o X
Then, for any f € H” there exists a sequence (fn)n in H such that

sgg d(g(x), f(x))<2ck(H) + 2d(H,C(X, Z))<4 ck(H)

for any cluster point g of (fn)n in Z%.

Theorem 5.2 (2). Let X be a countably K -determined space, (Z,d) a sep-
arable metric space and H a relatively compact subset of the space (ZX,1,).
Then

k(H)<d(TZ,C(X, 2))<3k(H) + 2d(H, C(X, Z))<5 ck(H).

Recall that a topological space X is said to be countably K -determined
if there is a subspace ¥ C NN and an upper semi-continuous set-valued
map T : ¥ — 2% such that T'(a) is compact for each o € ¥ and T(X) :=
U{T(c) : @ € £} = X. Here the set-valued map T is called upper semi-
continuous if for each o € ¥ and for any open subset U of X such that
T(a) C U there exists a neighborhood V' of o with T(V) C U. A good
reference for countably K-determined spaces is?” where they appear under
the name Lindeldf ¥-spaces: notice that this class of spaces does properly
contain the class of separable metric spaces and the class of K-analytic and
(so) the o-compact spaces.

We point out that the results above imply the main result in.'%
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Corollary 5.1 (19). Let X be a countably K-determined space and (Z,d)
a metric space. Then Cp(X, Z) is an angelic space.

Our Theorems 5.1 and 5.2, can be proved (same proofs and difficulty)
in the more general setting of spaces X being web-compact, quasi-Souslin,
etc. as studied in.1 We also notice that this quite general results can be
used to obtain some consequences in the setting of locally convex spaces.

Although there are examples showing that the constants are truly
needed in the inequalities in Theorem 5.2, there are cases for which k = ck.

Lemma 5.3. Let X be a first countable space, (Z,d) a metric space and
H a pointwise relatively compact subset of (ZX,TP). Then

sup osc(f) = sup inf{osc(f): f € clustzx(p)}. (9)
fed pEHN

For Z =R the equality (9) holds when X is countably tight.
The above lemma can be read as:

Proposition 5.1. Let X be a metric space, E a Banach space and H a
p-relatively compact subset of EX. Then
"X
ck(H) < dH" ,C(X,E)) < 2ck(H).
In the particular case when E = R the space X can be taken normal and
countably tight and we have

dE (X)) = ck(H).

6. Baire one functions

It is known that when E is a Banach space the uniform limits of Baire
one functions are Baire one functions again. Hence, for a function f € EX
we have that f € Bi(X, FE) if, and only if, d(f, B1(X,E)) = 0. Conse-
quently, for any subset A ¢ EX we have d(A, B,(X, E)) = 0 if, and only
if, A C B1(X,E). In this way, and similarly to the case of continuous
functigns, when £ = R and H C R¥ is pointwise bounded, the number
CZ(HR ,B1(X)) gives us a measure of non 7,-compactness of H relative to
B;(X) —observe that J(FRX,Bl(X )) = 0 implies that H is 7,-relatively
compact in B(X). Henceforth, we might now pursue the study we already
did for continuous functions but now dealing with Baire one functions. In
order to do so the first difficulty to overcome is to answer to the following
question:
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Q. Given f € ZX, is there any way to estimate the distance
d(f, B1(X, Z))?

To effectively compute this distance we use the concept of fragmented
and o-fragmented map as introduced in.?® Recall that for a given € > 0,
a metric space-valued function f : X — (Z,d) is e-fragmented if for each
non-empty subset F' C X there exists an open subset U C X such that
UNF # ( and diam(f(U N F)) < e. Given € > 0, we say that f is e-o-
fragmented by closed sets if there is a countable closed covering (X,), of
X such that f|x, is e-fragmented for each n € N.

Definition 6.1. Let X be a topological space, (Z,d) a metric space and
f € ZX a function. We define:

frag(f) :=inf{e > 0: f is e-fragmented},
o-frag.(f) ;= inf{e > 0: f is e-o-fragmented by closed sets},
where by definition, inf ) = +oo.

The indexes frag and o-frag. are related to each other as follows:

Theorem 6.1 (*). Let X be a topological space and (Z,d) a metric space.
If f € ZX then the following inequality holds

o-frage(f) < frag(f).

