HILBERT-TYPE INEQUALITIES IN HOMOGENEOUS CONES
G. GARRIGOS AND C. NANA

ABSTRACT. We prove LP-L? bounds for the class of Hilbert-type operators associ-
ated with generalized powers Q% in a homogeneous cone 2. Our results extend and
slightly improve earlier work from [16], where the problem was considered for scalar
powers & = (q, ..., «) and symmetric cones. We give a more transparent proof, pro-
vide new examples, and briefly discuss the open question regarding characterization
of LP boundedness for the case of vector indices ax. Some applications are given to

boundedness of Bergman projections in the tube domain over €.

1. INTRODUCTION

Let © be a homogeneous open convex cone in R" and consider the associated
generalized powers

Q*x)=]]Q7 (), 2€Q a=(an....,q)€ER,
7=1

where r is the rank of the cone, and @Q;(z), j =1,...,r, are the basic power functions
with respect to a fixed coordinate system; see §2 below for precise definitions. We
shall also denote the invariant measure in 2 by do(x) = Q=7 (z)dx, with 7 as in (2.3).

In this paper we shall be interested in the following Hilbert-type operators

(L) Smanf@) = @) [ ZEWfg)doty). e
o Q7 (z+vy)
for general multi-indices a, 3,7 € R". More precisely, we wish to determine the

validity of the inequalities

1

129 [ [Iasaf@l @@ o] < ¢ [P w s’

for general exponents 1 < p,q¢ < oo and all multi-indices o, 3,~,v,u € R". Note
that when n = r = 1 and = (0,00), these are versions of the classical Hilbert
inequalities, as they are called in [13, Ch IX].

When ( is a symmetric cone, this question has been addressed in [16] in the special

case of scalar multi-indices, that is when @ = («, ..., «) and likewise for 3,~v,v, u.
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2 G. GARRIGOS AND C. NANA

In that case, a suitable variation of the classical Schur test provides a characterization
of the exponents for which (1.2) holds, see [16, Theorem 2.1], at least under the
constraints 1 < p < ¢ < oo and

v op

(1.3) s>

The situation for vector multi-indices, however, has additional difficulties, as more
complicated test functions are expected in the Schur test, even when 2 is a symmetric
cone. Moreover, if r > 3 then the known necessary and sufficient conditions do
not match in general, even when p = ¢ and v = u; see the comments in [17, §§]
(which implicitly go back to [8] and [9]). Although this last phenomenon seems a
harder question, it actually suggests that a better understanding of the general (vector
indexed) inequalities is needed.

In this note we present a first step in this direction, and obtain necessary conditions
and sufficient conditions so that (1.2) holds in the case of vector multi-indices. More

precisely, using the notation in §2, we shall prove the following.

THEOREM 1.4. Let 1 < p,q < o0 and o, 3,v,v,;u € R". Let Q C R" be a ho-
mogeneous convez cone, and let g and g’ be the associated indices defined in (2.3).

i) Suppose that 1 < p < q < oo and that

v
(A1) y=at+B4p-~
q p
/ /
(A2) a+ﬁ>§+§, and ﬁ—z>§,—|—§;
q qg P p P q

then the inequality (1.2) holds for all non-negative f.

ii) Assume the wvalidity of (1.2) for all f > 0. Then necessarily p < q and the
conditions (A1) and (A2’) must hold, where

/

/
(A2’) a+g>max{§, g/} and B—Z>max{§/, g}
q q p p Y2
iii) The conditions (A2) and (A2’°) coincide in each of the following cases
o ifp=1

e ifr € {1,2}, or ifr =3 and Q) is the Vinberg cone

v
e if Q) is an irreducible symmetric cone and both, o+ B and B — —, are scalars.

REMARK 1.5. It is easily checked that letting

a=at+? and b=p-Y,
q P
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then, the validity of (1.2) for all f > 0 is equivalent to the boundedness of
Sab~ @ LP(Q,do) — LY(Q,do).

So, below it will suffice to look at this case, which involves a simpler notation. A

version of Theorem 1.4 for the case ¢ = oo is also given in Corollary 4.12 below.

We make some remarks about Theorem 1.4 and its comparison with [16, Theorem
2.1]. Our proof is also based on a Schur test strategy, however we find a simpler
and slightly more efficient approach than in [2, 16], which in particular removes the
artificial constraint in (1.3). We provide a correction of an unclear statement in [16, p.
510] concerning the class of test functions that are needed in these proofs; see Remark
3.15 below. We also provide new examples that disregard the cases p > ¢, which were
not considered in the scalar setting of [16].

Finally, we consider homogeneous cones €) as a natural framework for this problem.
The new required tools are based on the Vinberg theory of T-algebras (as in [17]), and
a key explicit identity for beta-type integrals due to Gindikin, see Lemma 2.7 below.

