EMBEDDINGS AND LEBESGUE-TYPE INEQUALITIES FOR THE
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ABSTRACT. We obtain Lebesgue-type inequalities for the greedy algorithm for arbi-
trary complete seminormalized biorthogonal systems in Banach spaces. The bounds
are given only in terms of the upper democracy functions of the basis and its dual.
We also show that these estimates are equivalent to embeddings between the given
Banach space and certain discrete weighted Lorentz spaces. Finally, the asymptotic
optimality of these inequalities is illustrated in various examples of not necessarily
quasi-greedy bases.

1. INTRODUCTION AND MAIN RESULTS

Throughout the paper (X, || -||) is a separable infinite dimensional Banach space
over a field K = R or C, (X*, || -]|«) is its dual space, and {e,, e} }>° | a seminormalized
complete biorthogonal system in X. To every x € X we associate a formal series
x ~ Yy < el(x)e,, so that lim, e’ (x) = 0. It is well-known that greedy algorithms
can be considered in this generality [32], which includes in particular the cases when
the system B = {e,}°°, is a Schauder or a Markushevich basis.

Given x € X, the error of N-term approximation with respect to B is denoted by

on(x) ::inf{Hx—chenH : e €K, |A|§N}, N=1,23,...

neA

and the error of the expansional N-term approximation by

on(x) = inf{Hx - Ze:;(a:)enH c A < N}, N=1,2.3,...
neA
A greedy set for © € X of order N, written A € G(z, N), is a set of indices A C N
such that |A| = N and
: * > * .
min |e;,(z)] = max e, (7))

A greedy operator of order N is any mapping Gy : X — X such that
r€Xr— Gyx = Z e (x)e,,

ncA,

with A, € G(z, N). We write Gy for the set of all greedy operators of order V.
To quantify the performance of greedy operators as N-term approximations, one
considers, for every N = 1,2,3,..., the smallest numbers Ly = Lx(B,X) and Ly =
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Ly(B,X) such that

|t — Gnz|| < Lyon(z), VzeX, V Gye€gy (1.1)
and

|z — Gy(z)|| < Lyon(z), Ve eX, VGyeGy. (1.2)

As in [30, Chapter 2], we call (1.1) a Lebesgue-type inequality for the greedy
algorithm, and Ly its associated Lebesgue-type constant.

The question of the performance of ||z — Gyz| compared to oy (z) was raised by
V. N. Temlyakov in the 90s; see [29, 30] for historical background. Lebesgue-type
inequalities were first proved for the trigonometric and the Haar systems in L? spaces
[26, 27, 28, 32, 23]. Also, a celebrated result in [19] established that Ly = O(1) if
and only if the system B is democratic and unconditional in X (also called a greedy
basis). Nowdays, Lebesgue-type inequalities are reasonably well-understood in the
larger class of quasi-greedy bases; see e.g. [31, 9, 12, 8].

For general bases, however, it is a challenging problem to find bounds for Ly which
are both, asymptotically optimal and described in terms of reasonable quantities (such
as the unconditionality and democracy parameters). A first approach to this problem
was recently given in [2]. Here we present a different approach, which only depends
on the democracy functions of B = {e,}22, and B* = {e}}>>,, and allows to cover
some cases not considered in [2].

To describe our results we shall use the following notation. We write T for the
collection of all € = {¢;}32, C K with |¢;] = 1. For finite sets A C N we let

1.4 = Zsjej and 17, := Zeje;, eeX.
jEA jEA
If e =1 we just write 14 and 1%. We define the upper (super)-democracy parameters
associated with B and B*, respectively, by

D(N) := sup ||1ca]| and D*(N):= sup ||1I]]«- (1.3)
e 5

For each finite set A C N, we denote by P4 the projection operator

Pa(z) =) ei(v)e,, z€X,

neA

and define the conditionality constants
Ky =Kn(B,X) :=sup{||Pa]| : |A|<N}, N=1,23,... (1.4)

Note that B is unconditional if and only if Ky = O(1). In general, for every given
quantity Ay = Ay (B,X) (such as Ky, Ly, Ly, ...), we define

= An(B%,X),

where X := span {e’}>°, is considered as a closed subspace of X*. In particular,
notice that Ky < Ky.
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To every pair of positive non-decreasing sequences {n:(j)}32; and {n2(j)}32,, we
associate the following numbers

SN(Th,?h) = Zﬁﬁl(j)A%(j)a (1'5)
Ttnm) = Y2 A, (16)
Tn(m,mz) = min{Tn(m,n2), Tn(n2,m)} (L.7)

Here, An(j) =n(5) —n(j —1), j =1,2,... (with the agreement that n(0) = 0). Our
main result can then be stated as follows.

Theorem 1.1. Let {e,,e;}72; be seminormalized, complete and biorthogonal in X.
Let Ty =TN(D, D*) as above. Then the following hold

KNSTN, LN,LR{ §1+3TN, and EN,:ER, §1+QTN (18)
If, additionally, D (resp. D*) is concave, then Sy = Sy(D, D*) < Ty and
Ky <SSy, Ly <1435y, Ly <1428y, (1.9)

(respectively, for Ky, Ly, I~J}*V) Finally, these estimates are best possible, in the sense
that there exist X and {e,, e’} for which all the equalities hold.

We add a few comments related with Theorem 1.1. First, the novelty concerns
mainly the class of not quasi-greedy and not democratic bases. Indeed, in many such
instances we actually obtain Ly ~ Ty, and in general we always have Ty < N,
which was not always the case in [2]. See §8 below for various examples, including the
trigonometric system in LP.

Secondly, in some special cases, such as for quasi-greedy and democratic B, we shall
see that Ty < In(N +1). This bound does not recover Ly ~ 1, but it is best possible

for Ly, Ly and L}, which may all grow to the order In(/N + 1); see e.g. §8.2 below.
Another instance occurs when {e,, e} is bidemocratic (as in [7]), that is

D(N)D*(N)<¢N, N=1,2,... (1.10)
y~1

Then Tx(D, D*) < ¢ In(N + 1), and again there exist examples with Ly ~ L ~
and Ly ~ L} ~ In(N + 1); see e.g. the new spaces KT'(p, 00) in §8.5 below.

To prove Theorem 1.1, we need to translate the information on D and D* as em-
beddings between X and a certain family of discrete weighted Lorentz spaces. Let
{s7}32, denote the non-increasing rearrangement of a sequence {s,}o>; € co. Given

a non-negative weight n = {n(j)}52, we set

— 1)
b={sec: lsly =3+ T2 < oo 3 (1.11)
j=1

We write W for the class of all positive increasing weights, and define, for each n € W,
a new weight

n(j) =7An), j=12,...
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Below we shall mainly work with the space E% of all s € ¢y with

Islls = 3 5 An(j) < oo. (1.12)
j=1

Notice that £} and (} are also denoted d(w, 1) for w; = n(j)/j and w; = An(j),
respectively; see e.g. [22, p. 175] or [5, Example 2.2.3(iv)]. It is known that for
doubling weights 7 € W, both £} and ¢} are quasi-normed spaces; moreover £} C £,
and ¢, = (} whenever the lower dilation index 7, > 0. We shall make a minimum use
of these properties in the sequel, but we discuss some of them in §2.6 below.

At the other extreme we define the discrete weighted Marcinkiewicz space as

K k
m(n) = {s €co : |I8]lmm) = SuPgen % >i=18) < oo} . (1.13)
This is a normed space for every positive . We remark that, when 1" = {j/n(5)}52,,
then £} and m(n') satisfy a duality relation; see (2.18) below.

Finally, we say that a sequence space S embeds into X via B (with norm c¢), denoted

B, c . . .
S <& X, if for every s = {s,}22, € S, there exists a unique z € X such that
e (x) = s, and it holds:

n

[zl < ellslls = cll{ej(@)}5 s - (1.14)

Similarly, we say that X embeds into S via B (with norm c¢), denoted X lif S, if
{ej(@)}2alls < cllzll, zeX (1.15)

Our two main results concerning embeddings can then be stated as follows.

Theorem 1.2. Let {e,, e’ }>, be seminormalized and biorthogonal in X, andn € W.
Then, the following are equivalent:

i) ||[1eall < n(|A]) for all finite ACN and alle € T .
i) || ) aneallx < llale, for all a={a,} € coo.
Moreover, if B* is total, then each of the above is equivalent to
iii) €525 X,
As noted above, ﬁ% is a linear space if and only if the sequence 7 is doubling.

