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1 Introduction

We recall the definition of the (inhomogeneous) Haar system in R?. Consider the
1-variable functions

B =101 and 2D =101/ — Lija.
For every e = (¢1, ..., &4) € {0, 1}¢ one defines
RO (x1, ... xq) = B (xp) - hED (xg).
Finally, one sets
he) ) =h® Q% —0), keNo, teZ,
Denoting Y = {0, 1} \ {6}, the Haar system is then given by

g
Ay ={nh)  uln ke ez e et

Observe that supp h,(fz is the dyadic cube I ; := 2k €+ 10, 1]d).

In this paper we consider basis properties of .7 in Besov spaces B), , and Triebel-
Lizorkin spaces F), , in R¢. We refer to [9,10] for definitions and properties of these
spaces, and to [1] for terminology and general facts about bases in Banach spaces.

In the 1970s, Triebel [7,8] proved that the Haar system .7¢ is a Schauder basis on

S dy ;
BS  (RY) if

d

4T <P <09, 0<g < o0, max{d(%—l),%—l}<s<min{1,l}, (D)

p
and that this range is maximal, except perhaps at the endpoints. Moreover, the basis
is unconditional when (1) holds; see [11, Theorem 2.21]. Concerning F ;,', q spaces,
however, in [11] it is only shown that .77 is an unconditional basis for F ;, q (RY)
when, besides (1), the additional assumption

max{d(%—l),$—1}<s<$ )

is satisfied. Recently, two of the authors showed in [5,6] that the additional restriction
(2) is in fact necessary, at least when d = 1. It was left open whether suitable enumer-
ations of the Haar system can form a Schauder basis in F), . in the larger range (1).
We shall answer this question affirmatively.

Given an enumeration {u1, us, ...} of the system .7, we let Py be the orthogonal

projection onto the subspace spanned by uq, ..., uy,i.e.
N
Pyf =Y llunlly(f: tn)itn - 3)
n=1
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e¢]

The sequence {u,};° | is a Schauder basis on Fg’q if

Jim [Py f — fllpy, =0, forall f e F),. )

In view of the uniform boundedness principle, density theorems and the result for
Besov spaces, (4) follows if we can show that the operators Py have uniform F ; ¢
Fy, , operator norms. Note, that the condition s < 1/p is necessary since the Haar
functions need to belong to F, .. By duality, if 1 < p < oo, the conditions > 1/p—1
becomes also necessary, so the range in (1) is optimal in this case. If p < 1, then an
interpolation argument shows that (1) is also a maximal range, except perhaps at the
end-points; see Sect. 4 below.

Definition An enumeration &/ = {uy, us, ...} of the Haar system 7 is admissible
if the following condition holds for each cube I, = v + [0, 119, v e Z4 i u, and u n
are both supported in 7, and |[supp(u,,)| > |supp(u,’)|, then necessarily n < n’.
The table in Fig. 1 shows how to obtain an admissible (natural) enumeration of ¢
via a diagonalization of the intervals I, versus the levels k. We first label the set
74 = {v1, v, ...}. Then, we follow the order indicated by the table, where being at
position (v;, k) means to pick all the Haar functions with support contained in /,, and
size 274 arbitrarily enumerated, before going to the subsequent table entry.

Our main result reads as follows.

Theorem 1.1 Let U = {u,};>, be an admissible enumeration of the Haar system
Iy Assume that

(i) 7% < p < oo,
(ii) 0 < g < oo,
(iii) max{d(% -1, % — 1} < s < min{l, %}.

Then U is a Schauder basis in F};,q (R,

In the left part of Fig. 2, the trapezoid is the parameter domain for which the
Haar system is a Schauder basis in the Hardy—Sobolev space H ; (R) (= F ;’Z(R))
while the shaded part represents the parameter domain for which the Haar system
is an unconditional basis in H 1; (R). The right figure shows the respective parameter
domain for H ;, (RY).

The heart of the matter is a boundedness result for the dyadic averaging operators
Ey given by

EvfO) =) iy, @2" / f@nydr 5)
nezd N
Fig.1 An admissible k\I, | L, I, L, L, I,
enumeration of 7 0 1 2 4 7 11
1 3 5 8 12
2 6 9 13
3 10 14
4 15

Birkhauser
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Fig. 2 Unconditionality of the Haar system in Hardy—Sobolev spaces in R and R4

with
Ivg=2""@u+[0.D%, pez! N=0,12...

