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Abstract We find optimal decay estimates for the Poisson kernels associated with various
Laguerre-type operators L. From these, we solve two problems about the Poisson semigroup

¢~V First, we find the largest space of initial data f so that e’tﬁf(x) — f(x)at a.e.x.
Secondly, we characterize the largest class of weights w which admit 2-weight inequalities

of the form || supy_,,, Ie_’ﬁ‘fl ey S I FIlLrqw), for some other weight v.
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Fractional laplacian
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1 Introduction

In this paper, we continue the research, started in [6,7], about Poisson integrals associated
with certain differential operators L, say symmetric and positive in L2($2, ). Namely, we
are interested in the behavior of

u(t, x) = eV f(x)
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as a solution of the elliptic differential equation

u,,—Lu:O

u0,x) = f(x),

We shall study two questions which are closely related

P) = in the half-plane (0, co) x 2.

(1) find the largest class of functions f for which lim,_, o+ u(z, x) = f(x), a.e.x € Q;
(ii) establish 2-weight inequalities of the form

| sup luG, 01| o) S L)
0<t<ty

for the largest class of weights w for which a suitable v with this property exists.

In [6], we considered these questions in full detail when L is the Hermite operator. In this
paper, we intend to do the same for the various Laguerre operators. We remark that to solve
(1) or (ii) we shall need optimal decay estimates of the Poisson kernels e’ ﬁ(x, y), at least
in the y variable. These are new in the literature and in particular produce new results on
a.e. convergence compared to those of Muckenhoupt [10] and Stempak [15], and also larger
weight classes compared to those of Nowak in [11]. The kernel estimates may also have an
independent interest in other problems; see, e.g., recent work by Liu and Sjégren [9].

We now state our results. For @« > —1 (fixed throughout the paper), we first consider the
(Hermite-type) Laguerre operator in L2(R+) == L2((0, 00), dy) given by

2 1
e
L=+ [y2 = 4] +2u, where > —(a+1). (1.1)

The parameter p will be useful later, when transferring the results to other Laguerre operators;
see Table 1. We shall also consider a slightly more general family of partial differential
equations, namely

h . 1.2
u(t, 0) = f. where v > 0 (1.2)
These pde’s appear in relation to the fractional powers of L, f +— LV f (see, e.g., [16]).
When v = 1/2, we recover the original equation (P).

As discussed in [16], a candidate solution to (1.2) is given by the Poisson-like integral

{Mtt + l_tzv ur = Lu

12v o0 _& —ul dl/l
P f(x) := gty e [e f](x)m, >0, (1.3)

which is subordinated to the “heat” semigroup {e7"L},~0. Our first goal is to find the most
general conditions on a function f : Ry — C so that P; f is a meaningful solution of (1.2).
These are determined by the following key function

).2

ya+% e~ 7 )
I+ e 4y 47 T@ED
Q(y) = (1.4)
ya+% e_g .

We write L!(®) for the space of measurable functions f in R, with fR+ | f1P < o0.
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A.e. convergence and 2-weight inequalities for Poisson. . .

Theorem 1.1 Leta > —1,v > 0, Lasin(1.1)and ® asin (1.4). Then, forevery f € LY(®)
the function u(t, x) = P; f(x) in (1.3) is defined by an absolutely convergent integral such
that

(1) u(t, x) € C*((0, 00) x Ry) and satisfies the pde (1.2)
(i) lim,_, o+ u(t, x) = f(x) at every Lebesgue point x of f.

Conversely, if a function f > 0 is such that the integral in (1.3) is finite for some (t, x) €
(0, 00) x Ry, then f must necessarily belong to L' (®).

Our second question concerns more ‘“quantitative” bounds for the solutions of (1.2),
expressed in terms of the following local maximal operators

Pif@) = sup |Pf(x)

0<t<rny

,  with o > 0 fixed. (1.5)

We shall prove estimates of the Poisson kernels, as in (1.9) below, which lead to local bounds
of the form

Pt:‘):Ll(d))—)L‘foC ifs <1, and P;:Ll(@)ﬂLp — L?

loc loc if p = L.
However, our main interest is to obtain global bounds in x, which we shall phrase through

the following problem.

Problem 1 A 2-weight problem for the operator P;. Given 1 < p < 0o, characterize the
class of weights w(x) > 0 such that P,j maps LP (w) — L?(v) boundedly, for some other
weight v(x) > 0.

Our second main result gives a complete answer to Problem 1. For p € (1, oo), we define
the class of weights

D,(®) = [w(y) =0 w7 v g, < oo]. (1.6)

Observe that L? (w) C L'(®) if and only if w € D, (®), so in view of Theorem 1.1, this is
a necessary condition for Problem 1. Our second theorem shows that it is also sufficient.

Theorem 1.2 Let 1 < p < oo and tg > 0 be fixed. Then, for a weight w(x) > 0 the
conditionw € D, (®) is equivalent to the existence of some other weight v(x) > 0 such that

P,j : LP(w) — LP(v) boundedly. (1.7)
Moreover, for every & > 0, we can choose an explicit weight v € D . (®) satisfying (1.7).

We remark that Problem 1 is only a “one-side” problem, in contrast to the (more difficult)
question of characterizing all pairs of weights (w, v) for which (1.7) holds. One-side problems
were considered in the early 80s by Rubio de Francia [13] and Carleson and Jones [2] for
various classical operators. Here, we shall follow the approach by the latter, which has the
advantage of giving explicit expressions for the second weight v(x) (see Remark 6.2 below).
This is also a novelty compared to [6], which was based on the non-constructive method of
Rubio de Francia.

We can now briefly describe our approach to the proofs in this paper. Most of our work
will be employed in deriving precise decay estimates for the kernel P;(x, y) of the operator
in (1.3). First, we shall show that, for fixed ¢ and x

ci(t, x) ®(y) = Pi(x,y) = c2(t, x) P(y), (1.8)
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for suitable ¢; and c»; see Proposition 5.1. In a second step, we give more precise bounds,
uniform in 7 (see Proposition 5.2), which lead to the following control of the operator Py

Porw) S Coo Mo + [ 1o ] (19

for a reasonably well behaved C(x). Here, M'*¢ = MIA‘,’IC denotes a local Hardy-Littlewood
maximal operator in R, given by

1
loc
= _ Xy d 1.10
Mr fx) fi% TG I(xyr)|f(y)|X{7§)§Mx} y (1.10)

for a suitable M > 1. We also use the notation I (x,r) = (x —r,x +r) N R,.

Concerning the kernel estimates, they are necessarily more technical than in the Hermite
setting treated in [35,6] (which is essentially the case @ = —1/2). The term 1/y? in (1.1)
produces an additional singularity when y — 0 which must be handled separately from
y — o0o. This dual behavior already appears in the Bessel function /, which is part of the
kernel expression of e “L; see (2.2). New difficulties also arise when o € (—1, —1/2),
related to the fact that the associated Laguerre functions blow up when y — 0.

Finally, we consider the same problem for other classical families of Laguerre operators.
These are listed in Table 1 below, together with their eigenfunctions. As we shall see in
Sect. 7, using suitable transformations (as, e.g., in [1]) we can “transfer” the statements of
Theorems 1.1 and 1.2 from L to each of these differential operators, provided we choose the
function @ as in Table 1. More precisely, we have the following

Theorem 1.3 Let o« > —1, u > —(a¢ + 1) and v > 0. Then, if L is replaced by any of

the operators listed in Table 1, both Theorems 1.1 and 1.2 hold with the expression of the
Sfunction ® given in the table.

Table 1 Table of Laguerre-type operators, and their corresponding ®-functions

Differential operators (for © > —a — 1) Orthonormal eigenfunctions Function® ®
21 P at+d —y?)2
L=ty +y + 5t + 2 @ () =vay e T LG A
"in 12y i " T e e + I
— 3. — B, 1[ gi} n w § /2
L=—ydyy —0dy+3 y+.y 2+ 2 £o(y) = yie T LY(y) 1+{+“e
in L*(dy) (I+y) "2 [In(e+ y))+
L e v — 4 ) I3 y ap=y/2
L= —ydy — (¢ + 1).3y +24 + 5 09 (y) = e~ 3 LO(y) y¥e
in L (y(ldy) n n I+a+p 14
A +y)7 7 [In(e+y)]
y2oz+1 efyz/Z

A=—d, — 20kl 4249 2
Wy i Yy = V2e T LEGA)

in L2(y**1dy) (14 y) et fine + )]+

yee™
L2)
(1+y)~ = [n(e+ '+

L=—ydy — (@+1—y)d, + L
in L2(y%e~Ydy)

2 We shall use the agreement, as in (1.4), that in the extremal case it = —(« + 1) the logarithmic factor in the
denominator becomes [In (e + y)]”
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A.e. convergence and 2-weight inequalities for Poisson. . .

As an application, in the case of the standard Laguerre operator L, with m = 0 and
v = 1/2, we recall that Muckenhoupt, in his classical paper [10], proved the pointwise
convergence of P, f for all data f in the space L!(y®e~ dy). Our results show that one can
enlarge the space to

L'(y"e™ /y/In(e +y)dy),

and include new initial data such as f(y) = ¢ /[(1 4+ y)**In (e + y)].
The outline of the paper will be the following. In Sect. 2, we consider a version of Theorem
1.1 for heat integrals u(t, x) = e~ f(x), which are solutions of the equation

ur + Lu=0 in (0, T) x Ry, with u(0,x) = f(x).

