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1987, Orihuela-Cascales

For a compact space K , T.F.A.E.:

1 K is metrizable;

2 ∆ is a Gδ ;

3 ∆ =
⋂

nGn with Gn open and {Gn}n a basis of neighb. of ∆;

4 (K ×K )\∆ = ∪nFn, with {Fn} an increasing fundamental
family of compact sets in (K ×K )\∆;

5 (K ×K )\∆ =
⋃{Aα : α ∈NN} with each {Aα} a fundamental

family of compact sets such that Aα ⊂ Aβ whenever α ≤ β ;

6 (K ×K )\∆ is Lindelöf.

B. Cascales On fragmentability and its applications



A picture to start with
The results

A closing picture

Fragmentability and boundaries
Fragmentability and norm attaning operators
Fragmentability and representable operators

A way of presenting the results that you might recognize

Math. Z. 195, 365-381 (1987) Mathematische 
Zeitschrift 

 9 Springer-Verlag 1987 

On Compactness in Locally Convex Spaces 

B. Cascales and J. Orihuela 
Departamento de Analisis Matematico, Facultad de Matematicas, Universidad de Murcia, 
E-30.001-Murcia-Spain 

1. Introduction and Terminology 

The purpose of this paper is to show that the behaviour of compact subsets in 
many of the locally convex spaces that usually appear in Functional Analysis 
is as good as the corresponding behaviour of compact subsets in Banach 
spaces. Our results can be intuitively formulated in the following terms: Deal- 
ing with metrizable spaces or their strong duals, and carrying out any of the 
usual operations of countable type with them, we ever obtain spaces with their 
precompact subsets metrizable, and they even give good performance for the weak 
topology, indeed they are weakly angelic, [-14], and their weakly compact subsets 
are metrizable if and only if they are separable. 

The first attempt to clarify the sequential behaviour of the weakly compact 
subsets in a Banach space was made by V.L. Smulian [26] and R.S. Phillips 
[23]. Their results are based on an argument of metrizability of weakly 
compact subsets (see Floret [14], pp. 29-30). Smulian showed in [26] that a 
relatively compact subset is relatively sequentially compact for the weak to- 
pology of a Banach space. He also proved that the concepts of relatively 
countably compact and relatively sequentially compact coincide if the weak-* 
dual is separable. The last result was extended by J. Dieudonn6 and L. 
Schwartz in [-9] to submetrizable locally convex spaces. The converse to 
Smulian's theorem was stated by W.F. Eberlein [10]. This result was extended 
by A. Grothendieck [-15], to spaces of continuous functions on compact spaces 
endowed with the pointwise convergence topology. A combination of results 
by A. Grothendieck, D.H. Fremlin, J.D. Pryce and M. DeWilde allow K. 
Floret [14], p. 36, to give a proof of a general version for the Eberlein-Smulian 
theorem. In spite of its powerful applications, the scope of the "Eberlein- 
Smulian theorem does not include some important classes of locally convex 
spaces and it gives no information about the metrizability of the compact 
subsets. 

Dealing with compactness in a locally convex space E two questions appear 
to arise: 

(1) Are the compact subsets of E metrizable? 
(2) Is the space E weakly angelic? 
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Topology behind the scenes.

�
d−diam(S ∩ U) ≤ ε

S

U

‖·‖−diam(U ∩S)≤ ε

Asplund spaces: Namioka, Phelps and Stegall

Let X be a Banach space. Then the following
conditions are equivalent:

(i) X is an Asplund space, i.e., whenever f is a
convex continuous function defined on an
open convex subset U of X , the set of all
points of U where f is Fréchet differentiable
is a dense Gδ -subset of U.

(ii) every w∗-compact subset of (X ∗,w∗) is
fragmented by the norm;

(iii) each separable subspace of X has separable
dual;

(iv) X ∗ has the Radon-Nikodým property.
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Definition

Given a Banach space X and a w∗-compact subset K ⊂ X ∗, a James boundary
for K is a subset B of K such that for every x ∈ X there exists some b ∈ B

such that b(x) = sup{k(x) : k ∈ K}. If K is convex then K = convB
w ∗

.

The question?

K conv. w∗-comp. B ⊂ K boundary, conditions (X , B or K?) ⇒

K = convB
‖·‖

.

What are the techniques that have been used?

1 1976, Haydon: if `1 6⊂ X then K = conv ExtK ‖·‖ using independent
sequences and Bishop-Phelps theorem.

2 1987, Namioka: K ⊂ X ∗ is norm fragmented, then convK
w ∗

= convK
‖·‖

using the existence of barycenters.