If moreover X is hereditarily Baire, then
o-frage (f) = frag(f).
With frag and o-frag. one can estimate distances to By (X, F).

Theorem 6.2 (*). Let X be a metric space and E a Banach space. If
f € EX then

5 o-frag. (1) < d(f, Bi(X, B)) < o-frae(f).

In the case E =R we have the equality

1
(. Bu(X)) = 5 o-frage(f).
Next result is a consequence of the two previous ones.

Corollary 6.1 (%). If X is a hereditarily Baire metric space and f € RX,
then

(S, Ba(X) =  frag(f).
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Note that the corollary above extends [15, Proposition 6.4.], where this
result is only proved when X is Polish.

Bearing in mind the definitions involved one proves:

Lemma 6.1 (%). Let X be a separable metric space, (Z,d) a metric space
and H a pointwise relatively compact subset of (Z*,7,). Then (closures are
taken relative to T,),

sup frag(f) = sup inf{frag(f): f € clust(¢)}. (10)
feH peHN

As we have done already in the case of continuous functions, we can
study how far a set H C EX from being 7,-relatively countably compact
with respect to B1 (X, E) using

ckp, (H) := sup d(clustzx (¢), B1(X, E)).
peHN

If we combine all the above, we can prove the following quantitative
result about the difference between 7,-relative compactness and 7,-relative

countable compactness with respect to Bj(X, E). The particular case of
ck(H) = 0 and E = R is the classic result due to Rosenthal.??

Theorem 6.3 (*). Let X be a Polish space, E a Banach space and H a
Tp-relatively compact subset of EX. Then
X

k(H) <d(H" ,Bi(X,E)) < 2ck(H).

In the particular case when E =R we have

dEY By (X)) = ck(H).

7. Further studies

The very idea that “qualitative” properties can be derived from some “in-
equalities” is likely true for a great number of results. In our papers*3°
there are more “quantitative” versions of classical results. We name some
of them in the lines below.

In* we also obtain, with I. Namioka, a quantitative version of a Srivatsa’s
result that states that whenever X is metric any weakly continuous function
f € EX belongs to Bi(X, E): our result here says that for an arbitrary
f € EX we have

d(f,B1(X,E)) <2 sup osc(z*o f).

r*EBp*
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As a consequence it is proved that for functions in two variables f : X x K —
R, X complete metric and K compact, there exists a Gg-dense set D C X
such that the oscillation of f at each (z,k) € D x K is bounded by the
oscillations of the partial functions f, and f*. We indeed prove using games,
that if X is a o-F-unfavorable space and K is a compact space, then there
exists a dense Gg-subset D of X such that, for each (y,k) € D x K,

osc(f, (y, k)) < 6 sup osc(f,) + 8 sup osc(f*).
z€X keK

When the right hand side of the above inequality is zero we are dealing
with separately continuous functions f : X x K — R and we obtain as a
particular case some well-known results obtained by I. Namioka in the mid
1970’s.

The first named author has studied in3° the distances from the set of
selectors Sel(F) of a set-valued map F : X — P(FE) to the space By (X, E).
To do so, the notion of d-7-semioscillation of a set-valued map with values
in a topological space (Y, 7) also endowed with a metric d is introduced.
Being more precise it is proved that

d(Sel(F), B1(X, E)) < 2osc;,(F)

where osc’ (F') is the || - ||-w-semioscillation of F. In particular when F
takes closed values and osc’ (F') = 0 it is obtained that F' has a Baire one
selector: it should be pointed out that if F' is weakly upper semicontinuous
then osc’, (F) = 0 and therefore these results strengthen a Srivatsa selection
Theorem when F' takes closed set.

More results along this line for other kind of spaces are foreseeable when
studying distantes to spaces of measurable functions, to spaces of integrable
functions, etc. We are making an effort in this direction right now: if the
results obtained are worth-it, they will be published elsewhere.

Acknowledgements.- The two authors are supported by the Spanish
grants MTM2005-08379 (MEC and FEDER) and 00690/PI/04 (Fund.
Séneca). The first named author is also supported by the FPU grant
AP2003-4443 (MEC)

References

1. B. Cascales, W. Marciszesky and M. Raja, Topology Appl. 153, 2303 (2006).

2. C. Angosto and B. Cascales, The quantitative difference between count-
able compactness and compactness, J. Math. Anal. Appl. (2008),
doi:10.1016/j.jmaa.2008.01.051, (2008).



