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1. Introduction

An orthonormal wavelet is a function ¢ € L%(R) such that { Vik |JEZ, ke Z} isan
orthonormal basis for LZ(R), where

Yix(x) =217y (2fx - k) . jkeZ.

In this case we have the equality

f= (f¥¥ix (L1

Jj.keZ

foreach f € L%(R), where the series converges in the L%(R)-norm and (g.h) = fR gﬁ . There are
several extensions of these notions that have commanded considerable interest during the past decade.
If R is replaced by R", n-dimensional Euclidean space, the definition of the family { ¢;x | j €
Z, keZ'} is

¥jk(x) =217y (fo - k) : (1.2)

where j € Z and k = (ky, ..., k,) € Z". This is clearly a natural extension of the 1-dimensional
case since the dilations in (1.2) preserve the LZ(R")-norm of ¢ and the translations must involve
points in R”. The function ¥ is then said to be an orthonormal wavelet in L2(R") if the family defined
by (1.2) is an orthonormal basis for this space. It is well-known that many different kinds of wavelets
exist in L2(R). In the higher dimensional case, however, the situation is more complicated. If one
imposes some “relatively mild” conditions of smoothness and decrease at infinity on the Fourier
transform

i) = /R ywe™dx  EeR", (13)

it can be shown that a single function ¥ € L2(R") cannot generate an orthonormal basis by forming
the family defined in (1.2) when n > 2. In this case one needs at least L = 2” — 1 such generating
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functions 1, ¥2, ..., ¥l € LXR") (see [1, p. 215), [7, p. 3391, [9, p. 93]). We encounter,
therefore, orthonormal bases of the form Wf,k} ,where £ = 1,2,...,L, je€Z, k€ Z" with
L > 1. Such bases produce expansions of the form

L
=YY 3 (£vh) v (1.4)

=1 jeZ keZ"

forany f € L2(R™), where the multiple series converges in the norm of LE(R™. Recently, however,
several investigators have constructed examples of (single) wavelets in L2(R") (see [3, 11]). Thus,
the case L = 1 in (1.4) is realized in some cases. In general, when {wjl_k} is an orthonormal basis,

we call the family W = {¢'1, ..., w1} a family of orthonormal wavelets.

More general representations of functions in L2(R™), sharing the same dyadic dilation and
translation structure with these expansions, have been studied and effectively applied. Frazier and
Jawerth (see (4] and [5]) introduced expansions of the form

f= Z Z (£, ¢ix) ¥ix (1.5)

JEZ keZ"

where ¢k, ¥jx are defined by equality (1.2) and ¢ and v is an appropriate pair of functions in
L%(R™). The convergence of the series in (1.5) is, again, in the L%(R™)-norm. More general function
spaces and different types of convergence are of great interest; however, in this article we limit our
attention to the LZ2(R") case.

A feature of expansions of the form given by (1.5) is that one of the functions, ¢ , provides a
system of “analyzing” functions; that is, the needed information about f is obtained by calculating the
inner products (f, ¢; k). The other function, v, provides a “synthesizing” system which enables us
to reconstruct f from this information via the series in (1.5). We observe that this situation has much
in common with expansions involving frames and those associated with bi-orthogonal wavelets.

The purpose of this work is to characterize those pair of families ® = {¢!,..., #%} and
¥ ={y!l,..., ¢L}in L2(R") having the property that for each f € L2(R")

L
=Y 33 (reh) v (1.6)

=1 jeZ keZ™

where the convergence of the series on the right is in the norm of L2(R™) or in the weak sense. We
will show that equality (1.6) (or a variant of this representation of f) is, in a sense, equivalent to the
fact that the Fourier transforms {@!,...,¢*}, {¥!,..., ¥L} satisfy the following two equations:

L
GEDIIACITICLESE a.e.teR
i=1 jeZ
L 1.7
() @ =) > ¢ (21';) JL(2i(E+27q) =0, ae teR VgeO"

e=1j=0

where O" =Z" \ 2Z)" = {k = (k1, ..., k;) € Z" : atleast one component k; is odd}.
We do encounter the problem of determining the meaning of the series in these two equations.
It is easy to see that ¢4 is a well-defined function in LYR™):

/,R,. lq(®)] a8 < iifm |$£(2j§)l ll?f‘ (2 +2nq))l dt =

=1 j=0
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550 ool o e an= (£ 191, 191,) (£
(Sl <

On the other hand, the convergence of the series in (1.7)(i) requires a further assumption about
the two families ® and W. In order to explain this matter better, we first consider the case when
& = Y. In this case, the two equations (1.7)({) and (ii) have the form

@) ZZ'I]} (2f§)'2= , geteR

=iz (1.8)
@) &=y ¢ (21'5)1/75(21(“2”)):0, ge.teR", Vqe O

£=1 j=0

Since all the summands are non-negative, the convergence of the series in equation (i) is well-
defined ( if we include the possibility that the sum is infinity for some of the § ). Thus, in this case
the meaning of the series appearing in the two equations is clear.

These equations are very useful for the construction of wavelets as well as explicit, more
general solutions that lead to expansions of the form (1.1), (1.4), or (1.5) (see [8]). We shall also
see in the development below that a considerable amount of information is contained in these two
equations.

The following simple example of a function that satisfies the two equations illustrates some
important features of the general solution. Let us first consider the one-dimensional case for (1.8)
with L = 1. We choose a non-negative even function b supported in [—m, —Z] U [Z, 7] such that

2 2§ _ T
b2(E) + b (E)_l, ge[z,n]. 1.9)

It is easy to see that there exist C* functions b with these properties. We let ¥ be chosen so that
|¥| = b. Equation (1.8)(i) in this case is 2jez [¥8(278)]* = 1. Because of the assumption we
made about the support of b, this sum contains at most two non-zero terms and equality (1.9) shows
that (1.8)(#) is satisfied by ¥. The second equation, (1.8)(ii), is also clearly satisfied since the two
points, 2/ ¢ and 2/ (£ + 274), at which the products are evaluated, are at distance from each other
that is at least 2 (since j > 0 and q is odd) which is the diameter of the support of V.

Thus, it follows from the results that we shall prove that equality (1.1) is true for all f € L? (R)
when ¥ is chosen so that [1/7| = b. The family {y;+}, however, is not an orthonormal basis for
L2(R). First of all,

1 - 2 3
wig=o- [ [96)] g < mes ) 3

2r

since, as is the case for any function 1/} satisfying (1.8)(i), |1/}(£)| <1 a.e.; moreover, a simple
re-normalization cannot convert this system to an orthonormal basis. The discussion in the next
section will clarify this matter. It is also clear that a radial version of this example provides us with
a similar example in R"?, n > 1.

Let us now pass to the precise statement and proof of our principal result when the families
and ¥ coincide.
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2. The First Theorem

We begin by making some observations about expansions of the type we are considering in a
general Hilbert space H endowed with an inner product (-, -). Let £ = {e;} be a family of vectors in
H. For the sake of simplicity, we let j range through the natural numbers, N; however, our statements
apply when the indexing setis Z x Z" or {1, ..., L} x Z x Z".

Lemma 1.

Let £ = {ej} CH, j €N, then the following two properties are equivalent:

() 1P =(f, ) = T2, I(f, ¢))1* holds forall f € H

(ii) f= Z}’il(f, ej)ej, with convergence in H, forall f € H.