Theorem 1.3. Let {e,, e}, be seminormalized biorthogonal and complete in X,
and n a positive sequence. Then, the following are equivalent:

(i) | 15411« < n(|A]) for all finite ACN and alle € Y.
R N
(i) X' = m(n), with ' = {j/n(j)}3%

The relation between democracy functions and embeddings goes back to early pa-
pers in the topic [32, 15, 13]. A detailed study for quasi-greedy bases was recently
given in [1]. Our approach is closer to that in [8, Proposition 3.6 and Corollary 3.7],
where bounds for Ly are obtained for general bases under assumptions of the form
(20 3 X — (P! where (P" are the classical (unweighted) Lorentz spaces.



EMBEDDINGS AND LEBESGUE INEQUALITIES FOR GREEDY ALGORITHMS 5

The outline of the paper is as follows. Section 2 collects preliminaries about bases,
weights and discrete Lorentz spaces. The proofs of Theorems 1.2, 1.3, and 1.1 are
given in sections 3, 4, and 5, respectively. In section 6 we give some estimates for
D*(N), and in section 7 we present corollaries of Theorem 1.1 in various special cases.
Finally, section 8 is devoted to examples of optimality, some of them new in the
literature.
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2. PRELIMINARIES

2.1. Biorthogonal systems. We recall some basic notions; see e.g. [16]. Let X be
a separable Banach space, and consider B = {e,}>*, C X and B* = {e}}>°, C X*.
Then the collection {e,, e} }> ; is called
(a) a biorthogonal system if € (e,,) = 0, for all n,m € N
(b) seminormalized if there exist A, B € (0,00) such that A <|e,]|,|e}|. < B
foralln e N
We additionally say that
(¢) B is complete in X if span{e, : n € N} =X.
(d) B* is total in X if the only 2 € X such that e} (x) =0 for all n € N, is = 0.
This property is known to be equivalent to

span{ef :n € N} = X*.

Biorthogonal systems as above are ubiquitous: any separable Banach space contains,
for any € > 0, a complete and total biorthogonal system {e,,e}°°, so that 1 <
llenll, |leX|| < 1+ € holds for every n (see [16, Theorem 1.27]). Specific examples
include Schauder bases and their rearrangements, as well as the trigonometric system
in, for instance, C(T) or Ly(T).

In the sequel we shall use the terminology s-biorthogonal to denote systems that
are seminormalized and biorthogonal.

2.2. Democracy constants. The definition of upper (super)-democracy sequence
D(N) was already given in (1.3). The following properties are elementary.

Lemma 2.1. The sequence D(N) in (1.3) is quasi-concave, that is
D(N +1) _ D(N)

D(N)< D(N +1 d N=12 ...
(M <DV +1) and =t < S, 2
PROOF: First observe that we can write
D(N) = sup [[Leall = sup [Leall (2.1)
[Al=N |AI<N
eeY eeY

Indeed, if |A| < N, take any B C N such that A C B and |B| = N, and write
lea = 3[(Lea+1pa) + (1ea —1p\a)]. Then (2.1) follows from the triangle inequality.
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Clearly, (2.1) implies that D(/NN) is non-decreasing. To see that D(NN)/N is non-
increasing one can argue as in [7, p. 581], that is, for |A| = N write

1
A= D Loy,
neA
and then use the triangle inequality. O

Sometimes we shall also make use of the lower (super)-democracy sequences

A(N) = inf [1eall, and d(N)i= inf [[1a]] (2.2)
ceT eeY

Observe that d(NV) is non-decreasing, d(N) < d(N), and if B is a Schauder basis, say
with constant M, then also d(N) < M d(N). In general, however, d(N) may be much
smaller than d(N). The corresponding notions for B* will be denoted by d*(/N) and
& (V).
Lemma 2.2. If {e,,e:}2°, is a biorthogonal system in X, then
N < min{D(N)d*(N), D*(N)d(N) }, VN €N.

Proof. Let |A] > N and take any B C A with |B| = N. Then

N =124(1ep) < [[LenllI12alls < DIN)[AZ4]--
The result now follows taking infimum over all |[A] > N and e € Y. A similar

argument gives the other inequality. U

Finally, recall from [19], that B is called superdemocratic when supy D(N)/d(N) <
oo. In general, we shall quantify superdemocracy with the sequence

B D(n)
N = dln)

(2.3)

2.3. Abel summation formula. We shall make frequent use of the following ele-
mentary identity: for all finite sequences {z,}*_, in X and {d,}»_, in K it holds

N-1
-Tldl +Zd — Tp— 1 = Z(dn - dn-l—l)xn + zndy. (24)
n=1

2.4. Weight classes. A weight is any sequence 7 = {n(j)}32, of non-negative num-
bers with 7(1) > 0. We use the following notation

e 1> 0 for a positive weight, that is, n(j) > 0 for all j = 1,2, ...

e W for the set of positive non-decreasing weights, that is, 0 < n(1) < n(2) < ...

e W, is the subset of doubling weights, that is, n € W with 7(25) < en(j), for
some c>1landall j=1,2,...

o W, is the subset of quasi-concave weights, that is, n € W with

nGi+1) _ nli)
J+1 7y
e W, is the subset of all concave weights, that is, n € W with

. =12,
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Recall from §1 that An(j) :=n(j) —n(j — 1), j = 1,2,..., and by convention we
always set 7(0) = 0. It is easy to see from the above definitions that

WCO C ch C Wd C W

Also, every n € W, has a smallest concave majorant nﬁ € W, with n < nf < 2n.
Finally, notice that D, D* € W, by Lemma 2.1 above.
Associated with a weight 1 we consider the following sequences
e summing weight: 7(N) = Z;VZI @
e difference weight: 7(j) = jAn(j) (ifne W)
e dual weight: 7/'(j) = j/n(4) (if n > 0).
It is elementary to verify the identities:

n=n n=n @) =n (2.6)
Moreover, for every n € W, the following hold
NEW, <= €W, <= N<n < 1 € W,. (2.7)
Finally observe that, if n € W, then
V) < (V) X, L < n(N)(1+ ). 2.8)

Example 2.3.

(i) If n(j) = [In(5 + ¢)]?, v > 0, then n € W, (for sufficiently large ¢) and

7(j) = (G + P, 7() = [In(G + 1P
(i) Fn(j) = j*In(j + ¢)]”, with a € (0,1) and v € R (or with & = 1 and v < 0),
then n € W, (for sufficiently large ¢) and 7 ~ 7 ~ 7.
2.5. Regular weights and dilation indices. Below, we will sometimes be inter-
ested in weights n € W with the property
ean(N) < p(N) < ean(N), N=1,2,... (2.9)

for some ¢y, co > 0. We shall call these weights regular. We now give some conditions
under which (2.9) holds. The lower estimate holds trivially with ¢; = 1 when n € W.
More generally, one has the following

Proposition 2.4. Let n € Wy with doubling constant c. Then

B(N) < S AN), N=1,2,... (2.10)
Moreover, 1 € Wq with doubling constant bounded by 3c/2.
Proof. If N =2n+1,

2n+1 ’I’} . 2n+1 1 1Il2
1 —>n(2 1)—.
> ) n+1) > j_n( n+1)—
j=n+1 j=n+1

Arguing similarly when N = 2n shows (2.10). Finally, the last assertion follows from
4 N . N 4

n(2 nzj—1) _ . 3 nJ i c~

Z Z ( )Si U ., (‘)z%n(N)-

25 —1 — ] = J
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The upper bound in (2.9) requires some power growth in 7, as shown in Example
2.3. This growth is typically quantified with the notion of dilation indez; see [20]. To
each n > 0, we associate two dilation sequences given by

o n(ME) n(Mk)
M) = inf and &,(M) =su , M=1,2,3,... 2.11
CPT]( ) k>1 n(k,) 7]( ) k;f n(k) ( )
The lower and upper dilation indices associated with n are defined, respectively, by
1 M In(P, (M
i = Sup In(y (M) and I, = inf M (2.12)

M>1 In M M>1 In M

For instance, for the weights 7 in Example 2.3 we have i, = I,, = 0 in case (i), and
in = I, = o in case (ii). Observe also that ¢,/ (M) = M/®,(M), so we always have

iy =1—1,. (2.13)

Proposition 2.5. Let n € W. Then  supys, % <oo &= i, >0.

