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Chapter 1

Introduction

This thesis consists of two independent parts, each belonging to the field of what now
can be called wavelet theory. In the first part (Chapter 2) we give a characterization of
wavelets, and functions that generate more general expansions in L*(R") (like frames
or (i, 1)-transforms), in terms of two fundamental equations involving their Fourier
transforms. In the second part (Chapter 3) we study some topological properties of
a particular class of wavelets in L?(R): the a-localized ones, our main result being
a complete description of this set of wavelets in connected components. Finally, in
the appendix we present a few new examples of wavelets in L*(R) satisfying some
pathological conditions.

The motivation to work on each of the problems treated in this dissertation arose
after reading various articles, attending seminar lectures and having private conver-
sations with different people from the wavelet field. Although most of the results
we present are new, the reader need not have a deep knowledge of wavelet theory
to follow the reasonings. Familiarity with the notion of wavelet and multiresoltion
analysis will help, but to facilitate the task to the non-specialized reader we present
in §§2.3 of Chapter 1 the standard notation and main properties that will be used in
the course of this thesis. However, a knowledge of real analysis (say, at the first year
graduate level) will be necessary, since tools like the Fourier transform, the Plancherel

Theorem or the Lebesgue Differentiation Theorem will be used without further refer-



ence. In §1 of Chapter 3 we introduce certain properties of Sobolev spaces, including
known and less-known results, that will be used later on. Whenever possible, we give

appropriate references to the standard literature.

1 History and motivation

Wavelets, with a slightly more general definition than the one we will use throughout
this thesis (see Definition 2.1 below), were introduced in 1981 by the French geophysi-
cist J. Morlet. Initially, they provided an excellent tool in engineerings for studying
and analyzing signals. One considers a signal to be a function f € L*(R) which, in
order to be analyzed in full detail, needs to be “compared” with each element, 1),
of an appropriate family of functions {1;};cz. One way of doing so is by taking the
inner products (in L*(R)): (f,¢:),1 € L.

If we want a good and complete description of the signal f, each of the functions
¥; must have support essentially concentrated in an interval I; C R, but in such a way
that the union of all I;’s, 1 € Z, covers the real line. In some sense, the inner products
(f, ;) give a “weighted” mean value of the signal f in the interval [;. If the family
{ti}ier 1s good enough, we can approximately synthesize the original signal f by
adding, or “superimposing”, the smaller signals (f,;);; that is, f =3 c7(f, ¥

Here is an example of a family, {gx .}, that gives such a reconstruction:
gre(z) = x(z — k)™ k(cZ, (1.1)

where x = y[o,1] is the characteristic function of the interval [0,1]. Indeed, suppose

we are given the function:

cos(dra), if0<a<1

o =5,

elsewhere, T 0.5 05 1 s P




Then, f represents a signal that “lives” in the interval [0,1] and, consequently,
(fygke) = 0, if & # 0. On the other hand, when k = 0 we have (f, gos) =
[ cos(dmz) ¥ dx = %527|g|, { € Z, which in particular gives us the reconstruc-

tion formula:

F=2"(F19x0) G- (1.2)

k.

For this signal, the reconstruction is “perfect”, in the sense that the series above
consists of just two non-zero terms. Suppose, instead, that we stretch or contract the

signal f as in the figures below:

Figure 1.1: Graph of signal f;.

Figure 1.2: Graph of signal f;.

Then, the analysis of these new signals obtained with the family {gx} is not so
accurate this time, the main reason being that the analyzing windows [k, k + 1] are
too “narrow” (for fi) or too “wide” (for f;) to provide us with exact information
(that is, a finite number of non-zero terms in the series in (1.2)).

A family of functions like {gr¢}re in (1.1) is an example of what is called a

windowed Fourier transform. This type of technique was introduced by D. Gabor



in 1946 to study signals that come out in the theory of communication, but for
practical purposes has still many limitations. It was not until the eighties that J.
Morlet introduced the wavelet transform to overcome the difficulties that appeared
when analyzing too small or too long signals, as in the examples above. With this
new method, the analyzing family, {¢);x}, is created by appropriately stretching and
contracting a single function ¢: ;(z) = 2//2(22 — k), j,k € Z. In this way, if
the support of v is concentrated in the interval I = [0,1] then, the supports of the
functions v, must liein [;;, = 27/ (I+k) = [k277, (k+1)277], covering, therefore, the
whole real line. This allows us to obtain precise information of all possible signals,
like those in the examples above, by comparing them with the functions 1, ;. Suppose
we want to identify the high frequencies in a given signal f (for instance, to remove
the “noise”). Then, this can be done (if we assume that the generating function ¢
has mean zero: [°7 1 = 0) by just considering the part of the sum >7; . (f, ¢;%)¥;x
corresponding to large values of j. Indeed, a signal f with not too high frequencies
will be almost “flat” in the small intervals I;; (when j is large), and, therefore, will
give coefficients (f, 1 ;) = 0. Functions ¢ with these properties do exist, and are

represented by “small waves” or wavelets, like in the figures below.

—
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The Lemarié-Meyer wavelet The Franklin wavelet



(We wish to thank Steve Xiao for his help in plotting these figures.)

In applications, it is sometimes of interest to have “perfect” reconstructions: f =
S ik(fsi k) k, in the sense that the family {+;;} forms an orthonormal basis of
L*(R). Some other times, instead, one will be willing to have some “redundancy”
in the family {¢; 1}, or even allow the possibility of taking a different “synthesizing”
family, {p; 1}, giving a reconstruction of the type:

F=2_(Fvin)eir (1.3)
gk
In this thesis, the term wavelet will refer to a function ¥ generating an orthonormal
basis as above. There is no explicit name for the pairs {p, 1} giving reconstructions
as in (1.3), but they include, as particular cases, the terms: biorthogonal wavelet,
frame, (¢, ¢)-transform,...

From a mathematical point of view, this type of decompositions are also of great
interest. Indeed, an orthonormal basis can always be used to study boundedness
of linear operators with a matrix representation in terms of the basis. One of the
proofs of the T'l-theorem, for instance, uses the notion of wavelet to characterize
all bounded operators in L*(R") of Calderén-Zygmund type (see Part II in [DAV]).
Moreover, wavelets (and also pairs {¢, ¢} as above) give rise to bases for a wider
range of Banach spaces (LP, WP, B9, F ™9 etc...) and provide an excellent tool to
analyze some of their fine properties (see [FJW] or Chapter 6 in [HW] and [MEY]).

In this thesis we will be particularly interested in the study of mathematical
properties of the set of all wavelets, as a topological subspace of L*(R). The reader
wishing know more about applications, history, or relations of wavelets with other
areas of mathematics, can consult any of the books: [DAUB|, [DAV], [HUB], [HW],
[KAH-LEM], [MEY], ...

The structure of this work is as follows; the rest of Chapter 1 contains an account

of definitions, notation, and known results that will be used in the development of



next chapters. In Chapter 2, we take up the task of identifying the pairs of functions
{p,¢¥} in L*(R™) that give reconstruction formulas as in (1.3). We prove a charac-
terization theorem in terms of two basic equations, which in many senses extends
the already known characterization theorem for wavelets in L?(R) of Gripenberg and
Wang (see Theorem 2.7 below). This part of the work was done in collaboration
with M. Frazier, K. Wang and G. Weiss (see [FGWW]). The rest of the chapter, and
the appendix, contain applications of this result and constructions of wavelets with
apparently unexpected properties. In Chapter 3, we specialize in a particular class
of wavelets: the a-localized ones. Those are the wavelets having a decay at infinity
rapid enough to belong to the space L*((1 4+ |z]*)* dz). We give a detailed account
on how to construct them and what their main properties are, when considered as a
topological subspace of L?((1 + |z|*)* dz). In particular, we give a decomposition of
the set of all a-localized wavelets in connected components. This part of the work was
motivated in an article by A. Bonami, S. Durand and G. Weiss ([BDW]), in which
the class of wavelets with polynomial decay was studied. We extend their results to
the more general setting of a-localized wavelets and obtain some new and interesting

properties not considered by the authors of [BDW] (see §5 in Chapter 3).

2 Definitions and examples

We start this section with a precise definition of what we shall call a wavelet:

DEFINITION 2.1 An orthonormal wavelet (or simply, a wavelet) is a function 1 €

L*(R) such that { ;| j€Z, k€ Z} is an orthonormal basis for L*(R) , where
Vip(x) = 217200 — k), 4,k € Z. (2.2)
In this case we have the equality

F=>(frbin)tin

Jk€eZ



for each f € L*(R), where the series converges (unconditionally) in the L*(R )-norm
and (g,h) = [ gh .

There many examples of wavelets and different ways of constructing them. In
most of these constructions the Fourier transform plays an important role. In this

thesis, the Fourier transform of a function f € L'(R™) will be given by:

&)= [ feetax,  geRn (23

For functions f € L*(R"), f will denote the usual extension of the densely defined
operator in (2.3) from L'(R™)N L*(R"™) to L?*(R™). The inverse of this operator acting
on a function f will be denoted by f".

It is clear that, for any function ¢ defined as in (2.2), we have:
b =272 BTRN(27E), j k€L, €ER, (24)

where we write ;ZM, instead of (v;x). We shall use this convention throughout this
thesis; that is, the subindices (7, k) on ?Zj,k will always correspond to translations and
dilations in the time domain.

Perhaps, the simplest example of a wavelet is given by the function ¢ whose
Fourier transform is ¢ = y7, where the set [ = [—2m, —m) U (7, 2m]. This function is

sometimes called the Shannon wavelet.

-2 - ' T 2w
Figure 2.3: Fourier transform of the Shannon wavelet.

—ike

Note that, in particular, ;Z(M = e "y, k € Z, which is an orthonormal basis

for L*(1), while ?Zj,k = 277 9=i/2\ 1, k € Z,is an orthonormal basis for L?(271),



J € Z. Thus, since {2/1}, j € Z, forms a partition of R\ {0}, we must have that
{®;r}jkrez is an orthonormal basis for L*(R) and, consequently, that ¢ is a wavelet.

In general, many other examples of the type ;Z = Yk, for K a (Lebesgue)-
measurable subset of R, can be constructed. Again, the geometry of A" under trans-
lations (by 2k7) and dilations (by 2’) determines when i is a wavelet. Indeed, a

necessary and sufficient condition for a set K to give a wavelet ©» = (xx )~ is that:
STk = xk(E+2kn)=1, aeER, (2.5)
jeL ke

or, equivalently, that there is a partition {I;}sez of [ = (=27, —7] U (7, 27] and two

sequences of integers, {j,}, {k¢}, { € Z, such that we can write the disjoint unions:
K = LJYJZEZQ”& and [ = Wy {2”]4 + ngﬁ} (26)

For a proof of this property the reader can consult [HW] (see Theorem 2.5 in chapter
7 of [HW]). Alternatively, the equivalence in (2.5) is a particular case of the following
theorem of X. Wang (Theorem 1.14 in [WAN]) and G. Gripenberg (Theorem 1 in

[GRIP]), which characterizes all wavelets in terms of equations like the ones above:

THEOREM 2.7 : G. Gripenberg, X. Wang.
Let o € L*(R) be such that ||tb]|2 > 1. Then, ¢ is a wavelet if and only if

(i) 2@ =1, ae. £ €ER

JEL

o (2.8)
(1) 1,(6) = Y ST 1 27q) =0, ac. EER, g€ 2L+ 1.

In particular, if |;Z| = XK, for some measurable set K C R, v is a wavelet if and

only if o
(1) D [P =1, a.e. £ €R

JEL

(i) Y |[b(E+2km)P =1, ae £ER.

keZ

(2.9)



In Chapter 2, we prove a more general result that includes Theorem 2.7 as a
particular case; namely, we characterize all pairs of functions ¢, ¢ € L*(R") that give

reconstruction formulas of the type (1.3), by means of simple equations like those in

(2.8).

Wavelets 1 such that |;Z| = Yy are usually referred to as MSF, or minimally sup-
ported frequency wavelets, since the measure of the supportt'} of ;Z = K is smallest
among all wavelets (and equals 27). The fact that |K| = 27 is an immediate con-
sequence of the Plancherel Theorem and |[¢/||; = 1, while the minimality property

follows from:

27 = 2 ||| = /Supp 0P < fsupp

with equality if and only if |;Z| Note that we have used here that |;Z| <

= Xsupp 4°
1, a.e., whenever ) is a wavelet (see, e.g., (2.8) (i) above).

In the first part of the appendix, we present a variety of examples of MSF wavelets
satisfying very special properties, such as having their Fourier transforms discontin-
uous at 0, or with unbounded support. These examples seem to be new, and give
answers to some questions posed in the wavelet literature (see the appendix for further

references).

Finally, in the second part of the appendix we present one last example that shows
the independence of equations (2.8) and (2.9). More precisely, we find a function ¢ €
L*(R) whose “amplitude” |;Z| satisfies (2.9), but such that for no “phase” a: R — R,
the function (e]¢|)" is a wavelet. Note that, in view of Theorem 2.7, || cannot be

the characteristic function of a set.

11} To motivate the term MSF, we are implicitly using in this sentence a definition for the “support”
of a measurable function given by supp f = {# €R| f(x) # 0}. This definition does not agree, in
general, with the standard one we will use throughout this thesis (that is, the closure of {f # 0},
see Definition 2.9 in [RUD2]).
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3 Multiresolution analyses

In this section we present the basics of multiresolution analyses. Their main properties
and notation will be used extensively in Chapter 3, but will be avoided in Chapter 2.
We leave to the reader the decission of skipping this section if he or she considers it
unnecessary.

There is a standard algorithm for constructing wavelets. It consists of decomposing
L*(R) with an increasing sequence of “resolution spaces”, each corresponding to a
different dilation level and generated by the integer translations of a single function.

Think, for instance, of the following subspaces of L?(R):
V; = {f € L*(R) | supp f C [-2/r,2i7]} =

= span {(X(—2ir2m) (- — k) | k € Z} =span{g;, [ k € Z},5 € Z,

where ¢ = X[—r -
In this case, the orthogonal complement of V; in Vj1;: W, = \/jLﬂ\/jH, is generated
by the integer tranlations of the function (x[—git+1r 21 r)u(2ir,2+14), and since UVj is

dense in L*(R), we have
L*(R) = &jezW; = @ jezspan {¢j | k € Z},

where ;Z = X[-2m,—m)u(r,2x]- 10 other words, {; k}jkez forms a complete orthonormal
system and, hence, v is a wavelet. This is, in fact, the Shannon wavelet defined in
the previous section (see Figure 2.3).

This method of constructing wavelets by “resolving” the space L*(R) with dila-
tions and translations can be described in full generality. We start by defining what
we will call a multiresoltion analysis (for details and proofs of the formulas presented

here, we refer the reader to Chapter 2 of [HW]).

A multiresolution analysis (or MRA) for L*(R) is a family of closed subspaces of
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LQ(R), {V;},ez, such that
(2) V;CVip
(i) flz)€V; ifandonlyif f(22)€ Vjy
(1i1) U;ezV; = L*(R) (3.1)
(

iv) there exists a function ¢ € Vi such that
{o(-— k)| k € Z} is an orthonormal basis for V4.

REMARK 3.2 Any function ¢ € L*(R) satifying (3.1) (4v) will be called a scaling
function for the given MRA. It is a well-known fact that if ¢ is a scaling function
for an MRA {V;};cz, all other possible scaling functions, ¢f, for the same MRA,
are given by @*(¢£) = v(£)@(€), where v(£) is a 2m-periodic measurable function such
that [v(&)] =1, a.e. £ € R (see, e.g., [HW], Lemma 2.6 in Chapter 2).

Let us assume that {V;};cz is an MRA. Note that, by (3.1) (¢), (i¢) and (iv),
we must have that 2¢(2) € V4, which in turn implies that there exists a (unique)
sequence {cg brez € (*(Z) such that

1 =
599(5) = Z crple — k), (3.3)

keZ

where the (unconditional) convergence of the series is in L*(R). By taking Fourier

transforms of both sides in (3.3), we obtain the scaling equation

P(26) = mo(§)@(§), a.e.l R, (3.4)

where mo(€) = ez ere™™, a.e. € € T, is a 27-periodic function in L*(T) called the
low-pass filter associated with the scaling function ¢, and the coefficients ¢;, are given
by
= [ seDele—Ride, ke (3.5)
a= [ 5e(5)ele T, : :

For a function ¢ € L*(R), it is easy to show that {p(- — k)|k € Z} is an

orthonormal system if and only if

dSIp(E+2km))P =1, a.e.& €R. (3.6)
keZ
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(see, e.g., Proposition 1.11, in Chapter 2 of [HW]). In particular, for every scaling
function of an MRA, (3.6) must hold. An easy consequence of (3.4) and (3.6) is that

the low-pass filter must satisfy
o + Imo(E + )P =1, aefeT. (3.7)

It is easy to see that condition (3.7) and the 2m-periodicity of mg imply that

[ Imol@)f de = 2.

—T

Let us see now how to construct wavelets from an MRA. If we let W, = V4 ﬁVjL )
then conditions (3.1) (¢) and (4:7) allow us to write L*(R) = @;ezW;, where the
direct sum represents an orthogonal decomposition of the space L*(R). It now follows
easily from (3.1) (21) that each function ¢ € Wy such that {¢(- —k)|k € Z} is an
orthonormal basis for Wy is a wavelet for L*(R). Functions ¢ satisfying this property

are completely characterized by

D(E) = 75 p(¢) mo(g + ) @(g), a.e.f €R,

where ¢ is a scaling function for the MRA, mg is its low-pass filter and v is any 27-
periodic measurable function such that |v(£)| = 1, a.e.& € R (see Proposition 2.13
in Chapter 2 of [HW]). Any such function v will be called a phase for the wavelet .

It is a well-known fact that not all orthonormal wavelets can be constructed in

this way from an MRA. The following proposition tells us when this is possible.

PROPOSITION 3.8 Let ¢ be an orthonormal wavelet for L*(R). Then, the following

five properties are equivalent:

(I) Let W; = span{y)(27 - —k) |k € Z} and let V; = @?;LX)WZ, for 3 € Z (the
direct sum being orthogonal). Then, the family {V;};ez forms an MRA.
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(I1)  There exists an MRA {V;}jez such that, if we let Wy = Vi N VOL, then
{Y(-—k)|k € Z} is an orthonormal basis for Wy.

(II1)  There exists a function p € L*(R), scaling function of some MRA, and a

27 -periodic measurable function satisfying |v(&)| =1, a.e.& € R, such that

;Z(f) = % v(&) mo(g +7) cﬁ(g), a.c.t €R (3.9)

where mg ts the low-pass filter associated with .

(IV)  There exists a function ¢ € L*(R), scaling function of some MRA, such
that
~ y: f f

P(€) =e'2 m0(§ +7) 93(5), aeeR (3.10)

where mq is the low-pass filter associated with .

(V) Dy(€) = 32, Shen 027 (E+ 2km))P =1, ae.l €R.

A wavelet satisfying any of the five equivalent conditions above is called an MRA

wavelet.

We shall not include here a complete proof for Proposition 3.8, but we will give instead

a precise reference for each of the statements made.

PROOF:

“(D=(11)” This implication is trivial.

“(II)=(111)” This implication is included in the statement of Proposition 2.13
in Chapter 2 of [HW].

“(IIH=(1V)” This part seems to be new. For a proof of it, see Theorem A in
[WUTAM]. (See also Exercise 2.10 in Chapter 2 of [WO.J].)

“(IV)=(V)” This is an easy consequence of the properties of MRAs (see
(2.18), Chapter 2 of [HW]).

“V)=(I)” This part can be found in Theorem 3.2, Chapter 7 of [HW].
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REMARK 3.11 It is not hard to show that under very mild conditions of smoothness
and decay at oo every wavelet must satisfy equation (V) in Proposition 3.8 above. In
fact, if ¥ is a wavelet and if ¥ € C(R)and [¢(&)| < C(1+ |§|2)_%_6, a.e.§ € R, for
some ¢ > 0, then Dy (&) =1 for all £ # 2km, k € Z (see Corollary 3.16 of Chapter
7 of [HW]). These and other sufficient conditions for a wavelet to be associated with
an MRA have been studied by P. Auscher and P. G. Lemarié-Rieusset (see [AUS],
[LEM] or [KAH-LEM]). We shall go back to this point in §5 of Chapter 3.

One can also characterize, among the functions ¢ € L*(R) those that are scaling

functions for an MRA. This characterization will be useful in Chapter 3 below.

PROPOSITION 3.12 A function ¢ € L*(R) is a scaling function for an MRA if and

only if
() ThenldE+2hm)P =1, acteR.
(i) limj.. |p(2778)| =1, a.e.€e€R.

(iii) There exists a 2m-periodic function mg € L*(T) such that

o(28) = mo(&)p(€), a.e. £ € R.

For a proof of this result the reader can consult Theorem 5.2 of Chapter 7 of [HW].