Moreover, if |lej|| > 1, forall j € N, (i) or (ii) is equivalent to the fact that £ is an orthonormal
basis of H.

The proof of this lemma is elementary and can be found in Chapter 7 of [8] (Theorems (1.7)
and (1.8)). A more general version of this result, involving two sets £ = {¢;} and F = {f;} in H,
is stated and proved in Section 4 (see Lemma 8). The following result is also proved in Chapter 7
of [8] (see Lemma (1.10)):

Lemma 2.
Suppose € = {ej} CH, j € N, is a family for which equality (i) of Lemma 1 holds for all f
belonging to a dense subset D C 'H, then this equality holds for all f € H.

Again, a more general version of Lemma 2, involving two systems £ and F, is stated and
proved in Section 4 (see Lemma 7). The following is our main result in case ¢ = ¥

Theorem 1.
Suppose W = {y!, w2, ..., ¥L} C LA4R"), then

g =53 (5 v @1

¢=1 jeZ keZ"

forall f € L2(R") if and only if the functions in ¥ satisfy (1.8)(i) and (ii).
Proof. Let us make a few observations before embarking on the proof of this theorem:

Remark 1.

Because of Lemma I we see that equality (2.1) forall f € L2(R™) is equivalent to equality (1.4)
for all f € L*(R™). Thus, Theorem 1 gives us the desired characterization of those families
W= {yl, w2, ..., ¥L} c L2R") for which (1.4) holds for all f € L*(R").

Remark 2.

The last sentence in Lemma 1 leads us to the characterization of all orthonormal wavelets
in L2R™): ¥ = {y!, ¥, ..., v’} is a family of orthonormal wavelets in L*(R") if and only
iflvile = ... = Wtz = 1 and this family satisfies (1.8)(i) and (ii) (since, in this case,
Ilwf‘kllz =Wt > 1foralle=1,...,L, j € Zandk € Z"). This characterization has been
obtained independently by Gripenberg [6] and Wang [12], in the case n = 1 (see [8] for an historical
account of this matter).

Remark 3.
Because of Lemma 2, it suffices to show that (1.8)(i) and (ii) imply that (2.1) holds for all f
belonging to a dense subset, D, of L2(R™). The dense subset we will choose in our proof is

D= [f e L*(R") | f € L™ (R") and supp f is a compact subset of R" \ {0}} . 2.2)
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Unless stated otherwise, therefore, from now on, all functions f that we shall consider will belong
toD.

A basic step in the proof of Theorem 1 is to decompose the series I on the right in (2.1) into
two sums so that

QrY*I=0h+1, 2.3)
where
=33 [ i@l [ites] e
t=1 jeZ
and

h= [ FOX X Fle+mrra) (277%) ot

pEZ QeO”

This is done by first applying the Plancherel theorem to the inner products (f, wﬁ x)» Which allows
us to obtain

(271,)2"

— . 2
f FEW2 8K gt
RII

|7 00| =27
[ (e T af

We used the fact that the Fourier transform of wﬁk is ﬁjfk(f) = 2-In2p (2 E)emiT/kE when
je€Z keZ £=1,.., L. Thus,

emy I = ZZ > o

=1 jeZ keZ"

vha|

= 2in

L7 () F@es d&)

The decomposition (2.3) will be obtained by first using a periodization argument that provides us
with the identity

> |[F (@) e
keZ" R
= ey [ FROre | T 7 (/6 +mn) G rmntd. @4
R meZ"
Multiplying both sides by 2/ and then summing over j € Z and £ = 1, ..., L we obtain a new

expression for /. In this last expression, we separate the terms with m = 0, obtaining Iy, and the
remaining terms, obtaining I;. Thus, we first establish (2.4); after this we manipulate the expression
involving the terms with m # 0 and obtain the equality that we need for the definition of /].

Let us fix £ and j and put F(§) = F{(§) = F(278)y¢(£). We remind the reader that f € D;
thus, F is compactly supported in R” \ {0} and belongs to L' (R") N L2(R™). Moreover,

L7 (@) Fr@etas = [ F@pedar = Feto. @.5)

Hence,

P> N RLCEar B Rl DL TS

meZ"
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where T is the n-torus, which we may identify with ['g E,....0)eR|0<E <2, £=1,.
The fact that F is compactly supported implies that the series Zmezn F(& + 27m) involves only
a finite number of terms. This, together with the 2 periodicity of ¥, justifies the interchange
of summation and integration (over T") that gives us the last equality. We see, therefore, that the
numbers (277)~" F(—k) are the Fourier coefficients of the periodic function ¥ pczn F (€ + 27rm),
which is in LZ(T") because the sum only involves a finite number of ms when § is in T". Thus, by
the Plancherel theorem for Fourier series,

an > FE+omm) | | Y FGE+2pn) | d§

meZ® peZ”

@n )" 2 IFH‘)|

keZ"

/Rn > F(&+2mr) | FE)dk.

meZ"

Again, the fact that F is compactly supported and the 2x-periodicity of the series justifies the
interchange of summation and integration (over T") that gives us the last equality. This last equality,
written in terms of f and ¥ by using the identity

F® Y FE+2mm) = £ (28)94®) Y. f(2/€ +2mm) 4 +2mm),

meZ”® meZ®

together with (2.5), gives us (2.4).
Thus,

=332 [ i@l o]

=1 jeZ

Py Y2 [ T840 | T 7 (216 +2mm) Fo + 2mm { .

=1 jeZ m#0

The first of these summands is Iy (after a change of variables 7 = 2/&). In order to justify the
manipulations that show that the second summand equals I, as defined immediately after (2.3}, we
shall prove the following:

Lemma 3.
For every f € D and y € L*(R™), then:

o [ |7 (26) 96| 2 |7 (276 + 2mm) g + 2mm)] df < oo
jez R’ m#A0

Remark 4.

In addition 1o allowing us to make all the changes in the order of summation and integration
that will give us the desired expresion for 1), this lemma shows that the sum of the squares of the
“coefficients” (f, lﬂ‘tk) (which we denoted by 1) is finite if and only if Iy < oo, for each f € D. By

varying f in D (for example letting f = xc, where C is a compact subset of R” \ {0}} we see that
Iy < oo if and only if Zl_l Z ez 127/ 8)\? is locally integrable in R™ \ {0} (that is, integrable
over each compact C C R"\ {0} ). This is, of course, clearly true when (1.8)(i) is valid. As we shall
see, this local integrability property will furnish us with an appropiate condition that guarantees the
convergence of the series (1.7)(i).

n).
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In order to establish Lemma 3 we observe that since
- N ~ 2 - 2
29®)1 ¢ +2mm)] < [F@)| + [ +2mm)]

it suffices to show that

[ A=

JE€Z m#0

fep| |f (e +omm)|t[p®| <o @6

(observe that the sum involving |1/7(§' + 2mu)|? reduces to (2.6) via the changes of variable 7 =
& +2mm). But (2.6) is an immediate consequence of the following:

Lemma 4. . X
Suppose 0 <a <b < o0, f € LY(R"), suppf < (€ : a < |§| < b} and § = diam(supp f),

HOEDY sz"

JE€Z m#0

then

(08)] |7 (e +2mm)| <o 7]

forae. & € R*, where C = (73;) (1 + log, g—)