Proof. Assume first that i, > 0. Then, for some integer so > 1 we have A := ¢, (s) >
1. Suppose first that N = sj for some n =1,2,3,.... Then,

i) = -+ Y W
k=0 j=sk+1
< (1) + in(s'&“) Z % < (1+1Inso) Zn(slg) : (2.14)
k=0 j=sk+1 k=0

Now, by definition ¢, (so) < n(si™)/n(sk), and therefore
n(sk) < A Ip(shth) < o< ATy, k=0,1,...,n.

Inserting this expression into (2.14) we obtain

For arbitrary N > 1, choose n € N such that s§~' < N < s. Then,

N

_ e nG n—

A0 =i+ Y T <o) 4 ) sy S ().
j=sg7 41

Conversely, assume that ¢, = 0. Then ¢, (M) = 1 for all M > 2. In particular, for

each M > 2 there exists k;; € N with n(Mkar) < 2, Vk > ky;. Therefore

n(k)
Mk
_ k 1
n(Mky) = Z % > §U(MkM)lnM7
k=kn
leading to supy % = 00.

Corollary 2.6. Let n € Wy.. Then ' is reqular if and only if I, < 1.
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PROOF: First, n € W already implies 7/ (N) = N/n(N) < 2 1/5(j) = () (N).
/

Next n € W, implies ' € W, and by Proposition 2.5, the converse inequality (1) < 7
is equivalent to i,, > 0, and the result follows from the identity in (2.13). O

2.6. Weighted Lorentz spaces. We recall a few basic properties of the class of
discrete weighted Lorentz spaces. Although not necessary for the proofs of Theorems
1.1, 1.2 and 1.3, this subsection clarifies the role of the different conditions we impose
on the theorems.

For a non-negative weight n and 0 < r < oo we let

> 1/r
by = {s ={sp}, Ecp: ||S||g7r] = (Z LSWJ)Y%) / < oo} (2.15)
j=1
(with the obvious modification if 7 = oco). In the literature ¢} is sometimes denoted
d(r,w) with w; = ”(%, and the weight w is required to decrease to 0 and » 2 w; =
oo; see e.g. [22, p. 175] or references in [5, p. 28]. We will be dealing only with
the case r = 1 but we shall consider more general weights, namely w = {n(j)/j} and
w = An, for n € W.

It is well-known that d(1,w) are quasi-normed spaces if and only if W(N) =
Z;V:l w; satisfies a doubling condition (see [5, Theorem 2.2.16]). Hence 7 € Wy
implies that £, is quasi-normed, and 1 € Wy implies that both ¢} and () are quasi-
normed (by (2.6) and Proposition 2.4).

Clearly if n € Wy, then 7 < n and therefore 6}] — E%. Below we show that this is
the case also for n € Wy. The following basic lemma will be used often.

Lemma 2.7. If v, are non-negative sequences, the following holds
p<E = Z a;# < Za}f#, V non-increasing a;.
j=1 j=1

In particular, o < € if and only if g = L, with embedding of norm 1.

Proof. Suppose that 7 < £. Then, using the Abel summation formula in (2.4),

S = i)+ L a00) - 26 - D) = D6 - )6) + )
N-1 o o N £0)
< Z(% aj1)§(J) + ay (N)_Zaj I

Now, let N — oo and we obtain the result. To show the other implication, we only
have to take aj =1if1<j <N and a;f = 0 in other case. ]

Corollary 2.8. (i) If n € Wy, then £ — (L.

(i) If n € W, then (F = () <= i,>0,

(iii) If n € Wy, then €, =10, <= i, >0.

PROOF: Combine Lemma 2.7 with (2.6) and Propositions 2.4 and 2.5. 0
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Corollary 2.9. &17 = ¢ if and only if 1 is bounded. In particular, 6717 = ¢ if and
only if n € W s bounded.

PROOF: The inclusion f}, — (g is always true. For the converse, write ¢y = Eé with
¢ =1{1,0,0,...}, and use Lemma 2.7. O

We now turn to the discrete weighted Marcinkiewicz space defined in (1.13), which
we compare with the Lorentz space £;° in (2.15). Observe that, for s = {s,} € co,

N
I8l = sup 1 sl (2.16)
‘Jag neA

So m(n) is a normed space for any non-negative weight 7. It is also easy to see that,
m(n) = ¢ if and only if 7 is bounded.

Lemma 2.10. (i) m(n) — €7, with embedding norm 1.

—_—

(i) If n € W, then £ < m(n) if and only if () < e, that is

N
1 N
227— ¢ N=12.. (2.17)

(i) If n € Wee, then  m(n) =4 <<= I[,<1.
Proof. (i) This follows easily from s} < + Ly =157

(ii) Assume that £;° <% m(n). Then picking s = {1/5(j)} € (¢ we obtain

) §~ L

N =)

18]lmn) = sup clslle = ¢,
N

obtaining the condition (2.17). Conversely, (2.17) and the inequality s} < %ﬁ easily
tead t0 [l8]ns) < clsl-
(iii) This follows from (i), (ii) and Corollary 2.6. O

We conclude with a duality result which is known in the literature; see [5, §2.4].
We present an elementary proof.

Theorem 2.11. Ifn € Wy and }[an@ =0, then ((})* = m(n') isometrically.
S

Proof. Let a € fl and b € m(n'). We may apply Lemma 2.7 with v(j) = jb; and
£(5) = |Ibllm@r) ( ), since 7(n) < £(n), and conclude that

Z labil < D aby < bllmuyy Y aiAn(G) = Bl llalle. (2.18)
j=1 j=1 j=1
This shows that m(n') C (¢;)*. Conversely let ® € (£;)* and denote b, = ®(e,) with
{e,} the standard basis in cy. If €, = sign(b,), then for each |A| = N we have

Dol =1 &ubal < 1@]l[[1ealler = 21 n(N). (2.19)
neA ncA
We claim that b = {b,}°°, € ¢¢. Indeed, if not, there would be a § > 0 and a sub-
sequence |b,,| > 6, and (2.19) gives N < Z;VZI b, | < [|®||n(N), which contradicts
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the property infy n(/N)/N = 0. Finally, (2.19) implies that Z 1 b5 < [[®In(N), and
therefore ||bl|,,¢y) < ||®]|. This completes the proof of the theorem. O

2.7. Properties of T (n1,12). We show elementary relations for

Sn(m,m2), Tn(nmi,mz), and TN(7717772)7
defined in (1.5)-(1.7), and also for the quantity

N, ) : Zm )ml) g (2.20)

Lemma 2.12. If g, n2 € Wy, then

Sn(n,m2) < T (i, m2) < max{ Ty (1, 72), T (n2,m) } < U (01, m2)- (2.21)
Moreover if we assume that i,,1,, > 0 then
Tn(ni,1m0) & Un (i, m2)- (2.22)
Finally, if ;m € We, and iy, >0 (or n, € Wo, and i,, > 0), then
Sn(m, ) & Ty (i, 12)- (2.23)

PROOF: The assertion (2.21) follows easily using that An(j) < n(j)/j whenn € W.
If ¢, > 0, we can apply Corollary 2.8.ii to obtain

Un(mom) = [{m () /3 i5lle, < cl{m@)/i}5le = e Tnm,m).

If 4, > 0, a symmetric argument gives Un(n1,72) < ¢In(12,m1), and hence (2.22).
Finally, if n; € W, and 4,, > 0, then Corollary 2.8.ii gives

T (2m) = [{Am ()35 e, < cl{AmG)Llle, = ¢ SnOm,m), (2.24)
which together with (2.21) gives (2.23). A similar reasoning works interchanging n;
and 7). 0

Y

Example 2.13. If 7,(j) = j and 72(j) = 1 for all j = 1,2,3,.... Then, i, =1
in, = 0 and

Sn(msme) =Tn(m,me) =1, Tn(nz,m) = Un(m,n2) = In(N +1).
Hence, (2.22) may not hold if 4,, = 0.

Lemma 2.14. Let n1,m2,& be non-negative sequences with ns < &s.
(i) If m € Wy, then T (n1,m2) < T (1, &2).
(i) If m € Weo, then Sn(m1,m2) < Sn(m, &)

PROOF: (i) is elementary using Abel’s formula (2.4):

Ttn) = 3 [ - U] ) 4 U 0) < T ).

