A WEAK 2-WEIGHT PROBLEM FOR THE POISSON-HERMITE
SEMIGROUP

G. GARRIGOS

ABSTRACT. This survey is a slightly extended version of the lecture given by the author
at the VI International Course of Mathematical Analysis in Andalucia (CIDAMA), in
September 2014. Most results form part of the paper [3], written jointly with S. Hartzstein,
T. Signes, J.L. Torrea and B. Viviani.

1. INTRODUCTION

Consider the following integral identity

_ 2 . ods

valid for all real numbers L > 0. If we allow L be the infinitesimal generator of a “heat”
semigroup {e*} = in L2(RY), then (1.1) defines, using the terminology in Stein’s book [8,
Chapter I1.2], a subordinated Poisson semigroup. Moreover, for suitably “good” functions
f : R* — C, the formal Poisson integral u(t,-) = etV f solves the partial differential

equation
ugy = Lu, (t,x) € (0,00) x RY,  with u(0) = f.

A relevant question is then to find, for each operator L, the most general class of functions
f for which the Poisson integrals u(t,z) = e *VE f(x) satisfy
(i) u(t,z) is well-defined and belongs to C*°((0,00) x R%)
(ii) u(t,z) satisfies the pde uy = Lu in (0,00) x R?
(iii) There exists lim, o+ u(t,z) = f(x), for a.e. z € R%
In the classical setting, corresponding to the Laplace operator L = —A in R%, the largest

class of admissible initial data f is the weighted space
(1.2) L) ={r: [ l@let) <o},
R4

with p(z) = (1 + |2|)~(@+D) | and the assertions (i)-(iii) can easily be proved from the explicit

form of the Poisson kernel.
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For general operators L, however, the kernel will not be so explicit, and investigating
such results requires very precise estimates of the subordinated integrals in (1.1), as well as
of the associated maximal operators.

In this work we take up this question for a collection of Hermite operators in R¢
(1.3) L=-A+|z]>+m, withm> —d.
We shall also consider a slightly more general family of partial differential equations:

(1.4) uy + 222w = Lu, (t,z) € (0,00) x RY,  with v > 0.

The parameters m and v allow us to include various interesting cases, which can all be
covered with essentially the same estimates. In particular, m = 0 corresponds to the usual
Hermite operator, while m = —d leads to an L which can be transformed” into the Ornstein-
Uhlenbeck operator —A + 2z - V. Likewise, the parameter v = 1/2 in (1.4) gives the usual
Poisson equation, while for general v it leads to a pde appearing in the theory of fractional

laplacians'.

Our goal in this work is to give the most general conditions on a function f : R — C so

that a meaningful solution to (1.4) is given by the Poisson-like integral

2v o0 _ﬁ —u du
(1.5) P, f(x) ::4,,1}(”)/0 e [e Lf}(x)ﬁ, t > 0.

This subordinated integral is slightly more general than (1.1), and we justify its expression
in §2 below. In our results, which we are about to state, the following function will play a

crucial role

6_‘y|2/2 f d
— rm > —
(1+ [y]) =" [In(e + |y )]+
(1.6) o(y) =
olyl?/2 " ]
(e + [y)]” e

Theorem 1.1. For every f € LY(p) the function u(t,x) = P;f(x) in (1.5) is defined by an
absolutely convergent integral such that
(i) u(t,z) € C=((0,00) x RY)
(ii) u(t,x) satisfies the pde (1.4)
(iii) For a.e. x € RY, it holds lim,_,o+ u(t,z) = f(x).
Conversely, if a function f > 0 is such that the integral in (1.5) is finite for some (t,z) €
(0,00) x RY, then f must necessarily belong to L' ().

*Note that e‘z|2/2L[ef‘z‘2/2u] = —-Au+2z-Vu+ (m+d)u.
TThe fractional operator L” can be recovered from (1.4) and u(0,z) = f(z) by the formula L" f(z) =
o limg 0t 72, (t, 2), at least for suitably good f; see [9, Thm 1.1].
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In particular, a function with growth as large as f(y) = e 2 /[(1 + |y|)?In(e + |y|)] has
nicely convergent Poisson integrals, for all m > —d and v > 0. This is in contrast with
the classical case L = —A for which only a mild sublinear growth is allowed; see (1.2).
It also illustrates that L'(y) is strictly larger than the “gaussian” space L!(R?, e_@dy),
which was the natural domain for Poisson integrals considered by Muckenhoupt in [6] (in

the special case v = 1/2, m = —d and d = 1).
Our second goal is to investigate the following local maximal operators