To conclude the paper, we briefly discuss some applications to the boundedness of
Bergman projections in the tube domain T = R™ + Q2 of C". As in earlier papers
[3, 6, 19, 5, 16, 7] this is a main motivation for the study of Hilbert-type inequalities.
Letting z = x 4+ 1y € Tq, we consider the measure

AV, (z) = Q" (y) dx do(y),

and denote by L2 (Tg), 1 < p < oo, the Lebesgue space LP(Tq,dV,). The (weighted)
Bergman space AP(Tg) is the closed subspace of LE(Tq) consisting of holomorphic
functions. In order that A2 # {0}, we must take v > g; see [8, I1.2, TL.3].

The (weighted) Bergman projection P, is the orthogonal projection of the Hilbert
space L2(Tq) onto its subspace A%(Tg). It is defined by the integral

PAE) = [ Bulsw)f)aVi(w), =€ T,
To

where the associated Bergman kernel is explicitly given by

B,(z,w) =¢, Q””T((z — U_})/’L) . z,w € Tq,
for a suitable constant ¢, > 0; see e.g. [17, p. 499]. An important problem in the
field is to determine when P, extends as a bounded operator from L? into AZ; see
(3, 8, 6,4, 17, 7].

Let us now introduce mixed norm spaces. For 1 < s,p < oo, let LEP(Tq) be the set

of all measurable functions f on T, such that

LyP(To) 1= (/Q (/ |f (@ +iy)sdx)€Q”(y)d0(y)>é <0

I




4 G. GARRIGOS AND C. NANA

(with obvious modifications if s or p are co). Note that for s = p, we have LEP = LP.

Consider now the positive operator P,/ defined by

Byf(z)= | |Bu(z,w)| f(w)dV,(w), z€Tq.

To

Clearly the boundedness of P} implies the boundedness of P,, but the converse is in

general not true. More generally, consider the class of operators

b ) — Oy f(w) dVg(w)
Tl (2) = @"(39) | R

z € Tyq.

Observe that P} = ¢, T

Oo,v,v*

7], and are linked to the Hilbert-type operators Se g~ by the following result. Below
we denote L (Q) = LP(Q, Q¥ (y)do(y)).

These operators appear in various papers [6, 19, 5, 16,

THEOREM 1.6. Let 1 < p,q < oo and o, 3,7,v,u € R" be such that

/

(1.7) v>g.

Then, the following are equivalent

(1) Sapry: LL(Q) — LL(S2) is a bounded operator
(ii) T&Lﬁﬁ D LpP(Ta) — LA(Tq) is bounded for all 1 < s < oo
(it)) Ty g : LyP(Ta) = L34(Ta) is bounded for some 1 < s < oo.
As a corollary of Theorems 1.4 and 1.6, we can state the following special case,
which seems new in this generality. The “diagonal” case, corresponding to A = 1, can

be found in [17, Theorem 6.2 and (8.1)].

COROLLARY 1.8. Let v > max{g,g'} and 1 < p,q,s < oo.

(i) Then Pf : LyP(Ta) — L5;%(Ta) is bounded whenever

(1.9) q=Ap, p=2Av, forsomel?>1,
and
"I — g/
(1.10) L TLIRSN I el 70
v—g g

(i) If Py LyP(Ta) — L39(Tqa) is bounded then necessarily (1.9) holds and

(1.11) 14 8/

1 %4
<p<l+4+—.
g
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2. PRELIMINARIES

2.1. Homogeneous cones. A theorem of Vinberg [20, Theorem III.4] establishes
that every convex homogeneous cone €2 can be described in a unique way (modulo
isomorphisms) as the cone arising from a T-algebra structure. Next, we briefly de-
scribe how these are defined; we refer to [20, §I11.1] or [17, §2] for further details and
bibliography on the subject.

A matriz algebra of rank r is a real algebra U (not necessarily associative) bigraded

u= @ uy,

1<ij<r
such that the following product rules hold for all 4,5,k € {1,...,r}

Z/{Z'juj'k C Uy, and uiju% = {0} if ¢ 7é 7.

by subspaces

An involution in U is a linear mapping x — z* such that for all x,y € U it holds
(") =2, (zy)"=y"2z*, and additionally (U;;)* =U;;, V1i,].

The elements z € U can be represented by formal matrices (x;;)1<; <, With z;; € U,;.

Then z* corresponds to the formal transpose matrix, that is (2*);; = (x;)*.

A T-algebra is a matrix algebra with an involution  satisfying the following axioms,
(T1) through (T7).
(T1) The subalgebras U;; are 1-dimensional, and there are (unique) idempotents ¢; =
¢? such that

Ui =Re;, i=1,...,r.
We denote by pi; : U; — R the algebra isomorphism so that p;(c;) = 1. More
generally, we let py;(z) = py(zy), if v €U.
(T2) For every z;; € U;; it holds
TijCj = CiTij = Tjj.

In particular, the unit element in ¢/ is given by e := > ", ¢;.