Heat integrals are easier to handle, and the explicit expression of the heat kernel, e~ Lx, ¥),
makes more transparent the behavior we shall later encounter in Poisson kernels. In Sect. 3,
we study 2-weight inequalities for the local maximal operator M. In Sect. 4, we apply
these to prove a version of Theorem 1.2 for heat integrals. In Sect. 5, we take up the study
of Poisson integrals, splitting in various subsections the detailed kernel estimates leading to
(1.9). In Sect. 6, we shall give the proof of Theorems 1.1 and 1.2 for the operator L. Finally,
in Sect. 7 we show how to transfer the results to each of the Laguerre operators in Table 1.
Throughout the paper @ > —1 is fixed, as are the parameters & > —(o¢ + 1) and v > 0
in the differential operators. The notation A < B will mean A < ¢ B, for a constant ¢ > 0
which may depend on «, i, v and other parameters like p, M, o, €, but not on ¢, x, y. If
needed, we shall stress the latter dependence by c¢(x), c(z, x), ... Finally, if 1 < p < co we

set p' = p/(p— D).
2 The simpler model of heat integrals
In this section, we set 4 = 0 in (1.1) and consider

a2 -1
L=—dy+|y*+ T“ . 2.1)

The corresponding eigenfunctions {¢}° , satisfy

Lot = (4n+2a+2)¢,, n=0,1,2,...

and form an orthonormal basis of L2(0, 00); see [17, (5.1.2)]. The kernel of the associated
heat semigroup e ~'%, in terms of the new variable s = th ¢, has the explicit expression'

o0
e (x,y) =) e R g (x) o (y)
n=0

—_ 2 — 2 vaz s(x )2
_ 1—ys I_a (1 —s)xy e’( 4&) - (?) ' 2.2)
2s 2s

Here, we have used the convenient notation Iy(z) = Jze 1y (z), so that from_known
properties of the Bessel functions 1, (see, e.g., [8, (5.7.1), (5.11.10)]), we have 1,(z) ~

()92, with (z) = min{z, 1.

! This formula is easily derived from the more classical [17, (5.1.15)] or [8, (4.17.6)]; see, e.g., [3, p. 341].
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2.1 A.e. convergence of heat integrals

We wish to establish the pointwise convergence of e~'L f(x) with the weakest possible
conditions on f. We claim that
@=y)?

A
e,y < <?>a - 7 e T 2.3)

To produce this bound from (2.2), one disregards x in the last exponential and uses 1 — s2 <1
when o > —%. Ifa € (—1, —%), note that (Az) > A(z) for A < 1, so one can leave outside
apower (1 —s2)*t! < 1.

Theorem 2.1 Let @ > —1 be fixed, and f be such that
o0 2 1
/ [FM]e™ @ () 2 dy < 00, for some (possibly large) a > 0. 2.4
0

Then,

lim e 'L f(x) = f(x), a.e.x €Ry,.

t—0t
Proof Foreach fixed N > 2, it suffices to show that lim,_, o+ e 'L f(x) = f(x)for a.e.x €
(1/N, N). We split

f = fxo<y<any + fxyseny = fi + fo

2
The function f; has bounded support and belongs to L' (y"‘+% e T dy), so we can apply the
results of Muckenhoupt [10] (with a suitable change of variables?, as indicated by Stempak
[15]) to obtain

lim e 'F fi(x) = fix) = f(x), a.e.x €[4, N]
t—0t
Next, we shall show that, under the hypothesis (2.4),

lim e~ f(x) =0, Vx e [x. N].
t—0

Since + — 0, we may assume that s = tht < so for some sop < % (which we shall make
precise below). Note that % <x < N andy > 2N imply that

(o)
N

=1, Vs<l.

So, by (2.3), in this region we have a gaussian bound for the kernel

2

G-»? y
e Tos

1
e tx,y) <57l H o <s

Nl—

using in the last step that |[x — y| > y/2. Choosing 5o < 3% (with a as in (2.4)), we see that
forall y > 2N,

2 2
_ S B _1 N2
e,y S 5Tl m e < 5727w oW

2 See also Sects. 7.2 and 7.4 below for the explicit change of variables.
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A.e. convergence and 2-weight inequalities for Poisson. . .

and therefore
2

et hx) < sTrem ¥ / |f(y)|e—“-v2 dy — 0, ass— 0F.
y>2N

2.2 Heat kernel estimates

The elementary bound (2.3) was enough for Theorem 2.1. Below, in order to handle maximal
operators, we shall need the following more precise bound.

Proposition 2.2 Let o > —1. Then, for every y > 1 there is some M = M,, > 1 such that

ey 1
e s (xy >a+§
N

if

<y=<Mx

™

e_lL(x,y) <C) Vs ) (2.5

2
D
c(x) (y)*F2 ¢ T if y < 3 or y>Mx

forallx,y €e Ry ands = tht € (0, 1). Here we can set c(x) = 1/(x)“+%.

Proof Clearly, (2.3) implies the estimate in the local part y € [%, Mx], so we shall look at
the complementary range. Given x, y and s, for simplicity we write z = XT‘, so that (2.3)
becomes

(=) 52
eL(x,y) S ()T sTTem W o T 2.6)
Below we shall show that
L g .
1 s _2 .
Ag(x,y) = (2)*F2 7S (o8 MT*%Q WL ify<ZJory>Mx  (@27)

for some M = M, . This estimate inserted into (2.6) establishes (2.5), since
2 2 1 2
e 4‘1/.\' e_J)T < e_iiy(ﬁ_;) = e_m,
ass +s~1 =2/th (2r) whens = thr.

To prove (2.7), we need to separate the cases z < 1 and z > 1. We begin with z > 1. In
the region y > Mx, we may use [x — y| > (1 — ﬁ)y to obtain

R EEE e
e M 4s e M Is .y <y)0l+§
—— < cy———— < cpmye v

N y (x)ets’

where in the last step we select M = M, sufficiently large so that (%)3 < y, and have
used the trivial estimate

AS(X, y) S

(2.8)

1 Ot+l o+
Lo W7 sk 2.9)
Y T et T et

On the other hand, if y < x/2 we have |x — y| > x/2, which leads to

/22 _G2)? y2
e s e 4sy e s
As(x,y) S 7 <c¢ < —. (2.10)
S X X
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In the case @ € (—1, —%), this can be combined with

1 1

1 x aty ats
- =< ) > =< ) +, sincex >y. (2.11)
X <x>0(+‘§ (x)ot+‘§
If on the contrary o > — 1, we can insert 1 < z‘”% in the first step of (2.10) to obtain
@/2)? | |
S ! 1 w22 yeta e ats
As(x.y) S (yets o @2yl o T L D )
VO : x*+3 (xye+a

where in the last step we have used

a+% <y>oé+%

(x

Y

X

s =< ifx >y

)
Ot“rj 3

)a+§
(this is clear if y < 1, and follows from y"‘+%/x°‘+% < 1/y < l'if y > 1). This completes
the proof of (2.7) when z > 1.

We turn to the case z < 1, for which we have to estimate

1 _@-? 1

As(x,y) = s 2¢” & %T2, (2.13)

When o > —%, the last factor helps, so some of the previous arguments also lead to (2.7);
namely one can disregard z in the region y > Mx, and must keep it when y < 5 and argue
as in (2.12). We are left with the case ¢ € (—1, —%), which makes z‘”% > 1. In the region
y > Mx, this can be absorbed by the exponentials as follows

1

2,2 22 oty
1 M—1\"y M—1)"y 2
xyya+s —1 —<7 Is 2 \a+1 —< ) b X
Ay 5 (st ) e, C
y 2
M1\ )2 ats 2 ats
(M) X i
<cme > < cme M T
yoc+§ (x>“+7

where in the last step we first argue as in (2.8), and then use the elementary inequalities

X @) (s ()t ()t
<

a+% — <y)2a+2 - (x>2oc+2 ’

ify>x
y

(the first one should be clear if x < 1, and follows from x“+%/y°‘+% <1l/x <1lifx>1).
Finally, in the region y < 3 the inequalities in (2.12) remain also valid, so we have completed
the proof of (2.7), and hence of Proposition 2.2. O

Using the local Hardy-Littlewood maximal function MIA‘,}C defined in (1.10), we can easily
deduce from Proposition 2.2 the following

Corollary 2.3 Leta > —1 and y > 1. Then, there is some M = M, > 1 such that
2
sup [e™"Ff (0] S MIFFO) + ex) / [FOI ()T T dy,  (2.14)
0<r<ty Rt

forevery x,ty > 0 and c(x) = 1/(x)a+%.
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A.e. convergence and 2-weight inequalities for Poisson. . .

Proof Let f = fi1+ fo with f] = fx[%’Mx]. From Proposition 2.2, (2.14) is clear for f>. To

treat f;, we first assume s = th# < x2. Then, z = % 2 1 (since x ~ y when y € supp f1),
so the first bound in (2.5) and a standard slicing argument easily lead to

@—y?

_ 1 C Vil oc
Al < /Rf T O Xy yena] dy S MEEF ).

