A MIXED NORM VARIANT OF WOLFF’S INEQUALITY FOR
PARABOLOIDS

GUSTAVO GARRIGOS AND ANDREAS SEEGER

ABSTRACT. We adapt the proof for ¢?(L?) Wolff inequalities in the case of plate decom-
positions of paraboloids, to obtain stronger €2(LP ) versions. These are motivated by the
study of Bergman projections for tube domains.
1. INTRODUCTION AND STATEMENT OF RESULTS
For small § > 0, let ©% denote a truncated d-neighborhood of the paraboloid in R,
6 — / d . 112 !
(L.1) ={= (&) eR ¢ |G- [¢']/2] <6, €] <1}

Consider the usual covering of X9 by C/(§'/2 x (dil) x 81/2 % §)-plates, H,(f), subordinated
to a v/0-separated sequence {y;} C R¥1; namely dist(yg, ypr) > V0 if k # K/, and

(1.2) md = {(€.e)exs ¢ |¢—ml <V}

Typically y, = kv/d for k € Z4 ! with |k| < 6-1/2,
In this paper we are interested in the validity of the inequality

H ka”p < C.§5Pp)—= (Z ||fk\|123) 1/2, for all {fx} with supp ﬁ C H](f),
k k

(13) d—1 d+1
where ((p) = % - ;;)
Theorem 1.1. Let d > 2. Then, for all € > 0 the mized norm inequality (1.3) holds when

P2 Dax=2+ g7 — ey

The power —(3(p) — € is best possible (except perhaps for e > 0) but the range is not,
indeed (1.3) is conjectured to hold for all p > 2 + ﬁ. The problem is motivated by
questions on the Bergman projection for tube domains over light cones [1] where a similar
inequality for plate decomposition of neighborhoods of cones plays a crucial role. This
harder inequality is considered in [4].

Inequality (1.3) is a mixed norm variant of a Wolff inequality for paraboloids which itself
can be considered as a model problem simplifying the corresponding harder problem for
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2 GUSTAVO GARRIGOS AND ANDREAS SEEGER

decompositions of cone multipliers in R (see [13], [7], [5], [4]). Let a(p) := d(3 — %) -1
the standard Bochner-Riesz critical index in d dimensions. Then Wolff’s inequality for

paraboloids asserts that for all € > 0
—a(p)- 1/p . =~ (5)
(1.4) H kaHp < CL 6P a(Z ||fk|\§> ., for all {fy} with supp fr C II,”.
k k

As before, the power «a(p) is optimal for each p (except for ¢ > 0), and the inequality is
conjectured to hold for all p > 2 + ﬁ. By an interpolation argument the inequality (1.4)
for some p implies the mixed norm variant (1.3) in the smaller range p > 2(p — 1) only. On
the other hand, inequality (1.4) for fixed p is implied by (1.3) for the same p, by Holder’s
inequality, since a(p) —B(p) = 452 (1 - ;1)) Theorem 1.1 states that the stronger mixed norm
inequality holds in the same range as the currently known range for the Wolff inequality
(1.4) (cf. [5]), that is for p > 2+ 5 — ﬁ. We also remark that the resolution of the
problem for the paraboloid is necessary for the corresponding problems for cones in R*t1,

By a randomization argument it is easy to see that the conjectured range p > 2+4/(d—1)
is sharp for (1.4) (and a fortiori for (1.3)). Let {ry} be the sequence of Rademacher-
functions on [0, 1] and define hy by }\Lk(f) = (6 1(€ —wy)) for a C™ function ¢ supported
in {|¢] < 1/10}, and where wy, = (yk, |yk|?/2). Let hyi(x) = ri(t)hg(x) for t € [0,1]. Then

the validity of Wolff’s inequality implies that

</01 H Z hmszt) 1/p < 5‘0¢(p)+e<z Hthg) 1/p
k

and by Fubini’s theorem and the familiar inequality for Rademacher functions ([10])

H ( Xk: \hky2>1/2Hp < golp)—e ( Zk: ||th£) p

This leads to §—(¢=1/4 < §—aP)—e5—(d=1)/(2p) and consequently to the restriction p > QS%T).
Returning to (1.3), there is a square-function variant with a larger exponent,
(1.5

)
s

which is known to hold in some range of ¢ < 2(d +1)/(d —1). For ¢ > 2(d+1)/(d — 1)

inequality (1.5) with e = 0 is a consequence of the Stein-Tomas adjoint restriction theorem

La(Rd) < qu‘s_(sw(m/?)”(zk: ’hk|2)1/2HLq(Rd)’ V {hi} : supp hy C H,(f),

as was shown by Bourgain [2]. In two dimensions the inequality in the optimal range ¢ > 4,
again with ¢ = 0, is due to Fefferman [3], and the proof of the crucial L* bound is based
on the observation that in two dimensions the algebraic sums of plates H,(f) + H,(j) are
essentially disjoint as (k, k') run over integers with |k|, |¥’| < 6~'/2. In dimensions d > 3 it
is conjectured, but not known, that (1.5) holds on L% (RY) with gy = 2d/(d — 1). Partial
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results in higher dimensions follow from the bilinear adjoint restriction theorem of Tao [11]
using arguments in [8], [5]; indeed (1.5) is known to hold for ¢ > 2+ 4/d.
By Minkowski’s inequality the square function bound (1.5) also implies the weaker (and

possibly non optimal)

(1.6) H th‘
k

We use inequality (1.6) as a hypothesis:

—(a 2 1/2 — 5
pagay < Ce8 ( <q>+s>/2(zk: HthLq(Rd)) . supp fy c 1.