Consider the “trace” operator defined by
tr(z) = Zpii(x), relU.
j=1

Then it must hold
(T3) tr(zy) = tr(yz), z,y €U

(T4) tr(z(y2)) = tr((zy)2), v,y,2 €U
(T5) tr(xx*) >0, if z €U and x # 0.
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Consider the subalgebra of upper triangular matrices
T= &P u.
1<i<j<r

Then it must hold

(T6) t(uv) = (tu)v, VYt,u,veT

(T7) t(uu*) = (tuw)u*, VtueT.
In particular, by (T6), 7 is associative. The open subalgebra of elements with positive
diagonal entries

H={teT : pu(t)>0,i=1,...,r}

contains no divisors of zero, and hence it is a Lie group; [20, p. 383]. Finally, consider
the real vector space of hermitian matrices in U

V={zel : z*=uz},

endowed with the inner product (z|y) = tr(zy). We define the cone  associated with
the T-algebra structure by

Q={tt" : teH}CV.
It can be shown that {2 is a homogeneous convex cone in V', with no straight lines,
and that the group H acts simply and transitively in €2, via the transformations

mw(s)[tt*] = (st)(st)*, s,t € H,;

see [20, Prop III.1]. In particular, to every y € €2 it corresponds a unique ¢t € H such
that

(2.1) y=m(t)e] =t -e=tt".

All these concepts have a clear meaning when U consists of real r» x r matrices, in
which case V' = Sym (r,R) and  is the cone of positive definite symmetric matri-
ces; see more examples in §2.3 below. In general, all homogeneous cones (modulo
isomorphisms) can be obtained by this procedure; see [20, Theorem I1I.4].

2.2. Generalized powers in ). We set some further notation from [11]; see also
[17]. Let n;; = dimU;; = dimU;;, 1 <i,5 <r, and consider the numbers

i—1 r
(2.2) ni:Znij and m; = Z ni, 1=1,...,r
j=1

j=i+1

Consider also the parameters

lel—i—%(nl—l—mz), izl,...7T,
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and note that
T T T
n:dimV:r—i—Zmi:r—l—Zni :Zn.
i=1 i=1 i=1

From these quantities we define the following distinguished multi-indices

(2.3) g=1(mi,....my), g =2%(n,....n.), T=(1,...,70).

Observe in particular that g + g’ = 7 — 1, with the usual convention 1 = (1,...,1).

We turn to the definition of the generalized powers in Q. If y = tt* € Q, for some
(unique) t € H, we let

Q;(y) = Q;(tt*) = pj (1) j=1,...,m,

see [17, p 482] or [20, (II1.27)]. This coincides with the quantity denoted by x;(y) in
Gindikin’s work; see e.g. [12, (2.21)]. It can be shown that these are rational functions
of y (ie, quotients of polynomials), and that they can be extended to © + iV. These
functions verify the following homogeneity under the action of H

(2.4) Qilt-y) = Qilt ) Qily). teH yeo

Finally, given a multi-index e = (v, ..., ,.) € R" (or even in C") one defines

Q) =[[@Q7w). yeq

j=1
It can be shown that 7(t), extended as a linear map in V, satisfies

detm(t) =Q7(t-e), ifte Handt-e=1tt* €,
see [17, (2.10)]. It follows that

do(y) = Q " (y)dy

is a (left)-invariant measure in € under the action of the group H.

2.3. Some examples. The following examples are discussed in [11, pp.17-19]; see
also [12, Chapter 2, §1.8].

2.3.1. Cones of positive-definite symmetric matrices. Let U be the algebra of
real r x r matrices. Then © = Sym_ (r,R) is the cone of positive definite symmetric
matrices. The representation of y € Q as y = tt*, t € H, see (2.1), corresponds to
the standard decomposition of a positive-definite symmetric matrix as a product of
an upper triangular matrix and its transpose. The parameters in (2.3) take the form

1 1
g:§(7"—1,...,1,0>7 g/:§<0,1,...,7’—1>7 and 7514_%’
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while the basic power functions associated with the cone are given by

Ar—’ 1Y

Q;(y) = %U,
r—i(y)

where A;(y) is the principal lower corner minor of the matrix y (with Ag = 1). In

jg=1,...,m

particular, when r = 2 we have

2
Yiiyer — Y _
Qily) = 222212 and Qu(y) = yoo, if y = Y iz
Yoz Yia Yoo

2.3.2. Vinberg cone. Let U consist of real 3 x 3 matrices with
Z/{23 = Z/{gg = {0}

When z,y € U its product z = zy is defined by z;; = 22:1 TikYr; if i +J # 5, and
293 = 233 = 0 (that is, the U-projection of the usual matrix product). It is easily
seen that this product is compatible with the T-algebra axioms. In this case we have
niz = n13 = 1 and ny3 = 0, so that

g=(1,0,0), g =(033), and 7=(2,33).