If we assume instead s = th¢ > x2, then using again x &~ y and (2.5) we have

L x20¢+1 Mx x20¢+1 Mx |
theol s S [ ol £ S [ 1oy £ M s,
2 2

[}

Remark 2.4 An estimate quite similar to (2.14), with a slightly worse bound for the expo-
nential inside the integral, was obtained by Chicco-Ruiz and Harboure in [3, §5].

3 2-weight inequalities for M
In this section, we prove 2-weight inequalities for the local maximal operator in R4

1
M f(x) i=sup ———— |F O Xz <y<prxy 4,
r=0 [ 1(x, 1)l I(x,r) (z<y=Mx}

where M > 1 is a fixed parameter (which for simplicity we avoid in the notation). The
1-weight theory of (a related version of) this operator was considered in [12, §6].

3.1 The Carleson—Jones theorem for A
For each p € (1, 00), we consider the following class of weights in R
Dl — {W(x) -0 - f W r <00, VJEO, oo)}.
J

Associated with each W € Dlp"c, we define a collection of weights {V;},~¢ by

A
7

Ve(x) = V(x) pg[V(x)], where V (x) 1= [Mloc (W_p?/> (x)]ip , (3.1)

and we set p;(x) := min {x®, x¢}. Observe that V,, < V,; <V < W if &; < &. This
is a slight variant of the weight family used by Carleson and Jones in [2] (for the classical
Hardy-Littlewood operator).

Theorem 3.1 Let 1 < p <ococand W € D};’C. Then, for every ¢ > 0
M LP(W) — LP(V,) boundedly,
where V; is defined as in (3.1).

Proof We use the ideas in [2], with some modifications required for the local operator AM!°¢;

see also [5, Prop. 4.2]. Call E,, = {x € R} : MIOC(W_%)(X) < 2"}, n € Z, and define
the operators

Tag(x) i= xg, M (W*%g> (x). 3.2)
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_r . . . .
Note that 7), : LY(W ™7 ) — L, with a uniform bound in n, since

{1800 > R)| = |{m (W‘%g) ) > R}| = %/R wrel G3)

using in the last step the weak-1 boundedness of the classical Hardy—Littlewood maximal

operator M. Similarly, 7, : L°°(W7p7) — L°° with ||T,|| < 2", since

_r
| Tug|, = sup [M"* (W pg) ®)] =2" gl (3.4)
xekE,
Thus, by the Marcinkiewicz interpolation theorem we obtain
p _r
/ ITw ()P < cp2? f IglP W=7, nel. (3.5)
Ey, Ry

/

L . . -
Setting g = fW 7 in the above inequality, this is the same as

&

/|M1°°<f)|P5cp21/ P W, e (3.6)
E, R,

Now, modulo null sets Ry = Uyez[ E, \ Ey—1] (since 0 < /\/ll°°(W_IIL’)(x) < ocoat a.e. x),
and we have

np glnlp

Ve(x) =2 72 7 [ifx € Ey\ Ey_1.

Therefore, we obtain

_np _é&lnlp
/ |M10Cf|p V£ ,S E 2 p/2 I’ / |M10Cf|p
R Ey

+ nez

_¢elnlp
oo S <ZZ v ) / |fIPW,
Ry

nez
as we wished to show. O

3.2 Properties of the weights V.

The weights V; inherit some of the integrability behavior of W if ¢ is sufficiently small.

Proposition3.2 Let 1 < p < coand W € Dg)c. Then, for each ¢ € (0, 1), the weight
defined in (3.1) satisfies V, € D‘IIOC forall g > p+ep/p.

Proof Observe that, for each x € R,

b= (1e)

Va(x)*%, = max [Mk’c (W*%) (x)] . (3.7)

The assumptiong > p+ ;—’f implies thats = % < 1. Then, given J = [a, b] € Ry,

/ N o
/ [MlOC (W_I?)] S |J|l*S M <W_IT7X‘]*)
J
17/ s
<cy </ W77> < 00,

N

L1.0o
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A.e. convergence and 2-weight inequalities for Poisson. . .

with J* = [a/2, Mb] € (0, 00). The same applies if we set s = % (which is also

< 1), so we deduce from (3.7) that [, Vo9l < oo u]

Our later applications suggest to define the following classes of weights

1 ? q
DY(B) = {W e DY* - / W=7 (y) (0P dy < oo}, for p > —1,
0

00 /
D™ (a) = :W e D° : / W) e dy < 00} , fora,2>0.
1

Proposition 3.3 Let 1 < p < o0, ¢ € (0,1)and q > p + ep/p’. Then, for B, B1 > —1
and a, ay, A > 0 we have the following

. . . . 1 1+8p’
i We Dg(ﬂ) implies V. € Dg(ﬂl), provided q > %p + & % %

(i) W € D, (a) implies V, € Dy (ay), provided g > p(1 + e)M*a/ay.

(p=h(+e) _ |

Proof With the same notation in the proof of Proposition 3.2, we set s = =1

Then, denoting I; = [2=/=1 2771, we have
_r
M <W P X[;f)

/ N

1 s e8]
/0 |:Mloc <W*%>:| <y)/51(1 dy S Zz—lﬁlq |Ij|l—s

j=0

Ll.oo

o0 M2~ A\
< Zz—j/ﬁlq’z—j(l—s) (/ W’,’,)
~ 4 2-i-2
j=0
© . ’ ’ M P’ / s
< Zz—nﬂ]q —Bp's+1-s] (/0 W™ (y) ()PP dy) .
j=0

This is a finite expression when W € Dg (B), provided

Big —Bp's+1—5>0.

Using the value of s =

% and solving for g, this is equivalent to

1+8 ep(1+ Bp")
q > P . .
L+ B p'(1+ B1)

In order to have fol Vg_q// q (y)ﬁlql dy < oo, the previous relation must also hold with &
replaced by —e, so a sufficient condition is

- 1+/3p ep |1+ Bp'|
1+ B P+’

q
as we wished to show.
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We now prove (ii). Let y > 1 (to be precised later), and as before set /; = v/, yith
and s = (p*ql)# < 1. Then

°° 2\ P
[l e

o0 /
< —arytq’ ), (1=9)j -5,
S EO e M <W pXI/‘
]:

) Myj‘H o s
<Z —aiyMq’ (1 —$)J (/V W~ r dy)

i

s

Ll,oo

5 o0 p/ N
< Z y (=9 g=rMlarg'—p'am*y*s] < W e P dy) .
, 2
j=0 /

This is now a finite expression provided
arq’ > plaM’y*s
which using the value of s and solving for ¢ gives
q > p(+e)M*y*a/ay.
Clearly, we can choose a y > 1 with this property under the assumption
g > p(1 +8)Mka/a1.

Since this also implies the validity of the estimates with ¢ replaced by —e, we may conclude
that V, € Dy (ay), as desired. ]

4 2-weight inequalities for local maximal heat operators

Let L be as in (2.1), and for each #y > 0, consider

hy f(x) := sup |e_th(x)|.

0<t<rny

By Corollary 2.3, given any T > fg, this operator is well defined for all functions f € L' (¢r),
where

2
Pr(y) = (y)*F2 ¢ oD,

We wish to study 2-weight inequalities for h;‘o over subspaces L”(w) C L'(¢r). By duality,
the class of weights for which such inclusion holds is given by

1
D, (p7) := :w >0 : Hw75<pTH < oo} .
P
Here, we show that for all such weights the operator h;‘;) satisfies a 2-weight inequality.

Theorem 4.1 Let T >ty > Oand 1 < p < oo. Then, for every w € D, (pr) there exists
another weight v(x) > 0 such that

hy : LP(w) — LP(v), boundedly.
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Moreover; if ¢ > p and tg is sufficiently small (depending on q/ p and T), then we can select
v € Dy(pr).

Remark 4.2 The second weight v(x) will be constructed explicitly; see (4.2), (4.5) and (4.6)
below. Observe that v depends on «, p, fy, T and of course w.