Definition 1.2. Suppose 2d/(d—1) < ¢ < 2(d+1)/(d—1). We say that Hypothesis S(2,q)
holds if (1.6) holds for all € > 0.

Under this hypothesis we show

Theorem 1.3. Supposed > 2 and 2d/(d—1) < ¢ < 2(d+1)/(d—1) and Hypothesis S(2,q)
holds. Then the inequality (1.3) holds for all p > pg:=q+4/(d —1).

Theorem 1.1 follows from Theorem 1.3 since, as pointed out above, S(2,q) holds for
g > 2+ 4/d. If one could prove the above square function estimate in the optimal range
g > 2d/(d — 1) (and therefore S(2,¢) in the same range) then the range of (1.3) would
improve top > 2+6/(d — 1).

A reformulation. Let ¢ be a function in C°(R%~!) which is identically 1 in the cube
{¢:1& <1,i=1,...,d—1}, and let (g be a Schwartz function on R with compact support
in (—2,2) so that ¢o(7) = 1 for |7| < 1. For k € Z4~1, |k| < 6~1/2 define operators Py, = P}g&)
by
Pef(€) = ¢ — k) Go(57 (& — 1€'17/2)) ().

Note that with the choice of v, = 6%/2k the supports of the functions ﬁ;:f are essentially
the plates ng) (actually slightly expanded plates).

The operators Py are uniformly bounded on all LP (as long as |k| < 671/2) and (1.3) is

equivalent with the statement that for all families of LP functions {hg}

(1.7) H 3 thk(’pgcg(sﬂ(p)E(ZHth?D)l/g
k

|kl <172

For functions with Fourier transform supported in ¥% we may define a norm
1/2
(1.8) 1l = (3 IPSIZ)
k
Note that if f =) fx with supp fk - Hi we have

/
19) £lzs ~ (S 1502) "
k
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More general surfaces. Theorem 1.1 may be extended to convex surfaces with nonvan-
ishing Gaussian curvature, using arguments in §2 of [9]. Namely, one notes that on sets of

1/3 « 1 the surface can be approximated by paraboloids with accuracy O(v) and

diameter ~y
uses the scaled estimate in §5 below, together with an induction on scales argument. One
could also modify the proof for paraboloids using arguments in [6] (which apply to more

general situations).

Acknowledgements. The main ideas can be traced back to the pioneering work by
Wolff [13], see also the subsequent articles [7], [9], [6], [5] and [4]. An earlier version of this
paper was originally written as class notes intended to give an expository account of some
of the material in [13] and [7]. For self-containedness and in order to retain the expository
nature of the notes we have included in §4 material from Laba-Wolff [7] which could have
been quoted. We are indebted to Wilhelm Schlag for comments and for collaboration on [4]

and to Detlef Miiller for useful remarks on an earlier version of this paper.

2. NOTATION AND BASIC DEFINITIONS

We note that because of the appearance of € in (1.3) we may assume that p > pg =
q+4/(d— 1) since we can then interpolate with a trivial £2(L?) inequality to get the result
for p = pg.

Throughout we fix p > pg. We also fix a positive but very small 3, which may depend
on p and ¢ and will be determined later. We remark that for the proof of Theorem 1.3 in
the range p > pg = ¢+ 4/(d — 1) the choice

(2.1) g0 =10"%d" (d =1 -4/(p—q))

is admissible. Statements involving the parameter § are assumed to hold for all § € (0, dg],

for some fixed §y < 1. For each such § we set
(2.2) N=1/6 andt=46°=N",

The constants C, ¢, c1, ... appearing below may depend on p,d, g, g and also on other
constants appearing below, but will be independent of §, fx, {yx}, and parameters such as
A or . Otherwise we will indicate it by C;, etc... By A < B we will mean A < C B for
some C as above, and by A S B we mean A < C (log N)® B, for some C' > 0. We shall
write either card(P) or #P for the cardinality of a finite set P, and meas (A) or |A| for the

Lebesgue measure of a set in RY.

Plates and plate families. A rectangular box in RY of size VN x (d:” x VN x N. will be

referred to as an N -plate. We typically denote plates in z-space by m and plate families by

P. We shall always assume that N-plates are essentially dual to some H,(j). In this case we



A MIXED NORM VARIANT OF WOLFF’S INEQUALITY FOR PARABOLOIDS 5

use the notation

| k
to indicate that 7 is an N-plate, whose long side is parallel to nj, = (y, —1) = (kV/9, —1).
Observe that, for different k’s, plate directions are v/d-separated, since so are the directions

of {n;}. The integer vectors k will be taken in
ZWN)={keZ": || <VN,i=1,....d—1}.

We shall also assume that families P consist only of separated plates, meaning that for each
m € P at most C7 plates from P can be contained in a fixed dilate Comr, where C7 and Cs are
fixed universal constants. This means that for fixed k, plates 7|k are essentially disjoint.
We recall that the cardinality of Z(v/N), and thus the number of essentially different
directions that plates can achieve at scale NV, is approximately N o Finally, a o-cube A

is a cube of sidelength o centered at some point of the grid oZ¢.