1272

The associated cone € is the set of all positive-definite matrices of the form

Y11 Y12 Y13
y=1vyi2 y2 0 |,
yiz 0 ys3

and the basic power functions are given by

2 2
Y Y71

Ql(y) = Y11 — 2 _ £> Qz(y) = Y2, and Q3(y) = Y33
Y22 Y33

2.4. A beta integral formula. Below we use standard conventions for multi-indices,
namely if a = (ay,...,a;), 8= (p1,...,5) € R", then

(2.5) a>3 means «a; >0;, Vi=1,...,r,
and
(2.6) aB = (apf,...,o.0) € R

A key result in the later computations will be the following lemma due to Gindikin.
We remark that the formulation in [11, Proposition 2.6] contains a mistake, so we
present the correct statement given in [17, Lemma 4.19]; see also [9, Corollary 2.19].

LEMMA 2.7. Let s, t € R" be such that
t>g and s>g'.

Then, and only then, the following integrals are finite and take the value

Q" (y) _ s
/QQstt(w%—y)dy_CQ (x), x €,
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for some constant ¢ = Bq(s+g—g',t) > 0.

We quote two more integral estimates that can be found in [17]. In these statements
the euclidean vector space (V, (-|)) is identified with R".

LEMMA 2.8. [17, Lemma 4.20] Let v € R". Then the integral

(2.9) Jy(y) = /V }Q_('”T) (y + m)‘ dr, 1y €9
converges if and only if v > g'. In this case, there exists c4 > 0 such that
Jy(y) = ey Q77 (y)-
LEMMA 2.10. [17, Lemma 4.21] Let v € R". Then there is a constant C, > 0 such
that for all y € Q, |y| < 1/4,

/ Q=) (y +ix)| dv > C, Q7 (y).
{zeV:jz|<1}

2.5. A Schur type test. Below we use a known test for I” — L? boundedness of
positive operators. When p = ¢ it is the usual Schur test, see e.g. [10, Lemma 3.1], or
[1, Theorem 6.3] for a statement closer to the notation below. For p < ¢, this test (in
a slightly weaker form) can be found in the work of Okikiolu [18]. We reproduce the
elementary proof for completeness. We consider abstract (o-finite) Lebesgue spaces
LP = [P(Y,dv) and L? = L9(X,du), and as usual, 1/p+1/p’ = 1.

LEMMA 2.11. Let 1 < p < q < oo. Given a non-negative kernel K(z,y) > 0,
consider the formal operator

Tf(z) = /Y K(z,y) f(y)dv(y), z€X.

Assume that
(2.12) 0 < K(z,y) < G(z,y)H(z,y),

and that there exist functions ¢1(y) > 0 and ¢o(x) > 0 and constants cy,co > 0, such
that

(213) [ [16@nal v)]” < cnw.  veex

Y

1

(214 [ Hepe@a)] < anw, ey
X
Then T maps LP(Y,du) — LYX,du) boundedly, and

ITfllLaxaw < crcal|fllervany, Vf€LP(Y,dv).
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Proof. If f >0 and x € X, by (2.12) and Hélder’s inequality we have

Tfz) = /Y K (e 9)f(y) / oy H(x.y) ér (9) f () dviy)

3 =

< o Gl Moy /\me f(y)] ()

By (2.13), the first factor is bounded by ca¢o(x), so taking Li-norms we obtain

1
q

Tl < o [ [ [ e we@io] ) aw)"
Since g > p we can use the Minkowski integral inequality to deduce

oo < e [ ([ |00 Wowsw)| aw)* ww)]’
2|01 () 1) | H(z.y) ()|

< aallflly,

using in the last step the assumption (2.14). Observe that the above argument for

La(dp(z)) 1 LP (dv(y))

1 < p < q < oo, remains also valid if p =1 or ¢ = o0. U

3. PROOF OF THEOREM 1.4: SUFFICIENT CONDITIONS

3.1. Proof of part (i) for p > 1. As observed in Remark 1.5, it suffices to show
that if 1 < p < g < oo, then

Sabry : LP(Q,do) — LI(Q, do),

under the conditions v = a + b and

/ /

(3.1) a>§+g—, and b>§/—|—§.
qa p p q
We apply the Schur test to
Q*(z) Q(y)
= | K(x, do(y), with K(z -
/Q (2, 9) f(y) do(y) (2,y) = O (rty)

To do so, we shall split the kernel as
(3:2) K(z,y) = K(2,y)* K(z,9) ",

for some t € R” with 0 < t < 1, where we use the multi-index conventions in (2.5)
and (2.6). It then suffices to find test functions