Proof of Theorem 4.1 The crucial estimate was already given in Corollary 2.3. We shall use
it with the parameter y = th (2T)/th (2f9) > 1, which produces a suitable M = M,, > 1
such that

oo
WIS MELC + e [ IF0lemd. @1
0
1
The last integral is bounded by || f || L»w)llw™ ? @1l 7, so the second term will be fine for any

weight v(x) such that c(x) = 1/(x)"‘+% € LP(v). For instance, we may take

(x)(a-t-%)p—l
[In (e/(x))]* (1 4 x)P

v2(x) = (4.2)

which clearly satisfies

foo ()P va(x) dx = /oo dx < 00
0 o (x)In(e/xN? (1 +x)P

Further, we claim that v, € Dy (¢r) iff ¢ > p. Indeed, since @1 (x) decays exponentially, it
suffices to check the integrability for x near 0. Writing f = « + % so that

~ (1 f - (x)B+DHp—1
pr(x) ~ (x)” and vz (x) I @/ oD

we easily see that
1 ' , Lo 24'/q
/ v() "7 ()P dx ~ / /O 40 < . 4.3)
0 0 _1-g'B+n(1-2)
X
For the first term in (4.1), we shall use the results in Sect. 3. We first note that
we Dypr) < we DY+ 3)NDy" (), witha=1/Q2th2m), (4.4)
exp2

where the weight classes Dg (B) and D),"* (a) were defined in §3.2. Then, for every ¢ > 0
Theorem 3.1 gives

[M3EF v S 1F vy

provided
, _r
loc -2 a4
V1e(x) = V(x)p3<7/(x)>, where ¥ (x) = [MM <w > ) (x)] 4.5)
(or v1,. = V, in the notation of (3.1)). Hence, setting
v(x) = min{vy,e(x), v2(x)} (4.6)

with vy and vy defined as in (4.5) and (4.2), we have proved that h;*o : LP(w) - LP(v).
It remains to verify the last statement in Theorem 4.1. We already know that, for every
q > p, we have v; € Dy (¢r). Concerning v; ¢, from the equivalence in (4.4) it suffices to

@ Springer



G. Garrig6s et al.

prove that V, € Dg (a + %) N D;sz (a) for a sufficiently small ¢ and a = 1/(2th2T). The
first assertion is immediate from (i) in Proposition 3.3. However, (ii) in the same proposition
only gives V; € D;sz (a)if p > p(1 +&)M?, where M = M, is the parameter obtained in

3
Proposition 2.2 by the rule (%) — y = th (2T) /th (210). If we allow both & and fq to be

sufficiently small (so that M becomes close enough to 1), then we can set p = g and hence
conclude that vy ; € D, (¢r) as desired. ]

5 Poisson kernel estimates

In this section, we fix @ > —1 and 4 > — (o 4+ 1) and recall that

a2 -1
_ 2 7
L=yt |5+ —= | + 2. (5.1)

The eigenfunctions {¢} }7° , form an orthonormal basis of L2(0, 00), and satisfy
Loy =@n+2(a+1+w)e,, n=0,1,2,...

They can be expressed in terms of the (normalized) Laguerre polynomials L by

2
Pr(y) = V2y* e T LYY, (5.2)

although we shall not use this formula here. The kernel of the associated heat semigroup,

e~'L, can be written explicitly in various forms

oo
e_tL(x, y) — Ze—[4n+2(a+1+ﬂ)]1‘(p’(;é(x)(p’(;l(y)
n=0

_ 2 Ca-rp? 22
R Ty (I*y) T T 53)
—r
i - /(1 —s? a9 s4n?
(s =tht) = (i%f) 1;;2 I, <(2ﬁ> s a2 (5.4)
S

where as before we have set I, (z) = A/z¢ %1y (z). Thus, using the notation (z) = min{z, 1},

we shall have I, (z) ~ (z)‘”%. Both expressions of the heat kernel will be useful in our later
computations. For instance, (5.3) is good when r &~ 0, as it isolates correctly the decaying
factor (y)o”r% ¢=Y*/2. On the other hand, (5.4) will be useful when s ~ 0 (hence r ~ 1),

o . . . Ll _w?
since it makes transparent the gaussian behavior of the singularity s~ 2e¢™ "~ 4

Using the subordination formula in (1.3), the Poisson-like kernel associated with L
becomes

2v o0 7& _ dl/l
Py(x,y) :=m/o e [e ”L(x,y)] e 120 (5.5)

Changing variables r = e (e, u = % In %), one sees that

y 1 2 ,(xl*ryz)z <r)ry2 >a+§ J
X2y - 1e 1-r 1— r

Pi(x,y) ~ 2V o / e 2t put3 r

0

VI=7 @mh o
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rxy
1—1r2

We shall consider two regions of integration according to the behavior of z := . The

regions will be separated by the number
1 .
P fxy>1
_ | sifxyz
ro(xy) {l—xzy, ifxy <1.
Indeed, it is elementary to check that

() If 0 <r <ro(xy) then z < 1.
) If ro(xy) <r <1 then z > 1/2.

Thus we can write

22 ro(xy) x a+l dr 1 dr
Pi(x,y) ~t™e T / ( yz) 7_‘_/ R
0 I—r r ro(xy) r

= Bi(x,y) + Ai(x,y),

. 1 - .
where in A, (x, y) we have used that (z)**2 & 1. The next two propositions summarize the
estimates we shall need to handle these kernels. We shall make extensive use of the function
@ in (1.4), which we can equivalently write as

(1)°F2 e
1+ )" 2 [In(y + )]+

with the agreement that in the extreme case 4 = —(« + 1) the logarithm in the denominator
isjust [In (y4e)]". The first result gives, for fixed t and x, the optimal decay of y — P;(x, y)
in terms of the function @ (y).

D (y) ~ (5.6)

Proposition 5.1 Givent,x > 0, there exist c|(t, x) > 0 and c2(t, x) > O such that
at, x)d(y) < P(x,y) < at,x) (), yeR;. (5.7

The second result is a refinement of the upper bound in (5.7) with a few advantages: it is
uniform in the variable ¢, isolates in the “local part” the singularities of the kernel P;(x, y),
and finally provides “reasonable” bounds for the constant’s dependence on x.

Proposition 5.2 There exists M > 1 such that the following holds for all t,x,y > 0

120 =22

Pix,y) 5 Ci(x) + GOV Oy,  (58)

~ (41 —y)* X5 <y<mx}

V2 X2 3
where C1(x) = (14 x)%eT and Ca(x) = [In (e + )] (1 + x)H+31 e /(x)2+3.

If we consider, for fixed M > 1, the local maximal operator /\/11/0‘,,C in (1.10), then we may

express (5.8) as follows.

Corollary 5.3 Let ty > 0O be fixed. Then, there is some M > 1 such that
2
Prf(x) S Cl(X)MIA(}C(fe_)T)(X) + Ca(x) ||f||Ll(q>)s x €Ry, (5.9
with C1(x) and C»(x) as in Proposition 5.2.

This is the key estimate from which we shall deduce the theorems claimed in Sect. 1 for
the operator L. The reader willing to skip the technical proofs of the propositions in the next
subsections may pass directly to Sect. 6 for the proof of the theorems.
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5.1 Estimates from below for B;(x, y)

Recall that

22 ro(xy) potutl _ 2 (A ,)) dr
Bi(x,y) = 2 (xy)o“r% e 7 / : e 2t
0 (1 =)ot (n i+ r
(5.10)
The lower bound in Proposition 5.1 will be a consequence of P;(x, y) 2 B;(x, y) and the

estimate in the next lemma.
Lemma 5.4 For fixed t, x > 0, it holds

Bi(x,y) = c1(t,x) @(y), y€eRy,
for a suitable function c(t, x) > 0.

Proof Wefirstlookaty < x /\%. Then, xy < 1,andhencerg(xy) > 1/2.So, we can estimate
B;(x, y) by an integral over 0 < r < %, which disregarding irrelevant terms becomes

1
3 patutl 2 = dr

1 X27y2 2 _
Bi(x,y) 2 1% (xy)*t2e 2 / T 2E e 2 .
0 (nDyi+ r

We can get rid of the first two exponentials using

2
t
2_,2 — '

_ 2 1
s2y? . T _a2 .
e 2 >1 (sincey<x) and e "7 > e 2m2 (smcer < 5)

_(xfr,v)2
For the last exponential, notice that 0 < x —ry < x, and hence e -2 > e -4 . This

leaves a convergent integral in r, so we conclude that

Bi(x,y) 2 ci(t, x) (y)*+7

2
with ¢ (f, x) = 127 x93 ¢~ 20773 Notice that y < lin this range, so we find the required
expression for @ (y).
Suppose now that y > x Vv % Then, xy > 1, and hence ro(xy) = % < 1/2. Arguing as
before, we can estimate B;(x, y) by

1 ¥2 2 Ty petutl o ery? ")2 dr
B (x, y) > [2V (xy)a+§ e 2 ¢ 2In2 ER— ) .
~ 1\ 1+v r
0 (Inj)

This time, we get rid of the exponential inside the integral using

1 1
|x—ry|§x+ry§x+2— (smcer<—>
X

2xy
7(.x—ry')
which implies e  1-2 > ¢ —30ey)? . We can easily compute the integral
/Ayr%ﬁl dr ! ifa+pu+1>0
— A , Mo >V,
0 (L r T ) In2ay )Y ’
r

with the right hand side becoming 1/[In2xy]" in the extreme case @ + 1 + p = 0. Since
y > max{x, 1}, note that

In(2xy) < In(2y?) ~In(y + e).
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Thus, combining all the previous estimates we conclude that

[S]

y

e
VI [In (y 4 €)1+

which, since y > 1, is the required expression for ®(y) (with the usual agreement when

Bi(x,y) 2 c1(t, x)

. Ly _ 4 1
u+ a + 1 = 0). In this part we have set ¢ (t, x) = 12V e 2T x I+ pm 3 )?
Finally, since the function y +— B;(x, y)/®(y) is continuous and positive, it is also

bounded from below by some ¢ (¢, x) when y belongs to the compact set [x A % XV %]. ]

5.2 Estimates from above for B;(x, y)

The next lemma, combined with the previous one, shows that for fixed 7 and x, the function
B, (x, y) essentially behaves like ®(y).

Lemma 5.5 Foreveryt,x,y > 0, it holds
Bi(x,y) < c(x) max{zz", 1} @ (y), (5.11)
with ¢(x) = 1/(x)@+3.