=1

since 11 € Wy and 1y < &. The proof of (ii) is similar. 0
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3. EMBEDDINGS OF DISCRETE SPACES INTO X
3.1. Proof of Theorem 1.2. The implication ii) = i) is clear since

1|

[Meall < H{gj}jeAHgl ZAU n([A]) -

We now show that i) = ii). Let a € coo and N = [supp al|. Write a} = [ar(;)|, where
m:{1,..., N} = suppa is a greedy bijection, that is |ar¢;)| > |ari+1)], 7 = 1,2, ... Let
also €; = sign(ar(;)). If we define

J
Sr=)_ &) (3.1)
j=1

(and Sy = 0), then using Abel summation formula (2.4) we can write

N N N-1
Z ane, = Z A€ j€n(j) = Z a;(S; — Sj1) = (a7 —ajyy)S; + aySn.
nesupp a j=1 j=1 7=1
Then, by assumption i),
N-1 N-1
| >0 ane]| = D000 - @)l + axdiSwll £ Y0 (0 - aj)n() + ayn(N)
nesupp a j=1 j=1
N
= ain(1)+ ) _a;(n() —n(j —1)) = 2l (32)
=2

which is the desired result.

The implication ¢ii) = i) is immediate, so it remains to prove i) = i) under
the assumption that the system is total. Let a € Z%, which we shall assume with
infinite support (otherwise we may use (3.2)). As before, write a} = |a ;)| where
7 : N — suppa is a greedy bijection, and €; = sign(ax(;)). Letting S; be as in (3.1),
we have

J J
> (@ — a8 sz al ()

J=1
J+1

(by 24) = ain(l)+ Y _ailn() —n( — 1] —aj,n(J +1)

Jj=2

>~ a;an() = Jlally < .
=1

IN

Therefore, the series Y 7% | (a} — a},,)S; converges to some r € X and ||z < ||a||€717. It
only remains to show that

e (r)=ap,, VneN, (3.3)

n
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If n & supp a then e](S5;) = 0 for all j, and thus e (z) = 0. Let then n € suppa, and
write n = w(j,), so that

J J
e (z) = }1_{206 (Zl(a; _a;+1)sj) = Jh_{rolo ' (a; _a;ﬂ)fjn
J= J=In

_ : * * _ * _ _
- }E{;(“a‘n — aJH)gjn = aj &j, = Ur(j,) = On,

where we have used that a € ¢y. Finally, there is a unique element x with the property

(3.3) by the totality of the system B*. This shows that E% &y X, and completes the
proof of the theorem. 0

Remark 3.1. The statement of Theorem 1.2 resembles a well known property of the
classical Lorentz spaces LP'!. Namely, if || - || is an order preserving norm defined on
the set S of all simple functions of a measure space (€2, %, du), then the inequality
x|l < w(E)YP for all E € X, implies that || f]| < ||f||lzea( for all f € S; see [25,
Thm V.3.11].

Remark 3.2. In the special setting of quasi-greedy bases, a result similar to Theorem
1.2 was proved earlier by the fourth author in [17, Lemma 2.1]. More precisely, if B
is quasi-greedy in X and n € Wy is such that ||[14]| < n(|A[), then () — X via B.
Theorem 1.2 actually shows that one can choose a better space, since 6717 C 6717. See
also [1, Theorem 3.1].

4. EMBEDDINGS OF X INTO DISCRETE SPACES

4.1. Proof of Theorem 1.3. (i) = (). For x € X, write a}(v) = |e7r(j)( x)|, where
7 is a greedy permutation onto suppz, that is, |e; . (z)] > ]ew(jﬂ)( z), j=1,2,..
We also let €; = sign(e} ;) (x)), j = 1,2... Then

7 (N) & N N
) = o= a) = (3 gl )@
j=1 ]:1 j=1
N
< ||Z g€ Nzl < ]
7=1
(i7) = (7). Let A C N be a finite set and € € Y. Then,
12all = sup, [Tea@)] = SITPIIZEJ j (4.1)

JEA

Now, given x € X, and denoting {a}(x)}; as in the proof of the previous implication,

we have
|A]

S eei] < Slep)] < Y aie) < n(AD|al.

JEA JEA 7=1
with the last inequality due to the assumption (ii). Inserting this estimate into (4.1)
gives the desired expression (i). 0
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Remark 4.1. In the setting of quasi-greedy bases, a different version of Theorem
1.3 involving lower democracy function hy, was proved in [17, Lemma 2.2]. Namely,
X — £5°; see also [1, Theorem 3.1]. Such embedding, however, cannot hold for general
bases. For instance, consider the space X of all sequences a = {a, }°, € ¢y with

M

lla]| := sup ‘ E ap| < 00
M>11 =
n=1

with the standard canonical basis {e, }. Then, hy(NN) = inf 4—n ||14]| = N. However,
the embedding X < £;° cannot hold since a = {(—1)"};_; belongs to X with |lal| = 1,
but sup,, na;, = N — oo.

5. PROOF OF THEOREM 1.1

The results we prove here are slightly stronger than those announced in Theorem
1.1. Throughout this section, the sequences 1,1, € W are such that

(1) Nteall <m(N) and  (2) [14] <m2(N), VI[A[=N,VeeT. (51)

As noted above, these inequalities are satisfied for 7, = D and 1, = D*.

5.1. Estimates for K. Instead of estimating Ky, we work with the larger quantity

Ky = sup ||Peall,
|AI<N
eeY

where Poaz =), ene(2)en.

Lemma 5.1. Suppose the sequences n1,m, € W satisfy (5.1). Then:

(i) If m € Wee, then K < Tn(m,7m).

(11) If m € We,, then KR < Sy(n1,m2).

Proof. Given any x € X, we denote by {aj(z)} the decreasing rearrangement of
{e;(z)}, that is, aj(z) = |e};(z)|, where 7 is a greedy bijection onto suppx; see
the proof of the Theorem 1.3. If |[A] < N and € € T, then part (1) of (5.1) and the
implication i) = 7i) of Theorem 1.2 imply

1A N
| Peazll < Z Peaw) A (j) <) aj(2)Am(j) = Aw(x), (52)
j=1
the last inequality due to a}(Peaz) = aj(Par) < aj(x) (and n; € W).
We start by proving (i7). Denoting S,(z) = Z;f:l a;(z), and using the Abel sum-
mation formula (2.4)

N

An() = Si(@)m(1) + > [Si(@) = Sj-1 ()] Ani ()

=2

=

j=1
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Now, the inequality (2) in (5.1) and i) = i) of Theorem 1.3 imply that
J

Uogin ) NS o) < il i —
5@ == ’;k()éﬂ I, j=12... (5.4)

Since 71 € W, we may insert in (5.3) the inequalities for Sj(x) in (5.4), and then
another use of (2.4) gives,

N-1

An(@) < [ Y18m) = AmlG + D) + An(Nm(V)] ll]

j=1
N

= > Am()ARG) 2l = Sy (n,m) |zl
j=1

Plug this into (5.2) to obtain the desired estimate for K.
To prove (i) assume 7y € We.. Then 7, < 1, so that (5.1) holds with 7, replaced
by 7. Since 7, € W, (see (2.7)), by part (i) of this Lemma (just proved)

771

Ku < SN 771,772 TN(T/lanQ)

On the other hand, observe that in (5.2) we could also argue as follows

. 772
An(z) = Za AN (j <§€up PNOL

< ||{a( ) Hlmeny) T (m2,m) < ||9U||TN(7727771),

the last inequality due to (2) in (5.1) and (¢) = (i7) in Theorem 1.3. Thus, we have
shown that (5.1) implies

Ky <min {Tx(n,m2), Tn(n2,m)} = Tn(m,n2)-

5.2. Estimates for L.

Lemma 5.2. Suppose the sequences n1,m, € W satisfy (5.1). Then:
(i) If m € Wy, then Ly <1+ 3Ty (n1,72).
(ii) If ; € We,, then Ly <1+ 3Sn(n1,1m2).
Proof. We follow the standard approach in [19]. Let z € X and write Gy = Pra for
some I' € G(x, N). Take any z = _pcpe, with |[B| < N. Then,
|z — Gnz|| = ||z — Ppur(z) + Peyr(z)|
< [Psory @)l + 1 Pove (@)l = 1+ 11 (5.5)