(1.7) P f(x):= sup !Ptf(:n)‘ ,  with a > 0 fixed.
0<t<a

These operators arise naturally in the a.e.-pointwise convergence of P, f(x) — f(z) as
t — 0. In fact, the natural strategy to prove such convergence for all f in a Banach space
X, is to establish first the result in a dense class, and next prove the boundedness of P}
from X into LP**°(v) (or even better into LP(v)) for some weight v > 0. It turns out that we
can prove Theorem 1.1 without appeal to such maximal operators, but it still makes sense

to consider the following

Problem 1. A weak 2-weight problem for the operator P;. Given a > 0 and
1 < p < o0, characterize the weights w(x) > 0 for which there exists some other weight
v(x) > 0 such that

(1.8) Py LP(w) — LP(v) boundedly.

We named the problem “weak” in contrast with the “strong” (and more difficult) question
of characterizing all pairs of weights (w,v) for which (1.8) holds. Such weak 2-weight
problems, for various classical operators, were considered in the early 80s by Rubio de
Francia [7] and Carleson and Jones [1], who found explicit answers for the Hardy-Littlewood

maximal operator and the Hilbert transform.

Our second main result in [3] gives an answer to Problem 1.

Theorem 1.2. Let 1 < p < oo and a > 0 be fixred. Then, for a weight w(x) > 0 the

condition

(1.9) ™% @ | o gy < 00

is equivalent to the existence of some other weight v(z) > 0 such that (1.8) holds.

Condition (1.9) is easily seen to be equivalent to LP(w) C L'(p). So, the necessity of
(1.9) in Theorem 1.2 is a consequence of the last sentence in Theorem 1.1. Concerning the
sufficiency of (1.9), we first point out that, from Theorem 1.1 (iii) and abstract results due

to Nikishin, there always exists a weight u(x) > 0 such that

(1.10) Py LP(w) — LP*°(u) boundedly.
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The main contribution of Theorem 1.2 is to show that the weak-space LP**°(u) in (1.10) can
be replaced by the strong space LP(v) (with perhaps another weight v). This is the main
difficulty in the 2-weight Problem 1 described above, and requires additional estimates to

those needed in Theorem 1.1.

A last question regards the explicit form of the weight v(x), whose existence, under the
condition (1.9), is asserted in Theorem 1.2. In [3] we used a non-constructive procedure
which nevertheless provided a size estimate. Namely, for every o < 1 a weight v = v, can

be chosen such that

(1.11) [o™7 || o gty < 0

Notice that this is “almost” the same integrability condition that w(x) satisfies. Here we
state a new result, which provides an explicit expression for v(z), and recovers in particular

the property (1.11). We shall use the following local Hardy-Littlewood maximal operator

(1.12) MO f(2) = sup !

maxi{|xr d .
>0 | By BT(I)‘f(y)‘X{|y|§3 (|z,1)} Y

Theorem 1.3. Let 1 < p < oo be fized, and let w(x) > 0 be a weight satisfying (1.9). Then
a family of weights v(x) such that (1.8) holds for all a > 0 is given explicitly by

«
s plz|?

(1.13) v(x) = {Mloc(w_% 6_%)($)} PP e (1 )N,

provided o > 1 and N > Ny, for some Ny = No(«, p,d, m,v).
We finally remark that, via the elementary identity
Lle """yl = —Au+2x-Vu+ (m+du =: O,
elz?/2 |- 12/2 A

all the results in this paper admit corresponding statements with L replaced by the Ornstein-
Uhlenbek type operator O. These essentially amount to replace the exponentials e~ lvl?/2 (as
in (1.6) or (1.13)) by the gaussians e~ /¥*. We leave the simple verification to the interested

reader.