(33) 01(y) = Q7 7(y) and  ¢o(z) = Q°(x),
for suitable o, € R", such that

(3.4) { / ‘ b Q:jry Q7 (y)

p/

1/p’
da<y>} < Q). req.
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and

Q0-0() Q0y)
I A e

q 1/q
da<x>] < QW). yeo

To do so we use Lemma 2.7. The expression in the left hand side of (3.4) is finite iff
(bt —o)p > g and (at+o)p > g,

in which case it takes the value ¢; Q=7 (z), for some ¢; > 0. Similarly, the left expres-
sion in (3.5) is finite iff

(al—t)—d)g>g and (b(1—t)+d)g > g,

in which case it takes the value c; Q~%(y), for some ¢y > 0. Thus, (3.4) and (3.5) will
hold if we take 6 = o, and if we can select o and t such that

/ /
36) S _at<o<bt-2  and E_bi-t)<o<al-t) -5

D jd q q

For each of these two “intervals” to be non-empty we must impose the conditions

/ /
g—;g < (a+b)t and g—;g

which solving for t lead to

<(a+b)(1-1t),

+ / + /
(3.7) 878 .9 8T8
(a+b)y (a+b)g
interpreted as pointwise inequalities for each coordinate i = 1,...,r. By the assump-

tions in (3.1), it is always possible to find such a t.

Once t is chosen, we check that a multi-index o as in (3.6) exists. To do so we
conveniently denote by (uy,vy) and (ug, vs) the two “intervals” of multi-indices in
(3.6) (formally, rectangles in R"). We must show that

(38) (ul,vl) N (UQ,VQ) 7£ @
Indeed, the conditions in (3.1) can be written as
(3.9) u; < vy and u; < vy,

regardless of the value of t, and this in turn is easily seen to be equivalent to (3.8).
This completes the proof of part (i) in Theorem 1.4 when p > 1.

3.2. Proof of part (i) for p = 1. The only difference is that, rather than (3.4), we
need to require

510 p T Q)

5
yeN Q(a-&—b)t(x + y) ~ Q (x)a x € €.
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Letting x =t - e with t € H, we may as well take the sup over y =1t - u, u € €2; thus,
the homogeneity in (2.4) shows that (3.10) can be written as

Y th—a‘(u>
Q (iL') ilég Q(a+b)t<e + u)

For this to hold we need § = o and

S Q) zeq

—at < o < bt.

This is less restrictive than the left expression in (3.6) with p = 1. So the same
arguments given above can be used in this case, providing the existence of the required

multi-index o under the assumptions (3.1), which now take the simpler form
(3.11) a>g/q and b>g'/q.

3.3. The case ¢ = oco. We have excluded this case to avoid end-point situations,
however, the same argument as in §3.2 can be applied when ¢ = oo, at least if

1 < p < oo. The sufficient conditions in (3.1) remain valid, and now take the form
(3.12) a>g'/p and b>g/p.

Alternatively, this could also be proved by duality.
Finally, we mention the special case corresponding to p = 1 and ¢ = oo, for which
a direct inequality shows that S, (with v = a+ b) maps L' into L* in the larger

range
(3.13) a>0 and b>0.

3.4. Some remarks on the sufficient conditions. We make some comments about

the previous proof

REMARK 3.14. We have used a multi-index t € R” in (3.2), in order to allow for
greater generality. However, the proof works as well with a scalar t = (¢,...,1).
Indeed, in view of (3.7) (and using g + g’ = 7 — 1), it suffices to pick ¢ such that

Ti—l

0,
— <t<1l——, where ¢:= max .
jd q 1<i<r a; + b;

Now, (3.1) implies a+b > (7 — 1)(1% + %), and thus (I% + %)19 < 1, so such a t can
always be chosen. In particular, when p = ¢ we could take ¢ = 1/p’, which is the usual
choice in Schur’s test.

REMARK 3.15. Even in the special case when Q = Sym, (2,R), p = ¢ and a, b are
scalars, the optimal sufficient conditions in (3.1) cannot be obtained merely with test
functions ¢1, ¢ involving a scalar parameter o = (0,...,0). Indeed, in this special

case we have
g=(1/2,0) and g =(0,1/2)
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so the condition in (3.6) becomes
1 1 1 1
— —at <o <bt— — d ——1-thh<o<(1l—-ta——
o at < o o an % ( b <o <( )a o
However, arguing as in (3.8) and (3.9), one sees that these two conditions cannot
simultaneously hold if @ < 1/2 or b < 1/2. So one would not cover the whole range of
sufficient conditions in (3.1), which in this case should be

1

1
—} and b>max{2 2p}

a > max | —,
{2]? 20

This suggests that the proof of [16, Lemma 4.1] may not be correct, and must be
modified according to Remark 4.2 in that paper.
4. PROOF OF THEOREM 1.4: NECESSARY CONDITIONS

As observed in Remark 1.5, to prove part (ii) of Theorem 1.4 it suffices to find
necessary conditions for the boundedness of

(4.1) Sabry : LP(Q,do) — LI(Q, do),

for fixed 1 < p,q < oo and a, b,y € R". Observe that Saf(x) is always well-defined

for non-negative f. So, the boundedness of the mapping (4.1) must be understood as

(4.2) [Sabfll, <

for some constant C' > 0. The p-norms will always refer to the spaces LP(£2, do).