Before ending this section, we introduce a special class of MRAs for which one

is fixed. We say that an MRA

additional assumption is made. Suppose a > %
{V;}jez, is localized of degree o (or a-localized) when we can find a scaling function
@ satisfying

/R|c,o(:1;)|2(1—|— 2|2 de < oo. (3.13)
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Condition (3.13) can be stated in terms of Sobolev spaces; namely, a function ¢
satisfies (3.13) if and only if ¢ € H*(R). Functions ¢ with these properties are
called «a-localized scaling functions. In Chapter 3 of this thesis we will study in
detail the properties of a-localized MRAs by using Sobolev space theory. We shall
characterize the low-pass filters associated with them and we shall show that the

set of all a-localized scaling functions is arcwise-connected in the topology given by

(3.13) above.
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Chapter 2

A Characterization of Functions
that Generate Wavelet and
Related Expansions

The first part of this write-up (§§1 — 4) was done in collaboration with M. Frazier,
K. Wang and G. Weiss and has recently appeared in The Journal of Fourier Analysis
and Applications (see [FGWW]).

1 Introduction

We remind the reader that an orthonormal wavelet is a function ¢ € L*(R) such that
the system:
Piule) = 2020 — k), jk €L,

forms an orthonormal basis for L*(R). In this case we have the equality

F=> (i) (1.1)

Jk€eZ

for each f € L*(R), where the series converges (unconditionally) in the L*(R }-norm.
There are several extensions of these notions that have commanded considerable in-
terest during the past decade. If R is replaced by R”, n-dimensional Euclidean space,
the definition of the family { ¢,k |7 €Z, k€ Z" } is

Yia(x) = 22(2x — k), (1.2)

17
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where j € Z and k = (ky,...,k,) € Z™ This is clearly a natural extension of the
l-dimensional case since the dilations in (1.2) preserve the L?*(R™)-norm of v and
the translations must involve points in R™. The function # is then said to be an
orthonormal wavelet in L*(R") if the family defined by (1.2) is an orthonormal basis
for this space. It is well-known that many different kinds of wavelets exist in L*(R).
In the higher dimensional case, however, the situation is more complicated. If one
imposes some “relatively mild” conditions of smoothness and decrease at infinity on
the Fourier transform, it can be shown that a single function ¢» € L?*(R") cannot
generate an orthonormal basis by forming the family defined in (1.2) when n > 2.
In this case one needs at least L = 2" — 1 such generating functions ', 2, ..., " €
L*(R™) (see [AUS] p.215, [KAH-LEM] p.339, [MEY] p.93). We encounter, therefore,
orthonormal bases of the form {¢fk} , where 0 =1,2,... L, j € Z , ke Z" with
L > 1. Such bases produce expansions of the form

F=220 > ()i (1.3)

=1 jeZ keZr

for any f € L*(R"), where the multiple series converges in the norm of L*(R").
Recently, however, several investigators have constructed examples of (single) wavelets
in L*(R"™) (see [DAI-LAR-SPE], [SOA-WEI]). Thus, the case L = 1 in (1.3) is realized
in some casest'}. In general, when {¢fk} is an orthonormal basis we call the family

U = {, ... P} a family of orthonormal wavelets.

More general representations of functions in L*(R"), sharing the same dyadic dila-
tion and translation structure with these expansions, have been studied and effectively

applied. Frazier and Jawerth (see [FJ] and [FJW]) introduced expansions of the form

F=> > (f,ein)bix (1.4)

A

11 fact, given any L > 1, one can find a family of orthonormal wavelets ¥ in L?(R") consisting
of I distinct functions ¢!, ... 4%, This follows, essentially, from the arguments in [DAI-LAR-SPE],
and was pointed out to us by D. Weiland.
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where ;k, ¥;x are defined by equality (1.2) and ¢ and % is an appropriate pair of
functions in L*(R™). The convergence of the series in (1.4) is, again, in the L*(R")-
norm. More general function spaces and different types of convergence are of great

interest; however, in this work we limit our attention to the L*(R™) case.

A feature of expansions of the form given by (1.4) is that one of the functions, ¢,
provides a system of “analyzing” functions; that is, the needed information about f is
obtained by calculating the inner products (f,¢;x). The other function, ¢ , provides
a “synthesizing” system which enables us to reconstruct f from this information
via the series in (1.4). We observe that this situation has much in common with

expansions involving frames and those associated with bi-orthogonal wavelets.

Our main purpose is to characterize those pairs of families ® = {p!, ..., "'} and
U = {! ... F} in L3(R™) having the property that for each f € L*(R")
L NN
[ = ZZ Z (fv %,k)%,ka (1-5)
(=1jeZkeln
where the convergence of the series on the right is in the norm of L*(R") or in
some weaker sense. We will show that equality (1.5) (or a variant of this repre-

sentation of f) is, in a sense, equivalent to the fact that the Fourier transforms

{3 ..o, {@Zl, - ;ZL} satisfy the following two equations:

L -~ .
(1) DD G (ew(2¢) =1, ae & €R
{=1j€7Z
L o ] _ (16)
(11) tq(€) =D D (27¢)p(21(€ + 27q)) =0, a.e. € €R", Yqe O"
{=1j5=0

where O" = Z"\ (2Z)" = {k = (k1,...,k,) € Z" : at least one component k; is odd}.

We do encounter the problem of determining the meaning of the series in these

two equations. It is easy to see that ¢y is a well-defined function in L'(R"):

[ tale)lde < 05 [ 151278)| 182 (€ + 2ma) | de =

{=1j5=0
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~

330 [ 5+ 2 < (0 I3 2 ) =

22n n

ZH@ l2ll9l2) <

On the other hand, the convergence of the series in (1.6) (i) requires a further
assumption about the two families ® and W . In order to explain this matter better
we first consider the case when & = W . In this case the two equations (1.6) ()

and (i) have the form

L
(1) > e =1, a.c. £ €R"
{=1j€7Z

(1.7)

L o
EZZ ;/)Z (27(¢€+27q)) =0, a.e &R Yqe O

Since all the summands are non-negative, the convergence of the series in equation
(1) is well defined (if we include the possibility that the sum is infinity for some of
the &€’s). Thus, in this case the meaning of the series appearing in the two equations

is clear.

These equations are very useful for the construction of wavelets as well as explicit,
more general solutions that lead to expansions of the form (1.1), (1.3) or (1.4) (see
[HW]). We shall also see in the development below that a considerable amount of
information is contained in these two equations.

The following simple example of a function that satisfies the two equations il-
lustrates some important features of the general solution. Let us first consider the
one-dimensional case for (1.7) with L = 1. We choose a non-negative even function

b supported in [—m,—7] U [7,7] such that

w(e) + o2

2 =1

, felo,m]. (1.8)
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It is easy to see that there exist C'™ functions b with these properties. We let ¢ be
chosen so that |¢)| = b . Equation (1.7) (i) in this case is Zjez|$é(2j§)|2 =1.
Because of the assumption we made about the support of b, this sum contains at most
two non-zero terms and equality (1.8) shows that (1.7) (¢) is satisfied by . The
second equation, (1.7) (47) , is also clearly satisfied since the two points, 2/¢ and
2/(€ + 2mq) , at which the products are evaluated, are at distance from each other
that is at least 27 (since j > 0 and ¢ is odd) which is the diameter of the support of
b

Thus, it follows from the results we shall prove that equality (1.1) is true for all
f € L*(R) when # is chosen so that |;Z| =b . The family {¢;x} , however, is not an
orthonormal basis for L*(R). First of all,

meas (supp ;Z)
T

2 1 0 2 3
113 = 5 [ 1B de < <3<

since, as is the case for any function ¢ satisfying (1.7) (2) , |;Z(§)| <1 a.e.;
moreover, a simple re-normalization cannot convert this system to an orthonormal
basis. The discussion in the next section will clarify this matter. It is also clear that
a radial version of this example provides us with a similar example in R”, n > 1.
Let us now pass to the precise statement and proof of our principal result when

the families ® and ¥ coincide.

2 The First Theorem

We begin by making some observations about expansions of the type we are consider-
ing in a general Hilbert space ‘H endowed with an inner product (-,-). Let & ={e;}
be a family of vectors in H. For the sake of simplicity we let j range through the
natural numbers, N; however, our statements apply when the indexing set is Z x Z"

or {1,.... L} XxZ x Z".
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LEMMA 2.1 Let € = {e;} C H , j € N, then the following two properties are

equivalent:

(i) |11 = (f, F) = 520 1S, €))7 holds for all f € H

(i) f=352,(f,e5)e;, with convergence in H, for all f € H.

Moreover, if |le;|| > 1, for all j € N, (i) or (ii) is equivalent to the fact that £ is

an orthonormal basis of H.

The proof of this lemma is elementary and can be found in chapter 7 of [HW]
(Theorems (1.7) and (1.8)). A more general version of this result, involving two sets
E ={e;} and F = {f;} in H, is stated and proved in section 4 (see Lemma 4.25).

The following result is also proved in chapter 7 of [HW] ( see Lemma (1.10)):

LEMMA 2.2 Suppose € = {e;} C H , 7 € N, is a family for which equality (1) of
Lemma 2.1 holds for all f belonging to a dense subset D C H, then this equality holds
forall f € H.

Again, a more general version of Lemma 2.2, involving two systems & and F, is
stated and proved in section 4 (see Lemma 4.23). The following is our main result in

case & = U
THEOREM 2.3 Suppose U = {y!, 2 ... L} C L3H(R"™), then

Hf”?’ﬁ(R") = ZZ Z |(f, ¢§,k)|2 (2-4)

=1 jeZkeZr

Jor all f € L*(R™) if and only if the functions in ¥ satisfy (1.7) (1) and (ii).

Let us make a few observations before embarking on the proof of this theorem:
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REMARK 2.5 Because of Lemma 2.1 we see that equality (2.4) for all f € L*(R")
is equivalent to equality (1.3) for all f € L*(R"™). Thus, Theorem 2.3 gives us the
desired characterization of those families ¥ = {41, ... ¥} C L*(R") for which
(1.3) holds for all f € L*(R").

REMARK 2.6 The last sentence in Lemma 2.1 leads us to the characterization of
all orthonormal wavelets in L*(R™): W = {!, %, ... "} is a family of orthonormal
wavelets in L%(R") if and only if |[[#!]], = ... = [[#\"]|, = 1 and this family satisfies
(L.7) (i) and (ii) (since, in this case, ||/, |l, = [[¥‘]l, > 1 forall{ =1,... L, j € Z
and k € Z"). As we mentioned in Chapter 1, this characterization has been obtained
independently by Gustaf Gripenberg [GRIP] and Xihua Wang [WAN], in the case

n =1 (see [HW] for an historical account of this matter).

REMARK 2.7 Because of Lemma 2.2 it suffices to show that (1.7) (:) and (i)
imply that (2.4) holds for all f belonging to a dense subset, D, of L*(R"). The

dense subset we will choose in our proof is

= {f € L*(R")

fe L*(R"™) and supp f is a compact subset of R”\{O}} (2.8)

Unless stated otherwise, therefore, from now on, all functions f that we shall consider

will belong to D.

A basic step in the proof of Theorem 2.3 is to decompose the series I on the right

n (2.4) into two sums so that
(27_[_)71[ == [0 + [1, (29)

where

b=Y 5 [ f@r e

{=1j€7Z
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and

L=[ O S fe+omrayr2e)de

pELqEO™
This is done by first applying the Plancherel theorem to the inner products (f, ¢f7k) ,

which allows us to obtain

(2|, )P = I(Fdf )P = 27 /R f@yr(mig)e ke dg| =

=2 [ e (g)es der.

Here, we have used the fact that the Fourier transform of ;/)ﬁk is Aﬁk(é) =

2_]'71/2@4(2—]‘5)6—2'2‘&{7 when j € Z, ke Z", ( =1,...,L . Thus,

CrP =Y S o

(=1 jeZkeZr

| fe)i e dér.

The decomposition (2.9) will be obtained by first using a periodization argument that
provides us with the identity

S| [ fei e gl -

kezr

= on) [ TR X f(e +2mm)ie fomm) f e (20)

mezr

Multiplying both sides by 2" and then summing over j € Z and ( = 1,...,L we
obtain a new expression for I. In this last expression we separate the terms with
m = 0, obtaining [y, and the remaining terms, obtaining /;. Thus, we first establish
(2.10); after this we manipulate the expression involving the terms with m # 0 and

obtain the equality that we need for the definition of I;.

Let us fix £ and j and put F'(¢) = Ff(é) = f(Zjé);W(é). We remind the reader that
f € Dj thus, F is compactly supported in R™\ {0} and belongs to L'(R") N L*(R").

Moreover,

L f@eieereds = [ Fe)eedg = i(-k). (2.11)
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Hence,

zkg zkf
5 = S e

where T" is the n-torus, which we may identify with {& = (&,...,&,) e R"|0 <& <
2n, 0 = 1,...,n}. The fact that F' is compactly supported implies that the series
Y mezr F(€ 4 2mm) involves only a finite number of terms. This, together with the
27 periodicity of e®¢, justifies the interchange of summation and integration (over
T") that gives us the last equality. We see, therefore, that the numbers (2#)_”F(—k)
are the Fourier coefficients of the periodic function 3¢z F'(€ + 2mrm), which is in

L*(T™) because the sum only involves a finite number of m’s when ¢ is in T". Thus,

by the Plancherel theorem for Fourier series,

F= [ (X Fle+2mm)( X F(€+2pm) dé

keZ" mezr pezZr

— [ (X F(&+2mm)F(E) de.

R
mezZr
Again, the fact that F'is compactly supported and the 2m-periodicity of the series,

justifies the interchange of summation and integration (over T") that gives us the last

equality. This last equality, written in terms of f and ¢ by using the identity

~

F(&) Y. F(&+2mm) = f(20€)4"(&) Y F(27(& + 2mn))P(é + 2mr),

together with (2.11), gives us (2.12).

Thus,
(2r) 1—222”/ €)1 (&) de+
=1 €7
+ZZ2J”/ (2i¢ {Z F2d( +2mw))$f(5+2m)} de.
(=1 j€Z m#0

The first of these summands is Iy (after a change of variables n = 2/¢). In order to
justify the manipulations that show that the second summand equals 7, as defined

immediately after (2.9), we shall prove the following:
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LEMMA 2.12 For every f € D and ¢» € L*(R"), then:
20 [ @MY (€ + 2mm)i(E + 2mem) d < oo
€T IR m#£0

REMARK 2.13 In addition to allowing us to make all the changes in the order of
summation and integration that will give us the desired expresion for [y, this lemma
shows that the sum of the squares of the “coefficients” (f, ¢f7k) (which we denoted
by I) is finite if and only if Iy < 0o, for each f € D. By varying f in D (for example,
letting f = ve, where (' is a compact subset of R” \{0}) we see that [y < oo if and
only if Y12, Yiez |p£(27¢)]? is locally integrable in R\ {0} (that is, integrable over
each compact C' C R™\ {0}). This is, of course, clearly true when (1.7) (z) is valid.
As we shall see, this local integrability property will furnish us with an appropiate

condition that guarantees the convergence of the series (1.6) (1).

In order to establish Lemma 2.12 we observe that, since

2[b(€)] |$(& + 2mm)| < [P(&)[ + (€ + 2mm)[,

it suffices to show that

/Rn{Z > 2Mf (2| 1f (2 (e + 2m7r))|}|$(5)|2d5 < (2.14)

JEZ m#0

(observe that the sum involving |¢(¢€ + 2mm)|? reduces to (2.14) via the changes of

variable n = & + 2mm ). But (2.14) is an immediate consequence of

LEMMA 2.15 Suppose 0 < a <b< oo, [ € L (R™), suppf C {€:a < |€| <b} and
§ = diam(supp f), then

o(&) =3 3 2"(J (€)1 (2/(¢ + 2mm))| < || f1%

JEZ m#0

Jor a.e. & € R", where C = (2)"(1 + log, 2).
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PROOF: If § < 227 then at most one of the points 27¢ and 27¢ + 272mn lies
in supp f, since m is a non-zero n-tuple with integer components. Thus, in the
sum defining o(&) we need only consider j < jo, where jo is the greatest integer
satisfying 270 < %. We claim that the sum of the terms, in the series defining
o(&), that involves each such j does not exceed (%)”Hf”io To see this, we first
observe that 2j”|f(2j£)| |f(2](£ + 2mmn))| < ZJ”HszO We then observe that, for j
and € fixed, the number of lattice points m # 0 for which f(Zj(é + 2mm)) # 0
is not larger than (1 + 2;—]5)” To see this suppose mg is a lattice point such that
f(Zj(é—l—Zmow)) # 0. Then, since § = diam(supp f), if f(Zj(é—l—Zrmr)) # 0, we must
have § > [27(&€ + 2mn) — 2/(€ + 2mom)| = 2/|m — mp|27 . Thus, m must lie within
the sphere about mg of radius %. This sphere is contained in the n-dimensional
“cube” of sidelength Q;—JS centered at mg. But the number of lattice points within
this cube does not exceed (1 + %Z_j)n. Putting these estimates together we see that

for 7 < jo
> 27| (2€)]1/(2°(€ + 2mm))| <

m#0
5_‘71‘ £112 j 5nA2 ; 5nA2 35nA2
1+ Zomiymoin| |12 = (2 + 2 < (2042 < (2 .
(14 229y 27 2 = 20 2 A% < 20+ 2 A2 < (52) AL
Finally, we observe that for f(Zjé) to be non-zero we must have a < 2/|¢| < b.
Thus, 7 must lie in the interval [log, |Z—|, log, %] to produce a non-zero summand in

the series defining o(€). But there are at most 1 + logQS integers in this interval.

Together with the last estimate, this gives us

b,/ 3\" A
7(€) < (1 +1og, ) (5-) ISR,

This completes the proof of Lemmas 2.12 and 2.15.

We now turn our attention to showing that /; has the form announced after

equality (2.9). We have shown that

(2m)" 1 =
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- 10+222f“/ {%; F(2i( 5+2mw))¢f(5+2mw)} d¢ . (2.16)

(=1 j€Z
If m= (my,ma,...,my,) #(0,0,...,0) =0 , then there exists a unique non-negative
integer r such that m = 2"q with q € O". Since, by Lemma 2.12 the integrand in
the second summand of (2.16) is absolutely convergent, the following equalities that

allow us to isolate the terms involving ¢4(€) are valid and the second term in (2.16)

equals
L A
ZZ/n f(¢ &)Y f(&+22mn)t(2-i€¢ + 2mr) dé =
=1 je7 m#£0
L A o~ . —~
Y5 [ FENCTGY X e+ oy e e e -
(=1 j€Z r>0qeO™
L A -~ . A . — "
[ T€) 2 23 2T (E+ 2 2ma)d (227 € + 2qrm)) d =
=1 qeO™ r>0 €7
L A
[T X X N2 (2 (27 + 2ma)) [ (€ + 2°2maq) dé =
=1 qEO" r>0peZ

&) Y S F(& 4 272mq)t(277E) dE.

qeO™ peZ
This proves (2.9). It is now clear that the “if” part of Theorem 2.3 is true. Indeed,
if the system W satisfies (1.7)(:) and (i¢) , then [y = HfH; and [; =0 . By (2.9)
we then have
L £ F112 2
200 2 Ul =1=(2m) " (lo+ L) = 2m) " If1l; + 0 = [I£]]3,
(=1 jeZ keZr

which is equality (2.4) for all f € D. By Lemma 2.2, we then can conclude that (2.4)
holds for all f € L*(R).

We shall now prove the converse. Let us assume that (2.4) holds for all f € D.

As we explained in Remark 2.13, this implies that

=3 S e

{=1j€7Z
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is locally integrable on R™\ {0}. Thus, almost every point in R" is a point of
differentiability of the integral of 7. Let us choose such a &, # 0; that is, if Q, is
the volume of the unit ball in R”,

- 1
1m
50+ Q0,07 Jjg—go|<s

7(§) d€ = 7(&o). (2.17)

Let us fix § > 0 such that Bs(&y) = {¢€:]€—&| <} C R*\{0} and choose fs € D

by letting
A 1

fs(&) = NORT XBs(g)(€)-

Using the notation in (2.9), and adding the superscript § to denote the dependence

on this choice of f5, we have
(2m)"1 = (2m)"I° = I + I,

Thus, I° = || fs]|2 = 27)~"||fs]|2 = (27)™" and we have

1

1=
Qn(sn Bé(ﬁo

)r<£> d¢ + I¢,

for every § small enough. From this we see that if we show that I} tends to 0 as
d — 04, we have 7(&) = 1 (by (2.17)) and equality (1.7)(¢) is satisfied by the

system W, since almost all points of R™ are such &g’s.

Arguing as we did when we established Lemma 2.12 we see that |I?| is dominated

by the sum of two terms:
L . A . A . o~
[N 27512 (€ + 2mm))| [54(6) de
R =1 jezmzo

and another term in which ;Zé(é) is replaced by ;Zé(é—l—Qrmr) (which, after the change
of variables § = &€ + 2mm, reduces to the first term). Letting ¢ denote any one of
the L functions in W , it suffices to show, therefore, that

1= [ U2 (& + 2mm))|16(6) P dg

JEZ m#0
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tends to 0 as & — 0+. The diameter of the support of ﬁ; is 20; hence, since m # 0

we must have

f5(2°€) f5(2(& + 2m7)) = 0
if 27 > % . Let jo be the largest integer such that 27 < % ; then we need only consider
J < jo in the sum defining [f’ﬁ. Also, if f5(2j£) #£ 0 we must have [2/¢ — &| <6
and this, in turn, implies €| —§ < 2/|€|. Since Bs(&) C R™\ {0}, we must have

|€o| — & > 0 as well. Hence,

€] > 279 (Jeol — 6) > 27 (Jeo| — 6) > Z(J&o] - ) > 0.

a3

Thus, applying Lemma 2.15 to fs, with a = |&| — 9, b = |&| + 0, we have

L' < o5(€) |0(&))* de <

l€1>(1g0]-6) §

ERY ol + 6 ny F112 eV 2
(57) (1 +1omjgrg) OV [ 10 e <

<! (;)n (1 + log, :EZ: J_r g) /mz('&'_é)% (€))7 dé.

