LEBESGUE INEQUALITIES FOR CHEBYSHEV THRESHOLDING GREEDY
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ABSTRACT. We establish estimates for the Lebesgue parameters of the Chebyshev Weak
Thresholding Greedy Algorithm in the case of general bases in Banach spaces. These gen-
eralize and slightly improve earlier results in [10], and are complemented with examples
showing the optimality of the bounds. Our results also clarify certain bounds recently
announced in [19]], and answer some questions left open in that paper.

1. INTRODUCTION

Let X be a Banach space over K =R or C, let X* be its dual space, and consider a system

{en, e} | C X x X* with the following properties:
a) 0 <infu{l|e,|[, [ley]|} < sup,{[lenll,[l€;]|} <o
b) e (ey) = Oy m, foralln,m > 1
¢) X =span{e,:n e N}
d) X* =span{e; :ne N} .

Under these conditions % = {e,} _, is called a seminormalized Markushevich basis
for X (or M-basis for short), with dual system {e;}>_,. Sometimes we shall consider the
following special cases

e) A is a Schauder basis if Kj, := supy ||Sy|| < oo, where Syx := YV | e} (x)e, is the
N-th partial sum operator

f) A is a Cesaro basis if supy ||[Fy|| < oo, where Fy := ILVZ;VZI S, is the N-th (C,1)-
Cesaro operator. In this case we use the constant

(1.1) B = max { sup||Fy||, sup||] — Fy||}.
N N

For the latter terminology, see e.g. [21, Def III.11.1]. With every x € X, we shall associate
the formal series x ~ Y~ , e;(x)e,, where a)-c) imply that lim,ej;(x) = 0. As usual, we
denote suppx = {n € N:e}(x) # 0}.

We recall standard notions about (weak) greedy algorithms; see e.g. the texts [23, 23]
for details and historical background. Fix r € (0, 1]. We say that A is a t-greedy set for x of
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order m, denoted A € G(x,m,t), if |A| = m and

1.2 in|e,(x)| >1- ()]
(12) min|e, (x)| > £-max e, (x)]

A t-greedy operator of order m is any mapping ¢!, : X — X which at each x € X takes the
form
Gr(x) =) e(x)e,, forsomeset A=A(x,9,)e€ G(x,m1).
neA

We write G/, for the set of all 7-greedy operators of order m. The approximation scheme
which assigns a sequence {¥,,(x)}>_, to each vector x € X is called a Weak Thresholding
Greedy Algorithm (WTGA), see [16, 24]. When ¢ = 1 one just says Thresholding Greedy
Algorithm (TGA), and drops the super-index ¢, that is 4} = 4, etc.

It is standard to quantify the efficiency of these algorithms, among all possible m-term
approximations, in terms of Lebesgue-type inequalities. That is, for each m = 1,2, ..., we
look for the smallest constant L/, such that

(1.3) x—9! ()| <L on(x), VxeX, V¥ G,

where

On(x) = inf{Hx— Y bueu| : baeK, |B|< m}

neB
We call the number L, the Lebesgue parameter associated with the WTGA, and we just
write L,, when t = 1. We refer to [25, Chapter 3] for a survey on such inequalities, and to
(12,10, 115, 6] for recent results. It is known that L!, = O(1) holds for a fixed 7 if and only
if it holds for all # € (0, 1], and if and only if 4 is unconditional and democratic; see [[15]]
and [23, Thm 1.39]. In this special case 4 is called a greedy basis.

In this paper we shall be interested in Chebyshev thresholding greedy algorithms. These
were introduced by Dilworth, Kalton and Kutzarova, see [8 §3], as an enhancement of the
TGA. Here, we use the weak version considered in [[10]. Namely, for fixed € (0, 1] we say
that €&, : X — X is a Chebyshev t-greedy operator of order m if for every x € X there is
aset A =A(x,€&) € G(x,m,t) such that supp €&’ (x) C A and moreover

lx— €& (x)|| = min { [x=Y anen| : ane K}
neA
Finally, we define the weak Chebyshevian Lebesgue parameter Lf,?’t as the smallest constant
such that
[x—e&! (x)|| <LMo,(x), VxeX, Ve&, G

where Gf,?” is the collection of all Chebyshev 7-greedy operators of order m. As before,
when ¢ = 1 we shall omit the index 7, that is LE" := Lt

When L' = O(1) the system 4 is called semi-greedy; see [8]. We remark that the first
author recently established that a Schauder basis % is semi-greedy if and only if is quasi-
greedy and democratic; see [3]].

In this paper we shall be interested in quantitative bounds of Lf;?’t in terms of the quasi-
greedy and democracy parameters of a general M-basis %. Earlier bounds were obtained
by Dilworth, Kutzarova and Oikhberg in [10] when % is a quasi-greedy basis, and very
recently, some improvements were also announced by C. Shao and P. Ye in [19, Theorem
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3.5]. Unfortunately, various arguments in the last paper seem not to be correct, so one of
our goals here is to give precise statements and proofs for the results in [[19]], and also settle
some of the questions which are left open there.

To state our results, we recall the definitions of the involved parameters. Given a finite
set A C N, we shall use the following standard notation for the indicator sums:

Iy=)Y e and lga=) &€, €€Y
neA neA
where Y is the set of all € = {¢,}, C K with |g,| = 1. Similarly, we write
Py(x) = Z e (x)e,.
neA
The relevant parameters for this paper are the following:
e Conditionality parameters:

kpy = sup ||Ps|| and &k, = sup ||[I—Py].
|A|<m Al<m
e Quasi-greedy parameters:
gm:=sup ||%| and g,:= sup 1%
4.€Gr,k<m 4. €Gy, k<m

Below we shall also use the variant
gmi= sup |¥9-9",

g <9
gEGk, k<m

where ¢’ < & means that A(x,9") C A(x,%¥) for all x; see [5].
e Super-democracy parameters:

~ ||18A|| ~d ”leAH
p= sup -——— and [, = sup —
1A= |B|<m | 1nB]| |A|=|B|<m, AnB=0 | 1nB|
lel=In|=1 le|=|n|=1

e Quasi-greedy parameters for constant coefficients (see [, (3.11)])

[ Les]

Y = sup .