3 1987, Godefroy: if B ⊂ K is norm separable then K = convB
‖·‖

using
Simons’ inequality.

4 1987, Godefroy using Simons’ inequality proves that if X is separable and

`1 6⊂ X then K = convB
‖·‖

.
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Orihuela-Cascales 2008

1 We prove that when B is “w∗-descriptive” then K = convB
‖·‖

.

2 Let J : X → 2BX∗ be the duality mapping: defined at each
x ∈ X by

J(x) := {x∗ ∈ BX ∗ : x∗(x) = ‖x‖}.
If B ⊂ BX ∗ is boundary there is a selector f : X → X ∗ for J
such that f (X )⊂ B: if f is reasonable (for instance Borel), B
is strong.
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Techniques related to

Theorem (Namioka-Orihuela-Cascales, 2003)

K compact subset of MD , (M,ρ) metric space.
T.F.A.E:

(a) The space (K ,τp) is fragmented by d.

(b) For each A ∈ C , the pseudo-metric space
(X ,dA) is separable.

(c) (X ,γ(D)) is Lindelöf.

(d) (X ,γ(D))N is Lindelöf.

Theorem (Namioka-Orihuela-Cascales, 2003)

If X is a Banach space and H is a weak∗-compact subset of X ∗

which is weak-Lindelöf, then co(H)
w∗

= co(H)
‖·‖

and this closed
convex hull is weakly Lindelöf again.
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Theorem (Guirao-Kadets-Cascales, 2013)

Let A⊂ C (K ) be a uniform algebra and T : X → A be an Asplund
operator with ‖T‖= 1. Suppose that 0 < ε <

√
2 and x0 ∈ SX are

such that ‖Tx0‖> 1− ε2

2 . Then there exist u0 ∈ SX and an

Asplund operator T̃ ∈ SL(X ,A) satisfying that

‖T̃ u0‖= 1,‖x0−u0‖ ≤ ε and ‖T − T̃‖< 2ε.

This gives

for C (K ) an example of the BPBp for c0 as domain and an
infinite dimensional Banach space as range (answer a question
by Acosta-Aron-Garćıa-Maestre, 2008);

new cases, in particular, disk algebra as range.
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Co-authors

R. M. Aron, B. Cascales and O. Kozhushkina,
The Bishop-Phelps-Bollobás theorem and Asplund operators,
Proc. Amer. Math. Soc. 139 (2011), no. 10, 3553–3560.

B. Cascales, A. J. Guirao and V. Kadets,
A Bishop-Phelps-Bollobás type theorem for uniform algebras,
Advances in Mathematics 240 (2013) 370?382
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Asplund operators

Stegall, 1975

An operator T ∈ L(X ,Y ) is Asplund, if it factors through an
Asplund space:

X
T //

T1 ��

Y

Z

T2

??

Z is Asplund; T1 ∈ L(X ,Z ) and T2 ∈ L(Z ,Y ).

T Asplund operator ⇔ T ∗(BY ∗) is fragmented by the norm of X ∗.
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Theorem
(Guirao-Kadets-Cascales 2013)

Let A⊂ C(K) be a uniform
algebra and T : X →A be an
Asplund operator with ‖T‖= 1.
Suppose that 0< ε <

√
2 and

x0 ∈ SX are such that

‖Tx0‖> 1− ε2

2 . Then there
exist u0 ∈ SX and an Asplund

operator T̃ ∈ SL(X ,A) satisfying

that

‖T̃u0‖= 1,‖x0−u0‖ ≤ ε

and
‖T − T̃‖< 2ε.

Corollary

Let T ∈ L(X ,A) weakly compact with ‖T‖= 1, 1
2 > ε > 0,

and x0 ∈ SX be such that

‖T (x0)‖> 1− ε2

4
.

Then there are u0 ∈ SX and S ∈ L(X ,A) weakly compact
with ‖S‖= 1 satisfying

‖S(u0)‖= 1,‖x0−u0‖< ε and ‖T −S‖ ≤ 2ε.

Corollary

(X ,A) has the BPBP for any Asplund space X and any locally
compact Hausdorff topological space L (X = c0(Γ), for
instance).

Corollary

(X ,C0(L)) has the BPBP for any X and any scattered locally
compact Hausdorff topological space L.
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An idea of the proof for A. . . in particular for A
(
D
)

Theorem (Guirao-Kadets-Cascales, 2013)

Let T : X →A be an Asplund operator with ‖T‖= 1. Suppose that 0< ε <
√
2 and x0 ∈ SX are such that

‖Tx0‖> 1− ε2

2 . Then there exist u0 ∈ SX and an Asplund operator T̃ ∈ SL(X ,A) satisfying that

‖T̃u0‖= 1,‖x0−u0‖ ≤ ε and ‖T − T̃‖< 2ε.