Proof We first notice that the two exponential factors in (5.3) can be written as

Ce=r? 2.2 12 2?2y 2402
e 1—2 e 2 =ce 1-r2 2 gl—r2 S g_T, (512)
since }ffz > 1 and in the region of integration of B, (x, y) the exponent 7 = 12:% < 1. We

now separate cases.

(i) Case xy > 1: then ro(xy) = % < % and

1
2442 o potutl d
+) / yor r (5.13)
0

< 42v a-‘r% —= _
Bi(x,y) S 17 (xy)" T2 e (n 1)”“ o
;

The last integral is approximately given by

/21) el gy (1)‘“““ 1
o (nd)y*tor xy [In 2xy)]™+

(with the usual convention when o + u + 1 = 0 of reducing one power of the logarithm).
This is a good estimate if we assume that x > 1/2, since we may use

In(2xy) 2 In(y v2) =~ In(y +e),
and overall obtain

2 a+y =322
< =ty 5 Y <
B[(X, y) ~ t X e 2 y"‘ﬂ‘*l[ln (y+€)]l+v ~ ! <I>(y)

When x < 1/2, we need a refinement to obtain the c(x) in the statement of the lemma. We
split the integral bounding By (x, y) in (5.13) as

L 202 5 ro(xy)
Bt(x,y) S 12\) (xy)a"l‘j e~ 2 / e 4+ /; =7 —+ II, (514)
0
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noticing that the partition point 27" <rolxy) = i Since x < % and xy > 1, we also have

y > 2. Now, the first summand can be bound as above by

[in (30)]"

y

, 2 V)2 |
S t2\) <x>d+§ xa+u+l e 7T 5 t2U ()C)DH_Z qD(y)

ylH-% [11‘1 y] 14+v

since in this range y > 2. This implies the stated estimate because (x)"‘+% <1/ (x)"‘+% =
c(x). To handle 17, we need a different bound for the exponentials in (5.12), noticing that

r>2\—fC = x—ryl=ry—-x>=% = e =7 <e 4. (5.15)
Thus

I ry)?

x2_42 3 roH—/H—l e~ 7 dr

< 42 0t+% 7 -
115 2 ey te /; T
y r

Changing variables ry = u, the latter integral can be estimated by

(5.16)

[S]

u

Y _u
—(o+ut1) /7 u T e T du 1
y w e odu
0

(n2)"FT w Ty R Iy
u

since the major contribution happens when u ~ 1 (with the usual convention of reducing one
power of the logarithm if « + p© + 1 = 0). Inserting this into (5.16) (and using y > 2 and
x < 1/2), we obtain once again

11 < 2 ()% o(y).

This concludes the proof of the case xy > 1.
(ii) Case xy < 1: this time ro(xy) = 1 — % > %, SO we can write

ro(xy)
- ﬁ

2

e

2 1 x2+y2
Bi(x,y) S 17 (xy)*F2em 2 / =B + B
0

The first term can be handled essentially as in the previous case. Namely, if y < 2 we use a
similar bound to (5.13)

[S)

122 2 petetl gy 1 x i
B 5 t2v (xy)0l+7 e T - — ~ t2vxa+§ e~ T <y)ot+§
o (np)" T

<1 (x)7F B(y).

Ify22,then,wc§%zlnd2—x<1

= < 7,80 We may split

2x 1

315/)...
0

and exactly the same computations we used in (5.14), give us the bound

Bi < 2 (x)*F1 d(y).
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Thus we are left with the integral corresponding to B», that is the range
First of all, observe that

1 _ Xy
2<r<l

5 .

2

l __t

In-=1-r, rell/2,1] =
r

for a suitable ¢ > 0. Next, we need once again more precise bounds for the exponentials in
(5.12). We claim that if r € [1/2, 1], then

H—r2 x2+x2

2,2 2
+
e 12 T < oV T oA =

for a small constant y > 0. This is easily obtained using the fact that H'r > § in this
interval. With these exponential bounds, we can control the integral B, as follows

1_ Xy 7ct2+yl(x2+,v2> d
5 =
By < 12 (xy)tz e (- =S / ¢ ' d

2 (L=retth -y

2v a+i 2,2 o0
< t (Xy) 2 —(1+y)% —u _ a+v+1 du
~N T2 2 4 vatatvtl © e u :
[1% + x° 4+ y=] 0

(5.17)

after changing variables u = [ct> 4+ y (x> 4 y%)]/(1 — r). The last integral is a finite constant
(because o + v 4+ 1 > 0), so we observe two possible cases

(1) if max{y, t, x} > 1, we can disregard the denominator and obtain

212
B2 5 t2v (xy)0l+% e*(l+)’)/\ er)

< 0 ().
since the exponential decay in y is actually better than ®(y)
(2) if max{y, t, x} < 1, we bound the denominator in the two obvious ways to obtain

2v a+l a+i
B, < T )T

~ t2vx2((x+1) - (x>a+%v (518)

which is precisely the upper bound stated in (5.11). Observe that when x — 0 this piece
gives the largest contribution to B;(x, y)

Remark 5.6 1t is also possible to obtain a bound

Bi(x,y) S ) o(y), (5.19)
with perhaps a worse function ¢’ (x), but without the loss produced by max({1, #2”}. This loss

appeared when ¢, x, y < 1 in (5.18) above. Looking at (5.17), we may replace that bound
by

2v atl
2V (x 2
B, < (xy)

~ T 2tvtD

which implies (5.19) with ¢/(x) = 1/(x)°‘+%+2”.

This estimate will also be useful later.
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5.3 Upper estimates for A;(x, y): integrals over r < 1/2

Recall that

22 1 /H—% ot _w-m? dr
Ay ~ e T / e e (5.20)
roGy) /T—7 (In1) r

It will be convenient to split

1

L 1
2
At(x,y):f —|—f - = Al + A2.
ro(xy)Ag ro(xy)V3
When xy < 1, since ro(xy) = 1 - —’ > 2, we have A1 = 0 (and A;(x, y) = A2). When
xy > 1,since ro(xy) = 2)1@ < 2, both terms A1 and A2 play a role. In this section, we shall

only estimate Al.

Lemma 5.7 If xy > 1, then

x27v2 2 IL+2 (x— V))z d
Al < e L o T <o e, (5.21)
L (] 1\ 1+v r y
oy (n?)

where c(x) = [In (e + )"t (1 + x)“”'%‘ exp(x2/2).

Proof We shall distinguish cases
_a=ry)?
(i) Case y < 4x. In this region, we essentially disregard the exponential factor e 1-2
inside the integral, and directly estimate

1 1
x2—2 3 rﬂ‘f‘j dr
< 42v Y
Al < e / WD (5.22)

2xy
Notice however that when y < x such exponential produces an additional gain, due to

_(xfr,v>2
ry<5 = lx—-ryl>=35 = e 17 <e

A“‘N

(5.23)

In particular, we can use it when y < 1 (since then x > xy > 1) to control some of the
powers of x appearing below.
We now evaluate the integral in (5.22), depending on the sign of  + %

(1) If uw+ % > 0 the integral is bounded by a constant, and hence

Al < e

We shall enlarge this value to match (5.21) as follows. Since xy > 1, in this range we
have x > 1/2. Soif 1 < y < 4x we may use

(1 + )2 [In (e + x)]"*!
(1 + y)"F2[In (e + y) I+

1<

If}c <y <1, we use instead

1 < max lx‘”%, 1} (y)etz |
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which in this region can be combined with the extra exponential in factor in (5.23). In
both cases, we obtain A1 < tz"c(x)CD(y), as wished.

Q) If u+ % < 0, the integral diverges near 0, but we still obtain
1 4k
[ St s ———
2 ()™ T )t (n 2y
Thus, using the inequality In (2xy) 2 max {In y, In 2} we arrive at

2oy2

) 1 It 3
Al <Pe 7o ( —t_x) < Pe(x)®(y), if 1 <y<dx
(1 + y)*2 [In (e + y)]v+!

22 1
AL S ﬂ < 2Tt ()t < Pend(y), if <<y <,
xht2 yhtatl X
after inserting in the first step of this last case the additional exponential gain in (5.23).
(ii) Case y > 4x. This is the same as 2yx < %, and remember from (5.15) that when
re [27", %] a better bound for the exponential is available, namely

_(x—r}')2
e -7 < e A,

(5.24)

Thus we may consider two subcases, depending on whether 2\—)‘ is above or below ro(xy).

o Subcase % < ro(xy) = 5t < . Using (5.24) we obtain
2.2 % M+% —('ﬁ)z d
Al § t2vex ZY / r 161 r

2 (In

22,2 . 2
12V ez Y2 yht3 =T du
(ry=u) = ——7— — T
ut+d I nitvoy
yer2 2x (1H u)

Observe that x < % (and y > 2), so the latter integral reaches its major contribution at
1
u = —

2x

ll2
/m WS e du (1 hee
1

Lo )™ T2 iy

using in the last step the elementary bound of logarithms

1
n@xy) 2 20T ey s max(i, 1),
In (3 +e)

which is easily verified considering the cases x > 1/,/y and x < 1/,/y. Thus we conclude
that

,(2
Al < 127 eT D(y).

e Subcase ro(xy) < 27)‘ < % Here we split

1 2x

2 y
A1=/~~+/” e =14+ 11
27’.‘ ro(xy)
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The first term is similar to the previous subcase, except that now x > % (and y > 4x > 2)

u?