Note that Ey f is just the conditional expectation of f with respect to the o-algebra
generated by the set Zy of all dyadic cubes of side length 2~V There is a well known
relation between the Haar system and the dyadic averaging operators, namely for
N=0,12,...,

EN+]f ENf Z Z 2Nd h(é‘) hg\?)ﬂ9 (6)

ecY ,LLEZd

i.e. Ey41 — Ey is the orthogonal projection onto the space generated by the Haar
functions with Haar frequency 2.

Now let 19 be a Schwartz function on R?, supported in {|§| < 3/8} and so that
no(€) = 1 for || < 1/4. Let [Ty be defined by

Oy fE) =n@ Ve F(E). )

There is a basic standard inequality (almost immediate from the definition of Triebel—
Lizorkin spaces)

SUP Ty fliFy, < C(p.q. I fllFg, (®)
which is valid for all s € R and for 0 < p < 00,0 < g < co. Moreover, (8) and the
fact that |[[Tyg — g F, = 0 for Schwartz functions g gives

Jm Iy f = fllF, =0 ©

if f e F;’q and 0 < p, g < oo. The main tool in proving Theorem 1.1 is a similar
bound for the operators Ey which of course follows from the corresponding bound
for Ey — ITy. It turns out that the operators [y — ITy enjoy better mapping properties
in Besov spaces.

Birkhduser
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Similar bounds are also satisfied by projection operators into sets of Haar functions
with fixed Haar frequency. Namely, for N € N and functions a € £%°(Z4 x Y), we
define

Tylfial=Y_ Y ane2V(f. 0 )%, (10)

eeY MGZ‘I

Observe that the choice a;, ¢ = 1 recovers the operator Ey; — Ey. Then, we shall
prove the following.

Theorem 1.2 Letd/(d+1) < p <o00,0 <r < o0, and
max{d(1/p —1),1/p — 1} <s < min{l, 1/p}. (11

Then there is a constant C := C(p, r,s) > 0 such that for all f € B;’OO

sup [[Ex f —ITn fliB;, < Clfls,- (12)
N

Moreover,
sup [Tn[f. alllsy, < llallsoll f1IBs ., - (13)
N

We have the embedding F, , C F), , C B, ,, which we use on the function side.
For r < p we have the embedding B, . C F), , (by Minkowski’s inequality in LP/my
and if also r < g we have FIS,’, C Ff,yq; these two are used for Ey f — Iy f, or
TnLf, a]. In particular we conclude from Theorem 1.2 that Ey — [Ty is bounded on

Fy ;> uniformly in N. Hence

Corollary 1.3 Let p,s beasin (11)and 0 < g < co. Then

sup IEn fllFy, +sup sup |TnLf alllry, SIFIFg, (14)

p.q "~
llallgoo <1 !

The proofs in this paper use basic principles in the theory of function spaces, such
as L? inequalities for the Peetre maximal functions. A different approach to Corollary
1.3 via wavelet theory is presented in the subsequent paper [2]. The main arguments
and the proof of Theorem 1.2 are contained in Sect. 2. In Sect. 3 we show how estimates
in the proof of Theorem 1.2 are used to deduce Theorem 1.1. Finally, in Sect. 4 we
discuss the optimality of the results.

2 Proof of Theorem 1.2

We start with some preliminaries on convolution kernels which are used in Littlewood-
Paley type decompositions. Let By, 8 be Schwartz functions on R?, compactly
supported in (—1/2, 1/2)d such that |B\o(§)| > 0 when |[§] < 1 and |B\(§)| > 0
when 1/8 < || < 1. Moreover assume S has vanishing moments up to a large order

d
M > — +|s], 15)
p

Birkhauser
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that is,
/ Bx)x{" -+ x}"dx =0 when my+...+mg <M. (16)
R4

Fork =1,2,... let x := 2k 2k.) and Ly f = Bi * f. We shall use the inequality

0]

1/r
ey, S (D22 ILagly) (17)

k=0

and apply it to ¢ = Eyx f — IIy f. Inequality (17) is of course just one part of
a characterization of BY . spaces by sequences of compactly supported kernels (or
‘local means’), with sufﬁcnent cancellation assumptions, see for example [10, Sect.
2.5.3].