The proof of Theorems 1.1 and 1.2 was given in [3], but we outline the main steps below.
Namely, in §2 we justify why the integral formula in (1.5) gives a solution to the pde (1.4).
In §3 we state the optimal kernel estimates which are behind these theorems, and outline
the proof of Theorem 1.1, slightly modified with respect to [3]. The new results appear in
64, where we solve a weak 2-weight problem for M!°¢, and present the proof of Theorem 1.3

(which in turn implies Theorem 1.2).
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2. THE SUBORDINATED INTEGRAL
For v € R, consider the following real-valued function

[e.e] 22
(2.1) F,(z):= / e mmu N du, 2 >0,
0

where the integral is absolutely convergent (actually for all v € C and Re(22) > 0). This
integral is well-known in the theory of special functions, as it appears in the definition of
the so-called modified Bessel function of the third kind K, (z). Namely, they are related by

(2.2) F,(z) =2(z/2)" K,(2);
see e.g. [11, p. 183] or [4, p. 119]. In particular, F), satisfies the ordinary differential
equation
" 1-2v _,
(2.3) E)(z)+ F,(z) = F,(z).

z
We give next the elementary proof of (2.3), which does not depend on the properties of K,,.

Integrating by parts in (2.1) we can write

Taking derivatives inside the integral in (2.1) we also have
> 22 > z 2
Fl(2) = / e TE (— &) uldu and F!(z)= / e YT (57 - i) w1 du.
0 0
From these identities (2.3) follows easily. Moreover we have the following

Lemma 2.1. Let v and L be positive real numbers. Then, the function u(t) = <= F,(tvL),
t > 0, satisfies the differential equation

1-2
(2.4) W)+ (1) = Lu(t), with lim u(t) = 1.
t t—0+

Moreover, the function u(t) can also be written as

(2.5) u(t) = (t/2)" /meﬁLv L
0

T(v) BiE

PROOF: If v >0, from (2.1) and dominated convergence it follows that

lim F,(z) :/ e "t du = I'(v).
0

z—0t
It is then straightforward to derive (2.4) from this observation and (2.3). To obtain the

integral expression in (2.5), first set 22 = 2L in (2.1), and then change variables v = %. O

When L is a positive self-adjoint differential operator which generates a semigroup
{e7*1Y o0 in L?(R?), we may then consider the function
g [0 2 p dv
U(t,l‘) = (F/(g) /O e 4v [6 v f:| (.’L‘) W, t> 0.

In view of (2.4), this is a natural candidate to solve the pde

uy + =Fuy = Lu, (t,x) € (0,00) X R?, with u(0,-) = f
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(and coincides with the definition we used in (1.5) for the Poisson integral P; f(x) associated
with L). Theorem 1.1 will give a rigorous proof of this formal statement, at least for the
Hermite operators in (1.3). We refer to [9] for more on this kind of arguments for general

operators L.

3. ESTIMATES ON THE POISSON KERNELS

Suppose L is the infinitesimal generator of a semigroup of operators {h; = e=**};~¢, in
L?*(R%), and that these are described by the integrals

(31) i) = | b)) do

for suitable positive kernels h;(x,y). Then, for the family of subordinated operators { P;}¢~0

defined in (1.5), a formal computation leads to

Rt = [ o) i)

with the corresponding kernels given by the integrals

+2

2v o0 _t2 dv
(3.2) pe(z,y) = %(23) /0 e hy(z,y) e

If one is interested in optimal estimates for such kernels p;(z,y), two things become nec-
essary: first, a precise a priori knowledge of h,(z,y), and next a careful analysis of the
integrals (3.2).

Such tasks are difficult to carry in full generality, so in this work we have considered the
special case of the Hermite operators L = —A + |z|? + m, for which we can start with an
explicit expression of the associated heat kernels

|z—y?

(3.3) hy(z,y) = e "™ [27sh 21)]_% ¢ zma VT g s

see e.g. [10, (4.3.14)]*. To make this expression more manageable it is common to use the

1+s

1=5)), which after elementary computa-

new variable s = th (v) (or equivalently v = 3 log(

tions allows us to write

hy(z,y) =

+d 1 lz—yl? 2
(1— s)mT e~ 1(m —Fslz+yl?)

—d

2

(4ms)

d
2

Inserting this into the integral (3.2) (with dv = lfss ) one obtains the expression

+2

(3.4) (z,y) = —H2 /1 e PMIE (1-)" o~ (= pfayl?) ;
: pe(z,y) = - s,
t (471')%F(V) 0 8% (1 4 3)Td+1 (%ln%)Hﬂ/

This will be our starting formula for p;(z,y), from which we shall derive the necessary
estimates needed for Theorems 1.1, 1.2 and 1.3. These are summarized in the next two

lemmas.

Note that e L = 67”(7A+|1|2>67”m, and the case m = 0 corresponds to the usual Mehler kernel.
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The first one gives, for fixed ¢ and x, the optimal decay of y — pi(x,y) in terms of the
function ¢(y) defined in (1.6). We shall sketch its proof in §3.2 below.

