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The Aim of the lecture

is to bring together a notion of measurability, Bourgain property,
with a notion of integrability, Birkhoff integrability, and then give
applications to Banach spaces.

Birkhoff integrability:

was introduced in [Bir35].
lies strictly between Bochner and Pettis integrability, [Pet38, Phi40]
doesn’t involve a barycentric definition: it is somehow computable.

Bourgain property:

traditionally used as a sufficient condition for Pettis integrability.
Birkhoff integrability has been historically ignored.

Our basic result

We characterize Birkhoff integrability via the property of Bourgain.
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A first glimpse to some consequences
The definitions and a bit of their history

The results and their applications
References

Extremal tests, Banach 6⊃ `1, Multifunctions,. . .

Some consequences

Extremal tests can be proved.

New characterization of the WRNP.

Riemann-Lebesgue unconditional integrability.

Integrals for multifunctions.

Boundary problem

If X is a Banach space not containing `1(R) and B ⊂ BX ∗ a boundary
(i.e. for every x ∈ X there exists e∗ ∈ B such that e∗(x) =‖ x ‖) then
the norm bounded σ(X ,B)- relatively compact subsets of X are
relatively weakly compact.

Banach spaces without copies of `1

For dual Banach spaces WRNP is characterized via Birkhoff integrable
Radon-Nikodým derivatives instead of Pettis integrable ones.

Birkhoff integrability is rediscovered

Kadets et al. in 2000-2002, [KSS+02, KT00] introduced and studied
a notion of integrability that is equivalent to Birkhoff integrability
introduced in 1935.

Aumann and Debreu

Certain integrals for multifuctions used for models in Mathematics for
Economy can be computed as limits in the Hausdorff distance of
Riemann (Minkowski) sums of sets.
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B. Cascales and J. Rodŕıguez The Bourgain property and Birkhoff integrability



A first glimpse to some consequences
The definitions and a bit of their history

The results and their applications
References

Extremal tests, Banach 6⊃ `1, Multifunctions,. . .

Some consequences

Extremal tests can be proved.

New characterization of the WRNP.

Riemann-Lebesgue unconditional integrability.

Integrals for multifunctions.

Boundary problem

If X is a Banach space not containing `1(R) and B ⊂ BX ∗ a boundary
(i.e. for every x ∈ X there exists e∗ ∈ B such that e∗(x) =‖ x ‖) then
the norm bounded σ(X ,B)- relatively compact subsets of X are
relatively weakly compact.

Banach spaces without copies of `1

For dual Banach spaces WRNP is characterized via Birkhoff integrable
Radon-Nikodým derivatives instead of Pettis integrable ones.

Birkhoff integrability is rediscovered

Kadets et al. in 2000-2002, [KSS+02, KT00] introduced and studied
a notion of integrability that is equivalent to Birkhoff integrability
introduced in 1935.

Aumann and Debreu

Certain integrals for multifuctions used for models in Mathematics for
Economy can be computed as limits in the Hausdorff distance of
Riemann (Minkowski) sums of sets.
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A first glimpse to some consequences
The definitions and a bit of their history

The results and their applications
References

The property of Bourgain
Birkhoff integral: a vector approach to Fréchet scalar ideas

The property of Bourgain

The notion wasn’t published by Bourgain.

It appears in a paper by [RS85] and refers
to handwritten notes by Bourgain.

Definition

We say that a family F ⊂ RΩ has Bourgain
property if for every ε > 0 and every A ∈Σ
with µ(A) > 0 there are B1, . . . ,Bn ⊂ A, Bi ∈Σ,
with µ(Bi ) > 0 such that for every f ∈F

inf
1≤i≤n

| · |-diam (f (Bi )) < ε.
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B. Cascales and J. Rodŕıguez The Bourgain property and Birkhoff integrability



A first glimpse to some consequences
The definitions and a bit of their history

The results and their applications
References

The property of Bourgain
Birkhoff integral: a vector approach to Fréchet scalar ideas

Bourgain Property

We say that a family F ⊂ RΩ has Bourgain property if for every ε > 0 and every A ∈Σ with µ(A) > 0 there are
B1 , . . . ,Bn ⊂ A, Bi ∈Σ, with µ(Bi ) > 0 such that for every f ∈F

inf
1≤i≤n

| · |-diam (f (Bi )) < ε.

Remarkable facts

If F = {f }, TFAE:

(i) (Bourgain property) For every ε > 0 and every A ∈Σ with µ(A) > 0
there is B ∈Σ, B ⊂ A with µ(B) > 0 and | · |-diam f (B) < ε.

(ii) f is measurable.

If F has Bourgain property, then F is made up of measurable functions.

F has Bourgain property ⇒ F has too.

F has Bourgain property and f ∈F , then there is a sequence (fn) in F
that converges to f , µ-almost everywhere.