Let no € Cé’o(Rd) be as in (7), that is, supported on {|§| < 3/8} and such that
no(€) = 1 when |&| < 1/4. Define A, and Ag for k > 1 by

 n®) ~

A

7 = 2 ET©

o 2k o 2k+1

Afe) = METH —m@ T8 Fp gy,

B2*e)

Then } %2, L ;A = Id with convergence in S’, and

sup2”||A flip S WA lBs -

]>
Moreover [Ty = Z;V:o LA, and therefore
N 00
Exf—TInf =Y EvLiAjf —LjAjf)+ > ExLjAjf.  (18)
j=0 j=N+1
If we use the convenient notation
Ey =1 —Ey,

then the asserted estimate (12) will follow from

(szsr Z LiENL;A, fH ) Ssup 28 |A; £l - (19)
j=N+1 J
and
(sz” ZLkENL A fH ) Ssup 2/ |A; - (20)
k=0 j=0 J

Birkhduser
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Below we shall use variants of the Peetre maximal functions, which are a standard
tool in the study of Besov and Triebel-izorkin spaces. We define

Migx) = sup [g(x +h), (21a)

‘h|oo§27j+l
Mig(x) = sup [glx +h)l, (21b)

[hloo<27/+3

lg(x + h)l

e(x) = sup —— 21c
A.;8(X) hEde 0+ 2T DA (21c)
where ||oo = max{|hi], ..., |hal},h = (hi, ..., hg) € R?. These different versions

are introduced for technical purposes in the proofs. They satisfy obvious pointwise
inequalities,

Mjg(x) < Mig(x) < CAMY;8(x),
and
Mjg(x) < Ihlocig2f—-/+4 Mg (x + h)
< (2“—4”’/ C[Migx + h)]’dh)l/r, 0<r < oo. 22)
|hloo<277F4
Below we shall use Peetre’s inequality ([3], see also [9, Sect. 1.3.1])
195" fllp < Cpallfllp, 0<p=<oo, A>d/p, (23)
for f € S'(RY) satisfying
supp(f) C (& ¢ 151 < 271, (24)
Throughout we shall assume that M >> A; we require specifically
d/p<A<M—|s|.

The main estimates needed in the proof of (19) and (20) are summarized in

Proposition 2.1 Let 0 < p < oo and

ik s i
2N*] 2/7 2(]*N)(d*1)(;*])+ lf],k > N + 1’
Nk .
Bk N) = 27 2/7N ifj <N, k>N+1, 25)
DI = N jo N (N=R)d (L —1)1 , :
2 2779 P if0<j k<N,

_ iy i=N _ I d—D1L —
2k J+ 5 FIN k+(j—k)(d 1)](p D+ ifj>N+1, k<N.

Birkhauser
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Then the following inequalities hold for all f € S'(RY) whose Fourier transform
is supported in {|&| < 2/F1}.

(i) For j > N +1,

B(j, k, NIl £l ifk >N +1,
ILAENIL; f1p S { LB(j, k. N +2-li-H01=ayy gy irg < < v, 2O
(ii) For0 < j <N,
B(j, k, N) + 271 =H=DT) £, if ke > N +1,

(iii) The same bounds hold if the operators Ey in (i) and By in (ii) are replaced by
Tn[-, al, uniformly in ||a|lcc < 1.

We begin with two preliminary lemmata, the first a straightforward estimate for
LiL;.

Lemma 2.2 Let k, j > 0 and suppose that f is locally integrable. Let M be as in
(16) with M > A > d/p. Then

[LiLjf(x)] S 27 KM= Mmoo f (). (28)
If f € S'RY) with (&) = 0 for |&| > 27+ then
ILEL; fllp S 27 =D 7y,
Proof The second assertion is an immediate consequence of (28), by (23). We have

LiL;f = vyji* f where y; = B * ;. By symmetry we may assume k < j. Using
the cancellation assumption (16) on the 8; we get

M—1
1 ' '
lyje@)| = )/2kd[ﬁ(2k(x -y) - Z _'<_2ky’ V)mﬁ(zkx)]zjdﬂ(zjy)dy‘
m—=0 m:
wa [PA=OYT Mgk k idp(ni
= 2 (—=2%y, VY"B(2"x — s2%y) ds 279 B(27 y)dy
M-
5 Z(k M 2kd [_27k,2—k]d(_x),
and thus
207 M ok f1 S 2’“’f |f(x — h)|dh
|h]oo<27%
2004 £ (x — i) .
< okd / _ dh < 2G=DA g £y
~7 Dzt T+ 270)A S PWTAC))
Hence (28) holds. .