Localizing weight functions. Given a fixed large M we let
(2.3) w(z) = (1+ |2*)~M/2,

and given a rectangle R we denote wr = wo a;%l, where ap is an affine map taking the unit
cube centered at 0 to the rectangle R. Thus wg is roughly the characteristic function of
R with “Schwartz tails” (with an abuse of language as for fixed M the function w is not a
Schwartz-function).

We shall also use a fixed Schwartz function v, strictly positive in B(0), with Fourier

transform supported in B 1 (0), and so that >, ;4 ¥*(- + n) = 1. Again we set
100

(2.4) Yr=1Poag".
In particular, if {A} is a tiling of R? by o-cubes with centers ca in 0Z%, then >, ¥4 =1,
where YA (z) = Y((z — ca) /o).

Elementary properties of || -

P,2;6

Lemma 2.1. Let 2 < p < o0 and ]/‘\ be supported in X°. Then

(2.5) 1 £llooz:s < N™ED/22) £l o5,
(2.6) 1 £lloo S NP®|| #1255

2 1-2
(2.7) 1F lIpzs S A1 PIFIA 572

Proof. If g is supported in H,(j) then by Young’s inequality ||g|lcc < N™@H1/2P||g]|,; this
yields (2.5). If f =) fx with fr supported in Hg) then

d—1 1/2 d—1_d+1 1/2
1o S DMkl S NF (DD IAIE) T s 8T =% (S 1412)
k k k
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which is (2.6). Inequality (2.7) follows from a corresponding interpolation inequality for the

projection operators Py, namely for ¢ =1 —2/p,

(Siem2)” < (S imp) ™" (S imiz) ™.
k A -

This follows by convexity from the obvious cases p = 2 and p = oo. O

We also need the following localization estimate.

Lemma 2.2. Let f be supported in $°. Let Q = {Q} be a grid of N-cubes and let 1 be
as in (2.4) (so that IZJ\Q is supported in || < (100N)~1). Then

/
238) (X Iofl2s0) " <171
Q

P,2;0 +

Proof. Note that % * f is supported in ¥2%. The case p = oo is immediate and the
case p = 2 follows by orthogonality. One uses the projection operators P to set up an

interpolation argument showing the inequality for 2 < p < oco. O

Packets.

Definition 2.3. (i) f is called an N-packet associated with H,(f) if it can be written as
[ =2 rcp [r for some family P = Py(f) of separated N-plates with 7 || k, in such a way
that every fr, m € Py, satisfies

(2.9) |fr| < 1wy and supp fr C c2 H,(f).

(ii) Let R be a cube of diameter > N and let E € Z(v/N). An (N, R, E)-packet f is a

function that can be written as

1
(2.10) /= 7% SN f

keEE wePy

where Py, consists of plates 7 || k& which have nonempty intersection with R, and f, are
functions so that (2.9) holds for all 7 € Py and all k € E. We denote by P(f) = UkecpPk
the plate family of f.

(iii) For f as in (ii), we say that g is a subpacket of f if g = \/% Y okeE Zweplfg fr, with
Pl,g C Pg.

(iv) An (N, R, E)-packet f as in (2.10) is called stable if it satisfies
1
(2.11) 5#7% < #P < 24P, whenever k, k' € E.

Elementary properties of packets are listed in
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Lemma 2.4. Let f be an (N, Q, E)-packet. Then

(2-12) ”f”oo,Q;é S, 1,

(2.13) Iflloo S VH#E S NI/,

and, for 2 <p < oo
N(d+1)/2#7)(f)
#E '
Proof. The bounds (2.12) and (2.13) are immediate. We can use the interpolation inequal-

ity [|Gllezzry < |]G||§2/pL2 HGH[2 2/p to see that (2.14) follows from the (2.12) and the case
=2 of (2.14). Observe that HfH2 2.5 18 dominated by

(2.14) 111726 < Co

d+1
;;;HW; ﬁTEH #EZHZ N#EZN #Pk
and the last expression is equal to N(D/24P(f)/#E. O

Another preparatory result concerns decompositions of functions with Fourier support
in X0 into (stable) N-packets. The stability property (2.11) gives estimate (2.18) in the
following lemma (a sort of converse to (2.14)), which will be crucial in the induction on

scales argument, ¢f. Lemma 6.1 below.

Lemma 2.5. Let f be supported in X° and assume that

(2.15) | flloo2s < A.

Let Q be an N-cube, let 0 < e <1, and let R be the cube of sidelength N'T¢ with the same

center as Q. Then on QQ we may decompose
nj
(2.16) f@y= D 2> fu) +g(@), 2€Qq,
AN—lOdSQjSCSA =

for some integers n; < C-(log N)%, and where

(i) the function g satisfies

(2.17) sup |g(x)] < C.N~844;
reQ

(it) for each j,l the function fj, is a stable (N, R, E;,)-packet, for some subset E;,; of
Z(NY?), and with associated plate family P* containing only plates © with dist(Q,w) <
N1+€;
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(iii) for every 2 < p < oo and every j,¢ it holds

(2.18) 2 (N #PVYP S| f s (#Ej0) P,

Proof. We decompose f =, f where fk is supported in H,(j). By a pidgeonhole argument
we may immediately reduce to the case where the k are strongly separated, in the sense
that, if £ and &’ occur in the sum and are different then |k — k’| > 10d. Note that then

1fllp,26 2 Q3 IfalIF) 2.
k

Next, we fix k, and further decompose fi as
fe =Y i3,
||k
We let Pi, = Py r(f) be the family of all 7 with 7 || k& and which intersect R. Notice that
there are at most O(N?1+9)) in Uy Py p(f).
We first discard the terms involving plates that do not intersect R. Let

(2.19) gcompl(x) = Z Z fkw?r

ko 7|k
TNR=0

Using the rapid decay of the functions w, away from 7 we get

1/2 d=1_
chomleLoo(Q) S; N(d_l)/4||f||oo,2;5 sup (Z Z |wﬂ'(x)‘2) < CEAN 7 Me
-
TNR=0

and here M (in the definition of (2.3)) may be chosen so large that Me > 10d.