Lemma 3.1. Givent >0 and x € R, there exist ¢ (t,x) > 0 and ca(t,x) > 0 such that
(3.5) ci(t,z) o(y) < pelz,y) < et 2)ely), Yy eR™

The second lemma is a refinement of the upper bound in (3.5) with two main advantages:
it is uniform in the variable ¢, and it restricts to the “local part” the singularities of the

kernel p;(x,y). The proof of this more precise lemma is sketched in §3.3.

Lemma 3.2. Given z € R%, the following estimate holds for allt > 0 and y € R?

_ll?
(3.6) pe(z,y) < Cil) e X + Ca(x) t* o(y)
= o — y) 2 A i< max{je],1} } ’

. 2
for some positive functions C1(x) < (1+ ]m\)”*d*le% and Ca(z) < 1/¢(x).

Observe that, as a consequence of (3.6), we obtain the following bound for the maximal

operators P in (1.7)

2
[yl

BT P SO M) @) + Cala)a® [ 17l do
where M'°¢ denotes the local Hardy-Littlewood maximal operator defined in (1.12).

3.1. Proof of Theorem 1.1. Assuming the lemmas, we can sketch the proof of Theorem
1.1. First of all, it is a direct consequence of Lemma 3.1 that P|f|(z) < oo for some (or
all) t > 0 and = € R? if and only if f € L'(p). This justifies that f € L'(p) is the right
setting for this problem. Observe also that taking derivatives with respect to t in p(z,y)
slightly improves the decay of the kernel, and from here it is not difficult to deduce that (i)
and (ii) must hold; see the details in [3, Proposition 4.4].

We shall be a bit more precise about the proof of (iii), that is the pointwise convergence

(3.8) lim P,f(z) = f(z), a.e.xecR?

t—0t

for all f € L'(p). We first claim that such convergence holds in the dense set D =
span{hy }yend, where hy(x) denote the d-dimensional Hermite functions (as in [10, p.5]).
These are eigenfunctions of L = —A + |z|? +m with

Lhx = 2|k|+d+m)hy, if [k|=Fk +...4+kq>0;

see [10, (1.1.28)]. Recall that the operators hy = e~** from the Hermite semigroup can be

represented in two ways: as in (3.1) with the Mehler kernel (3.3), or equivalently as

hef = e CRFEEE™ECE ) iy,
keNd
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at least for f € D; see [10, (4.1.1)]. From this last formula and the results in §2 one also
deduces that

(3.9) Pf = w5 > F(tV2k[+d+m) (f, ) b, f €D,
keNd
This clearly implies (3.8) when f € D.
To extend this convergence to all f € L'(¢) we shall argue as in [3, Proposition 4.5].
Namely, it suffices to show (3.8) for a.e. |z| < R, for every fixed R > 1. We split f € L'(yp)
by

I = IX{yi<sry + Fxqy>3ry = fo+ /1.

Using Lemma 3.2 we see that, for every |z| < R

Pfi(x)] < /| PG

(3.10)

IN

Crt [ 1flon) dy =0, ast— 0"

On the other hand, Lemma 3.2 (or rather its consequence in (3.7)) also implies that

sup |Pifo(a)| < Cn (M) + [ 1fle). ol < R

0<t<1

where M denotes the usual Hardy-Littlewood maximal operator. Since the right-hand side
is a bounded operator from L'(Bsg(0)) — LY*(Bgr(0)), a classical procedure’ then gives,
from the validity of (3.8) in the dense class D, the existence of lim; ,o+ P; fo(x) = f(z) for
a.e.|z| < R. This completes the proof of Theorem 1.1. 0
Remark 3.3. Notice that the series representation of P;f in (3.9) allows us to reformulate
(3.8) as a result on pointwise convergence of Hermite expansions by a “summability method”
(based on the function F, and the parameter m). This is in the same spirit as the Poisson
summability for Hermite expansions considered by Muckenhoupt in [6] (in the special case
v =1/2, m = —d and d = 1). Notice, however, that the integral representation of P, f(x)
in (1.5) is much more versatile, as it exists for functions in f € L'(¢) which may have
(f, hk) = oo for all k.

3.2. Proof of Lemma 3.1. For the sake of originality, we shall use a slightly different

approach than the one given in [3, Lemma 4.1]. In the Mehler kernel h,(x,y) we shall

—2v

consider the “more natural” variable r = e (or equivalently v = %ln %), which leads to

the formula¥
2

id  _ lz=ryl
b r2 e 1= jao?-|y?