Birkhduser
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Some Notation

(i) Below, when j > N we use the notation

Uy.j = {(yl, covva) €RY| min dist(y;,27VZ) < 271—1}.
I<i=d

Thatis, Uy j is a 2=/~ neighborhood of the set Uregy 91.

(ii) For a dyadic cube I of side length 2=~ and [ > N we shall denote by Z;[1] the
set of dyadic cubes J € 2 such that J N 31 # @.

(iii) For a dyadic cube I of side length 2~V denote by Zy (I) the neighboring cubes
of I, that is, the cubes I’ € Zy with I N I # (.

Lemma 2.3 (i) Letk > N > 1 and g be locally integrable. Then
Ly(Eng)(x) =0, forallx e Z/{E,’k =R? \UN k- (29)
(ii) Let j > N > 1, and f locally integrable. Then
En[L;jf1=EN[L;Qyy ; O] (30)

Moreover,

BN S2V 0037 3 Il L (31)

1€ J€9j+1[31]

Proof (i) We use the support and cancellation properties of Bi. Note that
Li(Eng)(x) = /ﬁk(x - Eng(y)dy,

and supppBi(x —-) C x +27%[—1/2,1/2]¢. So,if I € Dy and x € I mu}”;,k, then
suppfBk(x —-) C I, and hence

LiEng)(x) = Exg), () /1 Bilx — y)dy = 0.

(i1) One argues similarly. First note that, changing the order of integration,

En(L;f) = Z/ o /ﬂj(x—y)dx "ym (32)
VSN

NowifJ € Iy andy € JﬂZ/{E, « then suppB; (- —y) C J, and hence f, Bjx—
v)dx = 0.Thus Ey [Lj(]lug f)] = 0. Finally, to prove (31) note that, if I € Py
N.j

Birkhauser
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and x € I, then from (32) it follows

Evznol =117 Y /f(y) | B =rax] ay]

JE€Dj 1101

<2% N flleeny2 DB .

JEeD; 11011

which gives the asserted (31).

Proof of Proposition 2.1
Proof of (26) in the Case j,k > N + 1
By Lemma 2.3.1, LyEy[L; f1(x) =0if x € UIE,’K, so we assume thatx € Uy x N1,

for some I € Py. Recall that Zy (I) consists of the neighboring cubes of /. Then
(31) and the support property of fi give

ILENIL; £100] < / 1Bex — DI [En(L; )] dy
S22 Y Il 1B

I'eInI) JeDjq[01']

Hence

1L ENIL; £l = Z/

1€Dy Ity

<2 Y (5 i) 1] 63

€Dy  JeDj1101]

1
ILLENL, I dx ]’

Now, [I NUN k| ~ 2—k2=NW@-D and card Dj1101] ~ 20 =M= Algo, if we write
J =271, +10, 11%), then

1
Ifliwey < inf S F(es +h) < [def M f (e + )P dh]”

[hloo=<277~ [h|oo<2—i—1

Therefore, using either Holder’s inequality (if p > 1), or the embedding £7 < ¢! (if
p < 1), we have

(S ( X i)

1€Dy JG‘@jJr][aI]

< |-

Birkhduser
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1
i—N)(d—1)(1-1 »
< 2U=M@=1) p>+[ Z Z IIfllfoo(,)]'

1€Dy JE.@]'_H[al]

< pl=M)d- 1)(1—i>+ Z 2,51/

—j—1
1T |h]oo <24

1
M (Eg + 0 dh]”

(=N)d=D(1=5)4 » 4
s2Y P2 | 1 - (34)
Finally, inserting (34) into (33), and using (23), yields

jd k N@d-1)
||LkEN[L f]”p <2(N ])dz(j N)d—1)(1— )+ 217 ”f”pz*;z* »

_ 2N j 2 2(] N)(d— 1)( -4 ”f”p

using in the last step the trivial identity (1 — %)+ = (% —1)— (% —1). This establishes
(26) for j,k > N + 1. O