Secondly we discard terms for which 7 intersects R but || fx9x||co is very small. Define

(220) gsmall(x) - Z Z fkwgr
k

T€Pk, R
| frtpm ll oo SAN 104

As the cardinality of all plates intersecting R is O(N d(1+5)) we trivially get
| gsmaill oo (@) S N2 AN—10d

and if we set ¢ = gsmali + Geompr the bound (2.17) follows.

It remains to decompose the function

(2‘21) = Gsman — Gecompl = Z Z f]ﬁ/)?r .
k

WEPk,R
||fk¢7r”oo>AN710d

Note that || flec < AN@=1/4 (by (2.6) for p = 00) so that there are only O(log N) relevant
dyadic scales for the possible size of || f1)r||co-
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For each k define

(2.22) Pir={m€Prr : 2" <|fetrlloc <2™"'}.
Next, for i =0,1,2, ..., define

(2.23) E(i,m)={ke€ Z(VN) : 2 <#Ppp <2}

clearly these sets are disjoint subsets of Z(v/N). Set

(221 P Y fk

kE€E(i,m) TEP,

Notice that by definition the cardinalities of P}"; are comparable for k € E(i,m). If we
divide F*™ by C2™m \/m , for suitably large C, then the new function will be a stable
(N, R, E(i,m)) packet.

Recall AN1% < C2m, /#E(i,m) < AN?. Now for each j with AN~104 < C27 < AN
there are n; = O((log N)?) pairs (i, m) with

(2.25) 2171 < 02™\/#FE(i,m) < 27;

for these (i,m) the functions 277 F%™ are also stable (N, R, E(i, m))-packets.
We relabel these n; functions as fj,, £ = 1,...,n;, the associated plate families as Pt

and the associated sets E(i,m) of directions as F;, and then obtain the decomposition

f= E2JZAN—10d Z?il 2fi0+ g, forz e Q.
If PIJJZ = {n € P37 || k} then by construction

#HPI 0 (#E;0)(#P).

We use this to verify (2.18). Fix (j,¢), and with the above notation assume E;, = E(i,m).

Then we observe

Wlhas 2 (S 180E)" 2 (2 (S hwetr) ™)'
k

Ik
( > ( > |fk;¢7r\|p) /p> ( > ( 3 ”fk¢7r||goN(d+1)/2>2/P>1/2
keE(im) TEP, keE@m) TP,
2( X @HPERN (d+1)/2)2/p)1/2 > (X (2mpiiij(d+1>/2)2/p)l/2

keE(i,m) kEE; ¢
Z 2m(#Ej’e)1/271/p(#rpj,f)l/pN(dJrl)/Zp’

and from (2.25) we obtain (2.18). We note that (2.18) for p = oo also shows that the sum
in j in (2.16) is restricted to the range 2/ < C. A. O
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3. EQUIVALENT FORMULATIONS OF THE PROBLEM

We continue to assume that always p > 227:”11) and that S(2,¢) holds for some ¢ €
[ 2d 2(d+1)]
d-1>"d—1 I

Definition 3.1. Given p > 2 and v > 0, we say that hypothesis H*"(p,~) holds if there
exists C, > 0 so that for any 0 < §g and any f =), fi with supp fk C H,(f)

1/2
(3.1) 11l < CoNTDET (3 £l12)
k

It is our objective to prove this ‘strong’ inequality H(p, ) for all 4 > 0, in the asserted
range p > q+4/(d—1). We formulate a weaker condition which can be seen as an analogue

of a restricted weak type inequality.

Definition 3.2. Given p > 2 and v > 0, we say that hypothesis H(p,y) holds if there exists

C., > 0so that for all § = N1 < 4y, for all pairs of N-cubes Qg, Qj, for all EC 2(61/2) for
—1

all stable (IV, Qo, E')-packets f with plate family P(f), and for all A € (N T w N T )

(d+1)/2
(3.2) Hx eqQy:|f(x)] > )\}‘ < C AP NB@)+)p N #;&P(f).
Proposition 3.3. Let 0 < vy <~;. Then
(3-3) H (p,y) = H(p,y) = H(p,m).

The main task in Wolft’s bootstrapping procedure will then be to prove the following

Theorem 3.4. Letd > 2, p > pg =q+4/(d—1) and vo > 0. Let g9 be as in (2.1). If
hypothesis H*"" (p,v0) holds, then hypothesis H(p,~) holds for all v > (1 — L)7o.

Indeed, if Theorem 3.4 holds, then Proposition 3.3 together with an iteration gives the
validity of the strong type estimate H*"(p,¢) for all € > 0. The proof of Theorem 3.4 is

given in §6, after preparation in §4 and §5.

Proof of Proposition 3.3. Note that implication H5" (p,y) = H(p,~) is immediate
by Cebysev’s inequality and the convexity bound (2.7) (together with Lemma 2.4). We now
show the proof of the main implication H(p,v) = H"(p,y1) for v1 > 7.