T e Meal
BCA, |A|<m

Note that ¥, < gm < &n < 2gm, but in general ¥, may be much smaller than g,,; see e.g.
[5, §5.5]. Likewise, in §5 below we show that fi¥ may be much smaller than fi,,, except for
Schauder bases in which both quantities turn out to be equivalent; see Theorem [5.2]

Our first result is a general upper bound, which improves and extends [19, Theorem 2.4].
Theorem 1.1. Let % be an M-basis in X, and let & = sup,, ;||e; ||[|€;]|. Then,
(1.4) LM <14+ 1+ 8&m, YmeN, te(0,1).
Moreover, there exists a pair (X, B) where the equality is attained for all m and t.

The second result is a slight generalization of [10, Theorem 4.1], and gives a correct
version of [[19, Theorem 3.5].
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Theorem 1.2. Let 2 be an M-basis in X. Then, for allm > 1 and t € (0,1],

2 . . . .
(1.5) LM < oS 4 — min { gl YomGomfll }.

ch,t . .
Our next result concerns lower bounds for L,,,”, for which we need to introduce weaker

versions of the democracy parameters with an additional separation condition. For two
finite sets A,B C N and ¢ > 1, the notation A > ¢B will stand for minA > c¢max B.

e Given an integer ¢ > 2, we define

[Meall
]

(1.6)  Ope:= sup{ le|=In|=1, |A| = |B| <m with A > cBor B > CA}.

Theorem 1.3. If % is a Cesaro basis in X with constant B, then for every ¢ > 2

1 c—1
ch.t
Lm Z t'B_ZH-—lﬁm’c’ VmEN, r e (0,1]
We shall also establish, in Theorem [3.10] below, a similar lower bound valid for more
general M-bases (not necessarily of Cesaro type), in terms of a new parameter 6,, which is
invariant under rearrangements of %.

Remark 1.4. One may compare the bounds for L,ﬁ? above with those for L, given in [3]]
(D)L <1438m,  (2) Ly <kS,+&milm, and (3) L, > g,
which illustrate a slightly better behavior of the Chebishev TGA. Observe that one also has
the trivial inequalities
LM < LI <k L
Indeed, Lcmh’l < Lfn is direct by definition, while Lfn < k,%L%l’[ can be proved as follows: take

x € X and A = supp%/’ (x). Pick a Chebyshev greedy operator €&’ such that supp €&/, (x) =
A. Then

lx =L ()| = [[(1 = Pa)xx|| = [[(F = Pa) (x — €&, (x)) || < ki, [lx — €&}, (x)]],
so Lf, < kf;,Lf,?”. Hence, when 4 is unconditional then L!, ~ LM However for all condi-
tional quasi-greedy and democratic bases we have LS = O(1), but L, — oo.

The paper is organized as follows. Section[2]is devoted to preliminary lemmas. In Section
3| we prove Theorems [I.1] [I.2] and [I.3] and also establish the more general lower bound
in Theorem [3.10] giving various situations in which it applies. Section [4] is devoted to
examples illustrating the optimality of the results; in particular, an optimal bound of L for
the trigonometric system in L'(T), settling a question left open in [19]. In Section |5 we
investigate the equivalence between fi¢ and fi,, and show Theorem Finally, in Section
6 we study the convergence of €&,,(x) and ¥, (x) to x, pointing out the role of a strong
M-basis assumption for such results.

2. PRELIMINARY RESULTS

We recall some basic concepts and results that will be used later in the paper; see [8, 5].
For each o > 0 we define the a-truncation of a scalar y € K as

To(y) = asigny if |[y| > a, and Tu(y) =y if |y| <a.
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We extend T}, to an operator in X by formally assigning Ty (x) ~ Y~ Te(€};(x))e,, that is

To(x) 1= Olgp, (x) + (I = Prg(x) (%),

where Ag(x) = {n: |e;(x)| > a} and € = {sign(e};(x))}. Of course, this operator is well
defined since Ay (x) is a finite set. In [3] we can find the following result:

Lemma 2.1. [5, Lemma 2.5] For all &« > 0 and x € X, we have
1T ()]l < g, o141
We also need a well known property from [8}, 9], formulated as follows.
Lemma 2.2. [5, Lemma 2.3] If x € X and € = {sign (e} (x))}, then
@.1) minle;(5) [1eq | < gl VG € Glx.m, 1),
The following version of (2.1), valid even if G is not greedy, improves [10, Lemma 2.2].

>

Lemma 2.3. Let x € X and € = {sign (e};(x))}. Forevery setfinite A CN, if ¢ = minge4 |€)(x)
then

(2.2) o Leall < Yauag )| &lauaqg )Xl
where Ay (x) ={n: |e;(x)| > a}.
Proof. Call G =AU Agy(x), and notice that it is a greedy set for x. Then,

a[[1eal < a¥gllell < Yo &ja) X,
using (2.1) in the last step. O
Remark 2.4. The following is a variant of (2.2)) with a different constant
(2.3) min [e, (x)[ [[Teal| < kpay [lx]]-

neA

A similar proof as the one in Lemma|[2.3]can be seen in [4] Proposition 2.5].

Finally, we need the following elementary result, which follows directly from the con-
vexity of the norm; see e.g [25, p. 108] (or [5, Lemma 2.7] if K = C).

Lemma 2.5. For all finite sets A C N and scalars a, € K it holds
| X e

neA
3. PROOF OF THE MAIN RESULTS

3.1. Proof of Theorem u Let x € X and €&’ € Gﬁ?’t be a fixed Chebyshev 7-greedy
operator. Let A = A(x,€®8.,) € G(x,m,t). Pick any z =Y, cpb,e, such that |B| = m. By
definition of the Chebyshev operators,

lx = €&, ()| < llx = Panp ()| < [[Pgya ()| + [lx = Po(x)]|-
On the one hand, using (L.2),

i 1 ] 1
1Psa (ol < suplleall Y. [€5(0)] < —supllea]l ). [ef(x—2)] < —fmlx—z].
n JEB\A n JEA\B

On the other hand, using the inequality (3.9) of [3]],

[lx = Po(x)[| = |(1 = Pg) (x = 2) || < ki [lx — zf| < (1+ Rm)[x—2]].