For the first term we use that Pgur)e(z) = Ppurye(x — 2), and therefore

I'= (I = Ppur)(x — 2)

| < lle =2+ 1Pale — 2)]| + | Prysle - 2)]
< (1+2Ky) |z — . (5.6)
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To estimate I1 we proceed as follows. First, using (5.1) and i) = 4i) in Theorem 1.2,

|B\T'| [T\B|
IT = ||Pp\r(2)] < Z a;(Pp\r(z))Ani () < Z a;(Pr\p(z))Ani(4)

where in the last step we have used that I' is a greedy set for  and |[B\I'| < |I"\ B].
Now, Pr\p(7) = Pr\p(z — 2), and we may use that a}(Pr\p(r — 2)) < aj(r — 2) to

conclude
IT\B|

1T = |[Pp\r(z)]| < Z aj(x — 2)Am(j) -

The right hand side resembles that of (5.2), with Ay(x) replaced by A\ p|(z — 2).
We estimate Ajr\pj(z — 2) as in Lemma 5.1. For 1, € W, (case (i¢)), we obtain

L =[Py (2)|| < Sy, m2) lz = 2. (5.7)
Thus, combining (5.5), (5.6), and (5.7), together with Lemma 5.1 (i7), we are led to
le = Gyall < (14 2Ky + Sy(n1,m2)) lz — 2]
< (1+38n(m,m))lz— =]

Taking the infimum over all such z we finally obtain Ly < 1+ 3 Sy (91, 72).
For n, € W, (case (7)), we modify the preceding argument (as we did in the proof
of Lemma 5.1 (7)) to obtain Ly < 1+ 37T (n1,72). O

5.3. Estimates for fJN.

Lemma 5.3. Suppose the sequences n1,m2 € W satisfy (5.1). Then:
(1) If m € Wy, then Ly <1+ 2T N (01, 1m2).

(ii) If ;m € We,, then Ly <1+ 25N(m,m2).

Sketch of a proof. Repeat the argument from the preceding lemma with z = Pg(z).
The term I1 is estimated exactly as above, while for the term I we proceed as follows

I= (I = Ppur)(@)l = |z = Pp(x) = Prg(e — Pp(z))|
< |z = Pe(@)|| + [[Prys(z — Pp(2))]]
< (14 Ky)llz = Pa(z)]- (5.8)

Now use (5.8) in place of (5.6) to obtain
Ly < 1+2Sy(m,m2),

or a similar estimate with Ty (1, 72) if we assume 7, € W. O

5.4. Estimates for L}, and L},. These can now be obtained applying the previous
estimates to the system {e}, e, }, after interchanging the roles of 1; and 7, (and using
the property 1, € W or 73 € W, respectively).

This completes the proof of all the asserted inequalities in Theorem 1.1, namely
(1.8) and (1.9). The optimality of the inequalities is illustrated with an example in
8.1 below. O
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5.5. First corollaries.
Corollary 5.4. If ¢; = sup,, |le,|| and c3 = sup,, ||e]|«, then
Tn(D,D*) < min{c; D(N),c; D*(N)} < ciea N. (5.9)
Proof. Using D(j) < ¢17 (and D* € W), we deduce
Ty(D,D*) < 1 1 AD*(j) = e1D*(N).
Changing the roles of D and D* the result follows easily. [

Remark 5.5. Inserting (5.9) in Theorem 1.1 one recovers the classical bound Ly <
1+ 3c1c2N; see e.g. [2, Theorem 1.8].

The next corollary could be applied quickly in some practical situations.

Corollary 5.6. Let {e,, e}, be a complete s-biorthogonal system in X. Then
i) max{Ly, LY} < min{D(N), D*(N)}.
it) If min{D(N),D*(N)} < Ky, then Ly ~ Ky ~min{D(N), D*(N)}.
iii) If d(N) =~ 1, then Ly ~ D(N).
Proof. i) follows from Theorem 1.1 and the previous corollary.

i1) follows from (i) and the known lower bound Ly 2 Ky; see e.g. [12, Proposition
3.3].

i1i) Finally, if d(IV) ~ 1, then the superdemocracy parameter in (2.3) takes the
form py = sup,<y D(n)/d(n) =~ D(N). So the result follows from (i) and the known
lower bound Ly 2 uy; see [2, Proposition 1.1]. O

6. ESTIMATES FOR D*(N)

In practice, Theorem 1.1 needs good bounds of the upper democracy sequences
D(N) and D*(N), associated with B and B*. Sometimes the dual norm || - ||, is not
explicit, or is hard to compute. In this section we give bounds for D*(NN) which only
involve parameters of B, namely the lower superdemocracy constants, d(N) or d(N),
defined in (2.2), and the quasi-greedy constants

gn = sup HGnH7 g]CV = Sup HI - Gn”7 and gy = sup ||Gn - GkH
n<N n<N 0<k<n<N

Note that, by the triangle inequality, gy < 2min{g,, g%}
Proposition 6.1. Let {e,, e’} be a complete s-biorthogonal system in X. Then

% < D*(N) < Zi. (6.1)

The proof is a slight generalization of known arguments from [7, Proposition 4.4]
and [33, Theorem 5] (see also [3, Theorem 4]). We first recall another result from [7]
(with the notation given in [2, Lemma 2.3]).

Lemma 6.2. Let {e,,e:}°°, be a complete s-biorthogonal system in X. If x € X,
A € G(z,N) and e, = sign (e (z)), then

min |e;, ()] [Leall < gn [l



18 P.M. BERNA, O. BLASCO, G. GARRIGOS, E. HERNANDEZ, AND T. OIKHBERG

PROOF of Proposition 6.1: The left hand side of (6.1) was shown in Lemma
2.2. For the right inequality, we pick |A| = N and € € T, and we shall estimate
[124ll« = supyjz =1 [1z4(2)|. Take 2 € X with |z = 1, and let 7 be a greedy ordering
of z. Then

1@ = | Y ewer@)] <Y len@)]

neA neA

e 3 oz (o)) Lo
< ‘ew(])(x)’ = ‘eﬂ'(_])(a:)| H]- H )

j=1 j=1 oA

where A; € G(z,j) is a greedy set for x of size j and § = {sign (e} (z))}. By Lemma
6.2 and ||z]| = 1,

~

N N ~
] 9j 9j
[Lea(@)] < =< 5
1 2, = 2

Taking the sup over all ||z|| =1, |A| = N and € € T gives the desired result. 0

As special cases we obtain the following.

Corollary 6.3. Let {e,, e’} be a complete s-biorthogonal system in X.

(i) If B is quasi-greedy then d'(N) < D*(N) < (d')(N). If additionally d € W,
then D*(N) S d'(N)In(N + 1), and if I; < 1 then D*(N) ~ d'(N).

(i1) If B is superdemocratic then d'(N) < D*(N) < (Zjvzl %)d’(N). If additionally
iy >0, then d'(N) < D*(N) < gy d(N).

Proof. (i) is direct from (6.1) and supy gn < 00, and for the second part, from (2.8)
and Corollary 2.6. In (ii) one uses d(N) ~ D(N) € W, in (6.1), together with
Proposition 2.5. O

We conclude with a new definition, which we find appropriate in this context.
Definition 6.4. We say that {e,, e’} has the property (D*) if D*(N) ~ d'(N).

We list various examples where this property holds (or fails).

(1) All bidemocratic bases (as in (1.10)) have the property (D*).

(2) All quasi-greedy bases with d € W, and I; < 1 have the property (D*), by
Corollary 6.3.1.

(3) Property (D*) may fail when I; = 1, even for greedy bases. Indeed, the
canonical system in the discrete Triebel-Lizorkin space fi, 1 < ¢ < oo, is a
greedy basis with d(N) ~ D(N) ~ N. However, using the duality between 7
and bmo,, one can show that D*(N) ~ [In(N + 1)]1/7",

(4) The canonical basis in 7 @ ¢? has the property (D*), for all 1 < p,q < co. In
fact, d(N) ~ N#"s, so d(N) ~ N#"# ~ D*(N).