Proof. If§ < 2/2m, then atmost one of the points 2/& and 2/£ +2/2mx liesinsupp #,since m
is a non-zero n-tuple with integer components. Thus, in the sum defining o (£§) we need only consider
. . [ . . . j() L . .
J = jo, where jy is the greatest integer satisfying 2/0 < 7~ We claim that the sum of the terms, in

n ~
the series defining o (§), that involves each such j does not exceed ( %) Ilf Ilgo. To see this, we first
observe that 2/%| £ (2/£)| | £ (27 (¢ +2mn))| < 2/ £||2,. We then observe that, for j and £ fixed, the

number of lattice points m # 0 for which f(2/ (£ +2mur)) 5 0is not larger than (1+ 2-;3),, To see
this suppose my is a lattice point such that f@ (§+2mgr)) # 0. Then, since § = diam(supp f), if
(27§ +2mm)) # 0, we must have § > |27 (¢ +2mzr) 27 (& +2mor)| = 2/jm — mg|2x. Thus,
m must lie within the sphere about mg of radius 2 T— This sphere is contained in the n-dimensional
“cube” of sidelength 2 T centered at mg. But the number of lattice points within this cube does not

exceed (1 + %Z“j )". Putting these estimates together we see that for j < jp

S essm)
m#0

§ AN\ S\ A2 38\™ | Ap2
(1 + —2-1) 2in f” (2/ + ) (210 + ) f“ < (——) “f”
14 o0 2 o0
Finally, we observe that for f (27£) to be non-zero we must have @ < 27|£} < b. Thus, j must
lie in the interval []0g2 %, log, lg_l] to produce a non-zero summand in the series defining o (§). But

there are at most 1 + log, aQ integers in this interval. Together with the last estimate, this gives us

b 31\"
o) < (1+log2 ;) (E) 8"

This completes the proof of Lemmas 3 and 4. O

A

f

"w

‘We now turn our attention to showing that I; has the form announced after equality (2.3). We
have shown that

Qr) I =
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10+ZL:221"’/

=1 jeZ R

nf(zfe)W(s)[Zf(zf(uzmn))v‘ﬂ@nmm . (2.7)

m#0

Ifm= (m,my,...,my) # (0,0,...,0) = 0, then there exists a unique non-negative integer r
such that m = 2"q with q € O". Since by Lemma 3 the integrand in the second summand of (2.7)
is absolutely convergent, the following equalities that allow us to isolate the terms involving £4(§)
are valid and the second term in (2.7) equals

ZL:Z_/R” }:-(_g—)'&g (2—j§) Z f (5 +2j2m7f) ¥t (277& + 2mn) d§ =

=1 jeZ m#0

L _

Y3 [ F@ut (i) ¥ F(s+22n2a) 3@ TE + 2n2a) ds =
e=t jez 'R r>0 qeon

> [ 76 X TS (2 (2708)) £ (5 + 2 na) T 0+ 2 -
£=1

qe0" r>0 jeZ

> fR F& X 39 (2 (2778) ¥4 (2 (278 +2m)) f (5 +272wq) dg

qeO” r>0 peZ

- fn?é? SO Y £ (6 +2P27a) 1 (2778) d

qeO" peZ

This proves (2.3). It is now clear that the “if” part of Theorem 1 is true. Indeed, if the system W
satisfies (1.8)(i) and (ii), then Iy = || f|*and I = 0. By (2.3) we then have

i}: ) '(f wﬁk)lz =1=02n)" o+ 1) = @2r)™"

¢=1 jeZ keZ®

A vo=usr2,

which is equality (2.1) for all f € D. By Lemma 2, we then can conclude that (2.1) holds for all
f € LAR).

We shall now prove the converse. Let us assume that (2.1) holds for all f € D. As we
explained in Remark 4, this implies that

(=2 Y5 (8)]
=1 jeZ

is locally integrable on R” \ {0}. Thus, almost every point in R" is a point of differentiability of the
integral of r. Let us choose such a & # 0; that is, if €2, is the volume of the unit ball in R”,

lim
50+ 2,487

f t(&)dEé =t (go) . (2.8)
E—ol<s
Letus fix 6 > O such that B5(§g) = {E D =&yl < 3} C R" \ {0} and choose f5 € D by letting

- 1
f5(8) = —'ﬁ X850y (E) -
n
Using the notation in (2.3), and adding the superscript & to denote the dependence on this choice of
fs, we have
Qe l=Qr P =18 +1¢.
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Thus, I = | 511 = @)™ f31I* = (27)™" and we have

1 / s
= (§)as+ 1},
Qnd™ Jps(t0) :

for every § small enough. From this we see that if we show that 1{5 tends to 0 as § — 0+, we have
(&) = 1 (by (2.8)) and equality (1.8)(i) is satisfied by the system W, since almost all points of R"

are such &gs.
Arguing as we did when we established Lemma 3, we see that |/} | is dominated by the sum

of two terms:

1

5 (29)] |5 (@& +2mm) | |94 2t

[yrye

e=1 jeZ m#0

and another term in which ll}e(E ) is replaced by x/?‘(g + 2myr) (which, after the change of variables
n = & +2mu, reduces to the first term). Letting ¥ denote any one of the L functions in W, it suffices
to show, therefore, that

= [T

J€Z m#0

5 (28)] |5 (276 + 2mm)| [F®0] et

tends to 0 as § — O+. The diameter of the support of ﬁ; is 28; hence, since m # 0 we must have
A (21'5) £ (21'(5 + 2m7r)) =0

if2d > % Let jo be the largest integer such that 2/ < %; then we need only consider j < jg in
the sum defining If‘n . Also, if fg(2j5) # 0, we must have [2/§ — £;] < § and this, in turn, implies
[Egl =8 < 2/|&|. Since Bs(£) C R™ \ {0}, we must have |Egl — & > 0 as well. Hence,

1612277 ([go| - 8) 2 27 (80| - 8) = X ([go| - 8) > 0.
Thus, applying Lemma 4 to f;, with a = [£y| — 8, b = |£y| + 8, we have

J5E <

- 2
/ os(®) [F®)] a8 <
lE12 (o~}
3\" [§0|+5> . 2/
— 1 +log, ——— |} (26)"
(27r) < B2 |§0] -4 ( f‘s"w IE1> (1ol -8)§

/3" l&o| + 8
Q! (-—) <1+Iog /
"A\nm el =38/ Jerazol-nz

It is clear that this last expression tends to O as § — 0+. We can conclude, therefore, that equal-
ityA (1.8)(i) is satisfied by W. This also shows that I = 0 for all f € D since Iy must, then, equal
I £1? = @m)" | f)1? and, thus, | FI2 = I = 27) "I + 1)) = | 11> + 7)~"1. That s,

0=1l=/Rnf‘(_§)Z > f(e+2P2mq)tg (2778) dk

pEZ qeO"

” 2
b®| dt <

- 2
v | as.

for all f € D. An application of the polarization identity then gives us

/R O 2 +272mq)1 (2778) dE =0 2.9)

pEZ qeO"
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forall f,g € D.