< max fay| sup [ Leall.
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Hence, LS < 1+ (1+ %) £m. Finally, the fact that the equality in (1.4)) can be attained is

witnessed by Examples 4.1 and 4.2] below.

3.2. Proof of Theorem[I.2l The scheme of the proof follows the lines in [, Theorem 3.2]
and [10, Theorem 4.1], with some additional simplifications introduced in [3]].

Given x € X and €&, € Ga', let A = A(x,€&') € G(x,m,1). Pick any z = ¥,,cpbuen
such that |B| = m. By definition of the Chebyshev operators,

(3.1 [x—€&! x| < ||x—p|l, foranyp=Y,csanen.
We make the selection of p suggested in [8]. Namely, if & = max,¢4 |€},(x)], we let
p=Pi(x) — Py (Ta(x—2)).
It is easily verified that
X—p = (I—PA)(x—Ta(x—z)) +Tu(x—72)

(32) = PB\A(X_TOC<X_Z)) +Ta(X—Z).
Since Ag(x—z) ={n : |e}(x—z)| > a} C AUB, then Lemma 2.1| gives
(3.3) |Ta(x—2)|| < g5mllx—2ll-

Next we treat the first term in (3.2). Observe that max,cp\4 €, (x — To(x — 2))| < 20, so
Lemma[2.5] gives

[Poa(x—Ta(x—2))|| < 20 sup [[Lgp

le|l=1
(3.4) < 2 min e} (x—2z)| sup ||1gpa)|| = ().
Tt neA\B " le|=1
At this point we have two possible approaches. Let 1, = sign|e(x —z)]. In the first ap-
proach we pick a greedy set I' € G(x —z,|A \ B|, 1), and control (3.4) by

2 _ 2.
(3.5) (¥) < 7 fnnelyen(x—zﬂ m HlnFH < ;.umgme_ZHa
using Lemma [2.2]in the last step. In the second approach, we argue as follows
2 : * ~d 2 5. ~d
(3.6) (¥) <+ nfell‘l{lB\en(X—Z)! b || Ly avm) || < — Yom 8o i || =21,

using in the last step Lemma [2.3| and the fact that, if 6 = miny\ g |e;,(x — z)|, then the set
(A\B)U{n : |e;(x—z)| > 6} C AUB and hence has cardinality < 2m.
We can now combine the estimates displayed in (3.1)-(3.6) and obtain
2 .
lx— €&)x|| < [85,+ - min { Gmfim , VomGamfls Hllx =z,
which after taking the infimum over all z establishes Theorem[I.2] 0

Remark 3.1. In [19, Theorem 3.5] a stronger inequality is stated (for # = 1), namely
(3.7) L3 < 85+ 28mily

The proof, however, seems to contain a gap, and a missing factor &, should also appear in
the last summand. Nevertheless, it is still fair to ask whether the inequality (3.7/]) asserted in
[19] may be true with a different proof.
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Remark 3.2. Using Remark2.4]in place of Lemma[2.3]in above leads to an alternative
and slightly simpler estimate
2
(3.8) Lo < g5+ kil
However, this would not be as efficient as (I.3) when % is quasi-greedy and conditional.

Remark 3.3. When & is quasi-greedy with constant q = sup,, g, < ¢, then Theorem
implies the following

Lo < q+4 ' 1.
This is a slight improvement with respect to [[10, Theorem 4.1].

3.3. Proof of Theorem (1.3| Recall that Sy = Y, e}(-)e, and

1 Y N n—1, ,
Fy(x) = — Z Sn(x) = Z (1- )€y (x)en.
N n=1 n=1 N
For M > N we define the operators (of de la Vallée-Poussin type)
M N
V = —F — F
Vv (%) ) = ()
M
% n—N—-1, ,
(39) = Z en(x)en + Z (1 — M—N) en(x)en.
n=1 n=N+1 B
In particular, observe that, for 8 as in (I.1)) we have
M-+N
(3.10) max { Vvl I = Vil } < 5 B

We next prove that, if ¢ > 2, then for all A,B C N such that B > cA with |A| = |[B| < m it
holds

i o L e [leal

"B e+ 1 [yl

Pick any set C > B such that |[BUC| = m, and let
x=1egsa+tlyp+tlc.

Then BUC € G(x,m,t), and hence there is a Chebyshev z-greedy operator so that

x— €& (x) =1ea+ Z aney,,
neBUC

(3.11) Viel=|n|=1.

for some scalars a, € K. Clearly,
lx— €&}, (x)[| <L on(x) < LM |1y,

using z = 1g4 +t1¢c an m-term approximant. On the other hand, let N = maxA. Since
minBUC > ¢N, then (3.9) yields

VNycN(x — Q:@fnx) == ].gA.

Therefore, (3.10) implies that
[Vaon(x— €84 e 1

x— €& (x)]| > >
| @l Vel c+1)B

[Meal-

We have therefore proved (3.11).
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We next show that when |A| = |B| < m satisfy A > ¢B then
1 c—1 | Leall
3.12 L > ,
i "2 B e g
This together with (3.T1) is enough to establish Theorem [[.3] We shall actually show a
slightly stronger result:

Vel =[nl=1.