It is clear that this last expression tends to 0 as & — 04 . We can conclude, therefore,
that equality (1.7) (¢) is satisfied by W. This also shows that Iy = 0 for all f € D
since Iy must, then, equal HfH; = (2%)””fﬂg and, thus, HfH; =1=02n)"(lo+1) =
If12 + (27)"I, .That is,

0=fi= [ JOX X J(+22ma)ig(277¢) dé

pEZL qeEO™

for all f € D. An application of the polarization identity then gives us

/Rn FO)Y 3 (e +22mq)tq(277€) dg = 0 (2.18)

pEZqEO™
for all f,q € D.
Let us fix qg € O" and choose a point &y of differentiability of the integral of g,
such that &, # 0 # & + 2mqo. Since tq, € L'(R™) (see the argument that follows
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(1.6)) almost all points of R™ have these properties. We need only consider ¢ > 0
sufficiently small so that both Bj;(&) and Bs(&o +2mqo) lie within R™\ {0}. Let fs

and ¢s in D be functions such that

A 1 . 1

fs(&) = WXB(;@O)(&) and gs(§) = WXBé(ﬁo-I-QWQO)(é)‘

(observe that gs(€) = ﬁg(é —2mqp) ). Then

n 1
J5(€)gs(& + 2mqo) = T XBi(&o) (&)

and this allows us to write (2.18) in the form

l(€)dg+ [ F(€)ané + 2 2ma)ig(27¢) dg =

(p,a) erO"
(p,a)#(0,a0)

Q5

1

|B5( )| Bs(€o) 0(€)d€+J5

In order to show that equality (1.7)(i7) is satisfied at &, (and, thus, a.e.) it
suffices to prove that lims_ o Js = 0. We therefore examine the sum defining Js

more closely.

If f5(£)§5(£—|—2p27rq) # 0 we must have [€—§&q| < 6 and |[€o+2mqo—€—2P2mq| <
0. Thus,

1 )
[0 — 2"a] = o~ [(€o + 2mq0) — (£ + 272mq) + (€ — &o)| < —. (2.19)

Since we are interested in limg_oy J5 we can assume % <1.1If p>0 wemust have
lgo — 2°q| > 1 > % since qg € O". If p =0 we must have |qo — 2°q| = |qo — q| >
1> % when qo # q. Finally, if p <0 we must have |qo —2q| = 2°|27"qo — q| > 27
since q € O". Hence, if j; is the largest integer such that 27%° < %, we have jo < 0

and

=3 % [ I€)asle + 22ma)a(276) de.

p<jo qEO™
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Making the change of variables n = 277¢ we obtain

D S DL IR

p<jo qEO™

95(2"(n + 27q))| [tq(m)| dn.

Since
L -~ o~
Mol < A S OF + T+ 270}
{=1 ~m>0 m>0

we can reduce our problem to estimating

H=% ¥ 2 [ U@elneie + 2ra) { T 10ene)l | de.

p<jo qEO™ m>0

and an analogous term, JZ, in which @Z(Zmé) is replaced by @Z(Zm(é +27q)) (this
is the same argument we used prior to our introduction of [f’ﬁ ). Once we have shown
that lims_oy J! = 0, it will be easy to see how we can modify the argument to obtain
limsop JE = 0. J} (and JZ) depends on /; we do not indicate this dependence in

the sequel since there are only a finite number of these terms.

Let T(&) = Zm20|$é(2m£)|2. The argument in the first section that showed that
tq € L'(R™) applies here to show T' € L'(R"). Furthermore, since |B5(€0)|1/2 fs =

XB(;(go)(f) we have

BN Y e [ T2 (E 2] de

p<jo q€O™
If gs(2°(& 4 27q)) # 0 we must have [2°(& + 2mq) — (& + 27qp)| < ¢ and this
inequality, together with |2P¢ — &y| < &, implies (as in the case (2.19))

1 )
|0 — 2°q| = o 2°(& + 2mq) — (€0 + 27qp) + (&0 — 27¢)| < — (2.20)

In our case p < jo < 0; hence, from (2.20) we have [277qo — q| < 27r and 27Pqq
is a lattice point. The number of lattice points q satisfying this inequality cannot
exceed (1 + w)n since they must lie within the n-dimensional cube centered at
27Pqy of side length at most -2 —==. Consequently,

27P2%

> 1as(27(€ +2mq))| < (1+

qeon

)"

[cen
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1

Using this estimate together with | gs||. = in the above expression for J} we

Qnon
obtain
Ji < <2p )
’ g;o |2vg~ £0|<5 )
< <Qf° —)
o pg;o |2Pe— £0|<5 5
no1
< ( ) / d.
p;m [2Pg—g0|<é (5) ¢

But, {& : [2P¢€ — &| < 6} C {€ : 277(|&] — ) < |€| < 27P(|&o| +0)} = A,. If
36 < |&o| the sets A,, p = jo, jo — 1, jo — 2,..., are mutually disjoint. Thus,

0 (z) [ ree-g(0) [ ree

p<Jo
Qin <§)n /2_J0(|£o|—5)<|£| T(é) i Qin <§) /%(|£o|—5)<|£| T(é) i€

J5

IA

IA
IA

But the last integral tends to 0 as § — 04 since T € L'(R™). Thus, J} — 0 as
§ — 0+ . As mentioned before, a similar argument shows lims_o; J = 0. In fact, the
change of variables 7 = €+ 2mq in the integrals defining J? convert this quantity to,
essentially, J! except that the roles of f5 and gs are interchanged. Because of this we
can let the point &+ 2mqo play the role of & in the argument we just gave in order
to show that lims_oy JZ = 0. We thus obtain the desired result lims_o; J5s = 0 and,
therefore, equation (1.7) (i¢) is satisfied by the system U almost everywhere. This
establishes Theorem 2.3.

3 The Second Theorem

We now consider the case when the “analyzing” family ® = {¢!, »2,..., "} differs
from the “synthesizing” system W = {31, +% ... %%}, Asindicated in the first section
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the result we shall establish “essentially” asserts that equation (1.5) is satisfied for
all f € L*(R") if and only if equations (1.6)(:) and (ii) are satisfied a.e. by ®
and W. There are some basic differences between the general case, however, and
the one we just presented in section §2. The local integrability in R\ {0} of the
expressions ) ez |$Z(2j£)|2, first discussed in Remark 2.13, played an important
role in our arguments and arose in a natural way from our arguments. We did
not, however, need to assume this property for the system ¥ when we announced
Theorem 2.3, the principal result in §2. If we do assume that this property holds
for both systems ® and W, the proof that the two equations (1.6)(¢) and (iz) are
equivalent to the equality

L

1N Ze ey = 2232 20 (Fofa) (¥ ) (3.1)

(=1jeZkeln
for all f € D is essentially the same as the proof we presented for Theorem 2.3. We
will be more precise about this below. From this we do obtain a “weak version” of
the representation (1.5) for all such f. This is a consequence of the fact that, by
polarization, (3.1) implies

(f9) =223 > (fi ¢l (¥x9) (3.2)

=1 jeZ keZr

for all f and g in D. We cannot, however, establish the L*(R")-convergence of the
series (1.5).
If we do not make the local integrability assumptions for each of the two series
DG and P [P(2E)P, (=12....L (3:3)
JEL JEL
we can still establish the equivalence of (1.6) and some form of (3.1). We will present
the arguments for this result in the fourth section. It is also clear from our presentation

that the case L > 1 offers no more complications than the case L = 1; hence, we will

not use the upper index ¢ from now on.
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We begin by presenting an example that illustrates some of the assertions we have
made. Let [ =[-2n,—7)U (7, 27| and 0 be the function satisfying 0 = y; . Thus,
6 is the Shannon orthonormal wavelet (see Chapter 1 of this thesis). We then define

Y by ;Z(f) = é(2§) = X[-r-2)u(Ex (&) or, equivalently, by (x) = 271927 ). Let

2

¢ be the scaling function associated with the Shannon wavelet; that is, @ = x[_r ]

PROPOSITION 3.4 The pair (@) satisfy equalities (1.6) (1) and (i) ; that is,

(i) D e2O(2E)=1  forall £#0,
JEZ

(11)  1,(€) = z_j P2mE(2m(E+2mq)) =0 for ae. £ €R, Vge 2Z+ 1.

PROOF: Since supp LE C supp @ we have @E = ;Z (because ;Z = X11 is real-valued)
and (7) is an immediate consequence of the fact that {2/}, j € Z . is partition of
R\ {0} . Equality (:7) follows from the fact that the supports of ¢ and ;Z( + 27q)
are disjoint (except for a set of Lebesgue measure zero) since ¢ is an odd integer and,
thus, |¢| > 1.

O
PROPOSITION 3.5 {\/24;9} and {29041}, 3,4 € Z, are, each, an orthonor-
mal basis for L*(R).

PROOF: The identity /2,9 = 0;_14, 5,/ € Z, and the fact that 6§ is an or-
thonormal wavelet show that {v/2; 4.}, j,¢ € Z, is an orthonormal basis for L?(R).

To see that the family {v/2%;9041}, 4,4 € Z, is an orthonormal family we first
observe that, since ¢ satisfies (1.7) (i) and (ii){¥, equality (2.4) is true for all
f € L*(R); that is,

1Az = D0 D2 10 i) (3.6)

JET KET

12} The function ¥ we are considering now is a particular case of the class of functions ¢ satisfyin
~ g g
|1/)| = b , where b is as in (1.8). Proposition 3.5 clearly shows that a “simple re-normalization”
cannot convert the system {1/)]'7;@} to an orthonormal basis, as we indicated at the end of §1.
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for all f € L*(R). Breaking up the sum on the right into even and odd £’s, and using
the fact that {v/2;a:}j,¢ € Z is an orthonormal basis we obtain, by (3.6),

171l =22 DA izl P + 1(Fo e )P}

JET LT,

LI+ DI b

JET e,

Hence,

17115 = 32 210 V2 i) P (3.7)

JET T
for all f € L*(R). Since ||v2; 2041/, = 1 forall j,¢ € Z , it follows from Lemma 2.1

and (3.7) that the system {v/2; 9041}, 5,/ € Z , is an orthonormal basis for L*(R).
O

This example illustrates why the unconditional L*(R")-convergence of the series
(1.5) is not true in general when the two equations in Proposition 3.4 are satisfied. Let
us be more precise. We continue using the functions ¢ and ) we just introduced. We
observed that ez |$(2]§)|2 =1 for all £ € R\ {0}; however, ¥ ez |p(27¢)]* = oo
for all £ € R (in particular this last sum does not define a locally integrable function
in R\ {0}). Thus, we are in the situation described in (3.3) and we shall show that
a “weak version” of (1.5) is, indeed, true. The L*(R )-convergence of the series (1.5),
however, is not unconditional. To see some of the difficulties we encounter in this
case let us choose a function f € Vg, the space generated by the integral translates
of the scaling function . In fact, let us choose f = ¢. Since V5 C V; for 5 > 0 we

have

© = (0, 95%)Pik
keZ

for each j > 0. Since {¢;r},ez is an orthonormal basis for V;

el = > 1(es )l (3.8)

keZ



37
for y > 0.

Consider the series Y ,cz(@, ;)05 for each j. Because of Proposition 3.5, this

series is the sum of two orthogonal expansions

uj+v; =3 (0, 05000520+ Y (05 0 2e41) V52041

LET LeZ
and, from (3.8) we have
2 2 1 2 1 2
lilly +1loslly =5 2 1(9s a2l + 5 2 1(@: @se4)|
LET LeZ
L
SEYRTE

|—=

for each j > 0. Hence, for infinitely many j either HUJHE or ijﬂg exceeds iHc,oH; =5

Thus, if, say, Hu]H; > L infinitely often, then

D> (e pia0tia| = ZHu]Hg = 00

J>0¢eZ 2 >0

(since u; L uy if 0 <5 < ). Clearly, then, the series Y:c7 > rez(p, @jk) ;% cannot

converge unconditionally to ¢ in the L*(R )}-norm.
We now turn our attention to the extension of Theorem 2.3 to the case of a pair
@, of “generating functions”. We first establish the following

THEOREM 3.9 Suppose that p,v € L*(R"™) are such that the functions defined by
the series in (3.3) are locally integrable in R™\ {0}. Then ¢ and 1 satisfy the

equations
(1) Y P(2€)(2i¢) =1, for ac. §€R",
JEZL

(17) tq(&) = ij: 4,3(27”5)@2(2”1(5 +27q)) =0, for a.e.&€R" when q€ O",
if and only if
1Ay = 22 D0 (Foia) (i £ (3.10)

JETKETN

forall f € D. The convergence of all these series is absolute and, thus, unconditional.
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Since |(f, ¥ [(@ix, £ < 1(fy i) * 4+ |(f, ¢ix)])?, the decomposition (2.9) applied

to ¢ and ¢ separately (with f € D), and the observations made in Remark 2.13, give
us the absolute (and unconditional) convergence of the series appearing in Theorem

(3.9) (we use, of course, the local integrability of the series in (3.3)).

Let us now indicate which modifications in the argument we presented in §2 are
needed to provide a proof of this theorem. Here I denotes the sum on the right in

(3.10). We begin by establishing the analog of the decomposition (2.9):

(27_[_)71[ == [0 + [1, (311)
where
o =32 [ 1f@OFp€E) de
JEL
=3 [ f@Peereiee d
JEL
and

ho=32" [ J2E)3() S f(2)(€+ 2km)) (€ + 2kn) dg
NG - 3.12
= [ 12 > F(€& 4 2m2°Qq)t(277€) d€ (3.12)

where t4 is defined by (i7) in the statement of Theorem 3.9 and involves both ¢ and
.

The proof of the decomposition (3.11) follows the same line as the one we gave
for (2.9). The changes that are needed are obvious: the Plancherel theorem gives us

the product

([ feiep@ede) ([ feea@es i)
instead of the absolute value squared of the first factor. This leads us to the intro-

duction of the function G;(¢&) = f(Zfé)cﬁ(é) along with F;(¢) = f(Zfé)@ We
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then “periodize” both F; and G to obtain the equality

em) Y FGk = [

keZnr Re

{5 Fite+omn) | Glg) de

mezr
which leads us to the first expression for [; in (3.12) (see the argument preceding

Lemma 2.12).

In order to prove that [; equals the second expression for I3 in (3.12) we need to
establish the analogs of Lemmas 2.12 and 2.15. This last estimate, of course, does
not involve the functions ¢ and  and no change is needed. For the analog of Lemma

2.12 the problem can clearly be reduced to establishing the inequality (2.14).

Having established the decomposition (3.11) it is then immediate that equalities
(1) and (i7) of Theorem 3.9 imply (3.10) for all f € D. We must, therefore, show
that the converse is true. Again, the argument we gave in §2 for the corresponding

part in (2.4) applies here if we make some simple and natural modifications. In (2.17)

we now must choose 7(€) = Y.z @(2j£)$(215). Then, the same choice of fs € D

and the inequality

2[0(&)|16(& + 2mm)| < [(&)]° + 8(€ + 2mm) [,

leads us to the equality 1 = ﬁ IB;(¢0) 7(&)dé + I{, where lims_oq [0 = 0. When
& is a point of differentiability of the integral of 7 we obtain equality (i) in Theorem
3.9 at €. As in §2, this also gives us the equality (2.18) with t4(&) as defined in (%)
of Theorem 3.9. Again, we choose fs; and ¢gs as before. The rest of proof given at

the end of §2 applies here and this establishes Theorem 3.9.

4 Some other results

In the last section we obtained the equivalence between equality (3.10) and the two

equations (¢) and (¢7) announced in Theorem 3.9 provided the two series in (3.3)
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are locally integrable in R"™\ {0}. We also gave an example of two functions ¢, €
L*(R™) that satisfy (1) and (17) but >,z [#(27€)|? is not locally integrable in R\ {0}.
We left open the question of the validity of (3.10) in this case but did observe that
(1.5) cannot be interpreted in terms of unconditional convergence in L*(R) (which
clearly implies (3.10)). In this section we examine other interpretations of (3.10) and
its connection with equalities (¢) and (i¢) without assuming local integrability of the

series in (3.3).

Let us first examine the convergence of the series in (3.10) when ¢ and ¢ are

functions in L*(R™). Toward this end we establish the following result:

LEMMA 4.1 Let J be a fived integer, then the series

Sy =8u(F) =22 > (Frisd@ix: f)

J<J keZr

converges absolutely for each f € D when v, € L*(R"™).

PROOF: By Schwarz’s inequality it suffices to show that
PODBRIPAUY
J<J keZn
for f € D. We argue as we did in the proof of the decomposition of (2.9) to obtain

20" 3 ()l = X [T @F 192 de+

J<J kezZn i<J
S [ fe)b(e) Y f(2(6 +2mm)) (g + 2mr) de.
5<J R m-£0
Lemma 2.12 assures us that the second summand represents an absolutely convergent

series that is integrable. Moreover,

S 27 [ @GO T 1F(2)(€ +2mm)| [9(& + 2mm) g < C < oo

i<t m=£0
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where (' is independent of J. In order to estimate the first summand we use the fact
that f € D and, thus, supp f lies in an annular region of the form {& ¢ R"|27%

|€| <21} . Hence, we can estimate this first summand as follows:

—J 2 —; 9
Lo, HOF S 170 dg < 1L Z AN S ERTI

i<J Ti<J

1L S s

{=—L 3<J

2 nJ
D) dn < 27 f2 Z_/Wq' dn

i< |n|<2(6=3)
< 22L|| fIZ 19115 < o0

and Lemma 4.1 is proved.

The double sum on the right of (3.10) corresponds to the expression [ in §2. In
analogy with (2.9) we shall consider a similar decomposition for the partial sums S

of this double series:

(2m)"S; =1+ 1, J €Z, (4.2)
where
1= [P X aereiee d
j<d
and

~

;=3 2m [ f2g)a(8) 3 f(2)(€ + 2kn))b(€ + 2kr) de.

i<t k#£0

The observations we made that showed how to obtain (3.11) and the first equality
in (3.12) are valid here and provide us with (4.2). The argument we made in the proof
of Lemma 4.1 shows that >;c;[5(277¢)| p(277¢)] is locally integrable in R™\ {0} .
Hence, I is well-defined for each f € D. Reasoning as we did at the end of §3,

we shall show that I has an expression involving the functions #, (as in the term
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following the second equality in (3.12)); in fact, for J sufficiently large , we have, as
n (3.12),

H=[ FOX X fe+2m2aig27e)de = I (4.3)

pEZL qeEO™

(the size of .J for this to be true depends on the diameter of the support of f, where
f € D). To see this we repeat the arguments we gave before, but need to take into

account that the sum in the index j is limited by J:

I P(277¢) Y [(&+22mm)(279€ + 2mr) d¢
7<J m#0
=3 / T@pTO Y Y fE+ Y ona)i(z i€ 1 2m 2 q) de
i<J r>0qeon

IDIDIPI b &))/(& + 27 2mq)d (2 (270 +)€ + 2qr)) d€

I Z Z P(27277E)p(27 (277 + 27mq)) f(€ + 22mq) d€

&) > ZZ@ 2727 €)Y (27(277€ + 2mq)) f (€ + 2727 q) dé

qEO" p<J r>0

IS Z P(2727PE)) (20 (277 + 21q)) [ (€ + 272 q) dE.

The first summand equals

L 7€) X % (e +22maptg(27¢) de.

qEO" p<J

If the diameter of the support of f does not exceed 277127 | then either ¢ or £€4+2721q

must lie outside supp f if p > J (since g € O™). Thus, f(é) f(é +2P27q) = 0 and

the second term is 0. But, in this case we also have

L@ X X fle+2amaa(276) dg = 0.

qQeO™ p>J

We have shown, therefore, that (4.3) is true if J 4+ 2 > logQ{W}.
Thus, together with (4.2), this gives us the equivalence limj_,., Sy exists if and only

. . J .
if imy_. Iy exists.
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In the present context we have not yet considered the two equations, (i) and (i¢),
n (3.9); however, these observations can be used to obtain the following version of

Theorem 3.9 when we do not assume the local integrability of the series (3.3) in

R™\ {0}:

THEOREM 4.4 Suppose @, € L*(R"). Then

hm Sy = hm Z Z f ¢]k kaf) = Hng (4‘5)

]<J keZr

for every f € D if and only if

(1) hm Zc,o 2 i€)=1

weakly in L'(K) whenever K is a compact subset of R™\ {0},
where 1 is the constant function that equals 1 on R”",

(1i) t 299 2E)H(2 (¢ +27q)) =0, for a.e. £ €R", Vqe O"

(4.6)

PROOF: We first show that (4.6) implies (4.5). Since t4(€) = 0 for a.e. &, (4.2)
and (4.3) imply

SaF) = Sa = @m) 0 = o) [ @)1 T a2 be-ie) de.

7<J

But, by (i) and the fact that K = supp f is a compact subset of R" \ {0} we have

Jim Sy = (2m)7 [ If(€)1 g = |11
and, thus, (4.5) is true.