F ⊂ RΩ has Bourgain property ⇒ F is stable, [Tal84, 9-5-4].
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The property of Bourgain
Birkhoff integral: a vector approach to Fréchet scalar ideas

Fréchet interpretation of Lebesgue integral

Given f : Ω−→ R, for each partition Γ of Ω into countably many
sets (An) of Σ consider the relative upper and lower sums:

J∗(f ,Γ) = ∑
n

sup
An

f µ(An) and J∗(f ,Γ) = ∑
n

inf
An

f µ(An),

(assuming both series are well defined and absolutely convergent).

We have:

J∗(f ,Γ)≤ J∗(f ,Γ′) whenever J∗(f ,Γ) and J∗(f ,Γ′) are defined.

The intersection of the “relative integral ranges” J∗(f ,Γ)≤ x ≤ J∗(f ,Γ),
for variable Γ is not empty.

This intersection is a single point x if, and only if, f is Lebesgue
integrable and x =

∫
Ω f dµ.
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B. Cascales and J. Rodŕıguez The Bourgain property and Birkhoff integrability



A first glimpse to some consequences
The definitions and a bit of their history

The results and their applications
References

The property of Bourgain
Birkhoff integral: a vector approach to Fréchet scalar ideas
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Fréchet interpretation of Lebesgue integral

Fréchet 1915

This way of presenting the theory of integration
due to M. Lebesgue has the advantage, over
the way M. Lebesgue presented his theory
himself, that is very much close to the views of
Riemann-Darboux to which many students are
familiar with.
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Birkhoff integral: a vector approach to Fréchet scalar ideas

Birkhoff views

Let f : Ω−→ X be a function. If Γ is a partition of Ω into countably many sets
(An) of Σ, the function f is called summable with respect to Γ if the
restriction f |An

is bounded whenever µ(An) > 0 and the set of sums

J(f ,Γ) =
{

∑
n

f (tn)µ(An) : tn ∈ An

}
is made up of unconditionally convergent series.

The function f is said to be Birkhoff integrable if for every ε > 0 there is a
countable partition Γ = (An) of Ω in Σ for which f is summable and

‖ ‖-diam (J(f ,Γ)) < ε.

In this case, the Birkhoff integral (B)
∫
Ω f dµ of f is the only point in the

intersection ⋂
{co(J(f ,Γ)) : f is summable with respect to Γ}.
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Our basic result
Birkhoff integral as a limit of a net. WRNP and the Birkhoff integral
Birkhoff integral for multifunctions
The boundary problem

Theorem

Let f : Ω→ X be a bounded function. The following statements are equivalent:

(i) f is Birkhoff integrable;

(ii) for every ε > 0 there is a countable partition Γ = (An) of Ω in Σ such
that for each tk ,t ′k ∈ Ak , k ∈ N, we have∣∣∣ m

∑
k=1

〈x∗, f 〉(tk)µ(Ak)−
m

∑
k=1

〈x∗, f 〉(t ′k)µ(Ak)
∣∣∣ < ε

for every m ∈ N and every x∗ ∈ BX ∗ ;

(iii) Zf = {〈x∗, f 〉 : x∗ ∈ BX ∗} has Bourgain property.

Proof.-

(i) ⇔ (ii) pretty easy since (ii) is a reformulation of (i).

(ii) ⇒ (iii) straightforward.

(iii) ⇒ (ii) mimic a result by Talagrand.

The function f is said to be Birkhoff integrable if for every ε > 0 there is a countable partition
Γ = (An) of Ω in Σ for which f is summable and

‖ ‖-diam (J(f ,Γ)) < ε,

where J(f ,Γ) =
{

∑n f (tn)µ(An) : tn ∈ An

}
.

For every ε > 0 there is a countable partition Γ = (An) such that

∑µ(An)>0 | · |-diam (〈x∗, f 〉(An))µ(An) < ε

for every x∗ ∈ BX∗ .
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Our basic result
Birkhoff integral as a limit of a net. WRNP and the Birkhoff integral
Birkhoff integral for multifunctions
The boundary problem

Theorem

Let f : Ω−→ X be a function. TFAE:

(i) f is Birkhoff integrable;

(ii) Zf is uniformly integrable, Zf has Bourgain property.

(iii) Zf is uniformly integrable, Zf has Bourgain property and there
is a countable partition Γ = (An) of Ω in Σ such that f (An) is
bounded whenever µ(An) > 0.

Proof.-

(i) ⇒ (ii) Zf has Bourgain property is easy; Zf is uniformly integrable
because f is Pettis integrable.