Lemma 3.4. Let |A| = |[B| < m and let y € X be such that |y|. := sup, |e;(y)| < 1 and
A > c¢(BUsuppy). Then

1 c—1 |[1g4]
3.13 | S — . Ylel=n|=1.
G139 2B T gy O

Observe that the case y = 0 in (3.13)) yields (3.12). We now show (3.13)). Pick a large
integer A > 1 and a set C > AA such that [BUC| = m. Let

As before, BUC € G(x,m,t), and hence for some Chebyshev 7-greedy operator we have

x—C8, (x) =lea+ty+ Y anen,
neBUC

for suitable scalars a, € K. Choosing 1¢4 +t1¢ as m-term approximant of x we see that
b — €63, (x)[| < L om(x) < LM t][1nz+yll.
On the other hand, calling N = max(BJsuppy) and L = maxA we have
(I — VN,CN) o VL,)LL (x — Qﬁ@ﬁnx) =1¢p

Thus,
|Leall S c—1 A—1

Wenl[IVeacll — (e+1)B (A +1)B

lx— €&, (x)]| = = [Meall-

Therefore we obtain

R I e S L

"B e 1A+ 1 [Is |
which letting A — oo yields (3.13). This completes the proof of Lemma and hence of
Theorem [L.3]

Remark 3.5. When 4 is a Schauder basis, a similar proof gives the following lower bound,
which is also obtained in [19, Theorem 2.2]

1 eal
Lhf > gy { gL
"= Kyt D P U Ly

The statement for Cesaro bases, however, will be needed for the applications in

A|=|B|=m,A>BorB>A, |s|:|n|:1}.

3.4. Lower bounds for general M-bases. Observe that

1 1
Ome = sup U:(A), where U.(A)= sup max{ H £AH,H nBH}
IA|<m B (Bl [Lnall" [[Leall
ener

We consider a new parameter
(3.14) Oy = sup inf O.(A).

‘A‘Sm c>1
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We remark that, unlike 9, ., the parameter 9, depends on {en};’f:1 but not on the reorder-
ings of the system. We shall give a lower bound for LM in terms of ¥, in a less restrictive
situation than the Cesaro basis assumption on {e,}, ;.

Given p > 1, we say that {e,}>_, is p-admissible if the following holds: for each finite
set A C N, there exists ny = no(A) such that, for all sets B with minB > ng and |B| < |A

>

(3.15) Y onen|| <p| Y, onen]|, Vo ek
neA ncAUB
Observe that (3.13) implies that
(3.16) Y onen|| <(p+1)]| ) ones|, Vo, eK
neB ncAUB

This condition is clearly satisfied by all Schauder and Cesaro bases (with p = Kj, or p > f3),
but we shall see below that it also holds in more general situations.

Proposition 3.6. Let {e,,e;}> | be an M-basis such that {e,}';_, is p-admissible. Then

(3.17) L > O , VmeN, re(0,1].

(p+1)t
Proof. Fix A C N such that |A| < m. Choose C disjoint with A such that |[A UC| = m. Let
no = no(AUC) as in the above definition, which we may assume larger than max A UC. Pick
any B with minB > ng and |B| = |A|, and any €,1 € Y. Let x = t1g4 +t1¢ + 15. Then
AUC € G(x,m,t), and there is a Chebyshev t-greedy operator with €&, (x) supported in
AUC. Thus,

e — €&}, ()] < Ly o(x) <Ly |

x—(Ing+11c) | = L 1| Leall.

On the other hand, using the property in (3.16) one obtains

HlnBH
x— ! > — .

Thus,

chy o 1 [[nsll

"7 (p Dt [eall
We now assume additionally that min B > ng + m, and pick D C [ng,no + m — 1] such that
|B| +|D| = m. Lety = 1g4 +t1yp+t1lp. Then BUD € G(y,m,t) and a similar reasoning
gives

| Py
“pL” < ly— €8, ()] < LM G(y) < LM ]| Lyl

Thus,

Lg?’t > 1 max{ ||1nB||, [Teall }7
(p+1)t [Leall” [yl
and taking the supremum over all |B| = |A| with B > (ng+m)A and all €,1 € Y, we see that
Lehr > ﬁno—l—m (A) inf.>1 O, (A)
"= (p+ )t T (p+1)t
Finally, a supremum over all |A| < m leads to (3.17). O
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We now give some general conditions in {e,, e}, }> , and X under which p-admissibility
holds. We recall a few standard definitions; see e.g. [13]. We use the notation [e,],ca =
span{e, },ca, for A C N. A sequence {e,}_, is weakly null if

lim x*(e,) =0, Vx*eX*.

n—soo

Given a subset Y C X*, we shall say that {e, }_, is Y-null if
lim y(e,) =0, VyeY.
n—o0

Given k € (0, 1], we say that a set Y C X* is k-norming whenever

sup  [x*(x)] > xlx], VxeX
x*ey ||x]|<1

We finally introduce a new abstract definition.

(o)

Definition 3.7. We say that a biorthogonal system {e,,e;}> | C X x X* satisfies the prop-
erty k), for some 0 < k < 1, if the sequence {||e;| e, };>_; C Xis Y-null, for some subset
Y C X* which is k-norming.

We remark that in every separable Banach space X there exists an M-basis {e,, e},

with the property Z?(1); see e.g. [21, Theorem III.8.5 Other examples are given in
Remark [3.9] below.

Proposition 3.8. Let {e,,e;}> | be a biorthogonal system in X x X* with the property
P (k). Then {e,};_, is p-admissible for every p > 1/x.

Proof. Let Y C X* be the k-norming set from Definition Consider a finite set A C N
with say |A| = m and denote

E .= [en]n€A~
Given € > 0, one can find a finite set S C Y N{x* € X* : ||x*|| =1} so that
(3.18) ma§|x*(e)| > (1—¢)xklle]|, Ve€cE.
x*e

Indeed, it suffices to verify the above inequality for e of norm 1. Pick an ek /2-net (z)Y_,
in the unit sphere of E. For any k find a norm one z; € Y so that |z} (z)| > (1 —&/2)k. We
claim that S = {z; : I <k < N} has the desired properties. To see this, pick a norm one
e € E, and find k with |le —z;|| < €x/2. Then

max|x"(e)| = [z(e)| = [z (2e)] — lle —zll = (1 —€/2)x —ex/2 = (1 - )k

Next, since the sequence {||e}||e,} is Y-null, for each 6 > 0 we can find an integer ny >
maxA so that

oK
max|x*(e,)] ;]| < =%, V> no.
Pick any B of cardinality m with minB > n, and let

G = [en]neB

IThe M-basis constructed in [21] satisfies that ¥ = [e}] e is 1-norming and sup,y ||e,]|||€}|| < . But
the latter easily implies that {||e}|| e, },>1 is Y-null.

n



LEBESGUE INEQUALITIES FOR CHEBYSHEV GREEDY ALGORITHMS 11
For f =Y ,cpe,(f)e, € G, we have
(.19) ma (1) < max T I e ;11 < 317
We claim that
ﬂ;j_% |le||, forany ecE, fe€G.