To establish the converse we first show that (4.6) (i¢) is a consequence of (4.5).
The argument is much like the one we gave for Theorem 2.3. We select a point &, of
differentiability of the integral of ¢y, such that neither &, nor &, + 2mqq is 0, and
d > 0 such that Bs(&o), Bs(&o + 2mqo) are disjoint balls in R™\ {0}. Again we

choose fs and gs such that fs = ﬁ)@gé(&) and gs = WXB(;(&OHM())- From
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(4.2) and polarization we have, for large J (see the discussion before Theorem 4.4),

2m)" > > (s, ix) (@i 9s)

J<J keZr

= [, 00308 3 e eyi(2-ie) de

i<J

+ | B(E)D0 Y (& +2m2rq)ty(277E) dE

IR pEZqeOn

= [ (&% X Jil +2m2aptg(277E) dé.

72
pEZ qEO™

since ﬁgg_g = 0 because Bs(&) N Bs(&o + 2mqo) = 0 (we observe that it suffices to
choose J so that 2727 > diam(supp (ﬁg +§s5))). On the other hand, by polarization
and (4.5) we have

Jim >0 > s i) (@ix, 95) = (f5,95) = 0

i< T kezr

(using, again, ﬁgg_g = 0 and the Plancherel theorem). But we have just shown that

for J large enough

2m)" > 3 (fs,vix) @ik, 95) =

J<JkEZN

= | 5 3 fs(€+2m2Pq)ty(277€) dE = As

R pEZL qEO™

and the last expression is independent of J. It follows that A; = 0.

But the argument that was presented at the end of §2, that showed lim;s_oy As =
tqo(&o), applies here. Consequently tq,(&) = 0 and (4.6) (i¢) is established since

almost every point in R”™ is such &g, a point of differentiability of the integral of tq,.

It is now particularly easy to show that (4.6) (i) is also a consequence of (4.5). In
fact, if we use (4.2), (4.3) and (4.6) (¢7) we have

Sa = @r) i = 27 [ Af©F X a2 de.

i<J
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Thus, by (4.5) we have

Jim (27)7 [ g(€) Y (27 €)0(2g) d = (2m) " [ g(¢) dé

—00 K <7 K

for every g > 0, g € L*(R™) with supp ¢ a compact subset K of R"\ {0} . Writing

g=ag1+ig=gf — g7 +i(g5 — g5) for the general g € L>(K) we obtain (4.6) (4).
O

REMARK 4.7 The weak convergence of the sequence in (4.6)(¢) can be also ex-

pressed as

lim 37 5(2798)d(277¢) =1 in o(Li,(R"\ {0}), LZ(R"\ {0})),

i<
the weak topology of the Fréchet space L] (R™\ {0}) with respect to its dual
L (R™\ {0}). We can also interpret (4.5) as a weak convergence in the “sense of the
distributions”. More precisely, D can be considered as a space of test functions with
the topology: f,, — f in D, if and only if, there exists a compact set K C R"\ {0}
such that supp f,.,supp f C K, ¥Vm > 1, and f, — f in L(K). Then, for f € D,
we can look at w;(f) = 2 <; Xkem (f, ¥ix)pjk as a “distribution” defined by
(ws(f),9) =22 > ([ ¥ix)(@jx.g), when g € D.
J<J keZnr

Indeed, it is easy to check that, by the considerations right before Theorem 4.4, u;
is a continuous (conjugate)-linear functional in D. If we denote by D* the space of
such distributions and by o(D*, D) the w*-topology defined in D*, then (4.5) can be
written as

f=Tim us(f) = }Lfgoj;]k%n(fa Yix)pix i o(D7,D) (4.8)

whenever f € D.

This result, Theorem 4.4, applies to the example of the pair of functions, ¢ and
tp, we introduced in §3. In fact, Proposition 3.4 tells us that, in particular, (4.6)(z)
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and (i1) are satisfied by this pair of functions. Moreover, if K is a compact set of
R™\ {0}, then (4.6)(¢) is a finite sum (in 7) when & € K. Thus, the pair ¢ and ¢
satisfy (4.5) which, by polarization, is equivalent to
}Lfgog]k%n(fa Vi) @ik, 9) = (f,9)

for all f,¢g € D (in this case the series above is again a finite sum over j). This is a
weak form of the representation

F=2 2 ([idix)vix (4.9)

JeL ke

for f,g € D, as we indicated in (4.8). We have already discussed why we cannot
expect (4.9) to be true in L*(R") as an unconditionally convergent series. Another
inconvenient feature of our results is that we have established them only for f € D.
Of course, we assumed very little about ¢ and v besides the equations (4.6)(¢) and
(17). We shall end this section with a result that involves the L?*(R")-convergence
of the series in (4.9) based on a “natural” hypothesis about the systems {p;x} and
{ix}, j€Z, ke Zm

THEOREM 4.10 Suppose p, € L*(R"). Then
f= > (Ltieix= > ([ieix)bix (4.11)
JELKEZ™ JELKEL™
Jor all f € L*(R™) with both series converging unconditionally in L*(R"), is equivalent
to the following three properties. There exists a constant C' > 0 such that

ST ) < ONf)

jezfzn (FronP < oot f e LR, (4.12)
jELKEL™ ” o 2
Z@Z(ij)m =1 for a.c. ¢ €R", (4.13)
JEL

tq(§) = f) P27 (2M(€ +2rq)) =0 for a.e. £ ER™, Vqe O, (4.14)

where the series in (4.13) and (4.14) are absolutely convergent for a.e. & € R".
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REMARK 4.15 A system {e;} of vectors in a Hilbert space H such that
SIS ) < CHfH;, for all feH (4.16)
J

is called a Bessel sequence, while the best constant C' in (4.16) is said to be the Bessel
bound of the system. Thus, condition (4.12) asserts that {p;x} and {¢;x}, 7 €
Z,k € Z" are each a Bessel sequence. A simple condition that guarantees that @
generates a Bessel sequence {¢;x}, 7 € Z, k € Z", (see [CHU-SHI]) is the follow-
ing: Let 0 be any non-negative function on [0,00) that is increasing on [0,1) and

decreasing on [1,00) ; suppose, in addition, that

[ o 3

Then, if & € LX(R) satisfies [B(w)] < 8(Jwl) for w e R , {dia(e)} = {ailp(aiz -
bk)}, 7 € Z,k € Z, is a Bessel sequence whenever a > 1 and b > 0. An n-
dimensional version of this result is easy to obtain. We cite the result in [CHU-SHI]
to show that (4.12) is not very restrictive; the couples ¢, introduced by Frazier and
Jawerth (see [FJ], [FJW]) satisfy these conditions.

REMARK 4.17 It will be shown in the course of the proof of Theorem 4.10 that if
(4.12) holds then, there exists a positive constant C' such that

S 1p2¢))P <C  and ZW)Z] PP <C ae €cR” (4.18)

JEZL JEZ

In particular, the series in (4.13) is absolutely convergent for a.e. €.

REMARK 4.19 Each of the systems {p;x} and {¢;x},7 € Z, k € Z", is a frame.

In fact, suppose the first inequality in (4.12) is satisfied and

‘fHQ Z Z f@/)]k S‘Q]kvf)

JELKkET™
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for all f € L*(R™) (which follows from (4.11)). Then

IAZ =2 > (Fdi) (@i )

JELKETN
, 1/2 , 1/2
(X wel) (X eaok)
jeLkeln jeLkeln

VOl (X M)

JELKEL"

Dividing by \/GHfH2 we obtain
1
aHfﬂg < D el
JELKEL"
Thus, together with the second inequality in (4.12) shows that {¢;x},j € Z, k€ Z",

is a frame.

PROOF: We first show that (4.11) implies (4.12), (4.13) and (4.14). We will use
the following result for a general Hilbert space H (see [SIN], Vol I, Lemma (14.9)(b)

on page 425):

LEMMA 4.20 Let {x;}52, be a system of vectors in H. If 322, x; converges uncon-
ditionally in H, then
S il < € = Clfai}) < o0,

=1

We apply this lemma to the sequence {(f, ¢ x);x},7 € Z, k€ Z™ 3 ([, 05x)¥jk
converges unconditionally by (4.11); thus, since ¢ and ¢ are fixed and non-zero in
this discussion,
-2 -2
Yo el =017 X0 e bixlly < CllYI"=Cp (421
JELKEZ™ JELKEZ™

Consider the linear operator defined on L*(R"™) by

Tf=A{(f;vix)}, (k) eZx2"
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Inequality (4.21) shows that it maps L*(R") into (*(Z x Z"™). Suppose the pair (f,£),
with £ ={(;x}, is a limit point of its graph. Then there exists a sequence {f,,}, m €
N, such that (f,Tfn) — (f,£) in the graph norm as m — oo. In particular,
limy—eo Yjez YCkezn (s 0ix) — Lix]* = 0 showing that (;x = limyyeo(fin. 0jx) =
(f,¢jx) for each (j, k) € Z x Z". Thus, the graph of T is closed and, as a conse-
quence, T is bounded: there exists a constant C' > 0, independent of f € L*(R"),
such that

> 2 Uil < CITILS.

JELkEL

The same argument shows that

SN L)l < Il

JELKEL

for all f € L*(R"™), and this establishes (4.12).

Let p denote either ¢ or ¢ and let us apply the decomposition (2.9) for f € D
and 1q(&§) = Y=o A(27€)p(2™(€ + 27q)) :

eryr X Al = [

(j.k)E€LX L" ]eZ

&) de¢

+[ TOY X fie+ amrayg e de.

pELqEO™
By the observation we made in Remark 2.13 and (4.12), we see that ).

pRE =

7(€) is locally integrable in R™\ {0}. We choose & to be a point of differentiability

of the integral of 7(&) and f5 so that fs = ﬁ XBs(go) (5€e (2.17) and the sentence
that follows). Applying the argument we presented after (2.17) we have

1 A
0,67 JBs(eo) 7(§) dé + Iig :/ |f5(&)PT (&) d¢ + ]f - (27T)n[5

=@2m)" > (sl < 2m)"Cllfsll; = €,

(5,k)EZX T

where the inequality follows from (4.12). Letting § — 0+, since lims_oy [ =0, we
obtain 7(&) < C'. That is (4.18) is satisfied and the series in (4.13) is absolutely
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convergent for a.e. &. The equality part of (4.13) and equality (4.14) are consequences
of Theorem 3.9.

We now turn to the converse. We begin by proving the two extensions of Lemmas
2.1 and 2.2 that involve two systems & = {e;}, F = {f;}, 7 € N, of vectors in a
Hilbert space H. These are general versions of the systems {p;x} and {¢;x}, 7 €
Z,k € 7", which, for simplicity, we index by the natural numbers N. In this context
(4.12) becomes

(¢) %WMQ)P < Ol (i) %Khvﬁ)lz < Ol (4.22)

for all h € H.

LEMMA 4.23 Suppose € = {e;} and F = {f;} satisfy (4.22) and, for all h in a
dense subset D of H

1A]> = 3" (h, ) (fis h). (4.24)

€N

Then equality (4.24) is valid for all h € H.

PROOF: Let h € H; (4.22) implies that the series in (4.24) is absolutely convergent.
Let {h,} C D be asequence such that ||h,—h| — 0 as n — oo. Then, by Schwarz’s

inequality and (4.22),

<

D (b =ty e;)(fis h) + (hns €)(fis h = ha)

JEN

< Cllb = hall1B]] + Cllhall Ve = all + | [[An]* = (12"

> _(hye;)(fih) = |IR]1®

JEN

+ all® = 151

which goes to 0 as n — oo.
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LEMMA 4.25 Suppose € = {e;} and F = {f;} satisfy (4.22). Then the following
two properties are equivalent
() NRl* = _(h.e;)(f5.h) forall f€H

JEN

(i) h=>_(he))f; = (h,fj)e; Jorall f €H with convergence in H.
jeN jeN

In this case, the convergence of all the series is unconditional.

PROOF: That (i7) implies (¢) is trivial. Let us, then, assume (i). By polarization
we have

(9.h) = Y (g.€;)(fi,h) forall g,h € H. (4.26)
JEN

If we can show that the partial sums of 352, (h,e;)f; (or the second series in (7)) form

a Cauchy sequence, it follows that (i¢) must be true. Indeed, if v = 372, (h, €;) f;

then, using (4.26), we must have

o0

(uvg) = Z(h7€])(fjvg) = (hvg)

i=1

for all ¢ € ‘H and, thus, v =% . But

N N
1> (hye)fill = sup | 3 (h.e;)(fi:9)

j=M lgll=1 j=pr
N N
sup (Y |(h, e;)*)"*( Zlg,fy )12 <
llgll=1 j=pns
N N
sup (3 [(h, )20 lgll = CY ((he)) )2,
lgll=1 =M =M

where the last inequality is a consequence of (4.22) (ii). Since the series Y252, [(h, ¢;)]?
is convergent (by (4.22) (7)) we see that the partial sums in question do form a Cauchy

sequence.
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We can now easily finish the proof of Theorem 4.10. Equalities (4.13), (4.14) and
inequality (4.12) (which as we indicated implies (4.18)) permit us to apply Theorem
3.9 to obtain (3.10) for all f € D. An application of Lemma 4.23 then gives us the
equality

S 3 (i) (@i /) = 11115

JELkEL

for all f € L*(R"™) and, then, by Lemma 4.25 the desired equalities (4.11).
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5 Notes and concluding remarks

We devote this section to present some examples and further results related to our

our theory.

REMARK 5.1 Theorem 2.3 can be extended to hold in a somewhat more general
setting; namely, one can replace the “dyadic” dilations and “integer” translations by
“matrix dilations” and “lattice translations”. Let I' be a lattice in R"; that is, ' =
AZ", where A is a real (non-singular) nxn-matrix. Let us denote by I'* = 27 (A*)~1Z"
the dual lattice of I'. Suppose that S is an nxn-matrix with all its eigenvalues having

absolute value strictly larger than 1 such that preserves the lattice points; that is,

S(I') C T. Let us write, for ¢» € L*(R"™),
(%) = det(S)Pp(Sx +), jELyETL

Then, Theorem 2.3 holds in this setting when 1, is replaced by ¢, and (1.7) by
L o~ .
DD NS 8P = det(A)

{=1j€7Z

(€)= 3 50 BU(S7YE) DS PE + 7)) =0, € O = I\ 5T~

{=1j5=0

A detailed proof of this fact was recently presented to us by A. Calogero (see [CALJ)
and consists of an appropriate (and careful!) modification of the arguments we intro-
duced above. Besides, [CAL] contains some interesting examples on how this situation
can be applied.

In a somewhat less general case, A. Ron and Z. Shen obtained a completely dif-
ferent proof of Theorem 2.3 (see, Corollary 5.8 in [RON-SHEN]). Their assumptions
include matrix dilations and lattice translations as above, but in their proof a restric-
tion on the function ¢ of the type ;Z(é) = O((1+|€|)~(3%2)), when |€| — oo, for some
e > 0, is required. For further details, we refer the reader to [RON-SHEN].
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REMARK 5.2 Theorems 3.9 and 4.10 are independent of each other. To illustrate
this fact we present the following example, covered by the former but not by the
latter. For simplicity, we restrict ourselves to the case n = 1. Let a be a fixed real

number, 0 < o < £, and let us define ¢ and ¢ in L*(R) by
P(&) = 1€ = 7" X(r2m(§) + €+ 7|7 X—2m,-0) (&)

1 1

@b(f) = WX(W,?W](f) + mX[—zw,—w)(f)-

It is easy to see that with this definition identities (4.13) and (4.14) hold for a.e. real
number . We claim that the series in (3.3) define both locally integrable functions in
R\ {0} and, hence, we are under the assumptions of Theorem 3.9. Indeed, if ¢/ € Z,

then
1

SO = e and TIBOP =R -l 63
JEZL JEZ
whenever 27¢r < |£] < 2717, which clearly establishes our claim.

However, {1;;} cannot be a Bessel system, since otherwise (4.18) would imply
that the series }.c7 |$(2]§)|2 is a bounded function in R, which clearly is not the
case. Thus, we are not under the assumptions of Theorem 4.10 and, consequently,
one can find functions f € L*(R) such that the series >°; 1 (f, ¥;j1 )¢k do not converge
unconditionally to f in L*(R).

This example also shows that the “weak” convergence for functions f € D obtained
in Theorem 3.9 cannot be improved to unconditional convergence in L*(R"). In
Remark 5.12 below, we show how to modify the proof of Theorem 3.9 to obtain
convergence for functions in a larger dense set, but still in the weak sense. In Remark

5.15 we show that “weak convergence in L*(R)” does not hold in general, even under

stronger assumptions than those in Theorem 3.9.
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REMARK 5.4 The families {¢; 1}, {t;} in the example above satisfy the stronger

condition of being a pair of biorthogonal systems in L*(R). By this we mean that

(i) = 040 Ok s 3,55k K € T (5.5)

This is easily seen by just noticing that, p;x(£) = 279/2p(277€) e 727"k (here p stands

for either o or ¢) and, therefore,
L, - s :
(@i jrwr) = 5 (i Yjrge) = 0, if 7 # j', - while

1

1 S T
, =~ [ 5 WK k)€ ge _ iK-R)E 10 _ 5
(Passtsr) = 5= [FOBEQ WM de = — [ e = 5,

X. Wang characterized biorthogonal systems of this type in terms of “simple equa-
tions” involving ¢ and ¢ (see Lemma 5.12 in [WAN]). More precisely, (5.5) holds if
and only if, for a.e. £ € R, and 5 > 1,

Z (& + ka)m =1
ST G2 (€ 4 2km)) D(E + 2km) =0 5.6
S (29 (€ + 2kn)) B(E + 2km) =0

In his work, Wang was trying to find a characterization of pairs of biorthogonal Riesz
wavelets®>t by means of “simple equations” involving ¢ and . He proved that equa-
tions (5.6) and (1.6) are necessary conditions and raised the question of whether the
converse was also true (see Remark 5-2 in p.104 of [WAN]). Our example above shows
that this is not case, the main reason being that the unconditionality of the expan-
sions in (4.11) is more closely related to the fact that {¢;r} and {¢;,} are Bessel

sequences, than to the biorthogonality or completeness of the systems.

(3T A function ¢ € L*(R) is said to be a Riesz wavelet if {¥jk}; kez is an unconditional basis for
L?(R). This notion is a little more general than the term orthonormal wavelet.
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REMARK 5.7 Continuing along with the work of X. Wang, it would be desirable
to express the Bessel sequence conditions in (4.12), which a priori are just abstract
Hilbert space assumptions, in terms of “simple equations” involving ¢ and . One
such characterization was given by A. Ron and Z. Shen in their excellent paper [RON-
SHEN], although the equations in this case turn out not to be so “simple” as one
might have expected. More precisely, what they do is the following: given a function

Y € L*(R™), for every fixed & € R" they define the dual gramian matriz associated to
b, Gy(&) in (27, by

Go(€)(£,K) = z_j D279 (& + 200)) (2 (€ + 27k)), for £k € 7",

where the integer r = r(£,k) > 0 is given by the (unique) decomposition £ — k =
2'q, q € O", when £ —k # 0, and r = oo, when £ = k. Then, they prove the

following equivalence:

PROPOSITION 5.8 The system {v;x | 7 € Z,k € Z"} is a Bessel sequence in
L*(R™) if and only if Gy(€&) is a bounded operator in (*(Z") for a.e. & € T", and
Cy = ess- SUPgem HGM&)H?Q_)@ < oo. When this is the case, Cy s the best Bessel
bound for {1;x} (as in (4.16)).

Using this result and Theorem 4.10 we obtain the following characterization of

biorthogonal Riesz wavelets:

COROLLARY 5.9 Let ¢,v0 € L*(R). Then, (p,%) is a pair of biorthogonal Riesz
wavelets if and only if |G, ()|l —e, ||Gu(E)|| e € L(T) and equations (1.6), (5.6)
hold.

Note that the same characterization holds in R”™ after taking the n-dimensional analog

of (5.6), in which k € Z is replaced by k € Z™.
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REMARK 5.10 Theorem 4.10 can be restated using the language from the theory of
frames. We recall the reader that a frame in a Hilbert space H is a system of vectors

{e;} for which there exist two constants 0 < A < B < oo such that
Alle|* < 31, e5)]* < Bllz|l*, Vo € H
J

(see, e.g., [DAUB], [HW], or [HAN-LAR]). The main feature of frames is that they
provide a “reconstruction formula” of the type
r=> (, ¢i)e;, unconditionally for all x € H, (5.11)
J
when the system {e’} is taken to be the dual frame of {e;}. However, for a given frame
{€;}, there are many other systems, {€,}, that give the same reconstruction formula
as in (5.11) when e¥ is replaced by €;. These systems have been called alternate dual
frames by D. Han and D. Larson and an extensive study of their properties is given
in [HAN-LAR].
Theorem 4.10 above provides a characterization of all the alternate dual frames of
the type {;x} associated to a given frame {¢;} in L*(R"). In fact, by using the
equations in the theorem one can construct many examples of such situations. We

include one here that is a variation of the example presented at the begining of §3.

Let ¢,¢ € L*(R) be given by:

It is easy to check that these functions satisfy the assumptions of Theorem 4.10{%},
so that {p;x} and {¢;;} are frames and

F=>_(f,¢jx);r unconditionally for all f € L*(R).