. 2
W) =

§See e.g. [2, Theorem 2.2].
YThis change of variables is common in the Ornstein-Uhlenbeck setting; see e.g. [6, (3.3)] or [5].
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Inserting this into the integral defining p;(x,y) (with dv = dr/(2r)) one obtains the expres-

sion
2 ‘ 2
—— m+4d _ z—ry|
20 Le 2ma p™5 o7 12 |22~ |y|?
(3.11) (z,y) = — Te
. b \x,Yy) = d d 1+v r € .
2vr2D(v) Jo (1—r2)2 (1n %)

Starting from this formula, we now argue as in [3, Lemma 4.1]. We may assume that
ly| > 3max{1,|x|} (since in the region |y| < 3max{l,|z|} one can bound p(z,y)/¢(y)
above and below by positive functions of ¢, x).

The main difficulty is to determine the values of r which carry the main contribution of
the integral in (3.11). The leading term will be the exponential in the numerator, and as
we shall see, it becomes largest when r ~ |z|/|y|.

Consider first the region 1/2 < r < 1. Since |y| > 3|z|, we have

lz—ry|? _lwl?

ry —al > yl/2—lz[ = yl/6 = e 127 < e,

so the leading exponential becomes quite small in this part. Since we also have
1

(3.12) In-~1-r rel[l/2,1],
r

we can estimate the corresponding integral in (3.11) by

1 2 2 2 1 1=
ey _lul e 17
/ S e T e_g”QV/ - dr
1/2 1/2 (1 —r)2tvHl

==l W g [ di
w=] < e z e 86t ¢ e U2 gy,
0

z 2
(3.13) < ey

e(y) -
Suppose now that 0 < r < % As we shall see, the main contribution occurs here, precisely

|| |z|

when r ~ ol We first consider the range 2 ] <7< 1/2, where we can estimate
7\177‘34\2 _7”2|y|2
[z —ryl 2 rlyl = lz[ = rlyl/2 — e 7 <ed
Thus
7'2 2
1/2 o=l o, (/2 N A e el
DR 5 6 2 t v 71—’—1} -
22l 2l2l - (In 1) r
yl [yl r

yl m+d o
o, lZP-w? mia (2 u 2 e %/t du
w=rly)] < t¥e 2 |y 2 - .
- (lnM)H” u

u

Note that when m 4 d > 0 the last integral” has its major contribution at v =~ 1, so it can

be estimated by 1/(In |y|)**”. Thus, overall one obtains

1/2 2|2
(3.14) / oSt e o(y).
2

IWhen m = —d, the integral still converges and is controlled by 1/(In |y|)”.



10 GARRIGOS

_le—ry]?
Finally, in the range 0 < r < 2% we disregard the exponential e 1-72 in (3.11) to obtain
lz| L] m+d
/2|y| < v Lol /2|y| r 21 dr-
0 o (Wl
This last integral can be estimated by (\m]/|y])‘HTm/[ln(\y|/\x|)]1+” when™* m+d > 0. Now,
using elementary bounds on logarithms (see Lemma 5.1 in the Appendix) one concludes

that

2451 o2 dim
(3.15) [ s el ]+ ) o).
0

Combining (3.13), (3.14) and (3.15) one obtains the upper bound in (3.5).
To establish the lower bound, it suffices to integrate in the range 0 < r < 2%’. Note that
ly| > 3|z| also implies r < 2/3, so we obtain

_lz—ry|?

e —ry| < || +rly] <3lz] = e 12 > e_1s|x‘2

(using 1 — 72 > 1/2). The first exponential in (3.11) can be handled simply by

exp(—ﬁ) > exp(—ﬁzm), re |0, 3],

so all together we conclude that

2@ m—+d
42 2_ ly? [yl r o2 dr
pt(l' y) > t2V€ o 18]z| 5 “@r
9 ~ 1 1+I/ r

0 (ln F)

m+d
+2v e—ct2 e—l8\x|2—# (|3§‘|/|y|) 2 > . (t l‘) @(y)
n(jyl/ |+ ™ ’ ’

for some positive function ¢ (¢, x). 0

3.3. Proof of Lemma 3.2. We split the integral defining p;(z,y), as

1 1
2
pt(:c,y):/ +/1 oo < Iy + 1.
0 1

2
The singularity of kernel lies in the first piece Iy, and in order to find a good estimate it will
be crucial to use the formula in (3.4)". Suppose we are in the local region |y| < 3max{|z|,1}.