To show this, we fix ¥ > 0 (to be chosen later), and assume first that || f|| > (14 7)||e]|.
Then,

(3.20) le+ fIl >

le+f1I = [1£1] = llell = Tlell-
Next assume that || || < (1+7)||e]||, then using (3.18) and (3.19) we obtain that
lle+ f1l = max|x”(e + )| = (1 = &)xlle]l — ox[|f]| > (1 - &~ 6(1+7))xe].

We now choose 7 so that y = (1 — & — 6(1 + 7))k, that is,
(1—-e—-08)x
1+6x

which shows the claim in (3.20). Now, given p > 1/k, we may pick & = € sufficiently
small so that the above number ¥ > 1/p. Then, (3.20) becomes

)

1
le+f1 = 5 lef|, forany e € [en]nea [ € [en]nes;

for all B with minB > ng and |B| = |A| = m. Thus, {e,}’_, is p-admissible. O

Remark 3.9. We give some more examples where property & (k) holds.

(1) If the sequence {||e;||e,};_, is weakly null then &?(1) holds (since ¥ = X* is always
I-norming).

(2) If {e,};>_, is a Schauder basis then & (k) holds with k¥ = 1/K}; see [20, Theorems 1.3.1
and 1.12.2].

(3) Let X = C(K), where K is a compact Hausdorff set, and let u be a Radon probability

measure in K with suppu =K. Let {e,} ;_, be a complete system in X which is orthonormal
with respect to p and uniformly bounded, that is,

/ €.€,dll =0y, and  sup|e,]|e < 0.
K n

Then {e,}’;_, has the property & (1) in X = C(K). Indeed, the sequence {e, }7_, is Li(u)-
null in X, while ¥ = L;(u) is 1-norming in X (since the natural embedding of C(K) into
Lo () is isometric). Specific examples are the trigonometric system in C|[0, 1] (in the real
or complex case), as well as certain polygonal versions of the Walsh system (7, (17, 27], or
any reorderings of them (which may cease to be Cesaro bases).

(4) As a dual of the previous, if X = L!(u) then every system {e,}*_; as in (3) is weakly
null, and hence case (1) applies.

(5) If {e,, e}, is an M-basis such that

@(m) := sup H ZenH =o(m), as m— oo,
|A|l<m  neA
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then {e,} , is weakly null (and in particular, &?(1) holds). Indeed, first note that also
@(m) = sup{||1pal : |A| <m, |n| =1} = o(m). Assume that the system is not weakly null.
Then there exist a norm one x* € X* and & > 0 so that the set A ={n € N: |x*(e,)| > &}
is infinite. For every m > 1, pick a set F C A with |F| = m and let 1, = sign[x*(e,)]; then

G(m) = [1grll > (Y Men)| = ), [ (en)] = meo,

nel nel
contradicting our assumption.

Finally, as a consequence of Propositions [3.6|and [3.§ one obtains

Theorem 3.10. Let {e,,e;}> , be a seminormalized M-basis with the property & (K).
Then, if Oy, is as in (3.14), we have

Ky,

3.21 peht > 2 m
(3.21) m 2 ek

VmeN, tre(0,1].

4. EXAMPLES
The first two examples are variants of those in [S, §5.1] and [6, §8.1].

4.1. Example 4.1I; The summing basis. Let X be the closure of the set of all finite se-
quences a = (a,), € coo with the norm

m
Jall = sup| " a,
m p=1

The canonical system % = {e,} _, is a Schauder basis in X with K;, =1 and ||e,|| =1
for all n. Also, |lef|| =1, |le}|| =2ifn>2,50 R=21in Theore see [5) §5.1]. We now
show that, for this example of (X,.%), the bound of Theorem is sharp. As in [3} §5.1],
we consider the element:

111
X = <§a;7§7"‘7_ - _'_;_1717""_171707"‘>’
N—— ~——

,%) and m blocks of (—1,1). Picking A = {n:x, = —1}

~[—

where we have m blocks of (3,
as a r-greedy set of x, we see t

=
)
-

111 1111
—eol@l = min (G LA a0,
||.X Qz@m('x)n a,ilnll,n,mH<27[’2’ ’2’1"2 ) ay, L,az, 1,...,ay, 707
)(111 11110 )H +m_i_l
=0 )| =m+ —+ <.
- 2772777277272 t 2
On the other hand,
r+1
Onlx) < Hx—%(o,l,o, .0,1,0:0, )H
- H(1,—1,1,...,1,—1,1;1;—1,1,...,—1,1,0...>H:1.
2 2 2 2°2 2

Hence, L™ > 1+2(1+ 1Ym and we conclude that LM = 1+42(1+ Dym by Theorem
As a consequence, observe that in this case €&, (x) = 0.

Remark 4.1. The above example strengthens [[19, Theorem 2.4], where the authors are only
able to show that 1 44m <L < 14 6m.
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4.2. Example the difference basis. Let {e,}°_, be the canonical basis in ¢! (N) and
define the elements

yi=e,ypn=¢€ —¢€,_1,n=273 ..