Proof of (27) in the Case j < N, k> N + 1

For w € I with I € 9y we have

[EN (L £)w)| = [ENIL; f1(w) = L f (w)|
= 2| /1 fR 2[RI = ) = BRI (w — )] ()dy dv|

1
=2<N+f'>d’//d/ VBRI —tHw +tv —y]) -2/ (v — w)dt f(y)dydv
I JRY JO

1
§2<N+/>d2/—N// /d|f(y>||Vﬁ<2f[(1—r)w+tv—y1>ldydfdv
1 J0 R

since for fixed w, v, t the expression involving Vg is supported in the set {y | |y —
Wls <2777+ 27N} Moreover, since k > N, when w € Iy, and |z]oo < 27%7!
we have
|ENIL; flw—2)| S 207N " inf2 /_zmjf(z—Nu +h), (35)
00 =27/

and therefore,

L (BhL, ) ] = [ Bvw - 21 iao)1d:

< =N ][
Al

1

ML QN+ hyP dh] . (36)

oofz_j

) Birkhduser



J Fourier Anal Appl

Now Lemma 2.3. i gives
| Lk (ExIL; )],

1
1 P r
SILEL; Flpq o+ | D0 N ERL D v sonm]
' nezd

Using (36), the last term is controlled by

1
M 2N+ by dh] »

Ihloo <27

Zj_N[ D N N UN ]

nezd
N

) 1 Nd i —k
SN TR N 2 s £, S 27N 2 1SN

Finally, the first term in (37) is controlled by Lemma 2.2, so overall one obtains
[k (EHIL D], S [2 MR 427V 25 | i1

establishing (27) inthe case j < N,k > N + 1.

Proof of (27) in the Case 0 < j,k < N

We use

[ BAtL iy =0, 19y,

to write

(37)

Li(ByIL; f)(x) =) /I (Bex — y) = Bex = 27N ) EY[L; f1(») dy .
wo AN

For fixed x, we say that
we A if|lx =2V ploe < 27N 427K,
Observe that only these i’s contribute to the above sum. Notice also that
Bre(x = y) = Bix =27V )| S 225N, iy € Iy,
and since j < N, the estimate in (35) gives

[ENIL; FI)| S 277N inf - o f@ N pu+h), v ey

[hloo=271

Birkhduser
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Combining all these bounds we obtain

1
ILe(BRIL, 1) ()] S 2402~ s 1)

M _ d
peatr Vv H=55 7]

1
< QU=N)@+D)j=NoyN=hid(1=5); ( [im*f]”) »

HEA(x) 2LN+[7 2%/' 27]
using in the last step Holder’s inequality (or £7 < ¢! if p < 1) and the fact that

card A(x) ~ 2N=0d_ QObserve also that the LP-quasinorm of the last bracketed
expression satisfies

1
(oS fo ) =(S2f, )’
pent)” 3w H=57 57 pezd Hrt=5r51

S 28R [ 11
Thus, overall we obtain
p ~Y

“NAj—NAN—k)d(L-1
=2k N2] N2( )(p )+ ”f”ps

after simplifying the indices in the last step. This establishes (27) in the case 0 <
J.k = N. m

Proof of (26) inthe Case j > N+ 1,k <N

This condition and (30) in Lemma 2.3 imply that Ey[L; f] = IEN[Lj(fJIUN,j)]. For
simplicity, we denote f = fluy ;» and write

LkEN[Ljf]=Lk(EN[Ljf]_Ljf)+Lijf (39
Observe that, by Lemma 2.2,

ILiLj Fllp <27 MO o £ o], < 27 MR £ .