Then, using (3.12), we can estimate Iy by

1 _ct?+a—y?  _ slotyl?
2 e 1s e 1
I() ,S tQV/ p] ds
0 35+1+V
S 2 2 2
2 (ct”+|z—y|?)|z+y| d
(3.16) ~ — e te” Tou w21 du,
(ct?+|z—y|2) 2T ct?+|z—y|?
2

**When m = —d, the integral is bounded by 1/[In(|y|/|z|)]".

TThe formula for p;(z,y) in (3.11) does not make so explicit the term |z — y| in the leading exponential.
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where we have changed variables u = (ct? + |z — y|?)/(4s). In the last integral we can

disregard t in the exponential, and overall estimate it crudely by

J R L ¥ e
= ; e e 16u U2 U = %-‘rll(f)’

where F,(z) was defined in (2.1). As we noticed in (2.2) we can write
Fo(z) = 2Y72° K (2) < (1+ z)a_%e_z, z >0,

by the standard asymptotics of K,; see e.g. [4, p. 136]. Thus, we obtain

_ lz=yllz+y|
2

TS (4 lz—yllz+y) 7 e

Now, [z —yllz +y| > [(z+y,z —y)| > —|z[*+[y|* so in the region [y| < 3max{|z],1} we

have
|| |2

y|? -
JSer e (I+le+ylle—y)" 7 S 1+ ez e

2

yl

v ‘

Inserting this into (3.16) we obtain the bound for the local part asserted in the statement
of the lemma.

The estimate of Ip when |y| > 3 max{|z|, 1} is much better, of the order Iy < e~ (3l
for some v > 0; see [3, Lemma 4.2] for details. Likewise, from the arguments we already
used in Lemma 3.1 one obtains a bound for I} < Co(x)t*p(y) with Cy(z) < 1/p(z). We
again refer to [3] for details. This completes the proof of Lemma 3.2. O

4. PROOF OF THEOREMS 1.2 AND 1.3

As we mentioned in the introduction, it suffices to give a proof of Theorem 1.3. That is,

assuming w € Dy(yp), by which we mean

1
[wllp,(p) = Hw P HLP’(Rd) < 00,
we must show that the weights v(x) defined in (1.13) are such that P} maps LP(w) — LP(v)
boundedly, for all a > 0. We shall use the bound for P} in (3.7), namely
ly|?

Pif(@) S o)M= (7)) + Calw)a® [ 1wl o) dy

(4.1) = I(z) + (=),

with C;(x) and Cy(x) given explicitly in Lemma 3.2. We treat first the last term, which by
Hoélder’s inequality is bounded by

I(z) < Ca(x)a® | fll o) 1wl py(p) -

So using Ca(z) = 1/p(z), we will have

2v ’U(-T) %
(4.2) 11| Loy < a® (1wl b, o) 11| o) [/Rd o(z)P df”}

with the last integral being a finite expression provided we choose

6_g|x|2

(4.3) v(z) < vi(x) = A+ e
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for any M > Ni = d + p(d +m)/2. We remark that the weights v(z) in (1.13) have this
property, at least if IV is sufficiently large. This is a consequence of the following elementary

lemma.

Lemma 4.1. If f € L] (RY) satisfies f(z) > 0, a.e.z € RY, then

loc
(4.4) MO f(x) > cp (1+]2))7% VaeRY,
with ¢y = ﬁfBl(o)f > 0.
PROOF: Choosing r = 1+ |z, one trivially has B;1(0) C B, (z) N {]y| < 3max(|z|,1)}, so
(4.4) is immediate from the definition of M!°°f(z) in (1.12). O
Now, using the lemma, one sees that the weights v(x) defined in (1.13) satisfy

o(@) $ ¢y (L+[al) PV e 31 4 o)),

hence choosing N > Nj + da(p — 1) ensures that (4.3) holds.

We now turn to main part I(z) in (4.1). The following proposition will be crucial. The

result is new, and the proof is based on arguments due to Carleson and Jones (see [1]).

1
Proposition 4.2. Let 1 < p < 0o and w(z) > 0 such that w™ »1 € L} (R?). Define
—(p—1Da

M) (@)
(1 Ja)oDia

(4.5) Vol(z) = for a > 1.