Let us fix go € O" and choose a point & of differentiability of the integral of 1, such that
§0 #0 # §;+2nqp. Since tg, € L1 (R") (see the argument that follows (1.7) almost all points of
R" have these properties. We need only consider § > 0 sufficiently small so that both Bs(§() and
B;s(&g + 2mqg) lie within R" \ {0}. Let f; and g5 in D be functions such that

1 1
f5(&) = Wi XBs(go)(€) and gs(§) = Womii X Bs (Eo+27q0) (€) -

(observe that 35(&) = f5(§ — 27qp)). Then

1
fa(’s’)ga ¢t +2nq) = WL ——— XB;(t0)(§)

and this allows us to write (2.9) in the form

1 - _
0=55 f 19,(§) d§ + z : / fs(8)8s (§ +2P2mq) 1q (27PE) d&
Qn8" JBy(0) R"
(p.q)eZx o
(p.9#(0.qp)

1
" |Bs(§0)| JBscen

In order to show that equality (1.8)(ii) is satisfied at £; (and, thus, a.e.) it suffices to prove
that limg_,o4 J5 = 0. We therefore examine the sum defining J; more closely.

If f:s(s)éa(é +2P2mq) # 0, we must have |§ — &3] < & and |Eg + 2w qo — & — 2P2nq| < 6.
Thus,

too (€) dE + Js .

1 ]
lao —27q| = 5— |(§0 +27q0) = (§ + 2727 q) + (§ — &) | < - (2.10)

Since we are interested in lims_.o4+ J;5 we can assume % < 1. If p > 0 we must have |qp — 27q] >
1> % since qg € O". If p = 0 we must have |qo —2°q| = |qo —q| = 1 > % when qg # q.
Finally, if p < 0 we must have |qo — 27q| = 27|27 Pqo —q| > 2P since q € O". Hence, if jy is the
largest integer such that 20 < ;‘f—, we have jy < 0 and

=YY / Fi®)2s (& +2727q) 1g (277E) dE .
P<jo qeO"
Making the change of variables 7 = 27P§ we obtain
sl < 32 3 27 f |75 @7n)] |25 22 (n + 279)] [rgm)]
pP<joqeo”

Since

2|q(®] = Z]w (2”'§)l +Z]¢ (2"'(5+27rq))‘

£=1 {m=>0

we can reduce our problem to estimating

=3 2P"f |7 (278)] |25 (27 & + 270))] [Zlvf‘ 2”‘8)!

p<joqeO”
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and an analogous term, J2, in which £(2™§) is replaced by ¥¢(2™(§ + 2nq)) (this is the same
argument we used prior to our introduction of / f ’ n). Once we have shown that lims_,0+ J. 51 =0,it
will be easy to see how we can modify the argument to obtain lims_, o+ J, 52 =0.J 51 (and J 52) depends
on ¢; we do not indicate this dependence in the sequel because there are only a finite number of these
terms.

LetT(§) = 3 >0
applies here to show T € L!(R"). Furthermore, since ’Bg (50),1/ 2 f:s = XB;(%)(E) we have
=YY =] 1) |25 (27(& +279))] df .
p<jo qeO" V8" Jrg—goi<s

If 85 (2P (§ +2mq)) # 0 we must have |27 (& +2wq) — (§¢+27qo)| < 4 and this inequality, together
with |12P§ — £4| < 8, implies (as in the case (2.10))

N 2
Al Vil )‘ . The argument in the first section that showed that ¢y € L LRr™

1 $
lao —27q| = o 27 +27q) —~ (fo + 27q0) + (5o —278)| < . 1D

Inourcase p < jo < O; hence, from (2.11) we have [2~Pqg —q| < £-¢ *$ and 2~Pqq is a lattice point.
The number of lattice points q satisfying this inequality cannot exceed ( + 2_}&) since they must

lie within the n-dimensional cube centered at 27Pqg of side length at most 2228 Conse uently,
q b4 q

o las@PE+2rg)| < (1 + —_35) 1250

qeon

Using this estimate together with [|#s(lco = J—Q‘L”a—ﬁ in the above expression for J, 51 we obtain

28 1
Jl < 2P + — ) [ T&)d
b= Z( ) Qnd8" Jprg—gyl<s ©ds

pZJo

28 1
2/0 4 / Té&)d
Z ( N) Qn8" Ji2re—to)<s @4

P=io

3\* 1
— —_ T(&)d§& .
Z (”> 2, [2p5-50|<5 ®)dt

P=Uo

But, {£:|2P8 — o <8} C [£:27P(16o = 8) < |E] < 27P(1&ol +8)} = Ap. IF 38 < |£gl the
sets A,, p = jo, jo— 1, jo—2,..., are mutually disjoint. Thus,

L L(3Y Ve
ios g (N) E fA T = o (ﬂ) [ o

1 3\" 1 3\"
< —(—) f | T(&)d’&f—(—) / T(§)dt .
Q, \7 2700 (|&pl—8) <&} Qp §(|501—5)<151

But the last integral tends to 0 as & — O+ since T € LI(R"). Thus, J; — Oasé — O+. As
mentioned before, a similar argument shows lims_, o4 Jg' = 0. In fact, the change of variables
7 = & 4+ 2mq in the integrals defining J 52 convert this quantity to, essentially, J 81 except that the roles
of fs and g; are interchanged. Because of this we can let the point & + 2 qq play the role of &5 in
the argument we just gave in order to show that lims—_, ¢+ J. 52 = (. We thus obtain the desired result
lims 0+ Js = O and, therefore, Equation (1.8)(ii) is satisfied by the system W almost everywhere.
This establishes Theorem 1. O

1A

IA
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3. The Second Theorem

We now consider the case when the “analyzing” family ¢ = (¢!, #2, ..., ¢L} differs from
the “synthesizing” system W = {y!, ¥2, ..., ¥*}. As indicated in the first section, the result we
shall establish “essentially” asserts that Equatxon (1.6) is satisfied for all f € L*R™) if and only if
Equations (1.7)(i) and (ii) are satisfied a.e. by ® and W. There are some basic differences between
the general case, however, and the one we just presented in Section 2. The local integrability in
R”" \ {0} of the expressions Z eZ [t (27€)|?, first discussed in Remark 4, played an important
role in our arguments and arose in a natural way from our arguments. We did not, however, need
to assume this property for the system ¥ when we announced Theorem 1, the principal result in
Section 2. If we do assume that this property holds for both systems ¢ and W, the proof that the two
equations (1.7)({) and (ii) are equivalent to the equality

112y = ZZZ(f«P o) (Vi 7) 3.1)

=1 jeZ keZ"

for all f € D is essentially the same as the proof we presented for Theorem 1. We will be more
precise about this below. From this we do obtain a “weak version” of the representation (1.6) for all
such f. This is a consequence of the fact that, by polarization, (3.1) implies

(f.8) = ZZZ (7. ¢4) (Ve 2) (.2)

€=1 jeZ keZ"

for all f and g in D. We cannot, however, establish the L2(R")-convergence of the series (1.6).
If we do not make the local integrability assumptions for each of the two series