(5) The trigonometric system in LP(T) has the property (D*) when 1 < p < oo; see
§8.3 below. However, this property fails for p = 1, since d'(N) = N/In(N +1),
but D*(N) ~ N.
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7. COROLLARIES IN SPECIAL CASES

In this section we investigate the growth of Tx(D, D*) when B is quasi-greedy,
superdemocratic, or has property (D*). In all these cases we show that Ly <
Tn(D,D*) < LyIn(N + 1), so the loss in Theorem 1.1 is at most logarithmic.

Lemma 7.1. Let {e,, €5}, be a complete s-biorthogonal system in X. Then

N .
Tn(D, D*) < Z jj“j . (7.1)

Proof. By Proposition 6.1, D*(N) < ZJ L dg;) =:n(N). Using D € W, and Lemma
2.14 it follows that

N
Tn(D,D*) < Twn(D,n) :Z

. /-\

K)
Q“Q>
uMz

g

Corollary 7.2. Let {e,,e:}>2, be a complete s-biorthogonal system in X. If B =
{e,}52, is superdemocratic, then

max { Ky, Ly, Ly, g, 3, L, Ly} S Tw(D, D*) S gn In(N +1). (7.2)
In particular,
Ly <Tn(D,D*) S<Lyln(N+1), N=1,2,... (7.3)
Finally, if i, > 0 then, Ty ~ Ly ~ Ly ~ Ky ~ gy.
Proof. Call Cy :=supy uy < 0o. Then (7.1) gives

N
Tiv( 2.5
The results now follow easily from Theorem 1.1 and the known lower bounds Ly >

Ly > g% and L* 2 max{gn,un}; see e.g. [2, Prop 1.1]. Apply Proposition 2. 5 to
(7.4) in order to handle the case of i, > 0. O

=1

N1+ N). (7.4)

Remark 7.3. From (7.2) we see that, for superdemocratic bases,
Ky S gy In(N +1), (7.5)

that is, Ky/gny cannot grow arbitrarily. This was known for quasi-greedy bases [6,
Lemma 8.2], but seems to be unnoticed for general superdemocratic bases.

Remark 7.4. Remark 4.6 in [7] provides an example of a superdemocratic basis
with 4, > 0, which is neither quasi-greedy nor bidemocratic. Our result implies the

asymptotically optimal bound Ly ~ Ly =~ Ky =~ gu.

Corollary 7.5. Let {e,, e}, be a complete s-biorthogonal system in X. Assume
that either B = {e,}° is quasi-greedy, or {e,,e}}>° | has the property (D*). Then

max {KNa f‘N? LN7 g}kV7 H’*N? E*N’ L}k\f} S TN(D’ D*) 5 KN IH(N + 1) (76>
In particular, (7.3) holds, and moreover,

py <Ly <Ly Spvln(N+1), N=1,2,... (7.7)
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Finally, if i, > 0, then Ly ~ Ly = pin.
Proof. (i) If Cy = sup,»; g; < oo, then (7.1) gives

Tw(D, D*) i

r:

I < Copn(14+InN). (7.8)

The assertions now follow from Theorem 1.1 and the lower bounds in [2, Prop 1.1].

(ii) Assuming property (D*), and using that D* € W, one has

, "y D , : ,
D()ADG) < DG & DG)/d) < e GEN (7.9)
Thus, also in this case we deduce T (D, D*) < 2;\;1 ti/j < pn(l+InN). O

As a consequence we obtain a criterion for Tx (D, D*) < In(N + 1), which includes
in particular all greedy bases.

Corollary 7.6. Let {e,, e’} be a complete s-biorthogonal system in X. If B =
{e,}52, is almost greedy, or {e,, e}, is bidemocratic, then

max { Ky, Ly, L, g, 11, Liv, Ly } S Tw(D, D*) S In(N +1). (7.10)

Proof. This follows from (7.6), using py =~ 1. 0

We pose two questions.
Question 1: Characterize the systems {e,, e’} for which Ty (D, D*) < Ly In(N +1).
Question 2: Characterize the systems for which max{Ly, L%} < In(V +1).

Concerning Question 1, all the examples we have tested seem to satisfy this property.
Concerning Question 2, T’y (D, D*) < In(N + 1) gives a sufficient condition, but we
do not know whether it is necessary.

8. EXAMPLES

In this section we give explicit examples which illustrate the essential sharpness of
our previous results.

8.1. Example 1: The difference basis in ¢'. Let {e,}>°, denote the canonical
basis in /(N), and consider the system

X =€y, xn:en—en_l,n:2,3,... (81)

This is a monotone basis in X = ¢!, sometimes called the difference basis. Observe
that for finitely supported real scalars {b,}>° , one has

H S buxal = 37 b = bl (8.2)
n=1 n=1
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In particular, ||xi|| = 1 and |x.]] = 2 if n > 2. The dual system consists of the
(>-vectors X = > so for {¢,} € coo it holds that

mnm’

H Z X || = sup ‘ Z ¢l - (8.3)
n=1 ozl

The system {x*}> , is called the summing basis; see e.g. [22, p.20].
Lemma 8.1. For {x,,x}}:°, as above and N =1,2,3,..., we have
(i) d(N)=1 and D(N) =2N
(1) d&*(N)=1 and D*(N)=N.
Proof. For AC N, |A] = N and € € T = {£1}, if follows from (8.2) that

1< |[Leal = H 3 x| < 2w (8.4)

neA
Using again (8.2), it is easily seen that the right equality in (8.4) is attained by
testing with Zjvzl Xg;, while the left equality is attained with Z;VZI x;. This shows
the statements in (i). The statements in (ii) about the summing bases are similar
(and can also be found in [2, Example 5.1]). O

Proposition 8.2. The system {x,,x:}>°, satisfies Sx(D,D*) = Tn(D, D*) = 2N.
Moreover,

Ky=K},;=2N, Ly=Ly=1+4N, and Ly=1Lj=1+46N.
In particular, equalities are attained everywhere in Theorem 1.1.

Proof. From Lemma 8.1 we have
N

Tn(D.0%) = Y- PLAD(j) = 2 = T(D", D) = 5(D, D).

establishing the first assertion. Theorem 1.1 then implies
K4 <Ky <2N, Ly, Ly <1+4N, and Ly,Li <1+ 6N.

The equalities for Ky, i}‘v and L%, were shown in [2, Proposition 5.1]. We show here
that equalities are attained also for Ly and Ly. First consider

2N+1 3N
xr = g X; + E X2j -
j=1 j=2N+1

Then, oy (z) < H Z2N+1

o= Guall = HZX2a Y

J=2N+1

Therefore, Ly > ||z — Gyz||/dn(2z) > 4N + 1. Finally, consider

N N N N
r =X+ E X452 + E X45-1 — E X4j + E X45+41 -
J=1 Jj=1 Jj=1 J=1

> jm; Xa; we b
= ) ;-1 X2; we have

=4N +1.
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Taking Gyz = Zjvzl X4j—2 We obtain ||z — Gyz|| = 1+ 6N. On the other hand,

choosing y = 2 Zjvzl X4 € Y, we have

4AN+1
on(@) < le+yll = D x| =1
j=1
Thus, Ly > ||z — Gnz||/on(z) > 1+ 6N. O

8.2. Example 2: The Lindenstrauss basis and its dual. Let {e,}°°, denote the
canonical basis in /}(N), and consider the vectors

1 1
Xn:en—§e2n+1—§e2n+2, n:1,2,3,... (85)

The system £ = {x,}32, was introduced by J. Lindenstrauss in [21]. It is a basic
sequence of ¢!, hence a basis of a subspace D = span {£} in £*. To describe the dual
system we consider the following vectors in cy:

Yo=Y 27 ), n=123_.. (8.6)

§=0

where vp(n) = n and v,41(n) = L%HL J > 0 (with the convention e, = 0 if v < 0).
It is shown in [18, Example 2] that J = {y,}22, is a Schauder basis in ¢y with dual
vectors y; = X,. In particular, there exists some ¢ > 0 such that

cllylleo < sup |z, ) = llyllo < ylleo, v € co

l=llg1 =1
see e.g. [11, Exercise 6.12]. So we can identify D and ¢y with equivalent norms. We
summarize a few other properties of the biorthogonal pair {£, V}.

e [ is conditional in D, and D has no unconditional basis; [24, p. 454-457].
e L is a quasi-greedy basis in D, with supy~; [|Gn|| < 3; see [10].

e ) is not quasi-greedy in cy; see [10]. -

o Ky(L,D)~In(N+1),N=1,23,...;see' [12, §6].