(ii) ⇒ (i) by proving (ii) ⇒ (iii)

(iii) ⇒ (i) requires some extra work.
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B. Cascales and J. Rodŕıguez The Bourgain property and Birkhoff integrability



A first glimpse to some consequences
The definitions and a bit of their history

The results and their applications
References

Our basic result
Birkhoff integral as a limit of a net. WRNP and the Birkhoff integral
Birkhoff integral for multifunctions
The boundary problem

Theorem

Let f : Ω−→ X be a function. TFAE:

(i) f is Birkhoff integrable;

(ii) Zf is uniformly integrable, Zf has Bourgain property.

(iii) Zf is uniformly integrable, Zf has Bourgain property and there
is a countable partition Γ = (An) of Ω in Σ such that f (An) is
bounded whenever µ(An) > 0.

Proof.-

(i) ⇒ (ii) Zf has Bourgain property is easy; Zf is uniformly integrable
because f is Pettis integrable.

(ii) ⇒ (i) by proving (ii) ⇒ (iii)

(iii) ⇒ (i) requires some extra work.
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Our basic result
Birkhoff integral as a limit of a net. WRNP and the Birkhoff integral
Birkhoff integral for multifunctions
The boundary problem

(iii) ⇒ (i)

Theorem

Let f : Ω−→ X be a function. TFAE:

(i) f is Birkhoff integrable;

(ii) Zf is uniformly integrable,
Zf has Bourgain property.

(iii) Zf is uniformly integrable,
Zf has Bourgain property
and there is a countable
partition Γ = (An) of Ω in Σ
such that f (An) is bounded
whenever µ(An) > 0.

f is Pettis integrable in Ω.

Each f |An
is Birkhoff integrable in An.

Fix ε > 0. For each n ∈ N take a partition
Γn = (An,k)k of An in Σ such that∥∥∥∑

k

f (tn,k)µ(An,k)−∑
k

f (t ′n,k)µ(An,k)
∥∥∥ <

ε

2n

for arbitrary choices (tn,k) and (t ′n,k) in Γn.

For Γ := (An,k)n,k , the series ∑n,k f (tn,k)µ(An,k) c.

u. for every choice T = (tn,k) in Γ because:

– ∑n,k

∫
An,k

f dµ c. u. (f is Pettis integrable)

– for each finite set Q ⊂ N∥∥∥ ∑
k∈Q

(
f (tn,k)µ(An,k)−

∫
An,k

f dµ
)∥∥∥≤ ε

2n
.

‖ ‖-diam (
{

∑n,k f (tn,k)µ(An,k) : tn,k ∈ An,k

}
)≤ ε.
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Theorem

Let f : Ω−→ X be a function. TFAE:

(i) f is Birkhoff integrable;

(ii) there is x ∈ X satisfying: for every ε > 0 there is a countable
partition Γ of Ω in Σ for which f is summable and

‖S(f ,Γ,T )−x‖< ε for every choice T in Γ;

(iii) there is y ∈ X satisfying: for every ε > 0 there is a countable
partition Γ of Ω in Σ such that f is summable with respect to
each countable partition Γ′ finer than Γ and

‖S(f ,Γ′,T ′)−y‖< ε for every choice T ′ in Γ′.

In this case, x = y =
∫
Ω f dµ.
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Theorem

Let X be a Banach space. The following statements are
equivalent:

1 X ∗ has the weak Radon-Nikodým property;

2 X does not contain a copy of `1;

3 for every complete probability space (Ω,Σ,µ) and for every
µ-continuous countably additive vector measure ν : Σ−→ X ∗

of σ -finite variation there is a Birkhoff integrable function
f : Ω−→ X ∗ such that

ν(E ) =
∫
E

f dµ

for every E ∈ Σ.
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The integral as limits of Riemann-Lebesgue sums

Let F : Ω−→ cwk(Rn) be a multi-valued function. The following
conditions are equivalent:

1 F is Debreu integrable;

2 there is B ∈ cwk(X ) with the following property: for every
ε > 0 there is a countable partition Γ0 of Ω in Σ such that for
every countable partition Γ = (An) of Ω in Σ finer than Γ0 and
any choice T = (tn) in Γ, the series ∑n µ(An)F (tn) is
unconditionally convergent and

h
(
∑
n

µ(An)F (tn),B
)
≤ ε.

In this case, B = (B)
∫
Ω F dµ.
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Boundary problem

If X is a Banach space not containing `1(R) and B ⊂ BX ∗ a
boundary (i.e. for every x ∈ X there exists e∗ ∈ B such that
e∗(x) =‖ x ‖) then the norm bounded σ(X ,B)- relatively compact
subsets H of X are relatively weakly compact.

Proof.-

It is enough to prove that co(H)
σ(X ,B)

is σ(X ,B)-compact.

We prove that for each Radon probability measure µ on H the
identity id : H → X is µ- Pettis (Birkhoff) integrable.
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