Z’W(zf';)r and Zl&f(zfg)r, £=12,...,L (3.3)
jeZ jeZ

we can still establish the equivalence of (1.7) and some form of (3.1). We will present the arguments
for this result in the fourth section. It is also clear from our presentation that the case L > 1 offers
no more complications than the case L = 1; hence, we will not use the upper index £ from now on.
‘We begin by presenting an example that illustrates some of the assertions we have made. Let
I = {27, —m) U (r, 2] and 6 be the function satlsfymg 6 = x; . Thus, 8 is the Shannon
orthonormal wavelet (see [8]). We then define ¢ by 1/1(&‘) 6Qk) = x[_,,._%)u(%,,,](s ) or,
equivalently, by ¥ (x) = 2716(271x). Let ¢ be the scaling function associated with the Shannon
wavelet; that is, ¢ = X{—n.x] -
Proposition 1.
The pair (¢, V) satisfy equalities (1.7)(i) and (ii); that is,

) Zq&(zf.g) (2iE) =1 forall £#0,

JEZ

oo
(i) &)=Y 62 E) Y@ E+2n9)=0 forae§ecR Vge2Z+1.
m=0
Proof. Since supp 1/7 C supp¢3 we have 43:; = 1/7 (because 1/} = X1 is real-valued) and (i)

is an immediate consequence of the fact that {2/}, j € Z, is partition of R \ {0}. Equality (ii)
follows from the fact that the supports of é and 1/} (-+2mq) aredisjoint (except for a set of Lebesgue
measure zero) since ¢ is an odd integer and, thus, |g| > 1. d
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Proposition 2.
{«/51/;1-_25] and [ﬁ‘l/fj‘ze.;.]} , J, £ € 2, are, each, an orthonormal basis for L*(R).

Proof. The identity ~/2 ¥j.2¢ = 6j-1.¢, j, £ € Z, and the fact that  is an orthonormal wavelet
show that l«/i 1//,-,25] , J» £ € Z, is an orthonormal basis for L3(R).

To see that the family [«/5 1//j,2e+1} , j,£ € Z, is an orthonormal family, we first observe
that, since ¥ satisfies (1.8)(i) and (ii)!, equality (2.1) is true for all f € L%(R); that is,
2 2
W agy = D 2 (f v5) (3.4)

jeZ keZ

for all f € L2(R). Breaking up the sum on the right into even and odd ks, and using the fact that
{ﬁ 1//_,“2[} J, £ € Z is an orthonormal basis we obtain, by (3.4),

I = {20 +1( vraenn) )

JEZ Lel

1
S W2+ 30 S 1A )

JjeZ LeZ

It

Hence,

1.2 = X (7 V3 v )| (3.5)

jeZ teZ

forall f € L2(R). Since [[ﬁlllj.zg.‘).l | =1 forall j, ¢ € z, it follows from Lemma I and (3.5) that
the system {«/5 1//,;254,1] , j, £ € z, is an orthonormal basis for L2(R). O

This example illustrates why the unconditional L?(R™)-convergence of the series (1.6) is not
true in general when the two equations in Proposition 1 are satisfied. Let us be more precise. We
continue using the functions ¢ and ¥ we just introduced. We observed that }_ ;.5 IO =1
forall £ € R\ {0} ; however, 3 ez |$(27€)|% = co forall £ € R (in particular this last sum does
not define a locally integrable function in R \ {0} ). Thus, we are in the situation described in (3.3)
and we shall show that a “weak version” of (1.6) is, indeed, true. The LZ(R)—convergence of the
series (1.6), however, is not unconditional. To see some of the difficulties we encounter in this case
let us choose a function f € Vj, the space generated by the integral translates of the scaling function
¢. In fact, let us choose f = ¢. Since Vg C V; for j > 0, we have

¢ = Z (9. 9j.k) Di

keZ

for each j > 0. Since {@;},z is an orthonormal basis for V;

912 = (¢, ¢1)|* 3.6)

keZ

1 The function ¥ we are considering now is a particular case of the class of functions y satisfying ]1}}! =b,
where b is as in (1.9). Proposition 2 clearly shows that a “simple re-normalization” cannot convert the system
{‘ﬁj,k} to an orthonormal basis, as we indicated at the end of Section 1.
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for j = 0.
Consider the series ) ;.7 (¢, #j4) ¥« for each j. Because of Proposition 2, this series is the
sum of two orthogonal expansions

v = (¢ diae) iae + Y (#: bj.2e41) Y2041

teZ teZ
and, from (3.6) we have
1 1
s H2 + | "2 =3 Z [(9. ¢j,2£)|2 + 3 Z (¢, ¢j,2£+1)|2
teZ teZ
I
= 3 flel

for each j > 0. Hence, for infinitely many j either |lu; % or |i vj I? exceeds %I]d)l]2 = }1. Thus, if,

say, |lu; % > % infinitely often, then

=2 lul’ =co

2 jz0

DD (8,950 Ve

Jj=0 tecZ

(since uj L uj if 0 < j < j'). Clearly, then, the series ZjeZ Zkez(qb, @;j k)V¥;j« cannot converge
unconditionally to ¢ in the L%(R)-norm.

We now turn our attention to the extension of Theorem 1 to the case of a pair ¢, ¥ of
“generating functions”. We first establish the following.

Theorem 2.
Suppose that ¢,y € L2(R™) are such that the functions defined by the series in (3.3) are
locally integrable in R" \ {0). Then ¢ and ¢ satisfy the equations

() Zés (ZjE) ¥ (2ig) =1, for aeteR",
JEZ
(i) 1qE)=) @ )V "¢ +27q) =0, for ae &eR", when qeO",
" X))
if and only if
2y =D D (£ ¢5x) (Vik, ) (3.8)
JEZ keZ"

for all f € D. The convergence of all these series is absolute and, thus, unconditional.

Since |(f, Y50 1@k /)] < 1(F %7001 + |(f, j1)1% , the decomposition (2.3) applied to
Y and ¢ separately (with f € D), and the observations made in Remark 4, give us the absolute
(and unconditional) convergence of the series appearing in Theorem 2 (we use, of course, the local
integrability of the series in (3.3)).

Proof. Let us now indicate which modifications in the argument we presented in Section 2 are
needed to provide a proof of this theorem. Here I denotes the sum on the right in (3.8). We begin
by establishing the analog of the decomposition (2.3):

@r)'lI=L+1, (3.9
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where
. Al 2, =
b= T2 [ @e)f seri@a
n 2 .y =
= infk 7@ 8 (278) T @g)as
and

FEe® Y f (2"(5 + 2kJr)) V(€ + 2kn) dt

L = sz"/

jez A__R k%0 (3.10)
= o F® DD fe+2n27q)1q (2778) d&
peZ qeon

where 24 is defined by (ii) in the statement of Theorem 2 and involves both ¢ and y.
The proof of the decomposition (3.9) follows the same line as the one we gave for (2.3). The
changes that are needed are obvious: the Plancherel theorem gives us the product

(L7 @) 7@ as) ([ 7 @)3een as)

instead of the absolute value squared of the first factor. This leads us to the introduction of the

function G;(§) = f(2/£)$(£) along with F;(&) = f(27£)(§) . We then “periodize” both F; and
G;j to obtain the equality

o™ Y ﬁj(k)c‘;j(k)=fm 3" Fig +2mm) ¢ GiE) db

keZ" meZ"

which leads us to the first expression for Iy in (3.10) (see the argument preceding Lemma 3).

In order to prove that I equals the second expression for /; in (3.10) we need to establish the
analogs of Lemmas 3 and 4. This last estimate, of course, does not involve the functions ¢ and v and
no change is needed. For the analog of Lemma 3 the problem can clearly be reduced to establishing
the inequality (2.6).