So, we only need to estimate ||Lk]E [L; f 1|l p. Proceeding as in the proof of the case
Jj, k < N, we write (with A(x) as in (38))

\Li (BNIL, £1) ()]
Z/ Bt — v) — e — 27V | [BA L, Fio)|dy

uEA(x)

Birkhauser



J Fourier Anal Appl

ey / (IEN[Ljf]I + ILJ'(f)l)

wEA(x)

= A1(x) + A2 (x). (40)

Now, using again (31), we have

AL ()| S 2@ =DEN N fl ey

HeEA(X) JeDjp[01N ]

S 2kt VI [ SR (3 ”f”Lw(]))p]%’

HeA(x) JE@]'+1[31N,,/,]
(41)

since card A (x) &~ 2(N =04 Taking the L”-quasinorm of the last bracketed expression
gives

/x (Y ||f||Loc<J>)”dx]%

* per) JeDj1101n 4]

<=

5[ Yook Y ||f||L°°(J))p]
16%\, JeDjd1]
k)d
< 2 (=N)d=D(1— ,,)+ Hm*fHLP(Rd) by (34). (42)

Therefore, combining exponents in (41) and (42) one obtains

. _ _1 G=kd . _ _1
||A1||p§2k_N2(k_J)d2(N k)d(1 p)+2 7 2(] N)d-D p)+ “f”p

— k=i 0T yIN=R)(G =D 5 (=h@=D(G =D 1. (43)

Finally, we estimate the term A3 (x) in (40). First notice that

|L,~<f)<y>|sf Bi(y — DI f@Idz=0, ifyeUl ;.

Un,j

since suppfB;(y —-) C y+2‘j[—%, %]d C Z/lj[\},’j. Moreover, if I € Py, then for every
cube J € Z; suchthat J C I NUy, j—1 we have

ILi ()] S/Iﬂj(Z)llf(y—Z)leS IfllLegsy, ifyeld

Birkhduser
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where J* = J + Z_j[—%, %]d. Therefore,

/I|L,,<f><y)|§ S flmanldl

JeZ;1a1

and overall we obtain

Ao (n)| S 20K R N f e

HEA(X) JEDj_1[0IN 1]

But this is essentially the same expression we obtained in (41) for the term | A (x)|,
so the same argument will give an estimate of ||.4; ||, in terms of the quantity in (43).
This concludes the proof of (26) inthecase j > N + 1,k < N.

Finally, concerning (iii) in Proposition 2.1, we remark that the previous proofs can
easily be adapted replacing the operators Ey and ]E*, by Tn[-, al, keeping in mind that
Tn[g, a] is now constant in cubes I € Py 1, and enjoys an additional cancellation,
f In Tnlg, al(x)dx = 0, which simplifies some of the previous steps. O

Proof of Theorem 1.2, Conclusion

It remains to prove inequalities (19) and (20). By the embedding properties for the
sequence spaces £ it suffices to verify both inequalities for very small r, say

r < min{p, 1}. (44)

In view of the embedding ¢ < ¢! and Minkowski’s inequality (in LP/") it suffices
then to prove

sup (D29 30 [aBaraf[) S s A fl, @)
N k=0 j=N+1 j
and
o) ror N N - 1/r "
sup (32297 3o [ Le®RLANIL) T S s Al @)
k=0  j=0 j

If we apply Proposition 2.1 to each of the functions A ; f, we reduce matters to
observe that

oo o0
sup > 2N 275 Bk N)] < o, 47)
k=0 j=0

with B(j, k, N) as in (25), and that

( i ﬁ} i i)E_Ij_k(M_A)<oo

J=N+1k=0 k=N-+1j=0
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which is trivial. The verification of (47) under the assumptions in (11) is also ele-
mentary, but we carry out some details to clarify how the conditions on p and s are
used.

. j—k
When j, k > N, we have B(j, k, N) = 2N=7 2% 20~

> 2R N2 Bk N)]

M- 1)(P D+ and thus

k>N j>N
_ ( Z 2—kr(%—s))( Z 2—” S+l—f—(d 1)( —1)+]) 2Nr[l—(d—1)(%—1)+]’ (48)
k>N j>N

and the series converge provided s < 1/p and
s>%—1+(d—1)(%—1)+:max{d(%—l),%—l]. (49)

Further, being geometric sums, the final outcome in (48) is bounded uniformly in N.
N—-k .
Next assume j < N < k, then B(j, k, N) = 27 277N and hence

S Y Bk W] = (2 0) (3 2a0-) ¥,

k>N j<N k>N J<N

which are finite expressions provided s < min{l, 1/p}.
. 1
Consider j, k < N, with B(j, k, N) = 2k=N2j=NoW=Rd(G=Dx ‘ppay