1 Fragmentability gives an open set U ∩Γ0 6= /0, y∗ ∈ SX ∗ & ρ < 2ε with

1 = |y∗(u0)|= ‖u0‖ and ‖x0−u0‖< ε & ‖T ∗(δt)−y∗‖< ρ ∀t ∈ U.

2 Uryshon’s lemma that applied to an arbitrary t0 ∈ U ∩Γ0 produces a
function f ∈ A satisfying

f (t0) = ‖f ‖∞ = 1, f (K)⊂ Stε
′ and f small in K \U.

3 T̃ is explicitly defined by

T̃ (x)(t) = f (t) ·y∗(x) + (1− ε
′)(1− f (t)) ·T (x)(t)

4 The suitability of U is used to prove that ‖T − T̃‖< 2ε.

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0
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A Urysohn type lemma for uniform algebras

Author's personal copy

B. Cascales et al. / Advances in Mathematics 240 (2013) 370–382 377

zn → β there corresponds a curve γ : [0, 1] → C and a sequence (tn)n ,

0 < t1 < t2 < · · · < tn < tn+1 < · · · with tn → 1,

such that γ (tn) = zn for every n ∈ N and γ
�
[0, 1]

�
⊂ Ω , see [23, p. 289]. All points in the

boundary of D and Stε are simple boundary points.
Every bounded simply connected region Ω such that all points in its boundary ∂Ω are simple

has the property that every conformal mapping of Ω onto D extends to a homeomorphism of Ω
onto D, see [23, Theorem 14.19].

Proposition 2.8. Let A ⊂ C(K ) be a unital uniform algebra, Ω ⊂ C a bounded simply
connected region such that all points in its boundary ∂Ω are simple. Let us fix two different
points a and b with b ∈ ∂Ω , a ∈ Ω and a neighborhood Va ⊂ Ω of a. Then, for every open set
U ⊂ K with U ∩ Γ0 �= ∅ and for every t0 ∈ U ∩ Γ0, there exists f ∈ A such that

(i) f (K ) ⊂ Ω ;
(ii) f (t0) = b;

(iii) f (K \ U ) ⊂ Va.

Proof. According to [10, Theorem 4.3.5] any point t0 ∈ Γ0 is a strong boundary point for A and
therefore for every δ > 0 there exists a function gδ ∈ A such that gδ(t0) = 1 = �gδ�∞ and
gδ(K \ U ) ⊂ δD.

We distinguish two cases for the proof:
Case 1: a ∈ Ω . According to [23, Theorem 14.19] we can produce a homeomorphism

φ : D → Ω such that φ is a conformal mapping from D onto Ω with φ(1) = b and φ(0) = a.
Using and adequate gδ as described above and φ the proof goes along the path that we followed
in the proof of Lemma 2.5.

Case 2: a ∈ ∂Ω . Since int(Va) ∩ Ω �= ∅ we can take a� ∈ Ω and δ� > 0 such that
D(a�, δ�) ⊂ Va ∩ Ω . Now, we apply CASE 1 to a�, its neighborhood D(a�, δ�) and b. The thesis
follows. �

Needless to say that in the non-unital case other results in the vein of the above proposition
with the right hypothesis could be proved too.

3. Bishop–Phelps–Bollobás property

The result below that appears as Theorem 1 in [6] is known nowadays in the literature as the
Bishop–Phelps–Bollobás theorem:

Theorem 3.1. Let X be a Banach space, x∗
0 ∈ SX∗ and x0 ∈ SX such that |1 − x∗

0 (x0)| ≤ ε2/2
(0 < ε < 1/2). Then there exists x∗ ∈ SX∗ that attains the norm at some x ∈ SX such that

��x∗
0 − x∗�� ≤ ε and �x0 − x� < ε + ε2.

It is easily seen that in the real case, if we assume that x∗
0 (x0) ≥ 1 − ε2/4 then the points x∗

and x above can be taken satisfying
��x∗

0 − x∗�� ≤ ε and �x0 − x� ≤ ε.
Note that a direct application of Brøndsted–Rockafellar variational principle, [22, Theorem

3.17], gives a better result:
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Pérez-Raja-Cascales, 2013

Let (Ω,Σ,µ) be a finite measure space and T : L1(µ)→ X a
continuous linear operator. Then

d(T ,Lrep(L1(µ),E ))≤ 2 γ(T (BL1(µ))).

B. Cascales, A. Pérez and M. Raja,
Radon-Nikodým indexes and measures of non weak compactness.
Preprint, 2013
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