We first establish that the restriction on A is superfluous. First, for an (IV, Qo, F) packet
f we have || f|loe < N@=1/4 and by decomposing into a bounded number of subpackets we
may assume that || f]joc < N(@D/4 In this case the set {z : |f(z)| > A} has measure zero
if A > N(@-D/4,

Next, by Cebysev’s inequality and hypothesis S(2, q)

meas ({z: |£(z)] > A}) S A f])] S CoAINCTE
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and by Lemma 2.4, we have ||f||q2 5 < N(d+1) /2#73( f)/#¢E since f is an (N, Qo, E)-packet.

1
Notice that A™IN g < ATPNB@IP i )\ < N T ~2-9). Thus, under S(2,q), hypothesis
H(p, ) implies the inequality (3.2) for all A > 0, provided v is replaced by v + € for any
e > 0.

We now argue that assuming H(p, ) it suffices to show
1/
(3.4) ( / F()Pde) < CNPDRTE £
Q/

for all € > 0. Indeed once (3.4) is shown uniformly for all cubes we choose a grid Q of
N-cubes and decompose f = Zz/)%f. Notice that [[Ygfllp.2:26 S | fllp2s- If Q,Q" € Q for
any M; > 0 then we use the estimate

145l r @y < CM)((1+dist(Q, Q") [ fogr -

From this it is straightforward to deduce (with N@Q denoting the cube dilated by N¢ with

respect to its center) that

(ZHQZQMQ)LP o) s (Zumum vonigy)

/ E
< (%: Z ||f¢QHI£p(Q/)>1 p"‘C(MQ,e)N_%-FdHf

dist(Q,Q") SN Fe/34

—M;

1/p
+ O (Mo, e) N2 £,

P,2;0-

We apply (3.4) to ¢g f and cubes Q' with distance < N1te/2d 465 ) and estimate the first

term on the right hand side by a constant times
€ 1/p €
(3.5) NODOT (S gl n05) S NPT fl] 05
Q

For the last estimate we have used Lemma 2.2.

We now proceed to show (3.4). To do this we may assume

(3.6) If
Fix an N-cube Q). Then

1115y S P 2%meas ({z € Q= |f] > 2Y).

14

By (3.6) and (2.6) for p = oo we have that || f||ec < N(@D/4 50 that the set where | f| > 2

~

is empty when 2¢ > N(@=1/4 Moreover, as the measure of Q is O(N?) we have

Z 2P meas {zeQ:|f] > 25}) < N,

26<N—d

‘p72;6 =1

thus only the O(log N) terms with N~¢ < 2¢ < N9 have to be estimated.
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This means that it suffices to show, for NV A< NN d,
(3.7) meas ({z € Q:|f| >A}) S AP N B@+r+e)p,

cf. the normalization (3.6). This normalization (together with (2.5)) also implies || f||oc,2:56 S
N—@+D/2p  We now use the decomposition in Lemma 2.5 with A ~ N—(@+1)/2p The
function g in (2.16) is then < N 94 <« X\. By the pidgeonhole principle applied to the
O((log N)?) terms in the sum in (2.16) there is a set E, C Z(N'?), a stable (N, Q, E,)
packet f,, a number j, with N~1¢ < 2/« <1 and a constant C' so that 2””]\7%#73“*) <
#FE,, and

meas {z € Q : |f| > A} < (log N)>meas ({az eQ: 2| > )\(logN)_?’C’_l}).

By Hypothesis H(p,~) (and our initial observation that the restriction on A in this hypo-
thesis is superfluous) the right hand side is estimated by a constant times
d+1)/2
_p NUTD24p(f,)
#Ex
where in the last step we have used the key inequality (2.18) and || /5,2, = 1. This finishes

< C\P N(B(IDH“HE)ID7

(log N)3NBE+NP (X277 (log N)~2)

the proof of (3.7) and thus the proposition. O

4. LOCALIZATION

This section is included for expository reasons; it is essentially taken from [7], with minor
modifications. The purpose is to identify, for given A, properties of specific plate families
so that the improvement in Theorem 3.4 holds.

We begin with an easy localization estimate which will later give a crucial gain in the

induction on scales argument.

Lemma 4.1. Let .)/c\ be supported in X° and let Q be a cube of diameter pd—! (here p < 1).
Then

(4.1) leafllz S P21 12

Proof. By Plancherel’s theorem this is equivalent with a statement about the integral
operator T' with kernel Ks(&,n) = %(g — n)xss(n). Let A1 = supg [|K5(€,n)|dn and
Ay = sup, [ |K5(&,n)|d¢. Then the L? operator norm of T is < /A;Ay. Now clearly
Ao = O(1) while the smaller n-support yields A; = O(p). This implies the assertion. O

We now state a definition of localization for packets.

Definition 4.2. Let R be an N-cube and let f be an (N, R, E)-packet and t = 0%° with
0 < g9 < 1/2. We say that f localizes at height A (with respect to tN cubes) if there are
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subpackets fQ of f where Q runs over tN-cubes in a grid Q, such that

(42) > #P(F) S #P(f)
Q
and
(4.3) meas ({z :|f(z)] > A}) £ Z meas (Q N{z : 19l 2 A}).
Q

Lemma 4.3. Let p > 2 and suppose that H*" (p,vo) holds. Let f be a stable (N, R, E)-
packet and assume that f localizes at height A\ (with respect to tN = 6°0~! cubes), and let
the f% be as in Definition 4.2. Then for any N-cube Qo the estimate (3.2), i.e.