Theorem 8.3. For the Lindenstrauss basis £ in D we have T (D, D*) ~ In(N + 1).
Moreover,
Ly~1, and Ly~Li~Li~Ky~gy~u~InN+1). (8.7)

Remark 8.4. The results for the system ) seem to be new. In fact, in this example,
Theorem 1.1 performs better than Theorems 1.2 and 1.3 from [2], which would only
yield the non-optimal bound Ly (Y, ¢p) < [In(N + 1)]2.

We only need upper estimates for D and D*, but we shall actually prove more.

Lemma 8.5. For the Lindenstrauss basis L in 1D we have the following
(i) d(N)~ N and D(N)=2N.
(ii)) d*(N) =~ 1 and D*(N) =~ In(N +1).

IThis is shown in [12] for the system {e, — (€2, + €2n41)/2}22,, but the same arguments, with
obvious modifications, work for the basis in (8.5).
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Proof. i) Let 1ca = ), o4 €nXn, With |[A| = N, e € T. Since ||x,|| = 2, one always
has [|[1ca]] < 2N. To see that this bound is attained consider

N N
1 1
X = E X3gn = E (egn — 5 €o.3n 41 — 5 €92.3n49 )
n=1 n=1

Since 2 - 3" + 2 < 3! one deduces that ||x|| = 2N. Hence D(N) = 2N.
We now give a lower estimate for d(N). Observe that

M M 2M+-2
| o], = ol 1bal + 3 [bu = gy 45 3 o
n=1 n=3 n=M+1

From here it easily follows that [[1calls > |A|/2, since for n € A we have |b, —

N/2 < d(N) < 2N. (8.8)
i1) Using (8.8) and gy < 3 in Proposition 6.1 yields
D*(N) < ClIn(N +1). (8.9)

The reverse inequality, D*(N) 2 In(N + 1) follows from

aN+1_p

N
| > vl =5 (8.10)
i=1 :
see (10) in [10]. To estimate d* we quote the equality (9) in [10],
2N+1_p
H S -yl =1 (8.11)
co

i=1

Since )Y is a Schauder basis, this actually implies that d*(/N) < 1. On the other hand,
given any A C N, if we set ng = min A, then

H Zgny71||00 2 Hyno”Co =1,
neA

which implies® d*(N) > 1. d
PROOF of Theorem 8.3: By Lemma 8.5 we have D(j) = 2j, and therefore,
Sx(D,D*) =Tn(D,D*) =2D*(N) =~ In(N + 1). (8.12)

Thus, Theorem 1.1 gives a logarithmic upper bound for all the quantities in (8.7).
Also, Ly ~ 1 is known from [10] (since £ is quasi-greedy and democratic).

For the lower bounds, first note that Ly 2 Ky 2 In(/N +1) was shown in [12, §6.1].
Lemma 8.5 also gives pf ~ In(N + 1). Finally, L%, > L% > g%, and the estimate
gy 2 In(N + 1) can easily be obtained from (8.10) and (8.11). O

2Slightly more elaborate computations actually lead to d(N)=N+1.
3Slightly more elaborate computations, using the definition of y,, in (8.6), actually give d (N) = 1,
and also D} (N) = logy(N + 1) if N 41 = 2".
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8.3. Example 3: The trigonometric system in L?(T?). Consider the system

T4 = {e*™**}, za in the Lebesgue space LP(T%),1 < p < oo, or in C(T¢) when

p = oco. Temlyakov proved in [26] that Ly ~ N 573!, Here we recover this result as

an application of Theorem 1.1 (at least if p # 2).

Proposition 8.6. For the system T in LP(T¢) with 1 < p < oo, p # 2, we have
Ty(D,D*)~Ly ~Ly~ Ky~ L} ~Lj ~ Nz 3], (8.13)

Proof. From the Hausdorff-Young inequality and elementary inclusions, it is straight-
forward to prove that
1

N2 < el < N2Y7, (8.14)
for all |[A| = N and € € Y. Thus,

D(N) < NzV# and D*(N) < Nz's,

’S\‘ -

;..
[

and therefore

N .|%,l‘
Tn(D,D") < Un(D,D*) = 3 ? j2 < N3

7j=1
with ¢, = 1/ ’% — 1|. This and Theorem 1.1 provide upper bounds for the constants
in (8.13). The lower bounds follow from gy 2 N'é_%‘; see [26, Remark 2]. O

Remark 8.7. When X = L? one of course has Ky = Ly = Ly = 1. Observe,
however, that D(j) = D*(j) = /j only gives Ty ~ In(N -+ 1). This loss is due to the
fact that, in Theorem 1.1, we only make use of the weak assumptions ¢*! « X s (%
rather than the full force of X = /2.

8.4. Example 4: A summing basis by blocks. This is a slight modification of
an example exhibited in [12, Proposition 7.1]. It again illustrates that Theorem 1.1
produces asymptotically optimal bounds, which cannot be obtained with the results
in [2]. Take any {w;}32, € W, say with w; = 1. Define a space X consisting of (real)
sequences = = (2,)5%, € ¢o such that

} < .

z|| = max ¢ ||2]|s, supsup — Ty

| {n|| >§N£(7‘§:
n<N

where A; = {27,...,27 + 25 — 1}, j = 1,2, ... By definition of the norm, the canonical

system B = {e, }°°, is a monotone basis in X, with |le,|| = ||e%|. = 1 for all n.

Proposition 8.8. In this example we have T n(D, D*) < 2wy, and therefore
Ky <2wy, Ly<1l+4wy, and Ly<1+6wy, N=12_... (815)
Moreover, all these quantities are bounded below by min{gy, g5} > wy-

PROOF: For any |A| = N and € € T we claim that
1 <||Lleall < |14l = max{l,sup e 1A ﬂA]} < 2wy. (8.16)
i J

Indeed, the last inequality is justified using the quasi-concavity of w as follows:
o if j >N, then%|AjﬂA| < %|A| :%NSWN
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e if j < N, then w—?|A»ﬂA| < ﬁ|A~| = 2w; < 2wy.
On the other hand, we have the trivial estimate ||1%,]« < |A|. Therefore, arguing
as in Corollary 5.4 we obtain Ty (D, D*) < 2wy, and therefore (8.15). We now show
the lower bound. Let x = Z?fo_l(—l)jeyvﬂ, which has support in Ay and ||z|| = 1.
Choosing Gyx = Zévz_ol €N 99, We see that

gy = [|Gyall =wy and  gp > ||(I = Gy)z| = wy. -

8.5. Example 5: An example of Konyagin and Temlyakov. We slightly gen-
eralize a construction in [19] of a quasi-greedy superdemocratic basis which is not
unconditional. For 1 < p < oo and 1 < r < oo, let KT(p,r) be the set of all
sequences X = {2, }°°, € ¢y with norm

<[l = max {|x[leor, [Ix[ls, } < oo

where

00 1/r
. *rl
|rxuw=<2<f/%j> ;) Cand xls, —sup\Z 2

j=1
The example in [19, §3.3] is the case KT'(2,2), while KT'(p,p),1 < p < oo, was later
considered in [12]. A trivial case corresponds to r = 1, for which K(p,1) = 71

We summarize the main results in the next theorem, where we write B = {e,}°,
for the standard canonical basis.

Theorem 8.9. Let 1 <r < oo.
(i) If 1 < p < oo then (KT(p, ), B) is quasi-greedy, bidemocratic and
Ly~Ly~Ky~[n(N+1)"Y" and Ly~Li~1. (8.17)
(ii) If p =1 then (KT(l, r),B) is superdemocratic and
Ly~ Ly~ Ly ~ Ly ~ Ky =~ gy ~ iy = [In(N + 1)]V"". (8.18)
We split the proof in various lemmas, starting with the computation of D and D*.

Lemma 8.10. If 1 < r < oo, the following holds for the space KT (p,r):

(i) If 1 < p < oo, then d(N) ~ D(N)~ NY? and d*(N)~ D*(N)~ N,

(i) If p=1, then d(N) ~ D(N)~ N, d*(N) =1 and D*(N) ~ [In(N + 1)]"/"".
In particular, (KT(p, r),B) 18 always superdemocratic, and is bidemocratic if p > 1.