The new system % = {y,};_, is called the difference basis of Zl We recall some basic
properties used in [6, §8.1]. If (b,), € coo then

| Z buynll = Z |bn — b .
n=1

n=1
Also, 4 is a monotone basis with |[y;|| =1, ||y,|| =2 if n > 2, and ||y;|| =1 for all n > 1
(in fact, the dual system corresponds to the summing basis). So, & = 2 and Theorem

gives Lo <1+ 2(1+ %)m for all ¢ € (0,1]. To show the equality we consider the vector
x =Y, b,y, with coefficients (b,) given by

(1,1,1, 1 ...,1,1,—%,1,0,...),
~"~ ~ v—’

where the block <1, 1,— ,1) is repeated m times. If we take I' = {2,6,....4m — 2} as a
t-greedy set for x of cardinality m, then

lx— €&, (x)[| = inf HX—ZGMJ 2|
(a])j 1 _]:1

.
= ot H(ll a1, — ,1,...,1—am,l,T,l,o,...)H

1 I
— inf 2Zya,\+2m( +)+1=2m(14 )+ 1.
(aj)]] j=1 t t

Hence, in this case we also have €&, (x) = 0. On the other hand

m
X) < e+ (1+1) Y yagl = 101, 1,1,1,1,..,1,1,1,1,0,..) | = 1.
j=1

This shows that Ly = 1+2(1+ 1)m

4.3. Example[4.3; the trigonometric system in L”(T). Consider % = {e"*},,cz in LP(T)
for 1 < p <o, and in C(T) if p = . In [22], Temlyakov showed that
coml? 3 <L,y <14 3mr 2,

for some ¢, > 0 and all 1 < p < . Adapting his argument, Shao and Ye have recently
established, in [19, Theorem 2.1], that for 1 < p < oo it also holds

4.1) L~ lp 3,

The case p =1 is left as an open question, and only the estimate \(ﬁ LCh < /mis given;
see [19, (2.24)]. Moreover, the proof of the case p = o seems to contain some gaps and
may not be complete.

Here, we shall give a short proof ensuring the validity of (@.T]) in the full range 1 < p < co,
with a reasoning similar to [S, §5.4]. More precisely, we shall prove the following.
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Proposition 4.2. Let 1 < p < oo. Then there exists ¢, > 0 such that

1_1
(4.2) LM > e, tmle 2 vmeN, re(0,1).

We remark that in the cases p = 1 and p = oo the trigonometric system is not a Schauder
basis, but it is a Cesaro basisﬂ So we may use the lower bounds in Theorem namely

ch,t r -1 HlEAH
4.3) L, > cpt sup sup sl
|A|=|B|<m |g‘:|n|:1 nb
A>2B or B>2A

e Case 1 < p <2. Assume that m =2/+1 or 2+ 2 (that is, { = LmT_]J) We choose
B={—/,...,0}, so that 15 = Dy is the ¢-th Dirichlet kernel, and hence

118 p = [[Dellzr () = m' .
Next we take a lacunary set A = {2/ : jo < j < jo+2¢}, so that
(4.4) 1allp ~ V/m,
and where jj is chosen such that 2J0 > m, and hence A > 2B. Then, @.3) implies

_ ml?

e Case 2 < p < . The same proof works in this case, just reversing the roles of A
and B.

e Case p = o. We replace the lacunary set by a Rudin-Shapiro polynomial of the
form

2L
R(x) = ™~ Y ee™, with g € {£1},

n=0
where L is such that 2 < m < 21 see e.g. [14, p. 33]. Then, R = 1.5 with
B=N+1{0,1,...,2F—1} and

1eplleo = [|IR]|=(T) = V/m.
If we pick N > 2.2 then B > 2A with A = {#1,...,+(2F — 1)}. Finally,
14l = 1Dr_1 = 1) = m.

So, (@.3) implies the desired bound.
e Case p = 1. We use the lower bound in Lemma [3.4] namely

114l
134y’
for all |A| = |B| < m and all y such that A > 2(BUsuppy) and sup, |e;(y)| < 1. As

before, let m = 2¢ 4+ 1 or 2¢ + 2, and choose the same sets A and B as in the case
1 < p <2. Next choose y so that the vector

(4.5) L > o !

Vo= IB-l-y

ZWe equip % with its natural ordering {1,e™, e, e?* ¢=2¥ . }.
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is a de la Vallée-Poussin kernel as in [14} p. 15]. Then, the Fourier coeffients €;(y)
have modulus < 1 and are supported in {n : ¢ < |n| <2¢+ 1}, so the condition
A >2(BJsuppy) holds if 2/0 > 2m + 1. Finally,

s+ ¥l = Vel ey <3,
so the bound L™ >t~ /m follows from @3).

11
Remark 4.3. Using the trivial upper bound Lﬁ?’t <L < ~mlv 2‘, we conclude that
11
L ~ =2 forall 1 < p < .
5. COMPARISON BETWEEN {i,, AND fi¢

In this section we compare the democracy constants fi,,, and ﬂ,ﬁ defined in §1 above. Let
us first note that

(5.1) 14 < fn < (B2
and
(5.2) 0 < iy < (14 2K) Ymftl,

where k¥ = 1 or 2 depending if K = R or C. Indeed, the left inequality in (5.1)) is immediate
by definition, and the right one follows from

[Lnall _ [Lnsll 1cll _ -
ln — ln 1 S (,Ui)2’
[eall Xl [[Leal

for any |A| = |B| < m and any C disjoint with A U B with |C| = |A| = |B|. Concerning the
right inequality in (5.2)), we use that if |A| = |B| < m then

[ Leall <Hle(A\B)HJrHle(AmB)H< eyl Me@annll

< < < Y 14 425,
[ 115 "yl 1l e "

using in the last step [5, Lemma 3.3]. From (5.2) we see that fi,, ~ fi’ when % is quasi-
greedy for constant coefficients.

In the next subsection we shall show that fi,,;, ~ ﬂffi for all Schauder bases, a result which
seems new in the literature.