N2 (f)
4E

‘{x €Qo:|f(x) > )\}‘ < C AP N B@)+)p
holds for this f, R and X\, and for all v > vo(1 — £0/2).
Proof. For each tN cube @, the function T wiQ has Fourier transform supported in
29/t and

(e fQ¢Q“w,2;ca/t S

Thus, we may apply H*"(p,70), with & replaced by /¢, and the convexity inequality
(2.7) to obtain

meas ({z:|f(2)| > A)) S Y meas ({|t°T /gl 2t T A})  (by (43))
Q

S DTN TN PRI [ g3
Q
(4.4) — Z AP N (B(P)+0)p 0P 11| FQupg||2.
Q

By Lemma 4.1 we have t~ || fQvyg |2 < ||f912 < N%F #P(fQ), and therefore, summing in
Qll2 ~ 2~ #E
Q and using (4.2) we see that (4.4) < AP NBE@+0(1-)p N5 4P (f) /#E, which yields

the assertion. O

It is now important to identify situations in which the localization conditions of Definition
4.2 apply and thus the improvement of Lemma 4.3 holds. Such a situation is described in

the following proposition.

Proposition 4.4. Let p > 2 and assume H(p,v0). Let f be a stable (N, R, E)-packet so
that for some X\ >0

(4.5) #P(f) < "9 N\24P.
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Then f localizes at height \ to tN-cubes and hence (3.2) for any N-cube Qq, i.e.

d+1

(BP)+)p Nz #P(f)

Hz € Qo:|f(z)| > A} < CAPN s

holds for such f and X\, and all v > vo(1 — €0/2).

It will be clear from the proof that the exponent 10d of ¢ in (4.5) may be substantially
lowered; this however seems to be of no consequence to the range of p in Theorem 1.1.
The main geometrical argument behind Proposition 4.4 is in the following result from [7]

which (in a slightly more complicated version) will be applied to W = {x : | f(x)| > A}.

Lemma 4.5. Let P be a family of N-plates intersecting a fixed cube of diameter CN and
let W be a measurable subset of R%. Let t = 6°° and let Q be a grid of tN-cubes; we write
Q = Q(z) if x € Q (this is well defined apart from a set of measure 0). For each m € P
choose a tN-cube Qr € Q for which the quantity |W NwN Q| is mazimal. For a plate m and
a cube QQ € Q we say that m ~ Q if Q intersects the 9-fold dilate of Q.. Then

(4.6) #{Q:m~Q} < 10¢ for every m € P

and for T = [, doreP mpQ(x) X (@)dx there is the estimate
(4.7) I St3YWINHP.

Proof. The condition that all plates in P intersect a fixed N cube, and the separation
property of the plates implies #P = O(N?).

Note that (4.6) is trivial from the definition of the relation. To prove (4.7) we first note
that Z =" _v(m) where v(r) = ‘{x eWnm:Q(z) A 7['}‘ We only need to bound

(4.8) 7= Z v(r)
TEP:
N=W|<v(m)<|W|

since the analogous sum involving plates 7 € P with v(r) < |[W|N~¢ is trivially bounded
by #P|WIN1 S W]

In (4.8) there are O(log N) relevant dyadic scales between N~¢|W| and |W| and thus
we can use a pidgeonhole argument to get a subfamily P’ C P and a value of v between
N=4W| and |W]| so that

(4.9) 7| Sveard(P') and v <wv(m)<2v foreach e P.
Hence for each m € P’ there is a cube Q'(7) not related to m so that

(W nQ (m)Nx| > tv.
By the maximality condition in the definition of (), we must then also have

W N QrNr| = tv for each m € P'.
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Clearly the number of all possible pairs of tN cubes is O(t~2%). This means that we can
find two tN cubes @, Q' in Q and a subfamily P” of P’ which has cardinality > t??#P’ so
that for all 7 € P” we have Q, = Q and Q'(7) = Q'.

We now fix these two tN cubes Q and @’ and consider the auxiliary expression

A=Y Wnnx|WnQ nal.
TeP!

Then we have the lower bound
A > (tv)2card(P") > t*2card(P')v2.

We can also derive an upper bound by rewriting

A= /WmQ /WQQ/ > Xe(@)Xn(2))dwda

meP"
IfrNQ #0and TNQ" # () for some m € P” then 7 is related to Q but not to @', thus the
distance of Q to @' is at least tN. This means that for each pair of points (z,2') € Q x Q'
there are no more than Ct~9*! separated plates which go through both z and 2’. Therefore
the integrand Y v Xx(2)xr(z) is O(t~41), and hence we get the upper bound

AW QW NQ S W
Comparing the upper and the lower bounds for A we find that
v < t_d_l(#P,)_l/Q\/.Z < t_(3d+1)/2|W|(#Pl)_1/2
and thus using (4.9) we obtain

7 < B2 W /#P
O

Unfortunately, for technical reasons Lemma 4.5 is not quite enough since we need to
replace the characteristic functions x, by the similar weights w, with “Schwartz-tails”).
This is fairly straightforward and requires adjustments in the definition of the relation ~
between plates and ¢t N-cubes and some additional pidgeonholing. We state the required
estimate and refer to Lemma 4.4 in the paper by Laba and Wolff [7] for the details of the

proof.