5k

14} After the write-up of this manuscript we found a similar characterization of pairs of dual frames
of the type described above in a new article by A. Ron and Z. Shen. Although their approach is
different (following the line of their previous articles), they are led to quite interesting conclusions.
For more information we refer the reader to [RON-SHEN2].

15} To show that {¢jk},{¥; i} are Bessel sequences use, e.g., Remark 4.15 or Proposition 3.5.
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Thus, {¢;} is an alternate dual frame for {¢; 1}, but distinct from the dual frame of
{;x}. In fact, (3.6) above implies that {v;;} is a tight frame, so the dual is itself.

REMARK 5.12 In the results presented in §§2.3 and 4, the dense space D played
an important role and arose naturally from our considerations (see Remark 2.13 in
§2). It is possible, however, to replace D by a somewhat larger dense set, S, in such a
way that the “delicate steps” in our proofs (mainly, (2.10), Lemma 2.12 and Lemma
4.1) hold in this new setting. One such a choice for a dense set would come after
replacing the condition “compact support in R™\ {0}” by “appropriate decay at 0
and oo”. For example, we let f € S if f € L*(R") and there exist ¢,&’ > 0 and
C = C(e,é, f) < oo such that

1f(€)| < C g, when [¢] <1

A C (5.13)
1f(&)] < W? when [¢] > 1.

If we denote the smallest of the constants C(e,¢’, f) by || f||er, one can consider
S as a space of “test functions” by introducing the topology: f, — f in § iff
de, e’ > 0| ||fin — flleer — 0. Then, the statements of Theorems 3.9 and 4.4 can
be modified to hold in this new setting. One needs to give an appropriate meaning

to the expression >, p(27€)1(2/¢), which in general will involve a stronger type of

convergence. More precisely, one has the following:

THEOREM 3.9’ Let p, ¢ € L*(R") be such that
L O SHG@OP + 162} dg <oc, forall feS.  (5.14)
JEL

Then, the pair (¢, ) satisfies equations (i) and (i) in Theorem 3.9 if and only if

1oy = 22 20 (i) (@ix, £), forall eS8,

A

where the series above converges absolutely.
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THEOREM 4.4° Suppose ¢, € L*(R"). Then,

1. For each J € Z and f,g € S, the series S;(f,9) = X<y Xxer (fr05x) (Vi f)
converges absolutely. Moreover, us(f) = > ;<5 Xkez (f, 0ix)¥ik is a distribu-

tion in 8* when defined by (us(f),g9) = Ss(f,g).
2. The following statements are equivalent:

(1)  For feS8&, wuy(f)—f, inS"

(1)  For fe8, limyse X<y Zkez ([rix) Wik, [) = /113

Jim [ N©F eV v2TedE = IfI3 VSES
(117) isd

tq(€) =0, a.e. €€R™ qe O™

The proof of these results is left to be verified by the interested reader.

REMARK 5.15 In the final comment in Remark 5.2 we mentioned the sharpness
of Theorem 3.9, in the sense that one cannot replace the (absolute) convergence of

>iez Yrez( [y 0ik) (W) k, g), for functions f,g € D (or S), by general functions f, g €

L*(R). Indeed, we present an example below in which even under the assumptions
that @,;Z are compactly supported (so that )=, @(235);2(2]5) is a finite series) and
(1.6) holds, one can find two functions f,g € L*(R) such that > pc7(f, @) ¥k, g) 18

not an absolutely convergent series.

To be more precise, we find functions f, g, ¢,v € L*(R) so that
supp p C [-27, —7|U [7, 27| = I,

when p e {fvgv ¥, ¢}7 92(5)772(5) =1lon [7 and ZkEZ |(f7 ¢07k)(9907k79)| = oo. It is casy
to check that, with this choice, (1.6) holds. Note that a straightforward application
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of Plancherel theorem gives us

(f os) = 5= /f SR dE, ke T

Now, let F(£) be a 2m-periodic function in L'(I) so that F(£) > 1 and has Fourier
coefficients ¢ (F') =
by

o |k| when |k| > 216}, Then, we can define our functions f, g, ¢, ¥

b=f=FY, ¢=FY% and §=FY [0

Note that all of them belong to L?(R). Moreover,

when |k| > 2,

(Fotbos) = 3= [ PO b =

and

0, if £ # 0 is even

1 2r i
(9, 00k) = 5= / ek de ={1/2, ifk=0
2m Jr L if ks odd.

ik

It clearly follows from here that 3",c7 |(f, Yox) (o k, g)] = 00

16} That such a function exists follows, e.g., from Theorem 4.1, in Chapter I of [KATZ].
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6 One example: tensor product of wavelets in R’

We conclude this chapter by applying once again Theorem 2.3 to prove that certain
functions are wavelets, providing, for instance, an elementary approach to the tensor

product of MRA’s in R2

Suppose {V;};ez is an MRA and let ¢ € L*(R) be a scaling function with as-
sociated low-pass filter mo € L*(T). In particular, the following equations hold for
a.e.& € R (see §3 in Chapter 1):

&
—

P(26) = mo(€) 5(¢)
Imo(&)|” + [mo(€+ 7)) =1
lim |g(27"¢)[ =1

SO IA(E + 2km)P = 1.

keZ

Define a function ¢ € L*(R) by

o
b

‘@J
(VL]
~— e N e

o D e N U N
&
.

Wk

P(€) = € mo(E/2 4+ 7)§(E/2), ae.f R (6.5)
Then, it is a well-known fact from the theory of MRA’s that ¢ constructed as above is
an orthonormal wavelet for L?(R). Alternatively, this property can be easily proved by
using the results presented in §2 of this chapter. Indeed, by Theorem 2.3, everything
reduces to check that equations (1.7) (¢) and (i¢) hold and |[¢/]|; = 1. In fact, we show
something a little more general, namely, that (6.1), (6.2) and (6.3) imply that {¢; .}
is a tight frame in L?*(R). Indeed, from the first two equations and the definition of

Y we obtain
BRI +16ROF = 18O, aeteR.
Iterating, and using that, for ¢ € L*(R), lim,—o [@(278)] = 0, a.e.£ € R (see, e.g.,

p. 61 of [HW]), we have the well-known equation:

POF =L I9OP, e €. (6:)
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Then, using (6.3), we obtain:

SEOP = lim Y [OP = hme 21 (2= 0)g)) P

J€z j=—n
= lim |p(270 VG2 =1,

n—0oo

and (1.7) (¢) holds.
On the other hand, using (6.1), (6.2) and (6.3), we have that, for every ¢ € 2Z +1:

S B EOR(E + 27)) = (/2 T T mol&/2) B(E/2) FE/2 ¥ 47)

=0

+ Zmo 2+ )BT ) mo(27E + ) G(2 (€ + 2qm))

= —p(E)p(E+2qm) + 2{1 — [mo(277 )P} $(271€) (2771 + 27
— Zn: 2] 15 2] 1§—|—21q7r Zn: 2] —|—2]+1q7r)

= —@(2")p(2M(¢ +2qm)) = 0, as n — oo,

which shows that {¢;;} is a tight frame. Note that orthonormality of the system
would follow if we assume, in addition, that (6.4) holds (see Remark 2.6). Indeed,

[16ORd = X [ lmolé+m) 16(€ + 2hm) | d

keZ

= /0 {Imo(€ + m)|* + |mo()?} dé =,

and, hence, |||/ z2@) = 1.

We consider now a somewhat more difficult problem: with the same conditions as
above, we shall show that the collection {¢ @ ¥,19 ® ¢, @ ¥} is a wavelet family in
L*(R?), where the tensor product (f @ g)(z,y) = f(z)g(y), (x,y) € R% One way of
proving this is by appropriately constructing the MRA {V; @ V; };ez in L*(R?) given
by the tensor product of {V;} with itself (see, e.g., §3.2 in [MEY]). However, one can
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proceed as well by justifying that (1.7) holds in this setting. Indeed, for the first
equation, using (6.6) and the 1-dimensional case above, we have:

S IBREP PGP + YR B2 )1 + X 1926 [9(26) =

JEZL JEZ JEZ

= (S [t |}|¢2ffz|2+2|¢2f&|{wa 6%} +
JEZ k=1

JEL

F (26102 &))

JEL

iz @6 12 |2+Z|¢2f&|{2|¢2f+k 61} +
k=1 jeZ

JEL

F (26102 &))

JEL
=Y (276 {Z DTGP+ [DR2ITFG)] + [9(206)* }
JEZ
=Y 1 RE)P D026 =1, ae€=(6,6) R
JEL LEZ,

To show that (1.7) (ii) holds in this case, let q = (q1,¢2) € O?; without loss of

generality, we assume that ¢, € 2Z + 1. Then, for a.e.& = (£, &) € R?, we have:

g

tq(&) = Z D(276) V(276) (20 (& + 2qim)) (2 (€ + 2qom)) +

g

Z D276 G(276:) V(2(& + 21m)) P20 (& + 22m)) +

Z P2 END(2E) G(2(E + 21m)) (2 (& + 2¢om))

Z{[—I—H—I—H[}.

=0

Now,

I+11 = @Z(ijl)g(Qj(§1+QQ17T)){ e mo(2' " e+ m) G(277 16 ) € ST T
X m0(2j_1§2 + gy + ) 5(2]‘—1& + 2jq27r)

+mo(2716) G2 ) Mo(2T 6 + 2 qem) G(27T G + V) }
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= @Z(ijl)i(%(fl +2qim)) P(2771E2) P(277 1 g + 2/ o) X
X{O’ 4 4 if j =0 (since ¢z € 2Z + 1)
Imo(27 1 + )2 4 [mo(2716) 2P =1, ifj>1.

To simplify our expressions, let us denote, for 5 > 0,

a; = Q(2X6)P(2(&1 +2q1m)) p(2762) (27 (&2 + 2qam)).

Then, using (6.5) in the equation above, we have:

0, ifj =0

I+1= { (2161 + )P as 1, if 5> 1.

Thus, we can write (&) as follows:

tq(§) = Z|m0(2j_151 + )i + Z:{H[}

o0

= > Imo(2 G+ 7)oy

J=1

— (&) 261+ 21m) To(&2/2 + ) (€2/2) mo(€2/2) G(€2/2 + qarr)

+ 3 mo(27 )P B2 ) G(277 N (& 4 2qum)) X

J=1

x [mo(2' 16 + m)P (2 6) (27 (& + 2¢em))

= > Imo(ZT G+ )P ajor — a0+ Y Imo(277E) P Imo(277 6 + )P ey
7=1

i=1

= —ao+ Y _{|mo(2 7 &+ 7) P+ [mo(271 )P Imo(27H e + 1) P oy

7=1
= —ag+ > {1 —|mo(277"&)|* Imo(2 &) P} oy
7=1
Since
Imo(27 )1 [mo(27 &) P o = oy, for j > 1,
we have:

(&) = a0t S0y — ay)

J=1

= lim o; =0,
J—r0o0



because lim;_,., ¢(2°¢) = 0, a.e.£ € R.
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Chapter 3

On the Connectivity of the Set of
a-Localized Wavelets

Let o be a real number greater than 1/2. A function ¢ is localized of degree a (or a-
localized) if ¢ € L*((1 + |2|?)* dz). In this chapter we study a-localized wavelets and
scaling functions. We show that, with the topology induced by L*((1 + |z|*)* dx), the
topological space of all a-localized scaling functions is homeomorphic to the (topo-
logical) subspace of H*(T) consisting of all the low-pass filters associated with those
scaling functions. Moreover, we shall show that this set of low-pass filters is an
arcwise-connected infinite dimensional manifold. In §5, we turn to the study of a-
localized wavelets. By a theorem of Lemarié-Rieusset, each of these wavelets sat-
isfying an additional but “mild” smoothness condition (say, ¢» € H*(R), for some
e > 0) arises from an MRA with a scaling function having the same localization and
smoothness properties. We shall use this theorem, together with our results in §§2—4
to find a decomposition of the space of a-localized wavelets in connected components.
It turns out that two wavelets belong to the same connected component if and only
if their “phases” have the same homotopy degree. In §5.3 we solve the functional
equation that determines the phase of an a-localized wavelet and give a formula for

the homotopy degree of each phase in terms of the “center of mass” of .
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1 Some Properties of Sobolev Spaces

The material we include in this section is a compilation of some known results from
Sobolev space theory. More general statements and proofs than the ones we present
here can be found in different articles of the classical literature (see, e.g., [ADAM],
[STRI] or [TAIB]). Two references that contain the basics properties of Sobolev spaces
(either as theorems, or as exercises) are: §6 in Chapter 8 of [FOL], and Chapter V
of [STE]. We give complete proofs of the not so well-known results we will use in the

sequel.

1.1 Sobolev spaces in R
Let o > 0 be fixed. We define the Sobolev space of degree a by:

HeR) = { [ € PR) | If o = [ IFOF O+ 1P dE <o} (L)

Then, H*(R) is a Hilbert space with the inner product

< .9 2= [ HOTE 0+ 1Py de.

and associated norm || - HHQ(R) as defined above. We shall denote this norm by || f]]_ ,
whenever there is no confusion with || f||, = || fll;- ® -

These spaces can also be defined as the range of certain Bessel potential operators.
Let o > 0 and let G* be the tempered distribution given by Ga(f) = (1+¢*)~=.
Then, it can be shown that G* € L'(R) (see Proposition 2 of §3, in Chapter V of
[STE]). We define the Bessel potential operator of order a > 0 by

JUf) =G f, felL*R). (1.2)
Taking Fourier transforms of both sides, this operator can be written as

(Jof)(€) = L+ EH)2 f(6), fe L} R). (1.3)
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Now it is easy to see that f € H*(R) if and only if there exists a function ¢ € L*(R)
such that f = J%, and HfHHQ(R) = HgHLQ(R). If this is the case, then §(§) =
(1+ |§|2)%f(§) . With this identification, J* becomes an (isometric) isomorphism of

Hilbert spaces

J*: ILAR)— H*(R)

g Jig=G"xg

In the same way one can show that J% is also an (isometric) isomorphism between
HP(R) and H**P(R) (see §3.3 of Chapter V of [STE]).

It is possible to define an equivalent norm®' in H*(R). Suppose that o = n € Z*,
where here Z* denotes the set of all positive integers. Then f € H®(R) if and only
it f,f ..., f® € L*(R), where f',..., f" denote the derivatives in the sense of

distributions of f. Moreover,

11 ey & > Hf(k)H]ﬁ(R) ~ [l 2w + Hf(n)HB(R)' (1.4)
k=0

where the symbol “a~” means that the two norms are equivalent. This equivalence
follows easily from the fact that (f)(¢) = (zf)”f(f) (in L*(R) and in the sense
of distributions). For the non-integer case, if a = n + ¢, where n € Z*U {0} and

0 <& <1, we have that f € H*(R) if and only if f, f’,...,f™ € L*(R), and

dh 1%
n n n 2
a7 = [ LG4 = @ de ] <o (1)
where f,..., fU" denote the distributional derivatives of f and, again,
1 oy 2 1 gy + IO ey + = (F). (1.6)

A proof for these norm equivalences can be found in §3.5 of Chapter V of [STE] (see

Theorem 3, Lemma 3 and Proposition 4 there).

{1} We say that two norms [| -|ls and ||-|]2 in a normed space X are equivalent if there exist two
constants 0 < € < Cy < oo such that Cyl|z|]1 < ||z||2 < Cal|z])1, for allx € X.
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We shall denote the space of bounded continuous functions on R by C3(R) and
its norm by || f||.. = supyer |f(z)|. Then, for 0 < o < 1, we say that a function
f € Cy(R) belongs to A®(R) whenever

z+h)— flx
il = 11l + sup LEFD =@ (1.7)
rERA#O |h|

The spaces A%(R) are sometimes called Lipschitz spaces (or spaces of Holder contin-

uous functions), and are related to the Sobolev spaces by the following theorem.

THEOREM 1.8 : Sobolev Imbedding Theorem
(I) Let 0 < a < B < oo. Then, H°(R) C H*(R) and there exists a constant
C = C(a,3) such that

N oy < C N oy, for all f € HP(R). (1.9)

(I1) Let a > 1. Then f € H*(R) if and only if f € L*(R) and f' € H*"Y(R).

Moreover,
N ey = 1 Ny + I ey (1.10)

(IlI) Let 3 < o < 3. Then, H*(R) C Aa_%(]R) and there exists a constant
C = C(a) such that

17 yomt oy S C W oy, Jor all § € HO(R) (1.11)

PROOF: The first statement is a simple consequence of the boundedness of the
inverse of the Bessel potential (J?=)~!: HP(R) — H*(R). The second statement
follows from the definition of norm given in (1.4) and (1.6). A proof for the third
part can be found in [STE] (see § 6.7, in Chapter V) or, in a more general context,

in [TAIB] (see Theorem 9).
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REMARK 1.12 Note that, in particular, if & > 1, part (III) of the theorem above
tells us that each function f € H*(R)is bounded and continuous in R. More generally,
ifa>k+ —, where k = 0,1,2,..., then f and all its derivatives up to order k are
bounded and continuous in R (after, maybe, a modification on a set of measure zero).
In most of what follows we restrict ourselves to the case a > % and, therefore, our

functions f are considered to be continuously defined everywhere in R.

Let us now prove a lemma that we shall use later and that gives us another

equivalent norm in H*(R).

LEMMA 1.13 : Uniform localization lemma.
Let o > 0 be fived, and let w € C°(—=2m,27) (meaning that the support of w is a
compact subset of (—2m,2m)). Then, there exists a constant C = C(a,w) such that
SIFCYwl + 2k < CUFIE . forallf € HUR).  (11)
keZ
PROOF:

Case 1: a=n € Z".

By the Leibnitz rule, we can write the (distributional) derivatives of f(-)w(-+2kn)

as
ho(h
D(h)[f(')w(' + 2km)] = Z ( ) f(m)w(h_m)(- + 2km), for0 < h <n.
m=0 m
Thus,
S| pW (+ 4 2k)] HL2
keZ
h
vy (! ) S [ 1) ) 4 2 de
m=0 kEZ

=2mz( ) L1 @) [ ) e 26m) 2

keZ

<20 32 (1) 2O IR < Clngy
m=0
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where the last two inequalities follow from (1.4) and from the fact that the series
ez W™ (2 + 2km)|? has at most two non-zero terms. Thus, summing over h,
when 0 < h < n, and using (1.4) again, we obtain

S IFC w4 2km) | fnge < C ZZHD w(-+ 2km)] |72y < O Nl
kEZ h=0keZ

and this completes the proof of case 1.
Case 22 a=n+¢c, wheren € Z and 0 < e < 1.

By using the same reasoning as above we have, when 0 < h < n,
> 1D (+2km)]ll; < Ol < C I ham - (1.15)
keZ

Therefore, it is enough to estimate the last term in the definition of the norm given

n (1.6), which in this case is

Z wE(D(”) [f()w(- + 2km)] 2 < ontd Z Z ( ) ) w(”_h)(- + 2km) )2.

keZ kE€Z h=0

Given a fixed 0 < h < n, for the terms on the right hand side of the inequality above,

we have
> w (W) w4 2km) ) =
keZ
(n—h) (B () 47— h) ; dzdy
=% [ L1 4y 0 ety 2hm) = fO ) 0l @+ 2k
keZ |y |42
n— h (n h) 2 dl’dy
<2// |f (x +y)| Z|w :1;—|—y—|—2k7r) (:1;—|—2k7r)|]m
keZ |y|
w2 [ IS 0P et PO+ y) — SO T Ay B
w (x 7 r+y i .

keZ
Now, B is easy to estimate because at most two terms in ez [w" ™ (x + 2km)[?

can be non-zero. Thus,

B < 2|0 ML w.(F1) < CIAIL
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To estimate A, we write it as

d
A:Q/ |f(h)($)|2 [/ Z|w(n_h)($‘|‘2k”)—w(n_h)($+y—|—2k7r)|2 1y2 d
: " et [y

We can now consider separately, for each fixed x € R, the integral inside the brackets

in the expression above

L=[ —+ = I 41
ly|>2m ly|<2m

and we obtain

d
I < 16w M2 L = ¢ < oo,
ly|>27 Yy

because only four terms of Yz [w™ ™ (2 4 2km) |2 + Zper [0 (2 4+ y + 2k7)|? can

be non-zero. Finally,

z+2km+ 2 d
1< [ e gy
lyl<2rm =7l ot 2kn |y|+e
d
< [ sup |w(”_h+1)(t)|2] ly|? 1y2
ly|<2m Lz tElet2km et 2kn+y] |y| e

<3 Hw(”_h‘l'l)H2 / ly|' % dy = C < 0o, forall z € R,
ly|<2m

o0

where the last inequality follows from the fact that, for fixed © € R and y € [—27, 27],
for, at most, three of the k’s, the intervals [z + 2k7, x4+ 2k7 4 y] intersect the support

of w. Thus, combining the two inequalities for I! and I? we can estimate A by
A=2 [ /@) Lde < C IO < ClIA
R

This implies that 3¢ w-(D™[f(+) w(-+2km)] Y <A+B<C Hin , which together
with (1.15) gives us (1.14) and completes the proof of case 2.