Having established the decomposition (3.9), it is then immediate that equalities (i) and (ii),
of Theorem 2 imply (3.8) for all f € D. We must, therefore, show that the converse is true. Again,
the argument we gave in Section 2 for the corresponding part in (2.1) applies here if we make some

simple and natural modifications. In (2.8) we now must choose 7(§) = ZjeZ <13(Zj ’;‘)1/}(21' §).
Then, the same choice of f5 € D and the inequality

N N o 2 n 2
2|7®] |86 +2mm)| < [F®)| + |$¢¢ +2mm)| "

leads us to the equality 1 = ﬁn% Say60 TV E+ 1}, where lims_,o4 I = 0. When £ is a point
of differentiability of the integral of T we obtain equality (i) in Theorem 2 at £3. As in Section 2,
this also gives us the equality (2.9) with 14(&) as defined in (ii) of Theorem 2. Again, we choose f;
and gs as before. The rest of proof given at the end of Section 2 applies here and this establishes

Theorem 2. O
4. Some Other Results

In the last section we obtained the equivalence between equality (3.8) and the two equations (i)
and (ii) announced in Theorem 2 provided the two series in (3.3) are locally integrable in R"\{0}. We
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also gave an example of two functions ¢, ¥ € L%(R) that satisfy (i) and (ii) but ) jeZ 1&(2}'5)?
is not locally integrable in R \ {0}. We left open the question of the validity of (3.8) in this case but
did observe that (1.6) cannot be interpreted in terms of unconditional convergence in L%(R) (which
clearly implies (3.8)). In this section we examine other interpretations of (3.8) and its connection
with equalities (i) and (ii) without assuming local integrability of the series in (3.3).

Let us first examine the convergence of the series in (3.8) when ¢ and ' are functions in
L2(R™). Toward this end we establish the following result:

Lemma 5.
Let J be a fixed integer, then the series

=S;(N=Y_ > (f¥ix) bk f)

j<J keZ”

converges absolutely for each f € D when ¢, ¥ € LZ(R").
Proof. By Schwarz’s inequality it suffices to show that
2
Y2 lA vl <00
j<J keZ®
for f € D. We argue as we did in the proof of the decomposition of (2.3) to obtain
Qo 3 Y |(f v P = Z/ F@| |0 (277%)[ e+
J=J keZ"

" 2 [ FEIIE Y 7 (26 +2mm) P + 2mm) d

j=<J m#0

Lemma 3 assures us that the second summand represents an absolutely convergent series that is
integrable. Moreover,

oo [ 17 ()] [P@)] X |F (& +2mm)| [56¢ +2mm] at < € < oo
i=J R oy

where C is independent of J. In order to estimate the first summand, we use the fact that f € D
and, thus, supp f lies in an annular region of the form {§ € R” |27Ln < 1| <2tx}. Hence, we
can estimate this first summand as follows:

L-—-1
fz_L"ﬁ“’:'SZL" If@)'z;w (2‘!‘§)|2 % = “f“;,; fen<|5|<ze+|,, Z' (2—15)1
VL EE L o 2 VL E

t=—Lj<] 28I m<inj

o] an

o | ol <o

1A

and Lemma 5 is proved. O

The double sum on the right of (3.8) corresponds to the expression 7 in Section 2. In analogy
with (2.3) we shall consider a similar decomposition for the partial sums S, of this double series:

@ry'S;=1 +1{.7JeZ, 4.1
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where

1§ —/ ‘f(&)' Z«t( "E)III(Z ig) dg

jsJ

and

=3 2" / FRIIO Y F (26 +2m) F(g +2km) s
Jj=J k50

The observations we made that showed how to obtain (3.9) and the first equality in (3.10) are
valid here and provide us with (4.1). The argument we made in the proof of Lemma 5 shows that
st J |¢3(2‘j £)| |1/7(2‘f &)| is locally integrable in R" \ {0}. Hence, 101 is well-defined for each
f € D. Reasoning as we did at the end of Section 3, we shall show that / IJ has an expression
involving the functions g (as in the term following the second equality in (3.10)); in fact, for J
sufficiently large, we have, as in (3.10),

I = / FOY. Y fe+2n2Pq)1q (27PE) ds =1y 42)

peZ qeO"

(the size of J for this to be true depends on the diameter of the support of f , where f € D). To see
this we repeat the arguments we gave before, but need to take into account that the sum in the index
Jj is limited by J:

I —Z/ F&) 2 g é: (E+2’2mn) ¥ (2-7% + 2mr) d§

i=sJ

=% [ FO () L T 7 (e +2vora) VTR 2 ) at

j<J r>0q

-[Foxr > ¢(2' (2'<’+f>s))f‘ (6 +27+72mq) ¥ (2r (2-C+0g +2qm)) d

qeo0" r>0j

/ HOBDIDS Z (2727Pg) ¢ (27 (2P +27q)) f (€ +2P2nq) d§

qe0" r>0 p<J+

= [ 7O X X e@rre) i @+ ama)f ¢+ 272ma) d

qe0” p<J r>0

+ / G 22778) (27 (2778 + 27a)) £ (& +2°27q) d§ .

qeO" p>J r=p 1

The first summand equals

[70 X X7 E+2man@rya.

qeO" p<J

If the diameter of the support of f does not exceed 2/*t127 , then either & or & + 272mq must lie

outside supp f if p > J (since q € O"). Thus, f &) f (€ +2P2mq) = 0 and the second term is
0. But, in this case we also have

/ 7O Y 3 F (5 +272ma) 14 (2778) d§ =0.

qe0® p>J
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‘We have shown, therefore, that (4.2) is true if J+2 > log, { diam (:u 1) ] . Thus, together

with (4.1), this gives us the equivalence limj_, o S; exists if and only if lims_, 101 exists.

In the present context we have not yet considered the two equations, (i) and (ii), in (3.7);
however, these observations can be used to obtain the following version of Theorem 2 when we do
not assume the local integrability of the series (3.3) in R” \ {0}

Theorem 3.
Suppose ¢, ¥ € L2(R"). Then
5= }meojzjkzz (f ¥ix) (@, £) = I U2 4.3)
<J keZ®

forevery f € D ifand only if

@) limsey 6(2778) ¥ (278) =1
j=J
weakly in L1(K) whenever K is a compact subset of R™ \ {0},
where 1 is the constant function that equals 1 on R",

(i) tq&) =) $(2E)V ¢ +2nq) =0, foraeEcR", VqeO"

r=0 /

@4)

Proof. We first show that (4.4) implies (4.3). Since #q(§) = 0 for a.e. §, (4.1) and (4.2) imply

s/ =ss =i =@~ [ F@f Y8 (7e) @ g)as .
j=<J

But, by (i) and the fact that K = supp f is a compact subset of R" \ {0} we have
. —n 7 2 2
iim 5, = 0™ [ 7@ d =171
J—o00 R®

and, thus, (4.3) is true.