Lemma 4.6. Let P be a family of N-plates intersecting a fixed cube of diameter CN and let
W be a measurable subset of R?. Let My be a large constant and assume that the constant
M in the definition of w(x) is large (see (2.3)), so that M > 10Mod. Let t = 6°° and let
Q be a grid of tN-cubes, where again we write Q = Q(zx) if x € Q. There is a relation ~
between plates in P and tIN-cubes in Q so that

(4.10) #{Q :m~Q} S 1 for every m € P
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and if
Wp(x) = Z wr(x)
TeP
Q)
then

[ Wp(a)de 5 6 WIVHP + MW,
w

Proof of Proposition 4.4. We wish to apply Lemma 4.3 and therefore have to show that
with P = P(f) under the assumption #P < ct'%\24#FE the localization condition in Defi-
nition 4.2 holds.

We proceed applying Lemma 4.6 to W = {z : |f| > A}, and let ~ be the relation
between N-plates and tN-cubes from Lemma 4.6. Recall that f(z) = (#E)~ /2 Yowep fr
with | fr| < wyr. For every tN-cube Q € Q define f9(x) = (#E)~/? > I

By condition (4.10) we have } #P(f9) S #P(f), i-e. (4.2). Moreover with P = P(f)

/ Wp(z)dr S t3YW|/H#P S t3UWWVHVANEE < 2 W IN/#E.
w

This means that there is a subset W* of W so that |[WW*| > |W|/2 so that the pointwise
bound Wp(x) S tAVHE for x € W*. Also if x € W* N Q we have

_ |t Wp(z)
!f(m)—fQ(x)!—‘\/#—EF%QJ‘W(@]S o S0

and hence |f?(x)| > A for € W* N Q. This implies the localization condition (4.3). O

5. A PARABOLIC RESCALING

We first note that the paraboloid in Wolff’s theorem can be replaced by {£ : & =
c+ (& —a ) A(E — a')} for any positive definite matrix A, by a linear transformation. We
also may rotate the paraboloid in R? and obtain a similar result.

More useful is the following Lemma which is an analogue and consequence of Wolff’s
inequality for Fourier plates in an angular sector of angle /o > v/§ (or equivalently, for

d-Fourier plates contained in a fixed o-Fourier plate).

Lemma 5.1. Let § < o < 1 and consider a o-plate TI\?) contained in 7. Suppose that
Hypothesis H**" (p,~) holds. Then for all functions hy € LP(R?)

| ] e ()
k

k1) 11
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Proof. By arotation and translation we may assume that we are working with the standard

paraboloid and the o-plate I1(?) = {¢ : & < o, i = 1,...,d — 1; |&] < o}. Let
i = PO by, Lo(€) = (o12¢, a@) and let f7(z) i= o~ @2 f(L717) so that f7(¢) =
fk( 1/2¢/ 5¢4). The functions fk are supported in (§/0)'/2 x --- x (6/0)/? x §/0 plates

tangential to the paraboloid and Hypothesis H*" (p, v) yields

| X ] <@ ”(Zr\fkn)
K</ /0

Changing variables y = L_ 'z on both sides yields the assertion. (I

6. PROOF OF THEOREM 3.4

Let R be an N-cube, let p > q+4/(d—1) and g be as in (2.1). We also fix 0 < g1 < 10~2¢
Assuming that H*" (p, v9) holds we need to show for any stable (N, R, E)-packet f and any
fixed N-cube Qg that

(6.1) meas ({z € Qo : |f(z)| > A}) < C,APNE@HNp N (d+1)/2 #:Zg)

for all v > 70(1 —p/4) and all A in the range
d—1 1 d—1
(6.2) N 209 <ANSN7T

This will be done by localizing at a smaller scale N7 and then using the induction hypoth-
esis at that scale. We may without loss of generality assume that dist(R, Q) < 2N!*e1
(otherwise a much better inequality holds).

Let N7 be a number with

(6.3) VN < Ni < N;

we shall later see that the choice N; = v/N will be optimal for our proof. Set §; = N Land
let {A} be a tiling of R? by Ni-cubes. For each such A let A be a cube with same center
as A but with sidelength equal to 5N, T

Now since mingeq ¥g(x) > ¢ > 0 with a universal constant ¢ we have

(6.4) HzeQo: [f@I>N < Y. [{zea: [fyal@)] > A}l
A ANQo#D

for some constant ¢ > 0. Given a fixed A, the function fya has Fourier transform supported
in ¥, Note that fia is in general not a packet. However, by Lemma 2.5, fia can be

decomposed on A in terms of Ni-packets:
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Lemma 6.1. Let R and Qo be N-cubes as above, let f be an (N, R, E)-packet and let X be
as in (6.2). Then there exists A\; > 0 so that for every Ni-cube A which intersects Qo there
is a plate family Pa, a set En C Z(N1/2), and a stable (Nl,z,EA)—packret fA so that

(6.5) {zeQo: [f@I>AY S Y. Hzed: [fal@)| =M}
ANQo#D

and

1

#Ps N Ifeall A e

#Es S 2 i S

(6.6)

Moreover, for2 < p < oo,

#Pa X fall o,

6.7 Y
( ) #EA )\p Nld-;—l

Proof. Fix an N; cube A intersecting Qo and let ¢ = ¢ = fia, which has Fourier

transform supported in Y1 and satisfies
HgAHoo,Q;c(Sl 5 (N/Nl)(d_l)/4 = A.