5.1. Equivalence for Schauder bases. We begin with a simple observation.

Lemma S.1.
1
[Meal
Proof. Let |e|=|n|=1and |B| <|A| <mwithANB = 0. We must show that || 1] /|[1ea|| <
fid. Pick any set C disjoint with A U B such that |B| + |C| = |A|. We now use the elementary
inequality

B|<|A|<m, ANB=0, |¢e|=|n|= 1}-

X+

2
with x =155 and y = 1¢. Let n” € Y be such that n’|p = n|p and n’|c = £1, according to
the sign that reaches the maximum in (5.4). Then [[1yg| < [[1/uc)ll < fi|[1ea]|, and the
result follows. O

y XxX=y
(5:4) Il = |52 + 552 | < max{le+ vl ey}
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Theorem 5.2. If K}, is the basis constant and » = sup,, ||€}||||e,||, then
(5.5) fon < 2(Kp + 1) il + 5K,
Proof. Let |A| =|B| < m, and |e| = |n| = 1. Then
1 1 1
ILnsll el M@l
[Meall = [[Meal [Meal

Lemma implies 7 < fi. We now bound II. Pick an integer ng such that A; = {n €
A n<np}and A = A\ A satisfy

Al—1
|A1| = A2 (if |A] is even), or |A1|=%:|A2|—1 (if |A| is odd).
Then
ILyBrapll 1My ra) |
I <
[ Leall [ Leall
1 1
< (Kb+1)|| n(BﬁA1)||+Kb|| o)l _ I +1h,
[ Lea, || [Lea, |

using in the second line the basis constant bound for the denominator. Since |[BNA;| <
|A1| < |Az], we see that

I < (Kp+ 1)

On the other hand, picking any number n; € BNA», and using ||e;, [|[|1eal > |€;, (1ea)| =1,
we see that

115 Bras\ {m ) |

Ih < Kpy—— + K llen[llle, | < Kpfty, + Ky,
[Mea,
the last bound due to [BNA, \ {n; }| <|A2| —1 < |A;| and Lemma[5.1] Putting together the
previous bounds easily leads to (5.5). O

Remark 5.3. A similar argument shows the equivalence of the standard (unsigned) democ-
racy parameters

1 1
(5.6) Um = sup M and ;,L,f, = sup M

A1=18/<m (14l a=igi<m || 1all”
ANB=0

Indeed, in this case, the analog of (5.3)) takes the weaker form

15
(5.7) pd < sup 18l < Ky
s<ial<m || 1]l
ANB=0

Then, (5.7) and the same proof we gave for Theorem [5.2] (with 1 = & = 1) leads to

(5.8) M < 2(Kp + 1)Ky s + 52K
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5.2. An example where i, grows faster than [i¢. The following example also seems
to be new in the literature. As in (5.6)), we denote by i, ul the democracy parameters
corresponding to constant signs.

Theorem 5.4. There exists a Banach space X with an M-basis 9 such that

" limsup —— —co, Ve >0.

[52])? men [M5]778

lim sup
m—o0
Proof. Let Nyg = 1, and define recursively Ny = ZZNH , and N,Q = Ni+...+N;_;. Consider
the blocks of integers
Sk ={Np+1,...,N.+ N},

and denote the tail blocks by Ty = U;>¢41S;. Finally, let

mk:{(Gj)jegk : GjE{:i:l} and ZG]‘:O}.

JESk
We define a real Banach space X as the closure of cog with the norm
b sup Yol
sup B s Y Il

CTy ]ES
IS|=N

Il = max { x|, sup o sup [(Los,)
k>1 oe’ﬁk

where the weights oy and 3 are chosen as follows:

1 1
oy = Z_Nk_' = and K= ——.
logsz B \/Nk

O /Ny

N, =Ni+...+Ni_| <2Ny_| =2log,log, Ny and — = )
¢ 2 Br  logy Ny

Observe that

N/2
(logy Ni) \/log, log, Ny
Proof. Pick any A C Sy USy1 such that |[A| = Ny and [ANSk| = |ANSks1| = Ni/2. Then
N/2
log, Ny

Claim 1:  [iy, > un, > ,forall k > 1.

1l = 04 Ni /2 =

Next, pick B = S, so that |B| = |A| = Ny and
1] = max{ 1, 04-0, sup BN, } = Bi_1Ni—1 = /Ni_1 = \/log, log, Ny..

n<k—1

N/2
Then pv, = [1all/ Il = G e .
Claim 2:  pj <y < /N, forall k >2.

Proof. Let A,B be any pair of disjoint sets with |[A| = |B| < Ny, and let |¢| = |n| = 1. If
|A| = |B| < \/Ng, then the trivial bounds ||1¢4|| < |A| and || 15| > 1 give

1
H eAH < \/ﬁk
sl
So, it remains to consider the cases /Ny < |A| = |B| < N;. We split A into three parts
Ag=ANSy, AL =ANT,, A_ :Aﬂ[Slu...USk_l].
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Then, we have the following upper bound

Leal] < max{l, sup o, |A_|, o|Aol|, sup a,Ni, sup BNy, sup B, |A| }
n<k n>k n<k n>k

< maX{Nl; olAol; BelA| },
due to the elementary inequalities
Sup, 1 alA_| < [A_| <N,
SUp,,~x 0Ny = O 1 Ny = NkZ_Nk <1
sup, 1 BulNn = /Ni—1 < N1 <N,
sup, > BulA| = BrlAl.
Moreover, since Bi|A| < min{ BNy = /Ny, 04|A| }, we derive
(5.9) | 1eall < max{\/Ni,%|Ao|} and |[Tea|l < max{N;,oulA|}.
We now give a lower bound for ||1,p||. The key estimate will rely on the following

Lemma 5.5. Let By = BN Sy and B, = S \ Bo. Then

(5.10) sup [(1es,, 1ys,)| > min{|Bol, |B5|}-
oMy,

Proof. 1f |By| < Ni/2, then we may select any o € 91 such that o|p, = 1 (which is possible
since |Bfj| > |Bo|), which gives

| (Lo, Insy)| = |Bo| = min{[Bol, |Bp| }-
Assume now that |Bg| > Ni/2. Pick any S C By with |S| = |Bj| = Ny — |Bg|. Choose
v e {—1,1}%0 so that ¥;¢ Ni+ Yiepg Vi = 0. Choose 7 € {-1, 1}30\5 so that }icp\s 7 = 0.
Replacing 7 by —7, if necessary, we may assume that };cp\s7i7; > 0. Finally, define
o € My by setting

ols=nls, olgs =Vl Olpys=Tlsy\s-
Then,
[(Lose Ingy)| = Y n7+ Y. @i = |S| = |B| = min{|Bol, [Bj|}. O
icS i€By\S

From the lemma and the definition of the norm we see that
(5.11) 15| > max{ 1, omin{|Bo|,|BS|}, BilB.| }

We shall finally combine the estimates in (5.9) and (5.11)) to establish Claim 2. We distin-
guish two cases

Case 1: min{|By|, |By|} = |B§|. Then, since Ag C Bfj, we see that
0| Ao| < oy By| < [[1nall,
and therefore the first estimate in (5.9) gives

[Teall <maX{ka7H1nB”} < /M.