N[ Bk N =

k<N j<N

_ ( Z 2kr[s+l—d(,‘7—l)+])( Z 2rj(1—s)> 2—Nr[2—d(%—l)+]’

k<N J=N
which leads to uniform expressions in N under the assumptions s < 1 and
s>d(%—1)+—1, (50)

the latter being weaker than (49).
. j=N . 1
When k < N < j we have B(j, k, N) = QR HIN kA= @=DIG =D+ ypq

D 2N 2Bk N)] =

k<N Jj>N

_ ( ) 2kr[s+1—d<%—1>+]>< 32 —rjls+1= L —@d=1)(5=1)] )2‘N’ 5G4l

k<N j>N
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where in the first series we would use (50) and in the second series (49). We have
verified (47) in all cases. This finishes the proof of Theorem 1.2. O

3 Schauder Bases

Let Py be defined as in (3). For the proof of Theorem 1.1 we need to prove that
PN f — f||Fs — 0 for every f € pq, with (p,s) asin (11) and 0 < ¢ < 0.
We first discuss some preliminaries about localization and pointwise multiplication
by characteristic functions of cubes, then prove uniform bounds for the F§ bg = F ;’ q
operator norms of the Py and then establish the asserted limiting property.

Preliminaries
For v € Z4 let Xxv be the characteristic function of v + [0, l)d.

Lemma 3.1 Assume that

‘%<p<oo, 0<g<o0, and max{d(%—l),%—1}<s<%. (@28

Then, the following holds for all g, and f € F[s,’q:

[ > xs ( 3 ]

veZd

» )1/17
Fpq

and

1/p
p <
F[S),q) ~ ”f”F;,q .

(X Irnl

veZd

Proof Let ¢ € Cfo(Rd) so that supp(¢) C (—1, 1)? and Y vezd S(x —v) =1forall
x € RY. Let ¢y = ¢(- —v). We have, for all s € R,

1/
lglr, < (;llgugn’;h) " (52)
see [10, 2.4.7]. Hence
HZngv - —Hzguqugv . ( vy 08y
Fra v=1'|o =
(XX i) s(anvn’;;,q) "
%

Vo v— oo =1

P )l/p
F.S

Birkhauser



J Fourier Anal Appl

Here we have used that ¢,/ x, are pointwise multipliers of F’ ;Y ¢» With uniform bounds
in (v,v’), in the range given by (51); see [4, Thm. 4.6.3/1]. This proves the first
inequality.

For the second inequality we first observe that, by (52),

g~

I/p
p d
1, S (X Wfoslh, )0 verd,
v/

which yields

1/p 1/p
P P
(Xretyy, )™ s (X rosf,)
%
< » 1/p
(XX 1rsey)

v v— o<1

I/p
S(X et ) S i,
v/

where we have used the pointwise multiplier assertion [4, Thm. 4.6.3/1] and then again
(52) in the last step. O

Uniform Boundedness of the Py

Observe that by the localization property of the Haar functions we have Py f =
Y vezd XoPnf =", xvPN[fxv]. Thus by Lemma 3.1

» )I/P
Fpq

Since the enumeration of the Haar system is assumed to be admissible we have

pqg

1Py S, S (2 P ]]

PyLfxl =En [ f xo] + T, [ f xv, @™V (53)

for some N, € N, with N, < N and appropriate sequences a’V*¥

values 1 and 0. We remark that for each v, N, = N, (N) with

assuming only the

lim N,(N) =o00. (54)
N—o00
By Theorem 1.2
(X Iewts
S (X IEn L0

» )1/17
Fpq

;é,)l/p + (Z | Tn, Lf xv. a™ 1]

» )1/17
Fpq
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(Xl

where for the last inequality we have used Lemma 3.1 again.

1/p
P
) S U e,
p.q

r.q

Proof (Proofof Theorem 1.1, Conclusion)Let f € F;,q, with (p, s)asin(11)and 0 <
q < oo. Let C = max{l, supy || Py ||p[.;.q_>F;’q }. Since Schwartz functions are dense
in Fj , when 0 < p,q < oo there is f € S(R) such that || f — f||pl§‘q < (30) e
and hence || Py f — PNf||F]s}’q < €/3. Choose s1 so that s < s1 < max{1/p, 1} then
fe B,y — F ».q- Since the Haar system is an unconditional basis on B, ([11])
we have limy o0 || Py f — f||3f,{q = 0 and therefore limy_, oo || Pn f — f”F;,q = 0.