V=0,

4.1. Necessary condition on ~.

LEMMA 4.3. Let 1 < p,q < oo and a,b,v € R". Assume that (4.2) holds. Then
~Y=a+b.

Proof. We use the homogeneity under the H-action in ). Let ¢ € H and define

fily) = ft-y), ye.

Then, by the left-invariance of do and (2.4) we have

b _
Sanal)0) = Q) [ 1) o)

QP )( ab’*/f)(t x).
Thus, if (4.2) holds we will have
QTP ) [Sana (D, = [Sapalfll, < CllAll = C ISl

Fixing a positive f € LP, and letting ¢ vary in the set of diagonal matrices whose
entries go to 0 or 400, we see that necessarily v = a+ b. O
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4.2. Necessity of p < q. We begin with an elementary observation, which is similar
to the one used in [14, Theorem 1.1].

LEMMA 4.4. Let 1 < p < o0, and for R > 0 let fr(y) := f(y/R), y € Q. Then
(4.5) Jim [[f+ fr], = 271Ifl,, Y f € L(Q,do).

Proof. If we assume that supp f € €2, then f and fr will have disjoint supports for
large enough R, and thus

1+ fall = / (@) + | fal) ) doly) = 20| 7|2,

by the invariance of the measure. For general f € LP, given € > 0, one finds h with
supph € Q and ||f — h||, < e. Then, by the triangle inequality

1 1 1
1+ frlly = 2711 fllp| < 2[f = All, + ‘Ilh +hallp = 27 |Allp| + 27| All, = [1f ]l
< (2+20)e + [Ih+ hally — 20 |Ally| < (2420,
if R is sufficiently large. The result now follows by the definition of limit. g

LEMMA 4.6. Let 1 < p,q < oo and a,b,v € R". Assume that (4.2) holds. Then
pP=q

Proof. Assume that p > ¢ and that (4.2) holds. By Lemma 4.3 we must have v = a+b,
so with the notation fr(y) := f(y/R), from the previous lemma, one easily sees that

(Sabyfr) (@) = (Sapaf)(@/R).
Thus,
| (Saperf) + (Sapal) /R, = [Sanalf + fa)ll, < WSapall IS + Ll

where || Sab,|| denotes the infimum of all constants C' such that (4.2) holds. Letting
R oo and using Lemma 4.4 we conclude that

1 1
2 [[Subrf ], <25 ISamall 11
Since this is valid for all f > 0 we conclude that
11
[Sap~yll <277 Sapyll,

which is not possible when p > ¢ (since ||Sab~| > 0). O
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4.3. Necessary conditions on a and b. We first recall some notions from [17, §4.2].
For yo € Q, we let B, (y0) :={y € Q@ : d(y,y0) < r}, where d denotes the associated
riemannian distance in €2 (which is H-invariant). The following result is known for
symmetric cones; see [6, Corollary 2.3]. In the appendix we sketch a different proof,

which is valid as well for homogeneous cones.

LEMMA 4.7. Let Q be a homogeneous cone. Then, there are constants c¢1,co > 0
such that
o < i (z +y)
Qi (@ + yo)
LEMMA 4.8. Let 1 <p < q< oo, and let a,b,v € R" with v =a+ b. Assume that
(4.2) holds. Then

<co, if dly,yo) <1, €, j=1,...,m

/ /

g g g 8
(4.9) a>max{5,z7} and b>max{a,g}.
Proof. Let f = XB,(e)- Then, by the previous lemma
Q(z) Q°(y) Q*(x)
Sa = ————=d N —— e .
( ,bf)’f)(x> /Bl(e) Qa+b<1’ + y) U(y) Qa+b($ + e) z

So, if (4.2) holds we deduce that

==

which by Gindinkin’s result, Lemma 2.7, implies that

. .
dd(w)] S |Sabafll, < ClA < o0,

a>g/q and b>g'/q.
The other condition follows by duality, since Sy 4,
HSb7a7A/f ' S C Hqu/

Hence, testing with f = Xp,(e) as above leads to

= Sh,a~ and (4.2) implies that

a>g'/p and b>g/p,
at least if p > 1. When p = 1 the above inequalities are no longer strict, and become
(4.10) a>0 and b>0.

But in this case a > g/q is the same as a > max {g/q, 0= g’/p’}, and likewise for b.
So, the result is proved in all cases. Il

REMARK 4.11. Lemma 4.8 is also valid in the case ¢ = 00, as long as 1 < p < o¢.
The only special case happens when p = 1 and ¢ = oo, for which the necessary
condition would just be (4.10). This matches the sufficient condition discussed in
(3.13). Thus, overall we can state the following
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COROLLARY 4.12 (Case ¢ = o). Let 1 < p < oo, and a,b,y € R". Then
Sab~ : LP(do) — L*>(do) if and only if v =a+b and

(4.13) a>g'/p and  b>g/p.
If p =1 the same characterization holds with (4.13) replaced by

a>0 and b>0.