[1nsll — [1nsl -

Case 2: min{|By|, |Bj|} = |Bo|. Then, (5.11)) reduces to

Bo| + |B+| _
2

8] — B

55 > max { o|Bo|, Bi|B+| } > Br 5

Br

> Bk|B|/47
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since |B_| < N, < +/Ni/2 < |B|/2, if k > 2. Also, the second bound in reads
[Meall < onlAl,
since N, < \/Ni/log, Ny = 04/ Ny < 0y |A|, if k > 2. Thus
[ Leall < o |A| _ 40y _ 4/ Ny < \/ﬁk
sl = BelBl/4 B logyNi
This establishes Claim 2. U

From Claims 1 and 2 we now deduce that
€/2
‘LlNk > Nk /2 .

— > — oo,
[Nf\lzk]z_g (logy Ni)+/log, log, Ny

and therefore

- HN : HN
limsup = limsup — = oo, U
Noeo [HEIPTE N [AF]F

6. NORM CONVERGENCE OF €&/ x AND ¥/ x

In this section we search for conditions on % = {e, };_, under which it holds
(6.1) |x = €&, (x)[| -0, VxeX.

In [19, Theorem 1.1] this convergence is asserted for every basis in X. Here we investigate
whether (6.1)) may be true for a general M-basis, as defined in §1.

The solution to this question requires the notion of strong M-basis; see [21, Def 8.4]. We
say that Z is a strong M-basis if additionally to the conditions (a)-(d) in §1 it also holds
(6.2) span{e, tnca = {x eX : suppx C A}, VA CN.

Clearly, all Schauder or Cesaro bases (in some ordering) are strong M-bases; see e.g. [18]
for further examples. However, there exist M-bases which are not strong M-bases, see e.g.
[21} p. 244], or [1 lﬂ for seminormalized examples in Hilbert spaces.

Lemma 6.1. If % is an M-basis which is not a strong M-basis, then there exists an xy € X
such that, for all Chebyshev greedy operators €&,,,

(6.3) liminf ||xg — €&,,x0]| > 0.
m—»oo
Proof. If & is not a strong M-basis there exists some set A C N (necessarily infinite) and
some xo € X with suppxg C A such that
0= diSt(Xo, [en]A) > 0.
Since supp €8,,xg is always a subset of A, this implies (6.3). O

Remark 6.2. The above reasoning also implies that liminf,, ||xo — %,,x0|| > 0, for all greedy
operators ¥,,. In particular, if there exists a not strong M-basis with the quasi-greedy con-
dition

(6.4) Cyi= sup [|%n| < oo,

IneGm
meN

'We thank V. Kadets for kindly providing this reference.
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it will not occur that ¢,,x converges to x for all x € X. This observation suggests that in
the characterization of quasi-greedy biorthogonal systems given in [28, Theorem 1] one
may need to assume that & is a strong M-basis, or else clarify if this property could be a
consequence of

Here we show that under the strong M-basis assumption, the conclusions of [[19, Theorem
1.1] (and also of “3 = 1" in [28| Theorem 1]) hold.

Proposition 6.3. If B is a strong M-basis then, for all Chebyshev t-greedy operators €&,
(6.5) lim ||x— €&, x| =0, VxeX
m-—yoo

If additionally C, < e, then for all t-greedy operators ¥},
(6.6) lim [x—¥'x|| =0, VxeX.
Mm—yoo

Proof. Given x € X and € > 0, by (6.2)) there exists z =Y ,,cgbne, such that ||x —z|| < €, for
some finite set B C suppx. Let @ = min,cp |€};(x)| and

Ao ={n: le;(x)] > a}.
Since a > 0, this is a finite greedy set for x which contains B. Moreover, we claim that
(6.7) Agq CsuppC® x=:A, Vm>|Ayl.

Indeed, if this was not the case there would exist ng € Ag \ A, and since A is a t-greedy
set for x, then min,ca |€,(x)| > t|e; (x)| > ta. So, A C Asq, which is a contradiction since
m = |A| > |Aq|. Therefore, holds and hence

x—€& x| <[lx— Y buenll <&, Vm>|Awl.
neB

This establishes (6.5).

We now prove (6.6). As above, let z =Y, .pb,e, with B C suppx and ||x —z|| < €.
Performing if necessary a small perturbation in the b,,’s, we may assume that b, # e (x) for
all n € B. Let now

oy =minle,(x)|, op=minle;(x—z)|, and o =min{oy,0} > 0.
neB neBb

Consider the sets

Ao ={n: ley(x)| >ta} ={n: |e;(x—2)| >ra},
which for all € (0, 1] are greedy sets for both x and x — z, and contain B. We claim that,
(6.8)  ifm>|Ajq|and A :=supp¥’x, then Ay CA and A€ G(x—z,m,t).
The assertion A C A is proved exactly as in (6.7)). Next, we must show that

ifneA then lef(x—2z)| > t maxle (x—2z)| = t max|e;(x)|.
e (r—2)| > ¢ max (=) = ¢ max e (x)

2 After this manuscript was completed, this question has been considered and settled in [2, Corollary 3.2].
There it is shown that a complete seminormalized biorthogonal system with the property (6.4) is necessarily
a strong M-basis.
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This is clear if n € A\ B since e;(x —z) = €;(x), and A € G(x,m,t). On the other hand, if
n € B, then |ej;(x—z)| > o > a > maxgeac [€;(x)|, the last inequality due to Aq C A. Thus
(6.8) holds true, and therefore

Gu(x) 2=} e(x—2)en = G, (x—2),

neA

for some ¢!, € G!,. Thus,
19, (x) —xll = [T =F,) (x—2)| < A+l e,
and the result follows from sup,, |4}, || < (1+4C,/t)C,, by [10, Lemma 2.1].
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