REMARK 1.16 This lemma, stated for the case when o € Z*, can be found in

[MEY] (see Lemma 6 in Chapter 2). For a more general statement and proof see
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Theorem 3.1 in Chapter 1 of [STRI]. If we assume, further, that 0 < w < 1, and

w|[—xx = 1, then it can be shown that the norms involved are equivalent; that is,
1 PSSO w(- - 2km)|E < AN
o Il = 2 G wl-+2km)l, < ClIfIlL.
keZ
COROLLARY 1.17 Let o > 1, and let f € H*(R). Then, Yuez|f(z + 2km)[?
converges uniformly in [—m, 7] and

D2 1FC+2km) Pl < CUAIE

keZ

where the constant C depends only on «.
PROOF: Let us take a function w € C®(—2m,27) such that 0 < w < 1, and

w|j—r = 1. Then, for every two positive integers N, M, and for every z € [—m, 7],

we have

> M+2km)P < 30 ) wl + 2kn)1%

N<[E<N+M N<[E<N+M

<C > MO wl+ 2k < CUSG

N<[E<N+M

where the last two inequatilies follow from (1.11) and (1.14). Thus, we have a uniform

Cauchy condition in our series, which implies the desired uniform convergence.
O

As an application to the theory of MRAs that we introduced in Chapter 1, we

have the following corollary:

COROLLARY 1.18 Suppose that ¢ is a scaling function for an a-localized MRA (as
defined in (5.1) and (5.13) of Chapter 1), where a > % . Then,

dSTIp(E+2km)P =1, forall £ €R.
keZ

PROOF: Note that (3.13) of Chapter 1, together with (1.1) above, implies that

¢ € H*(R) and, since a > Corollary 1.17 tells us that Y.z |p(& + 2km)]?

1
27
converges uniformly in [—m, 7] to a continuous 2m-periodic function S(&). But by
equality (3.6) of Chapter 1 we know that this series converges a.e. to 1. Thus,

S(€) =1 for every £ € R, and this establishes the corollary.
O
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1.2 Sobolev spaces in T

Similar definitions and properties hold in the periodic case. We shall say that a

27-periodic measurable function f belongs to L*(T) when

Hf”?y(jr) = /_7; |f(:1?)|2d:1; < 00

Here we identify the 1-dimensional torus with T = R/(27Z) = [—7, 7). We know
that every function f € L*(T) can be expressed in terms of its Fourier series,

f(@) =™, aex €T, where ¢ ! /7r f(x)e ™ de, ke€Z. (1.19)

keZ 21 J—r

Moreover, the sequence {cg}rez must satisfy ez |cx|* < oco. With this in mind,
we define the Sobolev space in T of degree o > 0 as

BT = {J € LA(T) | /oy = T lal(L+IkE)" <0, (120)

keZ

where ¢, = ¢ (f) are the Fourier coefficients of f defined by (1.19). As in the non-
periodic case, the spaces H*(T) are Hilbert spaces, and equivalent norms of the type
(1.4) and (1.6) can be found. Indeed, suppose that a = n € Z*, then f € H*(T)
if and only if f,f,...,f" € L*T), where f',...,f™ denote the distributional

derivatives (in T) of f. Moreover,

Al zacn = DM P Nz = 1 ey + 17 2 - (1.21)
k=0

In a similar fashion one deals with the case a = n + &, where n € Z*U {0} and

0 <& < 1. Now we have f & H*(T) if and only if f, f',..., f" € L*T), and

dh 1z
a1 = [ [ 10 0y = fO @ e | <o (122)

As before, we have the equivalence of the norms

1N sgeemy = Nl p2emy + Hf(n)HIﬁ(’JT) +w(f0). (1.23)
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The proof for these norm equivalences follows essentially from the same arguments
as in the real line case. For a more detailed discussion on this, the reader can consult
Chapter VII of [TAIB]. If we denote by C(T) the space of continuous 2w-periodic
functions in R, and by ||f||.. = supger|f(z)| its norm, we can define, in a similar
way to (1.7), the 2w -periodic Lipschitz spaces. More precisely, if 0 < a < 1, we say
that a function f € C(T) belongs to A%(T) whenever

x4+ h)— f(x
gy =171+ sup L= o (1.21)

h#0

We now state the periodic version of the Sobolev Imbedding Theorem (Theorem 3.8).

THEOREM 1.25 : Sobolev Imbedding Theorem for T.

(I) Let0 < a < < oo. Then, H*(T) C H*(T) and there exists a constant
C = C(a,3) such that

1Al sy < C N llggogmy>  Jor all f € H(T). (1.26)

(I1) Let o > 1. Then f € H*(T) if and only if f € L*(T) and f' € H*(T).

Moreover,

1 ey & NN oy + 1 s o - (1.27)

(1) Let 3 < o < 2. Then, H*(T) C Aa—%(T) and there exists a constant
C = C(a) such that

17l yomt iy < Ol fliragrys for all | € HE(T) (1.28)
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REMARK 1.29 The same conclusion as in Remark 1.12 applies here. When o > %,
each function f € H(T) is automatically 27-periodic and continuous in R (after,
maybe, a modification on a null set). Note that, in particular, this implies that f is

uniformly continuous. When a > k + %, f can be extended 27-periodically to R in

such a way that f € C*(R).

It is not hard to show that H*(R) is an algebra under pointwise multiplication

whenever o > %. That is, if f,g € H*(R) then f-g € H*(R) (see Exercise 6.11
of Chapter V in [STE] or the proof of Lemma 1.30 below). In the periodic case, the
space H(T) has the stronger property of being a Banach algebra'®. In particular,
the constant function 1 belongs to it. This special feature is due to the fact that T

is compact, while R is not, and has important consequences. We present in the next

lemmas a more precise description of what we are saying.

LEMMA 1.30 Let a > % Then, the Sobolev spaces H*(T) are commutative Banach

algebras under pointwise multiplication. That is, we can find a norm |-, in H*(T)
such that, for every f,g € H*(T) then f-g € H*(T). Moreover,
1 - glle < I1fllallgll, and 1], =1 (1.31)

PROOF:

It is clear that 1 € H*(T) for all @ > 1. Then, it is enough to show that there
exists a constant C' = C'(a) > 0 such that if f,g € H*(T) then f.-g € HY(T) and
f-gll, < Clfll, |lgll,- Indeed, once we establish this, the following proposition tells
us that we can find an equivalent norm in H*(T) such that (1.31) holds.

PROPOSITION 1.32 : see Theorem 10.2 of [RUD1]. Assume that A is a Banach
space as well as a complex algebra with unit element 1 # 0, in which multiplication is
left-continuous and right-continuous. Then, there is a norm on A which induces the

same topology as the given one and which makes A into a Banach algebra.

{2} We say that a Banach space X is a Banach algebra if it is an algebra with a unit element 1 and
if there is a norm || - || in X such that ||1]] = 1 and ||/ - ¢|| < ||l llgll, VY f.¢ € X.
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Note that if f,g € H*(T) then f-g € L*(T)and ||f - gll, < ||fll. lgll,- If we use the

defintion of norm given in (1.21) (or (1.23)), we just need to estimate ||(f - ¢)™|l,

(or w((f- g)(n)) ). We shall first show the case in which « is a positive integer.

Case 1: a=n € Z".

1070, <3 ( ) 1P g, <

Z ( ) NNy + g™+ 1P Mgl < UL Mgl

the last inequality following from the Sobolev Imbedding Theorem 1.25.

Case 22 a= ¢, %<€<1.

we([9) < N llow=(9) +w=(N) llgllc < C Nl Mgl s

the last inequality following from (1.28).

Case 3: a=n-+e, where n €Z*, 0<e<1.

w«MWUSE%@wANW“W+%UWm+%U¢%:A+B+G
k=1

We can now easily estimate A since for each term for which 1 < k < n, Sobolev’s

Theorem 1.25 implies that

e (SP ) < NP ge (0 7) + g™ oo (F) < C AL Mgl

In order to estimate B (or '), suppose that n > 2 or that £ <& <1 (that is, a > 2).

Then we have

dx dy 12
B =l f9) < glle 1) [ [ [ 15 late) = o+ )

7r dy %
< loll )+ [ 1900 as] [ ) < s,
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Note that in the last inequality we have used that ¢’ € H°=t C H® C As2 , by the
Sobolev Imbedding Theorem 1.25.

Whenn=1and 0 <e < % we cannot use this fact and the following refinement of
the Sobolev Imbedding Theorem 1.25 is needed. (See Chapter V of [STE] or Theorem
9” in Chapter VII of [TAIB].)

PROPOSITION 1.33 Let o > 0 and 1 < p < oco. Then if a > %— zl? we have that

H*(T) C L*(T) and there exists a constant C' = C(a,p) > 0 such that

1oy < CllNpgaqny > Jor all f € HY(T).

1
l1—e

11_6 (note that this is always

possible when 0 < ¢ < l). Then, we have that ¢ > % — zla and, therefore,

oo+ )~ o)l < [ 1Ol de < gl < C gl lyl'F

because, by Proposition 1.33 and (1.27), [|¢'l|, < C||¢/|

e < Clgll ga- If we go back

to the estimation of B above we have

B < Nl )+ Clall, [ [ 170 a]* [ ol *< Ul ol

because [7_ |y|1_1%_26 dy < oo since, by assumption, p was taken so that p > i and,

therefore, 1 — 2e — 22? > —1.
O

REMARK 1.34 The proof of Lemma 1.30 can be adapted to show that H*(R) is
also a Banach algebra (with no unit this time). These are particular cases of a more

general result in the context of multipliers: see Theorem 2.1 in Chapter III of [STRI].
The following result tells us that H*(R) is an H*(T)-module.

LEMMA 1.35 Let o > 1. Then, for m € H*(T) and f € H*(R) we have that
2 s

m - f € H*(R). Moreover, there exists a constant C = C(a) > 0 such that

[m - fHHa(R) <C HmHHa(T) HfHHa(R)
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PROOF:

First of all notice that

[ imG@) - f(e) P de| <l oy < € Mmllogn 1 s (136

by the Sobolev Imbedding Theorem 1.25 (I11). Now, let us consider different cases to
show the rest of the lemma.

Case 1: a=n € Z".

In this case, by the Leibnitz rule, the distributional derivative of order n of m - f

can be written as

d” " (n
T (m f) Z(h) w et

and therefore,

d? 2 n=l /)2
m- f)(x x " mM|? (=1 (2)? da
Lt n[[do <25 () eI, [ e e

2/Tlm(”)(l‘)l2 217G+ 2km) 2 dae < C o 1o
keZ

where in the last inequality we have used Corollary 1.17. This, together with (1.36),

gives us the desired result for @ = n.
Case 22 a=n+ ¢, where 0 < ¢ < 1.

By the definition of norm given in (1.6) and case I above, it is enough to show

that
we((m - ) < CN Nl gagey 172l gy - (1.37)

Once more, Leibnitz’s rule and the triangle inequality tell us that
n - n n—
%wrNUsZQJmmw<m.
h=0

Therefore, it is enough to estimate each of the terms w.(m" f(*=")) separately, when

0 < h < n. Fix one such h. As in the proof of Lemma 1.13 we have

nlm® fr)?
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dx dy
h n—h h n—h
= [ [, It ) SOy — ) D )R

dx dy
h n—h n—h
<2 [ [ OGP0 e y) = 1R

dx dy
n—nh 2 h h 2 —
w2 [ L@ i ty) = m O CE = 244 28

To estimate B we proceed as follows. If 1 < h <norif h =0 and % < e <1, the

Sobolev Imbedding Theorem 1.25 and Corollary 1.17 imply that

. dx dy
B < I 1SNt 2k Pl [, [ m O ty) = m O [

keZ

< CF oy Nl 3o -

In the case when A =0 and 0 < ¢ < % (note that in this case n > 1) we have that

B <2 2
< |y|21!\m!\oo| |1+25 [ Hp

f[freera] [

because H*(T) C Hl"'E(T) c A

dy

1+e 2 2
|y Tz < Cl N ggamy Il e

2
Al;a (TD
(T) (by (1.28)) and the integral f, E% is finite.

To estimate A we proceed similarly. Suppose that 0 < h < n —1 or that h = n
and % < & < 1. Then, the Sobolev Imbedding Theorem 1.25 tells us that

A< m ™ we(F77) < Cllm a1 ey

We have left the case h = n when 0 < & < % (and, again, necessarily, n > 1). If this

is the case
A= [ [ O )Pt - f)
R /R |y[t+2
= [ [ I @ Sy 2h) — ot 2
B JT |y|1+26

keZ

= 1Hm(”)HL2 401G+ 2km)f? Hoo| |1+25+

d
/ [/ |m |2d:1;] [Z |f(z +y+ 2km) — f(:z;—|—2k7r)|2 1y2 = A; + As.
lvl<1 Py |y[ 1+
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Then, A; < CHmHiIQ(meHiIQ(R), by Corollary 1.17. To estimate A, we will use
the same kind of argument as in Lemma 1.13. Let w € C®(—2m,27) be such that
0<w<1,and w|_; = 1. Then, for every z € T

ST+ y o+ 2km) — fla +2km)[P = 3 [f (e +y + 2bkm)w(e) — f(z + 2kn ()P <
keZ keZ

2 {lf(e+y+2km)w(e+y) = fle+2km)w(e)?+ | f(e+y+2kn)lw(z) —w(z+y)*}.

If we multiply both sides of the inequality by 2||++5’ where 0 < |y| < 1, we have

Z|f r+y+2kn)— f(:z;—|—2k7r)|2

2y |1+5 kez

J(= 4wz +y + 2km) = f()w(z + 2km) 2

1-|-5

< D sup

keZ 150 ly| ™
ly |2

+ID 1S+ 2km) Hoo| |1+5 2 < C YN w4 2k7)|12 age

keZ keZ

= ®
O+ 2km) Pl < Ol llage

keZ

where the last inequality follows from H®(R) C H'*3(R) C AT (R), Lemma 1.13

and Corollary 1.17. Now, Ay becomes:

A< € [ @R de iy [ T < Clmle 1 e

|1|y|

This shows (1.37) and completes the proof of the lemma.
O

Note that in the last part of the proof of the previous lemma we have shown the

following useful result:

COROLLARY 1.38 Let 0 < v < 2. Then, there exists a constant C = C(y) > 0
such that for every f € HHQ_V(R) we have that

sup = S [fl 4+ 2hm) = o+ 260 < C Y1 e,

~
;i% |y| keZ
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1.3 A brief review in Banach algebras

Before listing some of the consequences of Lemma 1.30 over H*(T), we recall a
few general facts and definitions about Banach algebras. Suppose that A is a Banach
algebra with unit 1. We say that an element a € A is invertible if there exist a
(unique) element in A, denoted by a™', such that a-a " =a ' -a =1. We define

the spectrum of a € A as
ola)={XA € C| A1 —a is not invertible in A }. (1.39)

It is a well-known fact that o(a) is a non-empty compact set of C.

The holomorphic functional calculus in the theory of Banach algebras tells us how
to define new elements in A of the type \/a or e* or, more generally, f(a), from
a given element a € A. Here f is a holomorphic function®®! in a suitable domain
) C C. We state below the main theorem concerning the holomorphic functional
calculus of Banach algebras. We shall apply this theorem later to the particular case
of A= H*(T). We refer the reader to Chapter 10 of [RUD1] for proofs and a more

careful treatment on this theory.

THEOREM 1.40 Let A be a Banach algebra and let Q C C be an open set on the

complex plane. Then,
(i) Ag={a€c A|o(a) CQ} isan open set of A.

(ii) For every holomorphic function F € H(Q) we can define a continuous map
F:Aq — A, mapping a — F(a), such that F(A1) = F(\)-1, YA € Q and,
when we take the functions Fy(X) = 1, F,(A) = A, (A € Q), then Fi(a) = 1
and Fy(a) = a, for all a € Aq. Moreover, F € H(Q) — F is a homomorphism

of algebras.

13} We shall denote by H(2) the space of holomorphic functions in an open set €, endowed with its
usual locally uniform topology. That is, f,, = f in H () means that f, — f uniformly in compact
sets of 2.
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(iii) If (F,)°2, C H(Q) is such that F, — F in H(Q), then F,(a) = F(a) in the
topology of A, for every a € Aq .

(iv) Suppose a € Ag, F' € H(Q), Y C C is an open set containing F(o(a)) =
U(F(a)) and G € H(Qy). Let H(A) = G(F (X)) be defined in Qo = F~1(£).
Then, F(a) € Ag, and H(a) = G(F(a)).

REMARK 1.41 In fact, F(a) in (i1) is given by F(a) = L F(2)- (21 —a)""d=

27r2
where 7 is a contour surrounding o(a) in €. (Note that we are taking a vector-
valued integral in this case.) When A is commutative, we can write F(a) as a power

series as well. More precisely, if F € H(Q), \g € © and if § > 0 is such that

F(ho+ M) =22, F(%AO) M when [A] < d, then for every ap € Agq there exists an

¢ > 0 such that when h € A, HhH < e, we have

o0

Cl0—|—h

with convergence in the norm of A. (1.42)

For a proof of these assertions see Theorems 10.27, 10.29 and 10.36 of [RUDI].

Let us go back to the case A = H*(T). The following lemma tells us which ones

are the invertible elements in H*(T).

LEMMA 1.43 Let o > . Then, f € H*(T) is invertible (in the sense of Banach
algebras) if and only if f(z) # 0, Yo € T. In this case, f~'=1/f.

PROOF:

Suppose that f € H®(T) is invertible. Then, there must exist some element
g € H*(T) such that f-g =1, that is, f(x)g(x) =1, Va € T. This implies that
f(z) #0, Yo €T and, therefore, that g(x) =1/f(x).

Conversely, suppose that f € H*(T) and f(z) # 0, VYo € T. Then, since f €

C(T), we must have that inf.er|f(2)] = m > 0. It follows that 1/f € C(T) C L*(T).
In order to show that 1/f € H*(T) we shall consider different cases.
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Case 1: %<oz<1.

In this case,

i ff = [ [ |eem -0 G

1 , dxdh
§;§AAU@+M<WMMMM<w
which implies (by (1.23)) that % € H(T).

Case 2 o= 1.

Now we know, by (1.21), that f, f’ € L*(T). Thus, the function g = }—J; e L¥(T).
Then, it is enough to see that ¢ is the derivative in the L?(T)-sense (and therefore in
the sense of the distributions) of % Indeed, for 2 > 0

Lz +h) =i
[,
/ fla) = fe+h) +hf(x) | f@) et h) = f(@)

vl hf@) (b J(@7 f(x + h)
flz+h) —Jla) o+ 2 sup o) - S0

2 !
— — f(x
=i : /)
But the last part of the inequality converges to zero by the (uniform) continuity of f

2
dr <

in T and the definition of L?*(T )-derivative. Thus, (%)/ = g € L*T) and, therefore,

1/f € HYT). To show the remaining case we first claim the following:

CLAIM Suppose f € H*(T), where o > n, for some n = 1,2,.... Then, the

distributional derivatives of < can be written as:

1 L g,
%(?) - Z fm_|_17

m=1

where ¢, € H*7P(T), (for p=1,2,...,n). (1.44)
Proof of claim:
We proceed by induction on p. For p = 1 we saw in case 2 above that the claim

holds. In fact, (%)’ = _fQ/ and g, = —f' € H*Y(T) ™). Suppose, therefore, that the

{4} For convenience, we consider H(T)= L*(T).
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claim holds for some p < n — 1. Then we must have, by the Leibnitz rule and case 2

above, that the distributional derivative of order p 4+ 1 can be written as:

fm—l—l fm—|—2

dp“(l)_zp:{ I (m+1>gmf’}:7§:1 B

drti' f fmt1’

f B m=1

where, using (1.27) and Lemma 1.30, we see that hy = ¢} € H*P~YT), h,, =

m=1

g —mgu_1f € H*P~YT), for 2<m <pand hypy =—(p+1)g,f" € H?(T) C

H*=P=1(T). This completes the induction process and the proof of the claim.

Let us now continue with the proof of the lemma.
Case 31 a > 1.

Suppose that o = n + ¢, where 0 < ¢ < 1, n > 1. Then, by (1.44), we can write

d* 1. <~ _9n
dl’n(?)_ me-l—l’

m=1

where ¢, € H*7"(T)= H*(T) for 1 <m < n. (1.45)

Since, by cases 1 and 2, % € H*(T), then Lemma 1.30 and (1.45) imply that ng—nn(%) €
H*(T). Thus, by (1.27) we have that % € H*(T).

As a corollary, we give a simple characterization of the spectrum of an element in

He(T).
COROLLARY 1.46 Ifa > 1 and f € H*(T), then o(f)={f(z) |z €T} CC.

PROOF:

The proof is an easy consequence of the definition of the spectrum (1.39) and

Lemma 1.43. Indeed,

A€o(f)e AL —f isnot invertibles 2 € T | A — f(x) =0< X € f(T).
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Once we have identified the spectra of elementsin H(T), we can use the functional
calculus defined in Theorem 1.40 with some particular examples. For instance, let
F(X\) = e*, A € C. Then, we can consider, for f € H*(T), the “symbol” ﬁ(f) =
e/ € H°(T). Tt is clear, by Remark 1.41, that

(ef)(x) = /@ when = € T.

When we consider the case in which F(X) = VA, A € Q (where Q is any simply
connected subset of C that does not contain 0, e.g., @ = C\ (—o0,0] ), we can say
that F(f) = v/f belongs to € H*(T) only when o(f) = f(T) C Q, in which case
we have (v/F)(x) = 1/f(x). The following example shows that this is not the case if
we take f € HY(T) such that 0 € o(f).