5. COMPARISON OF NECESSARY AND SUFFICIENT CONDITIONS

Here we prove the statements in part iii) of Theorem 1.4. Namely, for the operators
Sab~ : LP — L7 (with v = a+ b) we compare the necessary conditions

/

/
(A27) a>max{§,§/} and b>max{§/,§}
q D P q
and the sufficient conditions
/ /
(A2) a>84+8  ad b>E8.8.
q p p q

see (3.1) and (4.9) above. These clearly coincide when p =1 (or ¢ = 00), so we will
assume 1 < p < q < o0.

5.1. (A2) and (A2’) for a general cone 2. When r = 1, then 2 = (0,00) and
the conditions trivially coincide, since g = g’ = 0. This is the classical setting for the
Hilbert inequalities, see also [2]. For r > 2 we use the following simple observation.

LEMMA 5.1. Letu,v € R". Then
u+ v = max{u, v}
if and only if suppuNsuppv = 0, that is, iff wwv; =0,Vi=1,...,r.

The previous lemma has the following immediate consequence. Recall that g and
g’ are defined in (2.2) and (2.3) in terms of the indices n;; = dim;;.

COROLLARY 5.2. Let 1 < p < q < oco. Let Q be a homogeneous cone associated
with a T-algebra U = @ngr U;;. Then the set of indices a,b € R" satisfying (A2)
coincides with (A2’) if and only if

i—1

(5.3) (Znij)<inzj>:o, Vie{l,....r}

J=1 J=i+1
We discuss some examples.
(1) Case r = 2. There is only one relevant index, namely, n1s = d € N U {0}.

Therefore, we have

g=1(d/2,0) and g = (0,d/2).
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By Lemma 5.1 conditions (A2) and (A2’) coincide, and take the form
d d d d
a> <%’ 2_1?’) and b > (2—])/, 2_q)’

Note that if d = 0, the cone is isomorphic to Q = (0,00) x (0,00) and we are
again in a trivial situation. If d > 1 then €2 is isomorphic to a light-cone in
R¥2_which is the only irreducible homogeneous cone of rank 2.

(2) Vinberg cone. Let Q be the cone of rank 3 defined in §2.3.2; see also [17, Ex-
ample 2.9]. This is the first relevant example of a homogeneous non-symmetric
cone. In this case we have nis = ni3 = 1 and no3 = 0, so that

g=1(1,0,0) and g =(0,%,1).

7272

Thus, also in this case (A2) and (A2’) coincide, and take the form

as (L 1y o (L L1y
q 2p 2p) P 2q7 2q/°
(3) Symmetric cones. Let €2 be an irreducible symmetric cone of rank r. Then,

there is a constant d such that n;; = d, V ¢ # j. The values of g and g’ are
given by

(5.4) g=((r- z’)%)il and g = ((i - 1)‘5)“,
so the conditions of Lemma 5.1 will never be met if r > 3 and d > 1. So in
these cases, conditions (A2) and (A2’) will not agree in general.

5.2. (A2) and (A2’) for scalar parameters. We prove the last assertion in The-

orem 1.4. Suppose that (2 is an irreducible symmetric cone and that
a=(a,...,a) and b= (b,...,b).

In view of (5.4), we can write the first condition in (A2) as
-1 1—1\d d 11
(5.5) a > max <r Z—|—Z >_ =(r—-1)= max{—,—},
1<i<r q P 2 2 q p

where the last equality follows from the fact that a linear expression in ¢ must attain

its maximum either at ¢ = 1 or i« = r. Note that (5.5) clearly coincides with the
condition in (A2’). The situation is similar for b, leading also to the expression

d 11
Finally, using that (r —1)d/2 = * —1, we obtain the following version for [16, Theorem
2.1].

COROLLARY 5.7. Let 1 < p,q < oco. Let €2 be an irreducible symmetric cone in R™.
Then Sqp, maps LP(Q, do) into LI(Q,do) if and only if p<q,v=a+0b and

min{a, b} > (; - 1) max{l, l}}

qp
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6. POSITIVE BERGMAN OPERATORS: PROOF OF THEOREM 1.6

As in Remark 1.5, letting
a:a+g and b:ﬁ—z,
q p

it suffices to prove Theorem 1.6 for the operators Sap~ and 7., _, assuming that

a,b,v’
v = pu = 0. So throughout the proof we assume this case, and for simplicity we

denote L*P = L5P(Tq,dx do(y)).