PROOF: If |[A|= N and € € T, then

N N N
R
Ieall < 1l < max {3372} =D 7 <oNV7 (819)
7j=1 j=1 7=1
and
N

B =

ILeall = ITeallerr =Y (j

j=1

1
)T%]T Z Cp,T Nl/p’
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for some c,, > 0. This shows that d(N) ~ D(N) ~ N/? for all 1 < p < co. For the
assertion about the dual system, observe that if |x|| = 1, then

12,x)] < )zl < Zx;f

.’1],}/ N1/p if1<p<oo
i S Um0 itp1

A\
ES
M-
<
”3\‘1

(8.20)

So taking sup over ||x|| = 1 we obtain the asserted upper bounds for D*(N). For the
lower bound, using (8.19),

1Al = 124(Xea)/I1eall = N/(pN») = N+ /p. (8.21)

So, when 1 < p < oo we have already proved d*(N) ~ D*(N) ~ N'/?". When p = 1,
one can obtain d*(N) = 1 from (8.21) and

N

1.l = s [ S| <1
XI=+ n=1

Finally, setting €, = (—1)" and x = ZnNzl (_:b)n e,, we have ||x|| ~ [In(N + 1)]"/" and
therefore

1120yl = [ 3000 51/l = (v + 1))
This and (8.20) show that D*(N) ~ [In(N + 1)]'/"", and establish the lemma. O

The following proof is a variation of [19, §3.4].
Lemma 8.11. Let 1 <p < oo and 1 <r < oo. Then B is quasi greedy in KT (p,r).
Proof. Since the canonical basis is unconditional in /7" and KT(p,1) = (7! we may
assume that r > 1. Also, it suffices to show that ||Gyx|[y, < C |x||, for all Gy € Gy
and all N. Let x € KT'(p,7), A € G(x, N), @ = minjes zj and M, = (@)p > 1.
Then, for M < M, using that |z;| < « if j € A°, we obtain

M M M Ma

i Zj Zj 1
ZJW Zjl/p, - Zjl/p, §||x||bp+azm
Jj=1 j=1 j=1 =
JEA jeac
S llxll+ adzy” < (x|l (8.22)

For M > M,, we use (8.22) to obtain

M

@

Yo < | X s S| Y ) (629
J=1 j=1 My <j<M Ma<j<M
JEA JEA JEA Jen

N

-~

(1)
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To estimate (I), take a number ¢ such that max{1,p/r} < ¢ < p. Set s = rq/p > 1
(if = 0o, then s = 0o as well). By the Hardy-Littlewood rearragement inequality,

. N (pryplait/ail/d
z; (a5 )Plagt/agt/a
(1) < — <ol . —=
;(J+Ma)1/p ; (J + M)
) /s ) 1/ s’ 1/s'
1 gi/a 1
< qlre (jl/pmf)sp/q__ (—,) -
(; S ; (+ M)V ) g
1/s
o0 ‘S//q/ 1
_ J
< o' Px|| Ryt :
jzl (J+ Mo)s7 j
(1)

Finally, we estimate (/7) as follows:

,//q/ 1/5/ 1 1 1/5/
1y J°
(I1) < M'r (Z 7 ) —l—(Z #—.>

(7 7)s
j>My J P 1 J

J<Maq
< Mi/q’—l/p’ < (|||X|||/a)p(1/p—1/q)' (8.24)
Hence, using (8.24) in the estimate of ([),
() < o™ Pl e 772 et P = x| (8.25)

Thus (8.25), (8.23), and (8.22) show that |Gnx||s, S [|x][, establishing the result. [

Lemma 8.12. For 1 < p < 0o and 1 < r < oo, we have Ky 2 (In(N + 1))V, In
particular, B is not unconditional in KT (p,r) if r > 1.

Proof. Consider x = S2¥ CL%e  with N > 1. Then,

n=1 nl/P

N 1/r .
I = (S22, 2) & (v + ]
On the other hand, for the set A = {1,2,...,2N} N 2Z, with cardinality N, then,
[PAGON = [[Pa(e)lle, = S0 55 ~ (N +1).

Thus, Ky > [[Pa)[I/llxll 2 (N + 1)1 O

Lemma 8.13. For all 1 < r < oo, the space KT (1,r) satisfies gy = (In(N + 1))Y/"".
In particular, B is not quasi-greedy in KT'(1,r) if r > 1.

Proof. For fixed n > 1, consider

(1 1 1 11 1 1 1 1 1 1 0 >
" on? T onr 97y’ } ont1’ 2n+1}’ "on’ U gt 92n) 22”}7 >
2" elements 2”""1;1(:ments 22"elevments

Then ||x||5, = 1, and since the decreasing rearrangement of x is given by
(1 111111 1 1 0 >
’272747474’47"'7 227’1"”7 22”’ PR )

we also have [|x||p.r & [2510(2%;)’”]1/’” = [2n+ 1]V = ||x].
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Now, if N =142+ ... 42" =271 — 1, then
11 1 1
G :(1,0,...0,—,—,o,...,o,...,—,...,—),
w(x) 29 9n7 " on
and therefore ||Gy(x)[[s, = n+ 1. Hence, |[Gn(x)[| > n+ 1 = logy(N + 1), and we
conclude
> lGN I/l 2 (n+ 1DV & In(N + 1))V
O

PROOF of Theorem 8.9:

Assume first that 1 < p < oco. From Lemmas 8.10 and 8.11, B is quasi-greedy
and bidemocratic, so also B* must be quasi-greedy by [7, Theorem 5.4]. Thus, by
[7, Theorem 3.3], Ly ~ L% ~ 1, as asserted in (8.17). Also Ly ~ L% ~ Ky, by
[12, Theorem 1.1], and hence the lower bounds on the left side of (8.17) follow from
Lemma 8.12. We must give an upper bound for K. We shall use a direct argument,
based on the fact that KT'(p,r) < ¢7". Going back to (5.2) in the proof of Theorem
1.1, first notice that we can choose the sequence 1 (N) = Zjvzl 1/4'/7" because of
(8.19). Then, for |A| < N,

N N jl/p

1Pl < Y wam() =Y arl

— — 7

J J

N N
s NI 1\ 1/ y
< (=) (25)7 < Il by + 1

j=1 j=1

This gives Ky < [In(N + 1)]'/", and completes the proof when p > 1.

Assume now that p = 1. Since min{Ly, Ly, Ky} 2 gy and min{L}, Ly} > uy,
the lower bounds follow from Lemmas 8.10 and 8.13.

To establish the upper bounds we shall give a direct argument which avoids The-
orems 1.1, 1.2, 1.3, as X = KT(1,7) is only a quasi-Banach space*. As before, the
trivial embedding ¢* < KT(1,7) gives

|A]
[Pazll < [Pazlln = )«

1
-

(8.26)

|A| 14 1
< [y (Z;) S llall [In(Al+ 1)),

Jj=1

from which one derives Ky < [In(V + 1)] To obtain an upper bound for Ly, using
the notation and the arguments following (5 5), one has

|B\L| [T\ B
II = ||Ppr(z)| S ||PB\F Hgl = Z a;(PB\F(fL')) < Z a;(z — 2).
J=1 Jj=1

So using again (8.26) one obtains

1
-

I <z — 2| [ln(N+ 1)]T

“We thank an anonymous referee for pointing out this fact.
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From these expressions, the arguments in (5.5) and (5.6) lead to

1

o — Gnall < Jlz — 2| [ln(N + 1)] 7,
and hence Ly <

< (In(N + 1))Y"". Finally, a bound for L can be obtained similarly
as follows. If x € X*, we use the expression for the dual norm

I = \HPB\F(w)\H*ZMSWPIRPB\F(:U),ZD\
y =

Now, for fixed ||y| = 1, the Hardy-Littlewood inequality ([4, Theorem 2.2, Chapter
2]) and the reasoning following (5.6) give

|B\L'| T\ B]
[(Pevr(z),y)| < Z ol (Ppyr(2))y; < Z a;(r — 2)y;
j=1 j=1
00 1 I\B| Nt
< [Xuy (Y ae-at)
i=1 i=1

1
S Myl = zllee [In(N + 1))

~Y

Since KT'(1,r)* < (> we obtain

1
IT'S flz =zl [In(N +1)] 7,
and conclude that )
|z — Gzl S llz — 2]l [In(N +1)] .

Thus, we have also shown L% < (In(N +1))Y/™ and completed the proof of Theorem

8.9.
(|
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