Then
M [P(w) — LP(V,)  boundedly.

Moreover, given o < 1, if we choose 1 < a < 1/o, then we also have Vy "~ € Ll (R9).

1 1
PROOF: Note that M!°(w™7-1)(x) < oo, a.e.z € RY, by the assumption w™ »—1 € Ll

loc*

This, together with Lemma 4.1, imply that
0 < Vo(x) < ey, a.e.x € R

Now call E,, = {z € R? : Mlo"(w_p%l)(m) <2"},n=0,1,2,..., and define the operators

_ 1
(4.6) Thg(z) == xg, M (w771 g)(x).
Note that T, : Ll(w_ril) — LY°(R%), with a uniform bound in n; in fact
1 o 1
. < - < = — .
(4.7) ‘{Tng(:n) > AH < ){M(w —1g)(z) > AH <5 /Rdw 1g|

1
Similarly, T}, : L>®(w™ »1) — L®(R?) with ||T,|| < 2", since
_1
(4.8) [Tng||,. = sup M (w7 Tg)(z)| <2"[|g]co-
CEEEn
Thus, by Marcinkiewicz interpolation theorem we obtain

(4.9) /\n@qua?/\wwp%.
Rd

n
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Setting g = pr%l in the above inequality, this is the same as
(4.10) | < oz [
Now, writing R% = Ey U [Un>1En \ En—1], and using
Vo(z) < ¢y in Ey, and V,(z) <27 (n=Dp=Do jf 4 ¢ En_1,

we obtain

[omeseve < e [ gmoegp s Soaremtomne [ g
Rd Eo n=1

n

o0
(by (410)) < CwCO/ |f|pw+2(p1)az2"(a1)(pl)/ | fPw 5/ [f1Pw,
Rd ot R4 Rd

as we wished to show. Finally note that, when ao < 1, the classical Kolmogorov inequality
gives

Va " (@) = [MO(w 7T @)] (1 27 € Lo(RY. .

Remark 4.3. The condition w71 € L%OC(Rd) actually characterizes the property that
M°¢ maps LP(w) — LP(V) for some weight V(z) > 0. We sketch a proof of the converse

in Proposition 5.2 below.
Below we shall need a refinement of Proposition 4.2, which we state now.

Proposition 4.4. In the conditions of Proposition 4.2, if w(x) additionally satisfies

4.11 wip%l z) e~ dp < oo, Va>0,
(
R4
then, for every o <1 and 1 < o < 1/, the weight Vo (x) defined in (4.5) also satisfies
4.12 Vo P (2) e P dr < 0o, VB> 0.
(
Rd

PROOF: Note that (4.12) is true if we only integrate in B;(0). So, we shall consider
S;={29 <|z| <271}, j=0,1,2,... Call s = a0 < 1 and take any b > 0. Then

I = Z:/SV‘MIOC(U)Pll)(m)‘s(l—l-w)dseb'z'z dx

oo
jds b7 1 -
< ZQJ ‘e /5 ‘Moc(w PfleSQjH(O))(x)‘Sdm
=0 i
S
e S 32 1 i 0)
oo . 1 s
< Z2jd et [/ w_ﬁ(aL‘)@“'x‘ze_“'f""2 dx}
=0 Bj.05+1(0)
© ; ; 1 S
< Yoot et | [ it gt ]
=0 Re
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and this is finite if we choose a < b/(36s). O

4.1. Conclusion of the proof of Theorem 1.3. Suppose now that w € D,(p), that is
1 /
Jw T (z)p(z)?P dz < oo, for ¢ as in (1.6). This implies that W (z) = w(at)egm|2 satisfies
_ 1 2 1 P2 2
(4.13) W1 (z) e dg = / w1 (z) e Tl el gy < oo,
Rd R4
for all a > 0. Now, by Proposition 4.2, M'°¢ maps LP(W) — LP(V,,) boundedly, if we set

(e 3ty @)] "

VO&(‘T) = (1 + ‘$|)(p—1)da ’

with o > 1.

yl?