Combining these facts we get | Py f — f]| Fs, < € for sufficiently large N which
shows that Py f — fin F), .. O

4 Optimality Away from the End-Points

Proposition 4.1 Let 0 < g < co. Then, the Haar system ¢ is not a Schauder basis
of F, p (R?) in each of the following cases:

(i) ifl <p<oocands>1/pors <1/p—1,
(ii) ifd/d+1)<p<lands>1lors <d(l/p—1),
(iii) if0 < p <d/(d+1)ands € R.

The same result for the spaces B, q(Rd) was proved by Triebel in [8]; see also
[11, Proposition 2.24]. Proposition 4.1 can be obtained from this and Theorem 1.1 by
suitable interpolation.

Indeed, assertion (i) was already discussed in the paragraph following (4), so we
restrictto p < 1. Assume next that .77 is a basis for F[S)’q forsomed/(d+1) < p < 1
ands > lors < d(1/p — 1). By Theorem 1.1, 77 is also a basis for F;‘fq, for any
d(l/p — 1) < sop < 1. By real interpolation, see e.g. [9, Theorem 2.4.2(ii)], for all
0 < 6 < 1, the system .77 will then be a basis of

(Fpg: Frg)o.y = Byl withsg = (1 —0)so +6s.
But when 6 is close to 1 this would contradict Triebel’s result. The remaining cases,
p = land p > d/(d + 1) can be proved similarly using complex interpolation of
F-spaces; see [10, 1.6.7].

We remark that, in the paper [8], the failure of the Schauder basis property in the

B-spaces is sometimes due to the fact that span .7¢ fails to be dense in Bls,’ g- This is
the case, for instance, in the region

(d—1)/d <p<1 and max{l,d(1/p—1} <s<1/p; (55)

see [8, Corollary 2]. Here we show that also a quantitative bound holds, therefore
ruling out the possibility that .7 could be a basic sequence.
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Proposition 4.2 Let 0 < g < oo, and (p, s) be as in (55). Then,

IEnllBs, 85, 227DV,

P.q ™

Proof Letn € CX* (Rd) such that n = 1 on [—2, Z]d , and consider the Schwartz
function f(x) = x1 n(x). It suffices to show that

gy, 22070 (56)

Under (55) wehave s > o), :=d(1/p—1)4. Assume first that s < 2 (which is always
the case if d > 1). Then we can use the equivalence of quasi-norms

”Ah gllp dh\1/4
1815y, ety ~ ||g||p+Z(/ oAy

with the usual modification in the case g = oo, see [10, 2.6.1]. In particular

(57)

< (/2 Y ag, (]ENf)”zp([o,l]d) ﬁ)”q

h%4 h

|

Now, it is easily checked that, when x € [0, l)d, one has

N k+1/2
Enf= ) L ot

ON
0<k<2N
and likewise, if we additionally assume 0 < 7 < 2-N-1 then

2N
Apey(En f) =27V 1211[ k<10, 1T

and

2 _n—N-1
Aey (Evf)=2 Z I:]l[ZLN72h,2LN7h)><[O,1)d—' - ]l[zith,ZLN)x[O,l)d—l]‘
=1
Therefore,

”AzelENf”Lf’([O,l]d) — o(N+D(/p=1) hl/P’

which, inserted into (57), gives (56).1f d = 1 and s > 2, one applies a similar argument
to the functions A (IENf) with L = [s]+landh <27N/L. O
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By interpolation one obtains as well a quantitative bound for the relevant cases in
Proposition 4.1(ii).

Corollary 4.3 Let0 < g <o00,d/(d+ 1) < p <land 1 <s < 1/p. Then, for all
e >0,
ENNFy  —F3, 2 e 2071 7N, (58)

Proof Ifd(1/p — 1) <59 < 1 and 0 € (0, 1), then the real interpolation inequalities
give

1-6 Z
|En| F0,—F)Y, [Ex| Fy —Fs, = 0 |En| B, —B)Y,’

with sg = (1—6)so+6s. By Proposition 4.2 the right hand side is larger than a constant

times 2V¢~D_ while by Corollary 1.3 we have ||IEJN “F“O _ o~ 1. Choosing 6
pP.q p.q

sufficiently close to 1 one derives (58). O
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