February 20, 2008

© X NP

11.
12.
13.

14.
15.

16.

17.

18.

19.
20.

21.

22.
23.

24.
25.
26.
27.

28.

12:45 WSPC - Proceedings Trim Size: 9in x 6in  Charla*Huelva

17

. C. Angosto and B. Cascales, Measures of weak noncompactness in Banach

spaces, To appear in Topology Appl., (2008).

C. Angosto, B. Cascales and I. Namioka, Distances to spaces of Baire one
functions, Preprint, (2007).

C. Angosto, Distance to spaces of functions, PhD thesis, Universidad de
Murcia 2007.

V. Smulian, Rec. Math. [Mat. Sbornik] N. S. 7 (49), 425 (1940).

J. Dieudonné and L. Schwartz, Ann. Inst. Fourier Grenoble 1, 61 (1949).
W. F. Eberlein, Proc. Nat. Acad. Sci. U. S. A. 33, 51 (1947).

K. Floret, Weakly compact sets, Lecture Notes in Mathematics, Vol. 801
(Springer, Berlin, 1980). Lectures held at S.U.N.Y., Buffalo, in Spring 1978.
J. Orihuela, J. London Math. Soc. (2) 36, 143 (1987).

J. Bourgain, D. H. Fremlin and M. Talagrand, Amer. J. Math. 100, 845
(1978).

M. Fabian, P. H4jek, V. Montesinos and V. Zizler, Rev. Mat. Iberoamericana
21, 237 (2005).

A. S. Granero, Rev. Mat. Iberoamericana 22, 93 (2005).

A. S. Granero, P. H§jek and V. M. Santalucia, Math. Ann. 328, 625 (2004).
A. S. Granero and M. Sanchez, Convexity, compactness and distances, in
Methods in Banach space theory, , London Math. Soc. Lecture Note Ser.
Vol. 337 (Cambridge Univ. Press, Cambridge, 2006) pp. 215-237.

A. S. Granero and M. Sénchez, Bull. Lond. Math. Soc. 39, 529 (2007).

G. J. O. Jameson, Topology and normed spaces (Chapman and Hall, London,
1974).

Y. Benyamini and J. Lindenstrauss, Geometric nonlinear functional analysis.
Vol. 1, American Mathematical Society Colloquium Publications, Vol. 48
(American Mathematical Society, Providence, RI, 2000).

A. Grothendieck, Amer. J. Math. 74, 168 (1952).

J. L. Kelley and I. Namioka, Linear topological spaces, Graduate Texts in
Mathematics, Vol. 36 (Springer-Verlag, New York, 1976). With the collabo-
ration of W. F. Donoghue, Jr., Kenneth R. Lucas, B. J. Pettis, Ebbe Thue
Poulsen, G. Baley Price, Wendy Robertson, W. R. Scott, and Kennan T.
Smith, Second corrected printing.

G. Choquet, Lectures on analysis. Vol. II: Representation theoryEdited by
J. Marsden, T. Lance and S. Gelbart, Edited by J. Marsden, T. Lance and
S. Gelbart (W. A. Benjamin, Inc., New York-Amsterdam, 1969).

F. S. D. Blasi, Collog. Math. 65, 333 (1992).

K. Astala and H. O. Tylli, Math. Proc. Cambridge Philos. Soc. 107, 367
(1990).

A. Kryczka and S. Prus, Studia Math. 147, 89 (2001).

J. Bana$ and A. Martinén, Portugal. Math. 52, 131 (1995).

R. Pol, Fund. Math. 109, 143 (1980).

A. V. Arkhangel’skii, Topological function spaces, Mathematics and its Ap-
plications (Soviet Series), Vol. 78 (Kluwer Academic Publishers Group, Dor-
drecht, 1992). Translated from the Russian by R. A. M. Hoksbergen.

J. E. Jayne, J. Orihuela, A. J. Pallarés and G. Vera, J. Funct. Anal. 117,



February 20, 2008 12:45 WSPC - Proceedings Trim Size: 9in x 6in  Charla*Huelva

18

243 (1993).
29. H. P. Rosenthal, Proc. Nat. Acad. Sci. U.S.A. 71, 2411 (1974).
30. C. Angosto, Top. Appl. 155, 69 (2007).