EXAMPLE 1

Consider f(x) = sinz, @ € R. Then, f is 27-periodic and C* and, therefore,

f € H*(T) for all @ > 0 (in fact, its Fourier coefficients are cyy = :I:% and 0

otherwise). But notice that \/f cannot be in any Lipschitz space A’(T), for any
B> L because

2
x4+ h)— x \/qi L
sup |\/f( ) \/f( ) > sin b > 2 |h|27% = o0, as h — 0.
P W

h#0

Thus, by Theorem 3.23 (I11), +/f(x) ¢ H*(T), for any o > 1.

EXAMPLE 2

In this example we show that the assumption o(f) C Q, where Q is simply
connected (and does not contain 0), cannot be dropped either. Indeed, consider
f(z) =¢e®, z € R. Clearly, f € H*(T) for all @ > 0 and o(f) = {z € C | |z| = 1}.
But now, \/m = ¢'> cannot be in any of the H*(T) spaces because it is not a

2m-periodic function.

To conclude this section, we show a general result about H*(T) that we shall need

later.
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LEMMA 1.47 Let a > 0. Then, for every f € H*(T) its Fourier series (as defined
in (1.19)) converges to f in the H*(T)-norm. That is,

N
FE= cxe™|| =0, as N — co. (1.48)
k=—N

As a consequence the set T = {0 _ycxe™ | MyN >0, ¢ € C} of trigonometric

polynomials is dense in H(T).

PROOF:
By the defintion of the H*(T)-norm given in (1.20), we can write (1.48) as

N
Ilf — Z cke””’”i = Z |ck|2(1 + |k|2)CY — 0, as N — oo,
k=N H>N+1

because HinIa(T) = Yrez lerl*(1 4 [k]*)* < o0

1.4 The locally integrable case

We say that f: R — C belongs to L? (R) if for any compact set K C R we

loc

have that (i |f(z)]*dx < co. For n = 1,2,..., we say that f € H’.(R) when
fofls. f™ € L (R). Given a compact set K C R we will use the following

loc

notation
Wl s = 1 ey + - -+ 172 (1.49)

When o = n+ ¢ > 0, where 0 < ¢ < 1, we say that f € H.(R) whenever
fof's.. ., f™ e L2 (R) and, for every compact set K C R, we have

loc

§ . . dh 13
Ws,K(f( )) = |:/Ix e |f( )(l' —I_h) - f( )($)|2d$ |h|1_|_25 < 0.

As before, we let

1 ez g = Il ceqaey + -+ 1F D pogrey + @ (F). (1.50)
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Note that H*(R) C H2.(R). In fact, if we take an increasing sequence of compact
sets {K,}°2, such that U, K,, = R then, by the Monotone Convergence Theorem,

we have

1l = lim [l g, VS € HY(R), (1.51)

n—0oo

where the norm on the left hand side is the one defined in (1.4) (or (1.6)). This
implies that H;.(R), o > 0, are Fréchet spaces with the seminorms defined in (1.49)
and (1.50).

The following proposition gives us a more precise relation between H*(R) and
Hp, (R),
PROPOSITION 1.52 Let o > 0. Suppose that f € H.(R) and w € C2(R), with
suppw C [—R,R]. Let K = [-2R,2R], then f-w € H*(R) and we can find a
constant C' = C(w, R, ) > 0 such that

If- wHHQ(R) <C HfHHfOC,K‘

PROOF:

It is clear that

1 - wllagey = [ [ 1ol de] < ol Uy
As usual, we divide the rest of the proof into two different cases:
Case I: a=kcZ".

In order to estimate ||(f - w)(k)HLQ(R), it is enough to consider each of the terms

| f=9 w(Z)HLQ(R), separately, where 0 < /¢ < k. But for any of these terms we have

1709 gy < Mo 15N crimy < C I e e

Case 22 a=k+¢e, 0<e <.
(k))‘

In this case we need to estimate w.((f - w) By using Leibnitz’s rule it is

enough to consider the terms w.(f*=9 . w®)), 0 < ¢ < k. We compute w.(f-w). The
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estimation for the other terms follows from this if we replace f by f*=9 and w by

w®).

, , drdy
Wi [ L1yt y) — flapel@) 55 =

/ /+/ / — [ +1L
ly|>R JR ly| <R JR

The first integral is easily bounded by

124 ([, i) (L@ i) < 1l

For the second term, we use the fact that when |y| < R and |z| > 2R, then |t +y| > R
and, therefore, w(z + y) = w(x) = 0. Then, I is bounded by

dx dy
I7I< 2/ / +y)— 2
o P et ) = (e
dx dy
w2/ 2
ly|<R |x|<R | |f:1;—|-y) (:1;)| |y|1+26
< 2 71112 |y|2 2 2 < C 2
< 2w Hoo WI<R |y|1+25 HfHL2 —2R2R) + HwH RR](f) > HfHHfOC,K-

a

Let o > % and let 0 < Ry < Ry < oo. Suppose that w € C°(—Rs, Rz) is such
that w|_gr, g, = 1. Let us denote by K the compact set [—=2R3,2R;]. Then, for all
f € H}.(R), we have that f € C([— Ry, R1]) and

W llorny < C 1l & (1.53)

This is a consequence of the Sobolev Imbedding Theorem 1.8 and the proposition
above. Moreover, if we assume that a > k+ %, where £ = 1,2, ..., then, by induction,

one can easily see that
s < €Ml i (1.54)

We can write all this in a proposition:



91

PROPOSITION 1.55 Let o > k + 1,
HY (R) and f, — f in the topology of H? (R). Then, f,,f € C¥R) and, for any

loc
0<h<k,

where k = 0,1,..., and suppose that f,, f €

DM . — DWW f uniformly in compact sets of R.

This concludes our review about Sobolev spaces.
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2 The set S, of a-localized scaling functions

In this section we present the main properties of the set of a-localized scaling func-
tions and its close relation with the set of associated low-pass filters. We introduce
the notation and definitions that will lead, in §3, to show that these two sets are
homeomorphic topological spaces.

Fix a > 1. Suppose that {V;};ez is an a-localized MRA as defined in (3.13) of
Chapter 1. That is, {V;};ez is an MRA for which we can find a scaling function ¢
such that p € H*(R). Since we are considering only cases in which o > %, by Remark
1.12 we may assume that ¢ € C'(R). It is a well-known fact that in an MRA {V}},ez,
any scaling function ¢ such that |p| is continuous at 0 must satisfy that |¢(0)] =1
(see Theorem 1.7 in Chapter 2 of [HW]). Unless otherwise specified, from now on, we
will assume that all scaling functions from a-localized MRAs satisfy the additional

assumption
#(0) = 1. (2.1)

(Note that we can always do this by multiplying our arbitrary a-localized scaling
function ¢ by the unimodular constant ¢(0), the associated low-pass filter being the
same in this case.)

In particular, when this is the case, the low-pass filter associated with ¢ must
satisfy
mo(©)F + [mo(6 + )P =1, acleR (22)
as a consequence of equalities (3.4) and (3.7) in Chapter 1. Moreover, if g € H*(R),
the just mentioned scaling relation (3.4) suggests that the low-pass filter mgo will
satisfy some sort of “smoothness” condition. We shall show in the next lemma that
in fact mo € H*(T).
1

LEMMA 2.3 Let a > 5. If ¢ is an a-localized scaling function and if mo is ils
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low-pass filter, then mo € H*(T) and
1m0l ragry < C @ M5ra) - (2.4)
for a constant C' = C'(«) > 0.

The proof of this lemma is essentially taken from a result by Lemarié-Rieusset
(see Lemma 2 in Chapter 3 of [KAH-LEM]).

PROOF:

Let mo(€) = X ez cke™* € L3(T) be the low-pass filter associated with ¢, where
the sequence of coefficients {cx} € (*(Z) is given by (3.5) of Chapter 1. In order to
show that mg € H*(T) we use the definition of the Sobolev space given in (1.20).
Then, inequality (2.4) is equivalent to

Do lenP(L+ 1R < Cll@l ba)- (2.5)
keZ
To show (2.5) we proceed as follows

Sl (L ) = 1 301 [ (G hole— Ridel (14 K" <

keZ keZ

<3 {1 ¥ g Py 0y
3 S U PG H/W— (1o =P e+

o gt = P e o] (Lo 0+ b o]

where in the last step we have used Schwarz’s mequahty. Now, if we take into account

the fact that whenever |z| > |k| then 1+ |k]* <1+100|x|?, and whenever |z —k| >
Z|k| then 1+ |k> <1+ L8|z — k[*, we have
1 (1 + 100]x]*)*
S lalP U+ k) < S 16l T [ 19 :
keZ "2 " keZ 1 + | | )
- (L+ SPle — k)"
2@l oy X [ Il = k)P di <

> P

kEZ

dr +
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)400a / ()21 + |2[2)* da+

1B egey (02 3

bz 1+|

400 4
o 1 dz < C||@] 174
(50) 16t (300 S ) L W0+ ) e < C ol

This shows (2.5) and establishes the lemma.
O

DEFINITION 2.6 Let o > % We say that a function ¢ belongs to the set S, if
¢ € H*(R) and ¢ is a scaling function satisfying (2.1). That is, S, is the space
of Fourier transforms of all a-localized scaling functions. We will consider S, as a

topological subspace of H*(R). Therefore, when we say that @, — @, in S,, we mean

that ¢,,0 € Soy, n=1,2,..., and ¢, — ¢, in H*(R).
Now, we can write a stronger version of Lemma 2.3.

LEMMA 2.7 Let a > 1. The mapping M : S, — H°(T) that maps every function

@ € S, nto its corresponding low-pass filter, is continuous.

PROOF:

We need to show that if ¢, € S,, n = 0,1,2,... and ¢, — @y in S,, then
my, — mg in H*(T), where for each n = 0,1,2,..., m,, = M(p,) is the low-pass
filter corresponding to @,,. The proof follows the same line as in Lemma 2.3, once we

notice the following:

CLAIM If 3,3, € S, then,

[M(21) — M(@2)| gagmy < Cller — @allgagry (@1l gay + 12l gagr))- (2.8)
Proof of CLAIM:

Suppose that the Fourier coefficients of m; = M(¢1) and my = M(p2) are given
by {c;} and {c;}, respectively. Then, by formula (3.5) in Chapter 1, they can be

written as

: 1 r — )
d= [ selGina—Rde, kL j=1.2
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It follows that

L

205 leb =l (1+ W) )2 < | S 1 [ erlDlor— oo — Rydaf* (L4 k) |+

keZ keZ

N

|1 [ = )G pala = R dal (14 kP

keZ

Now, by using Schwarz’s inequality we can separate each of the integrals above into
the product of two new integrals, each of them involving now only one of the functions
@;. For the rest of the proof, the same estimations given immediately after (2.5) above

show:

(D ey = PO 1R ) <l e 181 — Pallag +
keZ

ClIer = @all oy P2l oy = C o1 = P2ll oy 11l o + 1920l o)

and this establishes the claim.

O
In particular, when we use the claim with ¢,, and @, we have
[, — mOHHa(T) < C|len - S‘BOHHQ(R) (HS‘BHHHQ(R) + HS‘BOHHQ(R)) <
< € (5upllya) 16— Fallgosy 0, w51 o
This shows that M(p,,) — M(po) and completes the proof of the lemma.
O

Let us show now a somewhat interesting property of the topological space S,.

LEMMA 2.9 Let o > 1. Then, S, is closed in HI*(R).

PROOF:
Suppose that {@,}°2, is a sequence contained in S, such that ¢, — ¢ for some
¢ € H*(R) (where the convergence is in H*(R)). In order to show that ¢ € S,,

it is enough to see that ¢ is a scaling function and that ¢(0) = 1. The latter is a
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consequence of Sobolev’s Theorem 1.8 (I1I), since 1 = ¢,(0) — $(0) and, therefore,
¢(0) = 1. To show the former, we use Proposition 3.12 in Chapter 1. We have
already seen that (i¢) in the proposition holds. It remains to show equalities (¢) and
(1i7) from the same proposition. Let us establish (¢) first. Note that, by Corollary
1.17, for every £ € T,

(3 [@a(€ +2km)2)7 — (30 |(€ + 2km)P)7 | <

keZ keZ

(D17 (€ + 2km)[*)? < Cllen = @l o =0, asn— oo
keZ

But since ¢, € S, and, therefore, 3oy |0n(€ + 2km)|* = 1, it follows that (7) in
Proposition 3.12 must hold. Finally, consider the low-pass filters m,, associated with
©n. As a consequence of (2.8) in the proof of the previous lemma, it follows that
{m,}>2, is a Cauchy sequence in H*(T). This implies that there exists a 2m-periodic
function mg € H*(T) such that m, — mg in H*(T). Then, for each fixed £ € R,
Sobolev Embedding Theorems 1.8 and 1.25 imply that

B(26) = lim 3,(26) = lim 2.(E)ma(€) = FEm(E).

This shows that (i¢7) in Proposition 3.12 of Chapter 1 holds, and completes the proof

of the lemma.
O

We turn now to the matter of identifying the range of the map M in Lemma 2.7;
that is, we seek the necessary and sufficient conditions on a function mg € H*(T)
for it to be the low-pass filter of an a-localized scaling function. This question was
succesfully answered by A. Cohen in the case & = co and extended to a > % by P.
G. Lemarié-Rieusset. During the rest of this section we present the main ideas of
Cohen’s construction as well as a detailed proof of Lemarié’s result.

Suppose we are given a scaling function ¢ with associated low-pass filter my.

There is then an easy way of expressing ¢ in terms of mg. Indeed, by iterating the
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scaling equation (3.4) in Chapter 1, we obtain that, for a.e. £ € R,

PO SO SR £+ € _
P(6) = mo(5)(3) —EWO(EW(Q—n)a n=12,... (2.10)
If we assume further that lim,_., p(27"¢) = 1, we arrive at the expression

~ T §
2(6) = [T mol55). (2.11)
7=1
In the general case, however, the infinite product in (2.11) does not always make
sense. The following example, taken from [PSK], shows that one can find two distinct

scaling functions (corresponding to two distinct MRAs) having the same low-pass

filter. Then, both cannot be written simultaneously as in (2.11).
EXAMPLE 1

Let ¢ be any scaling function for an MRA, with low-pass filter my and with the
property that supp ¢ = R (e.g., ¢ = x[-1,0, the Haar scaling function, see Example
B in Chapter 2 of [HW]). Let ¢*(¢) = v(£)@(£), where

(1 ifE>0
”(5)—{—1 if ¢ <0.

Then, $%(2¢) = mo(€)@*(€), a.c.£ € R. In particular, Proposition 3.12 of Chapter 1
implies that " is also a scaling function for some MRA with low-pass filter mg. But
since supp @ = R and v is not 2m-periodic, by Remark 3.2 in Chapter 1, ¢ and ¢
cannot be both scaling functions of the same MRA.

In the case of a-localized MRAs, the continuity at 0 of ¢ (and the assumption
©(0) = 1) is enough to give a precise meaning to the infinite product in (2.11). In
fact, the next lemma shows that this product converges uniformly on compact sets of

R.

LEMMA 2.12 Let o > 1. Suppose that mg € H*(T) and mo(0) = 1. Then, the

infinite product T]7Z, mo(Q%) converges uniformly on compact sets of R to a contin-

uous function @(€). Moreover, (&) = 0 if and only if there exists a j > 1 such
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that mo(277€) = 0. In particular, if mg is the low-pass filter of an a-localized scaling
function o, the formula (2.11) holds for every £ € R.

PROOF:
This lemma is an easy consequence of the following general fact about infinite

products:

PROPOSITION 2.13 : See Theorem 15.4 of [RUD2].
Let {f,}2, be a sequence of bounded complex-valued functions on a set S such
that 302 | |1 — f.| converges uniformly in the set S. Then, TI°2, fo = f converges

uniformly in S. Moreover,
(1) ForxzeS, f(a)=0 < f.(x)=0 for somen > 1.

(i1)  For every permutation {ny,nq,...} of Z*, f =TI fo.-

In order to prove Lemma 2.12 we just need to verify that Y232, |1 — mg(277¢)|
converges uniformly in compact sets of R. Indeed, take a compact set [—K, K] of R,
and take jo € Z7¥ such that K < 2°7. Let ¢ € (0,1) be such that 0 < ¢ < a — %
Then, by Sobolev’s Theorem 1.25, we have that H*(T) C Hs"'%(T) C A*(T). Thus,

when 7 > jo and € € [ K, K], we have

1= mo(277)] = |mo(0) — mo(277€)] < (27[¢])* [lmol

asmy S C 2_jEHm0HHQ(T)'

Now, it follows from the Weierstrass M-test that Y232, |1 — mo(277€)| converges

uniformly in [— K, K], and the lemma is proved.
O

We already know that a necessary condition for a 27-periodic function mg to be
a low-pass filter for some MRA is that (2.2) holds. Unfortunately, this condition is

not sufficient, even in the smooth case, as the following well-known example shows:
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EXAMPLE 2

Let mo(&) = %, £ € R. Then, mo(&) = mu(3€), where mg (&) = # is the
Haar low-pass filter (see Example B in Chapter 2 of [HW]). It is then clear that myg
satisfies (2.2). Moreover,

. > £ N a¢/2810(3€/2)
56 = T mals) = putse) = LD g e

i=1

and, consequently, ¢(z) = top(%) = tx[_s30)(2). But then, {o(-—k) |k € Z} is
(

R).

not an orthonormal system in L?

Albert Cohen studied in [COH] the necessary and sufficient conditions for a func-
tion mg € C°°(T) to be the low-pass filter of a scaling function with polynomial decay.
That is, a scaling function ¢ of an MRA such that

/R|<,o(:1;)|2(1—|—|:1;|2)Nd:1;:cN< o, YN=1,2,... (2.14)

In order to avoid pathological behaviors as in the previous example, Cohen introduces
an assumption in mg that guarantees that 3 .oz |@(€ + 2km)|* # 0 (for ¢ given by
(2.11)) and, then, uses (2.2) to show that this series has to be identically 1. The
additional premise required is commonly known as Cohen’s condition and can be
written as follows:

There exists a compact set K C R such that 0 €k,

d xk(E+2km)=1,a.e.é €T, and mo(2796) £0, j > 1,6 € K. (2.15)
keZ

REMARK 2.16 For a measurable set K C R, the property that > ez vk (§+2km) =
1, a.e.£ € T, is often called 2r-translation congruency to the torus T, and denoted
by K ~g, T. In general, two measurable sets K,J C R are said to be 27-translation
congruent, K ~y. J, if there is a partition {K;}ez of K, and a sequence of integers
{ki}oez, such that { K, 4+ 2k,7 }sez forms a partition of J. We already encountered
this relation in (2.5) of Chapter 1.
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After this motivation, we can state a precise version of Cohen’s Theorem.

THEOREM 2.17 : A. Cohen.
A function mq is the low-pass filter of a scaling function with polynomial decay if
and only if mg € C®(T) and satisfies (2.2) and (2.15). Moreover, if this is the case,

the scaling function ¢ is given by the infinite product formula (2.11).

A proof of this theorem can be found in [COH] (Theorem 2.1) or [HW] (Theorem
4.23, in Chapter 7).

Some variations of Cohen’s Theorem exist in the literature. A more general re-
sult, where the polynomial decay condition in ¢ is replaced by a less restrictive a-
localization (fg [o(2)[? (1 + |2]*)* dx < oo, for a > 1) was shown by P. G. Lemarié-
Rieusset (see Theorem 1 in Chapter 4 of [KAH-LEM]). We give a detailed and slightly
different proof of this result because it is crucial for what we will be doing during the

rest of this thesis.

THEOREM 2.18 A function mg is the low-pass filter of an a-localized scaling func-
tion if and only if mo € H*(T) and satisfies (2.2) and (2.15). Moreover, if this is the

case, the scaling function ¢ is given by the infinite product formula (2.11).

PROOF:

Suppose that mg is the low-pass filter of an a-localized scaling function ¢. Then,
Lemma 2.3 tells us that mg € H(T), while (2.2) is trivially satisfied. We only
need to show that Cohen’s condition (2.15) holds. Here we follow the original proof
by Cohen. Since ¢ € H*(R) (and o > ), by Corollary 1.18, we must have that
Skez|@(E + 2km)|> = 1, for all £ € [—7,7|. Thus, for each £ € [—7, 7| there exists
an integer k = k(§) such that ¢(€ + 2k(&)m) # 0. Observe that, since ¢(0) = 1, we

must have k(0) = 0. The continuity of @ implies the existence of an open (bounded)

interval V¢, containing &, and a constant C¢ > 0, such that

@1+ 2k(E)m)[* = Ce, Vn€ V. (2.19)
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Then, [—m, 7] C UgerVe, and there exists a finite number of points &g, &1,..., &, €
[—m, 7] such that [—m, 7] C U Ve, . We may assume that 0 € V. Define now

Ro= Vi N[—m,7] and Ry = (Vi N[-m 7))\ (UiZsRe), j=1,...,n

and take

K = U?:O(Rj + 2]{(5])7'[‘)

Then, K is a finite union of compact intervals and 0 GROC[%. Since for every ¢ €
[—m,m) = T there exists a unique j € {0,1,...,n} such that £ € R;, we must have
Z Xk (€ + 2km) ZXR +ar(e,)n (& 2K(E)T ZXR ae§cT.
keZ

Finally, for all £ € K, and j > 1, (2.11) and (2.19) above give us that
mo(277€)] > |#(6)] > min{Cl,, ..., Ce,} = C >0,

and (2.15) holds.