2 Xz—)’z 2 1
Ve 2 /y/ w1 e 7 du
2

v ()™ ow

I's

yu+%

and the last integral is bounded by constant times

2

_1
e e n(e+ 0] 1

(n )™ 77 (e + I~ [In(e+ I

Finally, we consider /1. Here, there is no exponential gain, and similarly to (5.22) we have

I < e 2

2xy (ln %)1‘“} 7 - yMJr%

2—X +3 w22 +3
x2—y? /,v r*T2  dr Ve 2 /X ultT2  du

1 1 y 1+v :

Ty x (ng)

Now, the last integral can easily be analyzed (depending on the sign of © + %) to obtain

L) T Iyl

2x

/2x Wt du <x'ﬂ+%‘[1n(x+e)]‘+“

u

Thus, overall we conclude that in this subcase

2
AL < T4+ 11 <2 A+0" 2 I (x + o] eT o(y).

5.4 Upper estimates for A2 when y < x/2ory > Mx

In view of the previous subsection, it only remains to estimate

2

x2y? ! e 27 _Gmry)?

A2 ~ tzv e 2 / [ ———— T e -2 dr
maX[ro(xy),%] V1—r (ln %)

L‘I2

2 _[2_)‘2 1 e T-r _ (,\‘7ry)2
<ot / e dr (5.25)
max[lf%,%} 1- r)”+i

noticing that In % ~1—rwhenr € [%, 1]. In this region, however, it is more convenient to

use the write-up for the heat kernel in (5.4), in terms of the parameter s. This gives a more
reasonable expression for the exponentials, namely

)2
P2y o) -1 [@+.Y(x+y)21|
e T e 17 =e¢ .

Since the parameters r and s are related by s =
directly from (5.25), we obtain that

(orr = ), either from (5.4) or

l—r 1—s
14r 1+s

1] —y)?
s ] 2 AL ]
A2 < tZV/ o
0

after perhaps slightly enlarging the range of integration. Our first result shows that when y
is far from x this can also be controlled by the function @ (y).

] ds, (5.26)
s
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Lemma 5.8 There exists M > 1 such that, if y < 5 or y > Mx , then

1| =92
A2 < t2”/ )
0

with ¢(x) = 1/(x)%+3.

ds < c(x) max{r?, 1} ®(y),
v+3

Proof We claim that, in the assumed range of x and y, there is some y > 0 such that

. 1 xy
(L 2 min 33 2 (x—y)z
A2 < e (3+7)s / { }e*V7'+s s+ gy, (5.27)
0

This is just a bound of the exponentials. Indeed, if we distinguish the two cases

(1) case y > Mx: this implies |y — x| > (1 — ﬁ)y, so for any n < 1 we have

)2 2
2 _ll:(x V) +S(x+y)2:| 2+ (x—y)? _I—n(M—l) (l ) 2
e_fT e S G <e 5 e = |\ 7 stHs)y

which implies the required assertion using that % + 5 > %, when s € (0, %), and
choosing M sufficiently large and » sufficiently small.
(2) casey < x/2: this time [x — y| > 5 >y, so we have

Y
_e 4 [%ﬂ(xﬂ)z] _etfaey?
s e <e s e

e — L (40)y?
which again implies the assertion using % +s5 > 13—0 and choosing n sufficiently small.

Thus (5.27) is proven, and we may change variables y[¢2 4+ (x — y)?]/s = u to obtain
A2 < :
(12 + (x — y)?2]"*2

)

~ (l +x + y)2v+l

12 eieﬂl)y2 o0 1 du
/ u'tie# — (5.28)
371 +(x—y? max{1, 1} u

2v 0

' d

/ wth e (5.29)
u

y’[x2+y2]max{l,$]

since in the selected range of x, y we have |[x — y| = x + y. To finish the proof, we must
distinguish some cases.

Case y > 1: then bounding the denominator and the integral in (5.29) by a constant we
immediately see that

2
A2 < 12 e*(fr)’)y < 2y (y)

since the exponential has a better decay.

Case y < 1 and y > Mx: we again bound the integral by a constant and estimate the
fraction in (5.29) as follows

t2v (y>(x+% <y)a+%

AZ < = —)F < ¢ .
Sy T et 2 e

(5.30)

Case y < 1 and y < 3: this is a relevant case, since the integral in (5.29) plays actually

arole. To compute the integral, we must distinguish the two subcases
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(1) If xy < 1, then since also % > 2,
2v oo v—1
t 1 2 x
A25 W e du ~ — (f) ey (5.31)
x Jx x \y
4 y
+l OH’l
§l <X>a : () 2
X \X <x>0t+§

2y o 1 2
A2 < / e Mdu < P xTtem N,
y

~

< y < 1 we can insert the estimate

Now, since i

1S (1) max {x‘”%, 1} ,
to obtain A2 < 12V (y)*+2. o
Remark 5.9 As mentioned earlier in Remark 5.6, here it is also possible to obtain a bound
A2 < ()2 D(y), (5.32)

with ¢/(x) = 1/(x)“+%+2”. The loss produced by max{1, 2V} can be corrected in (5.30)
and (5.31) by replacing the factor #2” in the denominator by x2”, as one readily notices from
(5.29). As mentioned before, this estimate will play a role later.

5.5 Upper estimates for A2 in the local part 5 < y < Mx

As in the previous subsection, our starting point is the formula (5.26), which we must estimate
in the local region % <y < Mx. A sufficient bound for us is stated in the next lemma.

Lemma 5.10 If 5 <y < Mx , then
| x)‘} e—i—%[@ﬂ(x—&-y)z] ¥

min 35 t2v -
A2 < 12“/ { ds < C(x) ¢
0 s (t +lx—y

|)]+2U ’
(5.33)

2

where C(x) = (1 +x)2”e%.

Proof We shall crudely enlarge the integral in (5.33) to the range fol/ 3. This last integral was
already estimated in [6] and [5], by a similar procedure to the one used in the last subsection.
More precisely, from the estimates in [5, Lemma 3.2], formula (3.16), it follows that

a1 |:(xfy)2 2:|
=5 1| 5 ts(xty) x2—y2
4 - t2v (1 +x)2v e 7

1
Ze
2v
: / v+3 § 1+2v 7
0 sVT2 (l+|x—)’|)

which agrees with (5.33). O
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5.6 Proof of Propositions 5.1 and 5.2

Proposition 5.2 follows by putting together Lemmas 5.5, 5.7, 5.8 and 5.10. Concerning
Proposition 5.1, the lower bound was shown in Lemma 5.4, while the upper bound also
follows from Lemmas 5.5, 5.7 and 5.8, at least when y < % or y > Mux. This actually
implies the asserted result for all x and y, since when y belongs to the compact set [%, M x],

the continuous function y — P;(x, y)/®(y) is bounded above by a constant ¢ (¢, x). O

5.7 Proof of Corollary 5.3

By Proposition 5.2, observe that

Ci1(x) g(y)dy
Pf(x) S = T COUVO™ | e (5.34)
R+ (1 + \X—)’|>
t
2
where g(y) = f(y)e_TX{%<y<Mx}. The first term is then controlled by the Hardy—
Littlewood maximal function by a standard slicing argument. O

Remark 5.11 We wrote in (1.9) a different version of (5.9) with Mloe( f®) in place of
12
Mloe <fe_'7). Since x ~ y,

atd 2

MEE(fP)(x) ~ M (fe_%) (),
[In ()17 (140)" "2

so they are actually equivalent modulo x-constants. The write-up in (1.9) has the advantage

of remaining valid for other Laguerre systems; see Sect. 7 below.

6 Proofs

As indicated in Sect. 1, we present the proof of Theorems 1.1 and 1.2 for the differential
operator L in (1.1) and the function @ in (1.4). We postpone to Sect. 7 the proof of the results
for the other systems mentioned in Table 1.

6.1 Proof of Theorem 1.1

First of all, it is an immediate consequence of Proposition 5.1 that 7| f|(x) < oo for some
(orall)z, x > Oifand only if f € L'(®). This justifies that f € L'(®) is the right setting for
this problem. Notice also that taking derivatives of the kernel P, (x, y) in (5.5) with respect to
t does not worsen its decay in y, so P; f(x) automatically becomes infinitely differentiable
in the 7-variable when f € L! (®). Notice, moreover, that the kernel satisfies’

21
|:8xx —x? - ax24 =2+ 0 + 1_tzv 3r] Pi(x,y)=0.

Thus, the (distributional) derivatives 8)%’” [P, f] are transformed into 7-derivatives, and hence
are continuous functions. Since this is valid for all m, it implies that (¢, x) — P; f(x) is a

3 See, e.g., [5, §2] for an explicit computation.
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C®° function. We have thus completed the proof of paragraph (i) and the last statement in
Theorem 1.1. We shall now prove the statement in (ii), namely that for f € L'(®)

lir(r)l Pif(x)=f(x), YxeLly 6.1)
t—0t ’

where Ly denotes the set of Lebesgue points of f. When f(x) = 0, this is easily obtained
from the kernel estimates in Proposition 5.2. Indeed,

Y1 f ()l dy

Mx
Pfx) < Cl(x)/g U+ lx— i+

+C§<x)r2”/ | f1D,
Ry

where in the second term we have replaced (¢ v 1)2v by 2" in view of Remarks 5.6 and 5.9.
Thus, this second term vanishes as ¢+ — 0 (actually for all x € R.). Concerning the first
term, it is given by convolution of | f (y)| X(%<y<Mx} € Ll (R4) with a radially decreasing
approximate identity, so from well-known results (see, e.g., [14, p. 112]), it must vanish as
t — 0 at every Lebesgue point x of f with f(x) = 0.