6.1. Proof of “(i) = (ii)” of Theorem 1.6. We shall use the following notation:
for f € L¥P(Tq) and v € Q we let

folu) = f(u+iv), ueR"

For fixed y € 2, using Minkowski’s integral inequality and Lemma 2.8 (since v > g’),
one obtains

. fv (dzx)
‘ abol (T +1Y) Le(dz) n Q‘Y+Ty+v—zu)|Q (v) dudv
follz+ Q°(v) dv
— a — Sa v s .
¢y @*(y) 0 Q(y+o) Cy Sabey ([ follze) ()
Thus, taking L9(€), do)-norms in both sides and using (i) we obtain
7—1+ < ‘ Sa v s < H v s = s,p .
| Y (TS = 1 N F e

Since s here is arbitrary, we obtain the assertion in (ii) of Theorem 1.6.
6.2. Proof of “(ii) = (iii)” of Theorem 1.6. This assertion is trivial.

6.3. Proof of “(iii) = (i)” of Theorem 1.6. We first observe that (iii) implies, by
a homogeneity argument as in Lemma 4.3, that necessarily

(6.1) v=a+b.
Now, let f € LP(£2,do) be such that f > 0 and
supp f C 2N Bys(0),

and define g(u 4 iv) = xp,0)(u) f(v), for u +iv € To. If |z| < 1 and y € QN By5(0)
then, by Lemma 2.10, there is a constant C, > 0 such that

(To 9) (@ +iy) = Q*(y) //B( e ydﬁv — F() QP (v) dv

a( f0)Q°(v)dv
Cy Q*(y /m = O (Sa,b,’vf) (Y),

v
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since Bo(z) D {|u| < 1}. So taking first the L®-norm over |z| < 1, and then the
Li(do)-norm over y € N Byg(0), and using the assumption (iii), we see that

| < gl

L59(Tg)
Let now f be an arbitrary function in LP(Q2, do) with compact support, and pick any

ab’yf‘

S |mag ot = N
La(QNB, 5(0)) )ab“/g Low(ro) = C || fllzr(ao)

large R such that supp f C N Bpr/s(0). Then, we can apply the previous reasoning
to the rescaled function fr = f(R-) to obtain
‘ ab'yf ‘

Using (6.1) one easily sees that (Sab~/fr)(Y) = (Sab~f)(Ry), so changing variables

N P(do) — P(do)-
L9(QNBy /5(0) ™ 1/rllLr o) = I1f || ze ao)

the above inequality becomes

‘ Sa,b,'yf 5 HfHLp(dU)'

Li(Q2NBg/s(0))

Letting R — oo we conclude that ||Sab~fllre@do) S |fllLrs), which implies the
assertion in (i). B

6.4. Proof of Corollary 1.8. Since P} = ¢, T

0. and we assume v > g, it follows
from Theorem 1.6 that the boundedness of

P+ LSP<TQ) — qu(TQ>
is equivalent to the boundedness of
Soww t L5 (Q) — L1 (€2).

Now one uses Theorem 1.4 and finds that in this case the conditions p < g and (A1)
are the same as (1.9), while (A2) and (A2’) can be written, respectively, as (1.10) and

(1.11). .

7. APPENDIX: PROOF OF LEMMA 4.7

We give a proof of Lemma 4.7, as we did not find one in the literature which is valid
for homogeneous cones. The proof below only uses the H-invariance of the riemannian
metric, and hence of the associated distance d in 2. It is based on the following facts:

(i) There exists dy € (0, 1) such that
(7.1) Bi(e) C dpe + €,

Indeed, recall that such a distance d is complete and hence every d-bounded
set is relatively compact; see e.g. Theorems 4.1 and 4.5 in Chapter IV of [15].
The result then follows by compactness from B;(e) C Usso(de + Q) = Q.
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(ii) The following equivalence holds for each t € H,
t-e € Bi(e) ifandonlyif t ' -ec Bie)
Indeed, this is just a consequence of d(t-e, e) = d(e,t~!-e), by the H-invariance.
(iii) The following inequalities hold for every z,y € Q
Qj(r+y) =2 Q(x), j=1,....m
This has been shown in [17, Lemma 4.13].
We now establish Lemma 4.7, that is, the existence of ¢, co > 0 such that
Qj(r +y)
Q;(x + yo)

By H-invariance we may assume that yo = e. Now, if y € Bj(e), facts (i) and (iii)

(7.2) c < <, if dy,yo) <1, z€Q, j=1,...,r

above imply

Qi(z+y) = Qj(x+y—doe+de) > Q;(x+ dpe)
= Qi1 —do)a +dr+de) > 0 Qs(w +e).
On the other hand, if y = ¢-e € Bi(e), then ™ - e € By(e), so (2.4) and the previous

case give

Qi(x+y) = Qi(t-e)Q;(t™" -z +e)
S 50_1 Q](t . e) Qj(t_l - T+ t_l . e) = (50_1 Q](ZL‘ + e).
Thus, we have shown (7.2) with ¢; = 1/cy = do.
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