In particular, if f € LP(w) and we write f(y) = f(y)e™ 2~ € LP(W), we have

MOl vy S N F I oowy = 11F 1| Lo ) -
So, recalling the value of C}(x) in Lemma 3.2, and setting

Va(a)e 5"
(I+[z)"
with L > L1 = (2v + d — 1)p, we see that the term I(z) in (4.1) is controlled by

(4.14) v(x) <wv(z) =

Cl(x)p €_§|$‘2 loc f
”I(CL')||I£p(v) < /Rd W ’M f(;g)}p Vol(z) dz

(4.15) S 1B
So, combining (4.1), (4.2) and (4.15) we have shown that || P} f||lzr(v) S [|f]l2r(w), Provided
v(z) < min{vg(z),v1(z)},

with vo(z) and v;(z) defined in (4.14) and (4.3). But this inequality is clearly satisfied by
the weights v(x) defined in (1.13), for every a > 1, provided that

N > (p — 1)da +max {(2v +d — 1)p,d + pE=} =: Ny.

Finally notice that, since (4.13) holds, if 0 < 1 and 1 < a < 1/0, we can use Proposition
4.4 to obtain

o / _ o /2|2 oN
/ v(x) P1 p(x)P de < / Va(z) 71 e~(1-0) (1+ \J:\)Pivl dx < oo.
R4 R4

This proves that we can choose the weight v(z) satisfying the inequality (1.11), as asserted

in the introduction. It also gives a different proof (constructive) of [3, Theorem 1.3]. O
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and all the organizers of the VI CIDAMA conference for their hospitality and nice research

environment enjoyed during the workshop.
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5. APPENDIX
The following elementary estimates were used in the proof of Lemma 3.1.

Lemma 5.1. Let x,y be positive real numbers such that y > Amax{x, 1}, for some A > 1.
Then there exist cy,dy > 0 such that

y In(y +e)
1 In= >
(5-1) =9 In(z + e)
and
Y 1
(5.2) lng < dy In(y + e)ln(; +e).

PROOF: We first consider (5.1). Since Iny/In(y + €) is bounded above and below when

y € [\, 00), it suffices to prove the weaker estimate

Yy ,  Iny
5.3 InZz >, ——2—.
(5:3) nx_cAln(az+e)
Consider first the case z < v/A. Then y > A implies that /y > = and hence
Yy 1 1 Iny
In=>1 =zlny>s—2
nx_n\/ﬂ 2ny_2ln(x+e)7

since In(z + €) > 1. This proves (5.3) with ¢j = 1/2. Consider now the case z > v/\, and

write
(5.4) Iny=Imn% + Inz.

Observe that, if a > ag > 0 and b > by > 0, then

a+b 1 1 1 1
=+ —+

(5-5) ab a b~ ay by

So, using this fact in (5.4) we see that
Y Y
Iny < (ﬁ + ﬁ) ln; nz < 2 ln; In(z + e),
which implies (5.3) with ¢ = (InX)/3. The proof of (5.2) is similar. If z > 1/X then
InZ <In(Ay) <2Ilny < 2In(y +e) In(e + ).
If £ > 1/ then

< % Iny ln(%),

1
T

In¥=Iny+In

using in the last step the inequality (5.5). O

We give a proof of the converse of Proposition 4.2, whose validity we mentioned in Remark

4.3. The arguments are similar to those in [1].

Proposition 5.2. Let 1 < p < oo, and suppose that w(x) > 0 is such that M maps
1
LP(w) — LP(V) for some weight V (x) > 0. Then, necessarily, w »—1 € LL (R?).

loc
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1

PROOF: Given ¢ > 0, we set w.(z) = w(z) +e. Notice that every f = w: """ Xpu(0)

belongs to LP(w) since

/Iﬁwé/ w” we < [Bp(0)|e™ Y < oo,
R4 Br(0)

Call Sp = B1(0) and S; = {2771 < |z| < 27}, j = 1,2,..., and consider the LP(w)-functions
__1
fi=w: ! Xs;- Then, it is easy to verify from the definition of M€ that

_1
MO fi(x) > 2]d/ w7, ifx €Sy,
Sj
for each j = 0,1,2,... Indeed, it suffices to average over a ball B,(x) of radius r = 2/ + |z,
and observe that S; C B.(z) N {|ly| < 3max(|z|,1)} when = € S;. Thus, the assumed

boundedness of M!°¢ gives

1 —% oc (! %
VSr 2 [ w TS IMOf ) < Ol < €[ [ wr® 0],
S; Sj
with a constant C' independent of . Since both sides are finite and p’ — 1 =1/(p — 1), we

conclude that
1

_ 1 q1/p )
[/wpﬂpscWW@ﬁ
Sj

so letting ¢ — 0 we obtain that w1 € L(S;) for each j =0,1,2,...
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