To establish the converse we first show that (4.4)(ii) is a consequence of (4.3). The argument
is much like the one we gave for Theorem 1. We select a point &, of differentiability of the integral
of tg, such that neither £, nor £y + 2mqo is 0, and § > O such that Bs(§,), Bs(§g + 27 qp)

are disjoint balls in R” \ {0}. Again we choose f; and gs such that f; = ﬁ XBs(g) and
gs = 751_7 XBs(5o+2rngy) - From (4.1) and polarization we have, for large J (see the discussion
before Theorem 3),

2m)" Z Z (f5, ¥yx) (djx. 85)
j<I keZt

~ [ A@OE® X6 (2) T TE) e
jsJ

+/Rn§s_(s_)z > fi (5 +2m2Pq) 1 (27P8) dk

PEZ QO™

- [FOT T A +2n2a) @) &

peZ qeO”
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since ﬁ; ?g = 0 because B;(£q) N Bs(§g + 2mqg) = @ (we observe that it suffices to choose J so
that 27+27 > diam(supp (f5 + 25))) - On the other hand, by polarization and (4.3) we have

Jlggoz }: (f5» ¥ix) (k- 85) = (f5.85) =0

j<J keZ"

(using, again, f; g = 0 and the Plancherel theorem). But we have just shown that for J large
enough

@2n)" Z Z (f5. ¥ix) (¢jk- 85) =

J<J keZ®
[FOL X 5l +2n2°0)q (2778) dt = 45
peZ Qe

and the last expression is independent of J. It follows that A5 = 0.

But the argument that was presented at the end of Section 2, which showed lims_, o4+ A5 =
tq,(§0) , applies here. Consequently, #q,(§p) = O and (4.4)(ii) is established since almost every
point in R" is such &g, a point of differentiability of the integral of fg,.

It is now particularly easy to show that (4.4)(i) is also a consequence of (4.3). In fact, if we
use (4.1), (4.2), and (4.4)(ii) we have

si=em i = o [ |fef Yo (s TeTee.

jsl

Thus, by (4.3) we have
Jim @my [ g(E)Zcﬁ( Je) bR s =am [ et

forevery g > 0, g € L®(R") with supp g a compact subset K of R" \ {0}. Writing ¢ =
g1+igy =g} — g7 +i(gF —g3) for the general g € L®(K) we obtain (4.4)(i). O

Remark 5.

The weak convergence of the sequence in (4.4)(i) can be also expressed as

Jim Zcp(z IE)F 27g) =1 in o (Lb, (R*\10)) , L& (R"\{0))) ,

the w-topology of the Fréchet space Lloc (R™\ {0}) with respect to its dual L (R" \ {0}). The same
reasoning applies in (4.3), in which we may say that

f=Jim 3730 (Av) k= lim 3> (féx) Vix in oD D) (45)

j<J keZ" Jj<J keZ®

where the dense space D has the topology inherited by the Fréchet space D= L°(R" \ {0}) i.e.,
fn = f in D ifandonly if fo— fin L (R"\ {0}) and the convergence of the sequences in (4.5)
is in the w*-topology of the dual space D* of D.

This result, Theorem 3, applies to the example of the pair of functions, ¢ and ¥, we introduced
in Section 3. In fact, Proposition 1 tells us that, in particular, (4.4)(i{) and (i{) are satisfied by this

pair of functions. Moreover, if K is a compact set of R” \ {0}, then (4.4)(i) is a finite sum (in j)
when § € K. Thus, the pair ¢ and ¥ satisfy (4.3) which, by polarization, is equivalent to

JI«I-{%OZ Z (fr wj,k) (¢j.k0 g) = (f) g)

Jj<J keZ"
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for all £, g € D (in this case the series above is again a finite sum over j). This is a weak form of

the representation
f=32" (f¥ix) i 4.6)
J€ZkeZ"

for f, g € D, as we indicated in (4.5). We have already discussed why we cannot expect (4.6) to be
true in L2(R™) as an unconditionally convergent series. Another inconvenient feature of our results
is that we have established them only for f € D. Of course, we assumed very little about ¢ and
Y besides the equations (4.4)(i) and (ii). We shall end this article with a result that involves the
L%(R")-convergence of the series in (4.6) based on a “natural” hypothesis about the systems {¢j‘k}
and {¥jx}, j€Z keZ"

Theorem 4.
Suppose ¢, ¥ € L*(R"). Then
F= Y (Fom) k= Y. (Féun)¥ix @4.7)
JEZkeZ" jeZ keZ"

for all f € LER™) with both series converging unconditionally in L>(R™), is equivalent to the
following three properties. There exists a constant C > 0 such that

> Al =cin?

5 rewPscuse | PSS EE. o
JEZ keZ®
Z v (21'8)(13 (27§) =1 for ae.§ R, 4.9
j€Z

> o]
€)=Y (") Y Q"¢ +2rq) =0 for ae. £ R, ¥VqeO",  (410)

m==0
where the series in (4.9) and (4.10) are absolutely convergent for a.e. § € R”.

Remark 6.
A system {e;} of vectors in a Hilbert space H such that Zj I(f, ej)l2 < C\fN? forall feH

is called a Bessel sequence. Thus, condition (4.8) asserts that {d)j,k} and {wj,k} ,j€Z keZ
are each a Bessel sequence. A simple condition that guarantees that \ generates a Bessel sequence
{llfj,k] , J €EZ,k eZ" (see [2]) is the following: Let 6 be any non-negative function on [0, 00)
that is increasing on [0, 1) and decreasing on [1, 00) ; suppose, in addition, that

foo9(w)(1+—1—> dw <00,
0 w

Then, if € L*(R) satisfies [§(w)| < 6(w]) for w e R, {¥ju(x)} = {02y (@ix —bh)} , j €
Z, k € Z,is a Bessel sequence whenever a > 1 and b > 0. An n-dimensional version of this result
is easy to obtain. We cite the result in [2] to show that (4.8) is not very restrictive; the couples ¢,
introduced by Frazier and Jawerth (see [4, 5]) satisfy these conditions.

Remark 7.
It will be shown in the course of the proof of Theorem 4 that if (4.8) holds, then there exists a
positive constant C such that

Y@ <c aa T (@) sc aeter @.11)
JEZ

je€Z
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In particular, the series in (4.9) is absolutely convergent for a.e. &.

Remark 8.
Each of the systems {¢;x} and {¥;x} ,j € Z,k € Z", is a frame. In fact, suppose the first
inequality in (4.8) is satisfied and

A=Y D" (£ ¥ik) Bix: f)

JEZ keZ®

forall f € L3(R") (which follows from (4.7)). Then

L = 33 (f ¥ix) @5k £)

JeZ keZ®
1/2 1/2
< | 3 (vl > el
jeZ.keZ jeZ keZ’
1/2
< JC llfllz(/ > l(f,¢j.k)lz) ’
jeZ keZ

Dividing by JC I fll2 we obtain
1
s 3 ((fel

jeZ.keZ"

Thus, together with the second inequality in (4.8) shows that {¢j.k} ,J€Z,keZ, isaframe.