By Lemma 2.5 we can write

nj’A
(6.8) PAay=c S PN gB@) + (), zen,
Ny 0igNg =T
where
(6.9) sup |ha(z)] < Cey Ny % A,
TEA
(6.10) nja < Ce, (log N1)%;

moreover, for each (j,¢,A) there is a subset EAE of Z(N1/2) so that g(A ¢ 1s a stable

(Nl,A,Ej y)-packet, with associated plate family ’P » which contains only Nj-plates 7
with dist(A, 7) < N{ T, and

. d+
(6.11) VIN,E HPY S fhall s #EY,  2<p <o

As there are only O(log N) values of j and O((log N)?) values of ¢ a simple pidgeonhole

argument shows for A in the range (6.2)
‘{x ISANE |gA\ > c/\}‘ < ’{1‘ e A : ’ZN—10d<2]<Nd2 Ze 1 g[ﬂ] C)‘}‘

<|feea: 2agh @ )|>W}‘

for some fixed ja,fA.
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Pigeonholing once again we can find, among the (ja,fa)’s, a fixed ji, £x € Z (independent
of A) so that

Sl{zea s 108>l <csNP Y [{zea : 2rgh @) > coiwrl|
A A

This means that (6.5) holds with A\; = 277*\/(C'log N)3, fa = g[?* En = EAE and

’Z*}7
Pa = P(g[?*,g*})-
To prove (6.7) just observe that, by (6.11)
#Pa o ar—(d+1)/2 M
s SNl s )Y vl
p

The first inequality in (6.6) follows from the case p = 2 of (6.7). For the second inequality
in (6.6) we observe that if f = >, fi with supp f C H,(f) then the Fourier transforms frya
are supported in essentially disjoint C'v/d-cubes (here we use that N > v/N). Thus we have

the crucial orthogonality estimate

(6.12) [FRON BB Z fioalld S 181D Il

keE

since f was assumed to be an (N, R, E)-packet. The second inequality in (6.6) follows. [

We wish to use the bound in (6.6) to argue that Proposition 4.4 can be applied to the
pair (fa,A1). The next lemma, shows how to conclude the theorem for (f, \) in such case.

Basically, one rescales the problem and uses one more time the induction hypothesis at scale
N/Nj.

Lemma 6.2. Let p > 2 and assume H'"(p,v0). Let f be a (N, R, E)-packet for some
N-cube R, let Qo be an N-cube and let X as in (6.2). Let w > 0 and suppose that for every
Ny-cube A intersecting Qq, the quadruplet (fa,Pa, Ea, A1) defined in Lemma 6.1 satisfies

N(ﬁ( p)+w)p Nld%l #PA
M #EA

(6.13) HzeA : |fal@)|>M} £

Then, we also have

N(ﬁ(p)-f-’YO)p a+1 H#P
(6.14) {z€Qo : [f@)>A} £ AP NOoep N ##J(Ef)'

This is saying that if we have an improvement in (6.13) with an w < 7o then we also get

an improvement in our main bound (6.14).

Proof of Theorem 3.4, given Lemma 6.2. We choose N; = v/N. We need to verify
that (6.13) holds with w > (1 — &¢/2). Then Lemma 6.2 tells us that (6.14) holds with
B > v(1—ep/4) (where, say, € is chosen as in (2.1)). Proposition 4.4 says that (6.13) holds
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if the plate families Py satisfy #Pa < 10N #EA where t; = 67°. By (6.6) and the lower
d—1
bound on A\, A 2 NT "2-9 we have

A ZZEZA < N2y =2 L Nl-n/ay-2 < Nt

and we are done if N#=2~ "3 < 1% = N—5d%0, This holds if 1/(p — q) — (d — 1)/4 < —5dzg
or equivalently p > ¢+4/(d — 1 —20dep). Note that this inequality is implied by (2.1) (and

that the precise choice of €y is not important in the argument).
Proof of Lemma 6.2. By (6.5) and (6.13) we have

{zeQo : [fI>A} £ Z|{xeA: |fal > A1}

< ZM’N PrHp N i?
A

Thus, the result will be established if we can show

G4 #Pa - M (Bp)+r0)p it #P(f)
(6.15) %:Nl #EAN S /M) +r0)p N E ryou

Now consider functions Z; so that their Fourier transforms Z; are bump functions asso-

ciated to the 51/2 . X 5?2 x 01-plates H?l. Then by (6.7) we have for each A,

S N
N, ? ZZEA S 2 1 all g <AL (ZH foa) + =)

< (Slest S mes)" 5 (e X wl)"

k11 com™V H(‘”ccn<5l>

We sum in A and apply Minkowski’s inequality to obtain

DR E 30 3] N w[)"

H(‘;) CCH(él)

SEEeC T RG] 2 A"

H(‘”CCH(&” CCH(51>

Now, we apply Hypothesis H"(p, o) in the rescaled version of Lemma 5.1 and bound for

| = ] seomypere( S )

k11 com®y k11 com®y

each [
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This yields, using the convexity inequality (2.7) and || f||cc2:6 S 1,

(2] % 1) 5 uyewen (XX 1#l2)”

1> cerr*V) 1 e
B(p)+ 2 9 (1)72)/2 N ai1 #p(f)
< (N/Np)B®)+0)p ; kaHz(%: | fi oo) < (N/Ny)B®+0p N4 i
and thus we get the asserted (6.15). 0
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