It remains to prove (6.1) when f (x) is not necessarily 0. To show this, we first notice that
the first eigenfunction ¢ = ¢ (with eigenvalue A = 2(u + a + 1)) satisfies

Pip = F;(M)p, with lim F;(A) = 1.
t—0

Indeed, setting u = tz/(4v) in (1.3), gives

Foy = 022 [ o QT e a0
‘W ="Tror )¢ PRET Ol A v o '

Therefore, we can write
Pif(x)— f(x)= P f(x) = F Q) f(x) + fOLFG) — 1], (6.2)

with the last term vanishing as + — 0. Since ¢ > 0, the first term can be rewritten as

P = L9 Po@) = P (f - L50) .

Setting g = f — (Zg)) @, itis easily seen that g € L'(®), g(x) =0and x is a Lebesgue point

of g. This last assertion follows from

][ lgMIdy < ][ [f(y) — fx)ldy + ol lp(y) — e(x)|dy,
I(x,r) 1(x,r) o) J 1000

which vanishes as r — 0. Thus we can apply our earlier case to g and conclude that
lim,—,¢ Prg(x) = 0. So the left-hand side of (6.2) goes to 0 as ¢+ — 0, establishing (6.1) and
completing the proof of Theorem 1.1. O

Remark 6.1 A close look at the last part of the proof shows that when f € C([a, b]) with
[a, b] € R, the convergence of P; f(x) — f(x) is uniform in x € [a, b].

6.2 Proof of Theorem 1.2

We have to show that Ptz maps L?(w) — LP?(v), for some weight v(x) > 0, under the
assumption that

/ 1/p
_r ’
lwlp,@) = |:/ w7 ()P (x)P dx] < 00,
Ry
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with & as in (5.6). We shall use the bound for P;('; in (5.9), namely

2
fﬁfu)SCNMAﬁ?(ﬂ‘T)u)+<bwyé|f@n¢@nw
+
= 1) + 11 (v), (6.3)

for a suitable M > 1, and C;(x), C2(x) given explicitly in Proposition 5.2. We first treat the
last term, which by Hoélder’s inequality is bounded by

I(x) = C20) 1 fllew) lwllp, @) -

Thus, it suffices to choose a weight v such that C,(x) = [In (e + XY 1+ x)“”'%‘ e%/
(x)”““% belongs to L? (v) to conclude that
1 1Lr@y < IC2llLr@) lwlip, @) 1flLrw) - (6.4)
For instance, we may take any v(x) < v2(x) with
<x>(ot+%)p—l o5

[(In (e/(x)N1* (1 +x)N

forany N > 1+ plu + %I. We remark that v, € D, (®) for all ¢ > p. Indeed, the local
condition was already established in (4.3). For the global condition, notice that

v (x) = (6.5)

o0 / , © (. p ‘L/ 2 L’
/ vz(x)f% d(x)7 dx < f e (1 ‘7)2x 1+x) ¢ dx < oo
1 1

We now consider the term /(x) in (6.3). We define a new weight W (x) = w(x)e%)‘2 and
observe that

weD,(®) = WeD)(x+3)ND;™ (@, Va>0, (6.6)
for the weight classes defined in Sect. 3.2. Indeed, the local estimate follows from ®(x) ~
(x)‘”% when x € (0, 1), and the global estimate is a consequence of

7

© 2 /2 Y ,
HW”D;xpz(a) = f w P (x)e TV ¥ dy < CF / w7 ()PP dx, (6.7)
1 1

with C, = max,=1 [In (e + x)|FV|1 + x[A+7 e,
‘We shall now set

_ pxz

oo [ —2 _p2? ~7
Vi (x) = “//(x)pg(“//(x)), where“l/(x):|:/\/t,ﬁ,° <w e )(x)}
(6.8)

2
(orvye(x) =(1 —I—x)_zp"e’pT Ve (x) in the notation of (3.1)). Given f € LP(w), we denote
2

2
(1+x)2P

f ny=rf (y)e’% which is a function in L? (W). Then, using the two-weight inequality for

x2
Ml,ff in Theorem 3.1, and the expression for C1(x) = (1 + x)%eT, we see that, for any
v < vy ¢, the term / (x) in (6.3) is controlled by
Ci(x)? e 5

TN, < | —————
”“”W”—A+a+uww

Sy = 1150 y- (6.9)

| MU F 0|7 Ve(x) dx
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So, combining (6.3), (6.4) and (6.9), we have shown that || P f || Lrw) S II.f | L2 (), provided
v(x) = min{v; ¢(x), v2(x)}, (6.10)

with vy ¢ (x) and vp(x) defined in (6.8) and (6.5).

We only have to verify that if ¢ > p, then we can choose ¢ sufficiently small so that
v1,e € Dy(®) (which implies v € D, (P)). This actually follows from (6.6) and Proposition
3.3. Indeed, on the one hand, since W € Dg (o + %)

1 ’ 1 ’
/ V()T o) dx < / Vo) 7 (x)@tDe gy 6.11)
0 0
which is finite by (i) in the proposition (choosing ¢ sufficiently small). On the other hand,

00 4 , o g(1m)g -
/ Ve(x) 7 ()7 dx S / Ve(x) 4 e )T 1+ x)2Pildy,  (6.12)
1 1

and since W € D;sz (a) for all a > 0, we can apply part (ii) of Proposition 3.3 (for a
sufficiently small ¢) to conclude that this is also a finite quantity. m}

Remark 6.2 Alternative expression for the second weight. A slight modification of the
above construction suggests to define a new weight by

2

d,w — i p loc —%, P o (x>p—l @ (x)?
e mln{®(x) [M (w ¢ )m] T e/ P (40
(6.13)

with
P

(x>8N1 loc 2y o
Tg(x) = m Pse |:M (w » OP ) (X)] , &€ (O, 1)

If No, N1, N3 are sufficiently large, then similar arguments as above lead to the boundedness
of Pt:‘)  LP(w) — L”(vf””) when w € D,(®) and ¢ € (0, 1), and give also the property
that vf W e Dy (®) if ¢ is sufficiently small.

We only sketch the proof for the first weight inside (6.13), namely

L

D1e(x) = D(x)? [Ml"c (w*%dﬂ”) (x)] "), (6.14)
We claim that if Ny, N; are sufficiently large, then
(x)le ~
V16 (x) A+ S Ue(®) S vie(x), Yee(0,1), (6.15)

for suitable M, M, > 0. Assuming this claim, it is not difficult to deduce that

@ M Lr@ o S Twlp,@)lLf e w)-
(ii) Giveng > p,then vy, € D,(P), provided ¢ is sufficiently small.

Indeed, (i) is immediate from (6.9), while (ii) is not hard to obtain from (6.12) and (6.11)
(here using Proposition 3.3 (i) with some 81 < B). Finally, to justify (6.15), first notice that,
by the local restriction in the maximal function,

@ (x)P [Ml"c (wf%/ <I>p/> (x)]_

s

_p?
AoeT T Y (),
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with the notation in (6.8). Moreover, using the trivial inequality
(A1) pex) < pe(hx) < (AV 1) pe(x),

we obtain that

(x)gNl (1+x)‘“+%|[ln (e+x)]1+v pe - pe (V' (x))
Te(x) = (1 +x)Nz |: (x>\a+%| ,Og("//(x)> ~ m’

provided we choose Ni > pla + %| and Ny > 2vp + ep|lu + %|. Thus 91 ¢ (x) < vy (x).
On the other hand, the reverse estimate

()t () o+ "
Ts(x) > (1 +)€)N2 |:(1 —}—x)er%l[ln (e —|—x)]1+v pa(%(lﬂ) 5

implies the lower bound in (6.15) with M| = N + pla + %l and any My > Ny +eplu+ %|.
The new weight expression in (6.13) will have the advantage of being jointly valid for all
the Laguerre systems in Table 1 (with the corresponding & functions).

7 Transference to other Laguerre-type systems

In this section, we show how to transfer the results already proved for the system {¢} } and
the operator L to the other Laguerre systems and operators in Table 1. This procedure is
completely general and has been used before in other instances (see, e.g., [1]).

7.1 Results for the system ¢5
The starting point is the identity defining v, namely

. —a—1
Y () = a(y) ¢ (y), witha(y) =y~ 2. (7.1)
Clearly, ¢y is an eigenvector of L if and only if ¢/ is an eigenvector of the operator
[ Af() =a@Lla™" f 1)

(with the same eigenvalue A, = 4n + 2(«o + 1 4 )). An elementary computation shows that

the differential operator A obtained in this fashion is exactly the one listed in Table 1. Remark

also that {} becomes an orthonormal basis in L? with the measure a~2(y)dy = y2*+ldy.
The identity in (7.1) leads to a pointwise relation of the corresponding heat kernels

e M, y) = Y e MYE YR (y) = a)a(y) e (x, ),

n=0

and by the subordination formula, also of the corresponding Poisson kernels
PMx,y) = a)a(y) Pl (x, y).