Proof. We first show that (4.7) implies (4.8), (4.9), and (4.10). We will use the following result
for a general Hilbert space H (see [10], Vol I, Lemma (14.9)(b) on page 425):

Lemma 6.
Let {x;}2, be a system of vectors in H. If Y2, xi converges unconditionally in H, then

o
D mli?<C=C({xh <.
i=l1
We apply this lemma to the sequence {(f, ¢j'k)lllj‘k} ,JjeEZ keZ: Zj'k(f, i %)V k
converges unconditionally by (4.7); thus, since ¢ and ¥ are fixed and non-zero in this discussion,

S Al =it Y () vials < Clwlt=Cr. (412)

jeZ keZ" j€ZkeZ"
Consider the linear operator defined on L2(R") by
Tf={(fex)} . (K eZxZ"

Inequality (4.12) shows that it maps L2(R") into £2(Z x Z"). Suppose the pair (f, £, with £ = {£; k},
is a limit point of its graph. Then there exists a sequence {fy}, m € N, such that (fn, Tfm) —
(f, ¢) inthe graph norm as m — oo . In particular, limm—co Y ez 3 kezr |(fm» #j.6) — & x> =0
showing that £k = limm—co(fim, ®jx) = (f, ¢jx) for each (j, k) € Z x Z". Thus, the graph
of T is closed and, as a consequence, T is bounded: there exists a constant C > 0, independent of

f € L2(R™), such that
Y sl <cius?.

JEZ keZ"
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The same argument shows that

SN )P < clsr?

jeZkeZ"

for all f € L2(R"), and this establishes (4.8).
Let o denote either ¢ or ¥ and let us apply the decomposition (2.3) for f € D and 14(¢) =

Lomeo P2 E)B(2M (& + 27q)):

ey % (el = [ i@ Tls (@) as
JjeZ

(.k)eZxZ"

+/Rn}7;=_)z 3 F(&+2727q) 1 (277) dk .

pEZ qeO"

By the observation we made in Remark 4 and (4.8), we see that ZjeZ 1627 8)? = t(&) is locally
integrable in R” \ {0}. We choose &, to be a point of differentiability of the integral of (£) and
fs sothat f5 = J_QI_EF X B;5(&) (see (2.8) and the sentence that follows). Applying the argument we

presented after (2.8) we have

- 2
n/ r(§)d§+1;’=f lf;(g)‘ ) dt + I8 = @) I*
218" J (o) R"

=" Y. ()i <eorcifiid=c,
(G .k)eZxZ"

where the inequality follows from (4.8). Letting § — 0+, since lims_g4 If = 0, we obtain
7(§9) < C. Thatis, (4.11) is satisfied and the series in (4.9) is absolutely convergent for a.e. §. The
equality part of (4.9) and equality (4.10) are consequences of Theorem 2.

We now turn to the converse. We begin by proving the two extensions of Lemmas 1 and 2
that involve two systems £ = {e;}, F = {f;j}, j € N, of vectors in a Hilbert space H. These are
general versions of the systems {¢; x} and {¥j )}, j € Z, k € Z", which, for simplicity, we index
by the natural numbers N. In this context, (4.8) becomes

0 Y el <Cla)? @) Y1, @ < Clnl? (4.13)
ieN ieN
forallh € H.
Lemma 7.
Suppose & = {e;} and F = {f;} satisfy (4.13) and for all h in a dense subset D of H
1% =" (h, &) (fis ) (4.14)
ieN

Then equality (4.14) is valid for all h € H.

Proof. Leth € H; (4.13) implies that the series in (4.14) is absolutely convergent. Let {h,} C D
be a sequence such that ||k, — k[l — 0 as n — oo. Then, by Schwarz’s inequality and (4.13),

> () (finB) = IR | < | D" (B = hnsej) (£ B) + (hns &) (5. b = ha)

JjeN jeN
+| Whal® = U812 | < C k= ol WA+ C Ul W = Bl + | WAa? — A |
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which goes to 0 as n — 0. O

Lemma 8.
Suppose £ = {ej} and F = {(f;} satisfy (4.13). Then the following two properties are

equivalent
B MR1E=D" (he) (fj.h) forall feH
jeN
@iy h= Z (h.ej) f; = Z (h, fj)e; forall f € H with convergence in H .
jeN jeN
In this case, the convergence of all the series is unconditional.
Proof. That (ii) implies (i) is trivial. Let us, then, assume (i). By polarization we have
@hm =) (s.¢)(fjh) forallg.heH. 4.15)
jeN

If we can show that the partial sums of Z;’il (h,e;) fj (or the second series in (ii)) form a
Cauchy sequence, it follows that (i{) must be true. Indeed, if u = Zj’il (h, ) f; then, using (4.15),
we must have

(ug=}:he; ) (fi.8) = (B, 8)

for all g € H and, thus, u = A . But

N N

Yo (hoe) fil = sup |D (he) (f.8)| <
s lel=1{/=

12 /1 o 172
sup (Z te)f] (Tlen?] <
ligli=1 j=M

1/2 N 172
sup Z [(r, €] C'2|gll=cC'7? Z [l '
llgl=1 j=M =M

where the last inequality is a consequence of (4.13)(ii). Since the series Z}’?__l [(h, ej)l2 is conver-
gent (by (4.13)(i)) we see that the partial sums in question do form a Cauchy sequence. D

We can now easily finish the proof of Theorem 4. Equalities (4.9), (4.10), and inequality (4.8)
(which as we indicated implies (4.11}) permit us to apply Theorem 2 to obtain (3.8) for all f € D.
An application of Lemma 7 then gives us the equality

S5 (£ vix) (Bik. £) = 1F1

JE€EZ keZ"

forall f € Lz(R") and, then, by Lemma 8 the desired equalities (4.7). O

References

[1] Auscher, P. (1995). Solutions to two problems on wavelets. J. Geometric Anal., 5(2), 181-237.
[2] Chui, C.K.and Shi, X. (1993). Bessel Sequences and Affine Frames. Appl. Computational Harmonic Anal., 1(1),
22-49.



906

(3]
(4]

[5]
[6]

(7
[8]
9]
[10]
{11]
(12]

Michael Frazier, Gustavo Garrigds, Kunchuan Wang, and Guido Weiss

Dai, X., Larson, D.R., and Speegle, D.M. (1995). Wavelet sets in R". Preprint.

Frazier, M. and Jawerth, B. (1985). The ¢-transform and applications to distribution spaces. Springer Lecture
Notes in Mathematics 1302, 223-246.

Frazier, M., Jawerth, B., and Weiss, G.L. (1991). Littlewood - Paley Theory and the study of function spaces.
AMS Regional Conf. Ser. Math., 79.

Gripenberg, G. (1995). A necessary and sufficient condition for the existence of a father wavelet. Studia Math.,
114(3), 207-226.

Kahane, J.P. and Lemarié-Rieusset, P.G. (1995). Fourier Series and Wavelets. Gordon & Breach Publishers.
Heméndez, E. and Weiss, G.L. (1996). A First Course on Wavelets. CRC Press, Boca Raton, FL.

Meyer, Y. (1992). Wavelets and Operators. Cambridge University Press.

Singer, L. (1970). Bases in Banach Spaces 1. Springer-Verlag.

Soardi, P. and Weiland, D. (1996). MSF wavelets in several dimensions. Preprint.

Wang, X.(1995) The Study of Wavelets from the Properties of their Fourier Transforms. Ph.D. Thesis, Washington
University.

Dept. of Mathematics
Michigan State University
East Lansing, MI 48824

Dept. of Mathematics
Washington University
St. Louis, MO 63130

Buddhist Tzu-Chi College of Nursing
Hualien, Taiwan

Dept. of Mathematics
Washington University
St. Louis, MO 63130