In particular,

PAF(x) = / PRy f) a2y = a() PEla~ 1. (1.2)

Ry
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From this relation, it is clear that Theorem 1.1 becomes true for the operator A with

ot (y) = a(y) '@t (),
as listed in Table 1. From (7.2), it also follows that P[S‘A maps L?(w) — LP(v) if and
only if P,T)’L maps L?(aPw) — L?(a’v), and hence the necessary and sufficient condition
becomes

1
a’w € Dy(dF) = lla ' w P &Ly < 00 == w € D, (M),

as was claimed in Theorem 1.2. For the assertions about the weight v, one may argue directly
as follows. Observe from (7.2) and Corollary 5.3 that we can write

2
Pl f(x) S C1(x) a(x) MyF <fa7167)7> (x) + C2(x)a(x) /R | f1D%,
+

with a cancelation in the first term due to a(x)a(y) ™! ~ 1 when % <y < Mx. At this point,
we can apply the same arguments as in Sect. 6.2. Namely, we construct v = min{vy ¢, v2}
with the same choice of vy ¢, and with v in (6.5) now replaced by

(x)(ZOtJrZ)pfl efgxz

[In (e/ (x> (1+ )N~

v (x) =

The same proof will give that, forany g > p, there is asufficiently small £ so thatv € D, (™)
(the only difference being that, locally, this condition now becomes v € Dg Qo + 1)). We
remark that this part will work as well with the choice

v(x) = a P v® () = v (x),
as defined in (6.13).

7.2 Results for the system £5

Consider the following isometry of L2(R.., dy)
f— Af(x) = V2x f(x).
The systems £% and ¢~ are related by ¢ = ALY, or equivalently

£2(y) = [A7'g%1(y) = (4y) 73 ¢ (V). (1.3)

In particular, £¢ is an eigenvector of the operator
e=latoroa
= - oLoA,
4

this time with eigenvalue A, /4 = n + (o + 1 + ) /2. The factor % has been inserted so that
£ coincides with the operator listed in Table 1.
The heat kernels are now related by

e y) = Y e ALl (y) = —— e (VL V).
n=0 2(x)’)4

and therefore, a substitution in the subordinated integral in (5.5) gives

PE(x,y) = (16x) 7 PLy (V3. \/5) .
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Thus, we obtain the formula
PEF@ = [ PR F00dy = @0 RRIAN (V). (7.4)
+
From this relation, one easily deduces Theorem 1.1 for the operator £, provided that
5 (y) =47 @M (), (7.5)

which is comparable to the function in Table 1.
To establish the second theorem, first observe from (7.4) and Corollary 5.3 that

C y
Prt o0 5 ;(f)M‘ﬁ(ﬁf(yQ)e 7>(f ) + 1/4 / V21 ODIeE ).

We claim that this inequality can be rewritten as

G
Pyt S () £ O (VE) MY, (fe 2)<x>+(]—/4ﬁ) fR [f@IeCw),  (1.6)
+

loc
where
M e

X { x <y <2y}~ The expression for the second term is clear from (7.5) (after a change of variables

stands for the local maximal function in (1.10) with the cutoff replaced by

y% = u). To handle the first term notice that the local region now becomes ‘/; <y < Mx,

which in particular gives x -1 /Y = 1. We also need the following lemma for the maximal
function.

Lemma 7.1 For every function g : Ry — C and every x € R4, we have

2
M (g(y )x{§<y<Mﬁ}> (Vx) S M (g(u)x{%<u<sz}) ).
Moreover; x is a Lebesgue point of g if and only if \/x is a Lebesgue point of g(¥2).

Proof The first assertion follows essentially from the change of variables y> = u,

1
LHS < supf/ 1) X{5<y2<m2c} Ay
r>07 J|y—x|<r

du
= SuP*/ lg )] Xy« 20 ——.
r>0 1" J|Ju—yx|<r (5 <u<h?] 2Ju

In this local range, we have \/u ~ \/x, so may take the denominator outside the integral.
The local behavior also implies that
/ “ o ds
x 2

lu — x|
|Vu — /x| = A
18| X(z <u<mrrydu S RHS.

Jx

(7.7)

Therefore, we conclude that

LHS < sup
=0 I'/X lu—x|<ry/x

For the last assertion, we only show that x € £, implies \/x € Lz with g(y) = g(y?) (the
converse is similar). As before, the change in variables y = /u gives

1 1
Zr(x) = */ 1) — gWn)ldy = */ 1g() — g 5—=
ly—v/xl<r r 2

r IVu—/x|<r f
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If r is sufficiently small (e.g., ¥ < +/x/2), we have /u ~ /x and also |\/u — /x| ~
lu — x|/+/x, by (7.7). Thus,

() S lg(u) — g(x)| du

r\/; lu—x|<cryx
which vanishes as r — 0 since x € L. ]

We have thus shown (7.6). From here, one proves Theorem 1.2 (for the operator £) arguing
once again as in Sect. 6.2. Remark that, in view of the new constants Cy and C in (7.6), the
weight v = min{v] ¢, v2} must be defined with

X

e 7
m“f/(x)pa<7(x)) and vo(x) =

(x)(%+1)p_l e_gx
[n (e/ (N> (140N

ve(x) =

/ /e 17’)
where ¥ (x) = [MI%"’CMQ (w_%e_pT) (x)] and N > 1+ 2 (In+ %I — %) Then, the
same proof as before gives that Ptz’): cLP(w) > LP(v) if w € Dp(<I>£). One can also

establish (with a few obvious modifications, such as using the class D},"" in Proposition 3.3
i) that for every given g > p, there is a sufficiently small & so thatv € D, (®*). Once again,

we may also replace this weight by v‘bs*w(x), as defined in (6.13).

7.3 Results for the system £{;

Remember that these functions satisfy
G =aM Ly, witha(y) =y %, (7.8)
Thus, they are eigenvectors of the differential operator
[ Zf@) =aLla” flkx)

(with the same eigenvalues as £7) and constitute an orthonormal system in L(a (y)‘zdy).
One then derives Theorems 1.1 and 1.2 for the operator ., from the known results about £,
by repeating exactly the same arguments that we gave in Sect. 7.1. We leave the details to
the reader.

7.4 Results for the Laguerre polynomials LS

Since L is the most classical Laguerre operator, we shall give a few more details here. First
of all, recall that L and £ are linked by
Ly(y) = ay) L), witha(y) =y~ 22 (7.9)

Thus, the functions L¢ are orthonormal in L%(a(y)"2dy) = L%*(y®e~?dy) and are also
eigenvectors of the differential operator

f L) =a@)ela ' 1),

with the same eigenvalues as £, namely n + (o + 1 + w)/2. We remark that L coincides
with the operator in Table 1. Thus, the heat and Poisson kernels of these two operators are
related by

atpu+1

e x,y) = Ze‘(’” ’ >’Lz(x)L:;‘(y) = a(x)a(y)e " (x,y),
=0
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and
PF(x,y) = a(x)a(y) P (x, y).
This implies the identity

PEf = [ PRe foyte dy = aw P [yie w0

Ry

from which one deduces the validity of Theorem 1.1 for the operator L, provided

o i o 7)’
ol) = yieTot(y) = i

1+a+pn

A+ e+ 0]+

Note that this coincides with the function in Table 1. Moreover, (7.10) combined with (7.6)
implies the estimate

Pot () S CHe) MY, (fe7) () + Crw) f |f IO @) = T(x) +11(x),
’ R
! (7.11)
with the new constants
g1
Cl(x) = (14+x)%" and CE(x) =[n(1 +x)1" (1 + x)("‘+2‘ « 2)/2&/();)‘*“.
We now apply the same arguments as in Sect. 6.2 to show that, for a suitable weight v, we
have ||Ptz’Lf||Lp(v) S I f lLp (w), under the assumption w € DP(QJ]L). Indeed, to control the
second term /1 (x) we choose a weight vy such that Cg“ € LP(vyp), namely
(x)(oﬂrl)pfl e~ P
[In (e/(x)1> (14N~

withsay N > 1+ p(*F%H 4 jor + L)), Tt is not difficult to verify that vy € Dy (@) for all
q > p. To control the first term, we set

v (x) =

e Px
(14 x)pv

That is, if W(x) = w(x)eP”, then v ¢(x) = (1 + x)"PYe™P* V(x) with the notation in
(3.1). So we may use Theorem 3.1 to obtain

ve(x) =

7 / 1*P
V() pe (%(x)) with ¥ (x) = [M??Mz <w‘7e—l’ X> (x)] .

1
“IH LP(v1e) 5 |:/]R ’MI%O,CMZ (fe_y) (x)'p Vs(x)dxj|p 5 ”fe_y”Lp(W) = ||f||L”(w)~
+

Again, it is not difficult to verify that for a sufficiently small & one has vy, € Dq(CD]L),
arguing as in the last part* of Sect. 6.2. Thus, Theorem 1.2 holds with v = min{vy ¢, v2}.

Alternatively, with the notation in (6.13), one may as well choose the weight vq’L*w(x).
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4 With the quadratic exponentials e* 22 in (6.7) and (6.12) replaced by linear exponentials e*.
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