The converse is more elaborate. Suppose that mg € H*(T) and that (2.2) and
(2.15) hold. Then, by Lemma 2.12, the infinite product []7Z, mo(%) converges uni-

27

formly on compact sets and, therefore, the function

is well-defined and continuous in R. In particular, the scaling equation (3.4) in Chap-
ter 1 is satisfied and, since mo(0) = 1, we also have ¢(0) = 1. It is a well-known
fact, and not very difficult to prove, that whenever ¢ is defined as in (2.20) (pro-
vided the infinite product converges, at least, for a.e.£ € R), then ¢ € L*(R) and
1l r2my < V2715, Thus, we can assert that ¢ exists and belongs to L*(R).

We claim that ¢ is a scaling function of some MRA. To prove this we only need

to check that >,z |9(£+ 2k7)|* = 1, a.e.£ € R, or, equivalently (as we pointed out

15} This essentially follows by Fatou’s lemma and an iteration of condition (3.7) in Chapter 1 on
my (see, e.g., Lemma 6.2.1 in [DAUB] or Proposition 3.9 in Chapter 2 of [HW]).
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right before (3.6) of Chapter 1), that {p(- — k) | kK € Z} is an orthonormal system
in L*(R). It is here where we need to use condition (2.15). Following Cohen’s proof,
let K be the compact set in (2.15) and define the “truncated product”

N

Jul&) = xonrc (€ Hmo ]f EeR, n=1,2,...

Note that f, € L*(R), n =1,2,...,and fn(f) — ¢(€), V€ € R, because K is compact
and 0 E[i’. It is not difficult to show (see, e.g., the proof of (2.13) in [COH] or (4.11) in
Chapter 7 of [HW]) that conditions (3.7) and K ~3, T imply that {f.(-—¢) | ( € Z}

is an orthonormal system for L*(R) or, equivalently, that

/R|fn(§)|2 ¢t dg = 27 8o, { € Z.

Since ¢ € L*(R), if we could prove the majorization
F(O] < ClaO)], ae€eR, (2.21)

then, the Dominated Convergence Theorem will let us conclude that

L@ e de = tim [ 1f€)F ¢ de = 2m 80, £ € 2,

and, using Proposition 3.12 in Chapter 1, our claim would be established. Now, to
show (2.21) note that, by Cohen’s condition, and as a consequence of Lemma 2.12, ¢

is continuous and non-zero in K. Therefore, we can find a positive constant C' such

that |@(&)] > C, for all £ € K. Then, given n =1,2,...
n 1 R
401 = v TT a6 < L [T a6 = 1RO, e €

This establishes (2.21) and proves our claim.

We are now left with the most technical part of the theorem, namely, to show
that @ € H*(R). To do this, we adapt an argument that can be found in Lemarié’s
book (cf. Theorem 1 in Chapter 4 of [KAH-LEM]), that provides the proof of the
following lemma. We point out to the reader that Cohen’s condition does not play

any role here.
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LEMMA 2.22 [fmo € HY(T) satisfies (2.2), then ¢ defined as in (2.20) belongs to
H*(R). Moreover, there exists a constant C' = C(a) > 0 such that

1l 1oy < C llmollyin - (2.23)

PROOF:

We already know that ¢ € L*(R) and H‘PHL’Z <21 = HmoHL2 . In order to
show that ¢ € H*(R) we use the definition of Sobolev space given in (1.4) (or (1.6)).
Let us fix a function w € C2°(—2m,2m) such that 0 <w <1 and w|_r- =1, and

define the truncated product
Prw(§) = w(27"¢) Hmo g, teR, n=1,2,... (2.24)

Note that P"w € C(R) and P"w({) — ¢(€), for all £ € R. One can consider P

as an operator that maps functions f, in an appropriate domain, into P(f)(§) =
mo(€/2)f(€/2), £ € R. This notation is going to be extremely useful as the following

lemma shows:

LEMMA 2.25 Let ‘H be the normed space defined by

H = { f:R — C measurable | ||f||> = ess- supeep ¥ |f(€+2km)]? < oo} (2.26)
keZ

Let 7 be a 2m-periodic measurable function and let P = P, be the operator defined
at f € H by
(PFNE) = T(€/2)](E/2), R, (2.27)

Then,

(I) For every f € H

IPFIl, < ess-supeer [ |7(€)1 + |7 (& +m) 212 | f]].. (2.28)
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(I1) If T € L*(T), then P maps H into L*(R), and for every f € H

1P fll ey < V2172 IFL- (2.29)

(I1I) If 7€ L*=(T), then P maps L*(R) into L*(R), and for every f € L*(R)
1Pl ey < V2Tl oo qmy 1Nl o ey - (2.30)

PROOF:

The proof of this lemma is easy. Let us first establish (I). For a.e.£ € R we have

STUPHIE+2km)P =D |7( +k7r| |f( + k) =

keZ keZ
(3 1+ 2km)p FOS U + 4 2k (S 4 2 <
kEZ keZ 2

!UMHN%P+V€+¢W>SWﬁ&&mmﬂﬂdmﬁ+hw+ﬂﬁ>

This shows (2.28). To obtain the second inequality, note that

Lupn@r e =3 [ rmPac + b i

keZ

=Z/T| () |f( + 2km |2d§+2/| >4 o))? |f( o4 2km) |2 de

kEZ keZ
< 2|72 N2
which is (2.29), Finally, (/11) is even simpler because

LAPr @ e = [P de < 20 o 17 Eegey

This proves (2.30) and establishes Lemma 2.25.
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We return to the proof of Lemma 2.22. We shall consider different cases.
Case 1: %<oz<1.

We need to show that

wol@)= [ [ 186+ 0= 2P L] < €l

By Fatou’s Lemma and the fact that P"w(&) — @(&), for all £ € R, it is enough to

see that
n n d¢ dn 17
sg]gl)wa (P w) sg]gl)[// |P"w(€) — PMw(€+n))? |77|1+2a] < CHmoHHQ(T). (2.31)

Let n > 1, then:

wa(P"w) <
- o b, € €, dedy 13
St~ I ot et ]

L L -2y 255

|77 7=1
The products ] |mo(£2#)|2 can all be majorized by 1 in both A; and B. To deal with
the rest of the integrands we treat each case separately. After a change of variables,

B becomes

d¢ dn ol
B=2 [//|w Jele iy |1+za < 27700 oy,

which is bounded because w is a C'* function with compact support (and, therefore,
belongs to all the Sobolev spaces H*(R)). To estimate the A;’s, we change variables

first and, then, periodize the integral with respect to £. Thus

g <20 [ [ (@)= mute+ P T Il P i S0 =

—]<a—%>[/R/T|mO( —mo(& 4 )P (S [P w(€ + 2k )ﬁﬁfja]%

keZ
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27T | PP (w)]] walmo)” + 4 [mol[f T <
In|>m |7
el
< 272 HmOHHQ(T)v
since, by (2.28) and (2.2), [[P"7(w)]|, < |lw]|,, for any 0 < j < n < oo, and
[wl]|? = || X kez [w(- 4 2km) 2|, < 2 because the series has at most two non-vanishing
terms.
Now, using that a > %, and summing up the A;’s, we obtain
n - —j(a=1L —n(a—1
wa(P"w) < O 3727703 flmol| oy + ([0l gag 2777 < Clmoll o
7=1
as long as we take the constant C’ on the right hand side large enough (so that
HwHHQ(R) < \/5% = HmOHLQ(T) %) This establishes (2.31) and completes the proof

of case 1.

Case 21 o=k e Z
We need to show that D )( 2) € L*(R) and that
DM (@) 2@y < C llmoll 3 - (2.32)

In order to do so, we will first find a formula for D®™(3). Given 0 < h < k, we

introduce the following notation:

dhmo

ma(€) = <W)(§)’ de.fER, (2.33)

where the derivatives are taken in the sense of distributions. Note that the m},’s are
2m-periodic functions (a.e. in R) and that, when 0 < h < k — 1, they are actually in
C*="(T) (see Remark 1.29, after Theorem 1.25).

LEMMA 2.34 Let k € 7. If mg € H*(T) satisfies (2.2) and @ is defined by (2.20),

we can write the k™ distributional derivative of @, D™ (3), as:

:Li;l 2 (%)Z Hml ) p(277¢), (2.35)

1
EG(Z-I-)k
SUPI <<k £;=L

where the series converges absolutely for a.e.& € R.
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PROOF: We briefly explain the notation in (2.35) for the k'"-derivative of the infinite
product [];5, mo(277¢). For afixed L > 1 and a given multi-index £ = ({1,...,(;) we
spread the k derivatives among the L first terms of the infinite product, where each /;
indicates that the /!"-term is differentiated one time. The condition supyicr li = L
guarantees that the L'"-term is always considered and, therefore, that there are no
repetitions in the process. However, and since all the derivatives are taken in the
sense of distributions, a more rigorous proof is required. We first show that the series
in (2.35) converges absolutely a.e. Take a compact set [— K, K] of R, where K > 0.
First, we shall show that

s 1)Zf b /
LZ::l ee(zz;')k (2 K,K]

suplSiSkZi:L

277€)|[(277€) dE < o0, (2.36)

7=1

This would imply, by Tonelli’s Theorem, that the series in (2.35) converges absolutely
for a.e.{ € [-K, K] (and also in L'([—K, K])) to a function in L'([— K, K]). Given
a multi-index £ = ({1,...,0;) € (Z*)*, and 5 > 1, we denote

£) = fja,g, (2.37)

Fix L > 1 and consider a multi-index £ € (Z")* such that sup,.;., 6; = L, but
£ # (L,...,L). In particular, we have that ¢; < k, and at most k of the ¢;’s are
non-zero, for j = 1,..., L (that is, the k derivatives of the infinite product are not

all concentrated in just one of the terms mo(277¢)). Then, using |mg|, |¢| < 1 and

|lmai]l, < C HmOHHk( , 1 <h<k—1, weobtain that

Hms E)

If, on the contrary, we choose £ = (L,..., L) (that is, all the derivatives are concen-

[2(277¢)] < CHmOHiIk(T)

trated in the term mg(271¢)), then, the obvious estimates |mo|,|@| < 1 and Holder’s

inequality give us:

/[ —-K,K]

T o0 el e glde < [ ool de <

7=1
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2[’7%[/ Il 21”%2”2[/ 2n| " <
CE)T|| Ime@TPOPde| T < @22 )y <

< (2K)2 282 (K +2)% [mill oy = Ok ol oy 2772

Now, (2.36) becomes

o (7L

L=1 sup{;=L

k

2(27k¢)|de < ¢ Z ;/2 < .

Hms B9

7=1

This shows that the series in (2.35) converges absolutely, for a.e.£ € R, (and also in
Ll

loc

Now, take w € C'2(—2m,2m) such that 0 <w <1 and w|j_, =1, and consider

(R)) to a locally integrable function.

Prw(€) as in (2.24). Note that P"w({) — ¢(£) uniformly in compact sets of R.
Indeed, if [- K, K] C R and ng is large enough, so that 2" 7 > K, then for all n > ng
and ¢ € [—K, K| we have that

Prw(€) = w(27"€) f[lmo( H mo(277¢€),

and we know from Lemma 2.12 that []7_; mo(277€) converges uniformly to @ in
[— K, K]. In particular, we have that P"w — ¢ converges in the sense of distri-
butions. Thus, we must also have that D®(P"w) converges to D" (@) in the
sense of distributions. Therefore, to complete the proof of the lemma it is enough
to see that for every compact set [ K, K] C R, the sequence D®)(P™w) converges
in L*Y([-K, K]) to the series in (2.35) (which we showed above was a function in
LY([-K, K1])). So, fix such a compact set and take ng large enough, so that 2"07 > K.
Then, for all n > ng and ¢ € [— K, K] we have that 27"¢ < 7 and, therefore,

1)Zf1

pUPwe = 3 % (5)7 Mmoo uee +o

1\ ey n ,
) Hmsj ]f H mo(277€).

7=L+1
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On the other hand, let us denote the partial sums of the series in (2.35) by

n it
Tn(f) = Z Z (%) H msj ]5 Lf)v n > no, 5 € R.

Let ¢ > 0. Then, there exists a positive integer ny > ng such that for every n > ny,

n

sup
¢e[-K,K]

mo(279€) = 3(6)] < <.

i=1

Let ny > ny be such that ZL N 2L/2 < e, for every M > N > ny. We claim that
/[ ]|D<k>(in)(5) CTL(6)]dE < Cxe, forall n > 2ns, (2.38)
KK
where C'i is a constant that does not depend on n or . Indeed,

B Prag)(£) —
Sy PO (PP0)(€) = Tr(6)] de <

n

T mo(276) - p(276) | det

n

+ [ Clmllin | TT mol276)=26)|de |

e#(L,...,L) ’ j=L+1
up £, =L
"o . —L ]
¢ Z 2_L{2 /[ 2-LK2-LK |mk H mO(Z_]n) B @(U)‘dU‘F
L=1 J=1
ol n—L ] nf2 n
+1%2 / mo(277n —@n‘dn}:C[ + ]
[-27LK,2-LK] ]1;[1 of ) ) L=1 L:an/z
n/2 . %
<0 {g(szg—L)i [/ I (n )|2d77] + L%QKQ—L}
I—=1 [-K,K]
+C Z { 2(2K27 ")z [/ |mk(77)|2d77] +2LF 21(2—L}}
L=n/2 [-K,K]
< Ok (Z W) e+ Ck Z 502 < COke
L=1 L=n/2

This shows (2.38) and since T,, converges in L'([—K, K]) to the series in (2.35), we
have completed the proof of Lemma 2.34. O
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Now, (2.32) will follow right away from Lemma 2.34. Suppose we are given a
multi-index £ € (Z*)*, and a positive integer ;7 > 1, and let ¢; = ¢;(£) denote the
same number as in (2.37). We define the operators P. = Pmsj as in (2.27). Note
that, by case 1 above, @ belongs, say, to H%(R) Thus, by Corollary 1.17, ¢ also
belongs to the space H defined in (2.26). Moreover,

20, < CUBl3 < Clmoll3 i < Cllmollsen

We can use Lemma 2.25 (I1) and (/1) to obtain:

> 12?:1& N
O] PED DD DI € il LAY e P
=1 G(Z+)k

sup £;=1L
o 1 N ~
<> oL { 1Po- - PoPedllpaey + 20 1Pe - Poyflliage }
— e£(L,...,L)

00 1 N k )
< 3 5 { 2V Il WAl + 24242 Cllmollyegs 161 |

00 Lk .
= ¢ (Z W) ol
L=1
This shows (2.32) and completes the proof of case 2.
Case 3 a=k+e, O0<e<l, keZ"

We have to show that

dé d ,
2= [ 1093 m - DUEOR ST < ol 239)

First of all, note that by using (2.35) we can write
DWS(¢) — D(’“)@(f +1) =

> oy (O [Z{Hmsj €+ 0)) (mey (27€) = e (27 (€4 )

L=1 ,e@ztk h=1
sup £;=1L

R SE

7=h+1
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+ [T me, 7 (€ +0) (8277 — 227" (6 +m))) |-

i=1

Now we repeat the argument in case 1 with some minor modifications to obtain:

w. (DM ) <

S {Z [t ([ [ Imof2=he) -mof2i e e i@ (@) 5L )

oy dEdn Nz
e (] Humsju (€)= ey (€4 Py P 2O )
_L(e—L - ~ d€ dn 2
b (] Lo -t 52
(L L melOF e —ptetml® s
, L dé dn \ 2
LkZ—L(s—5)<// I 166 — 5 2 ) }
¥ [ T 140 = el
<y = 2—’“[2”2(/ 4 2 s / e )
oY {Z Inl>1 |77|1+26+Hm0HA2+2<T) it 2= ) "
< ([ ()P de) "l
k Ly 5k/2 dn
O LD gy Wl (el + [ )|
_I(e—L 2 ~ dn ~ 2 d77 :
o () (91, s [ om0 )
T|mk(§)| 5 HS‘QH* n[>1 |77|1_|_25 |77|<1HS‘Q( 77) ()H | |1_|_25
FO LD ol (406 [ T [ e -0l )1
> i+ S I |1+25

0 Lk ©0 Lk R
< Cllmoll™ 3 575 + Clbmolls (32 537 ([ I8+ =200 Lt )

We only need to estimate

i
H/_/

[T

[ e+ ) = G0l (2.40)

Suppose that 0 < e < % Then, by Corollary 1.38 with v = 1, we have that

1BC+m) =202 < Clhlllelin e
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Introducing this last estimation in (2.40), we obtain

~ N dn
J B+ =20l W < Clellney [, i < Climollien

n<1 |77
This shows (2.39) when 0 < & < l.

Suppose now that < e < 1. Then, we can use Corollary 1.38 with + such that

2¢ < vy < 2. This gives us

dn
(- < Cllg 2 14y / — ! < 6 . 7
/|77|<1H<P( +) =20l I |1+25 N H('QHH%(R) i<t [p|t=0=22) ol zze

because 1 < H'TW < % and we may use the case above. This shows (2.39) when

1

;3 < ¢ < 1 and completes the proof of Lemma 2.22 and, with this, the proof of

Theorem 2.18.
O 0O

Theorem 2.18 completely characterizes the set of functions in H*(T) that are
low-pass filters of a-localized scaling functions for L*(R). That is, we have found
the range of the mapping M of Lemma 2.7. For convenience, we use the following

notation:

DEFINITION 2.41 Let a > % We say that a 2m-periodic function mqg belongs to

the set &, if mg € H*(T) and satisfies (2.2) and Cohen’s condition (2.15). We will
consider £, as a topological subspace of H*(T). That is, when we say that m, — mg

in €, we mean that my,,mo € €4, n=1,2,..., and m, — mg in H*(T).
Now, we can restate Theorem 2.18 in the following way.

COROLLARY 2.42 Let o > % The mapping M:S, — &, defined in Lemma 2.7 is

a biyjection with inverse N:&, — S, given by

H mo(277€), € €R. (2.43)
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We proved in Lemma 2.7 that M is continuous. Moreover, by (2.4) and (2.23), M
and N are also bounded mappings. That is, they map bounded sets in S, into bounded
sets in &,, and conversely. The main question is the following: Can we conclude that
N is also continuous or, equivalently, that M is open? Is M a homeomorphism of
topological spaces? The answer is yes, although the proof is not obvious, as we show
it in the next section (see Corollary 3.32 below). The most important consequence
of this property is that the topology of the set of a-localized scaling functions is
completely described by the topology of the much simpler topological space &,. In
particular, in §4 we shall show that &, satisfies a manifold-like condition and, further,

that it is an arcwise connected topological space.
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3 Convergence in the sets of filters F, and &,

In this section we prove one of the main results of this dissertation; namely, that the
map M:S, — &, , defined in Lemma 2.7, is a homeomorphism of topological spaces.
For this, we study how the convergence of a sequence of filters in &, will give us
convergence in the sequence of scaling functions they generate in the space &,. We

start with a new definition.

DEFINITION 3.1 Let a > % We say that a 2m-periodic function I belongs to the
set Fo if € HY(T) and satisfies (2.2). As before, F, is considered a topological
subspace of H*(T).

Note that, in particular, F, is a closed subset of H*(T). This is just a consequence
of Sobolev’s Imbedding Theorem 1.25. Note, further, that &, C F, , and the functions
in F, do not necessarily satisfy Cohen’s condition (2.15). Indeed, Example 2 in §4
shows that F'(&) = % € F,, but F' ¢ &,. In fact, one can see that the set &, is

not closed in F,. The following example, taken from [BDW] clarifies this point.
EXAMPLE 1

Consider the family of functions

1+ e® . :
Ma,e)(§) = 26 (a4 be® + ™), € €R, (3.2)

where a, b, ¢ are real numbers such that
b=1—-a—c and d*+cF=a+ec (3.3)

This last condition can be interpreted as (a,c) being in a circle C' = {(a,c) € R? |
(a — %)2 + (c— %)2 = %} (see Figure 3.1, below).

An easy computation shows that (2.2) holds for any of the filters m,), when
(a,b,c) is taken as in (3.3), and, therefore, that m(, . € F, for all such pairs (a,c).
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c A
0,1) (1,1)
0.0) ho) a

Figure 3.1: Circle C of low-pass filters in Example 1.

Note that when (a,¢) = (1,1) we have

1 4 e3¢
m(l,l)(f) = 2

CLAIM : m( €&, forall (a,c)e C\{(1,1)}. (3.4)

PROOF:

We need to show that Cohen’s condition (2.15) holds for each of the M(a,c) S, When
(a,c¢) € C\{(1,1)}. Take the compact set K = [—m,x]. It is enough to show that

a4 be® +ce® £0, for €€ [—g, g] )

when b=1—a—c and (a,¢) € C'\{(1,1)}. First of all note that, if « =0, then ¢
is either 0 or 1, but in both cases be + e #£ 0, £ € R. Therefore, we need only
consider the case when a # 0. Suppose that there exists a { € [—7, %] such that
a+ be + ce®® = 0. Then, ¢ # 0 (otherwise, it would contradict @« + b+ ¢ = 1).
Thus, the roots of the polynomial a 4 bz + cx? must be ¢ and e™%, given by the
formulas:

—b+/b? — 4ac d —b—/b? — 4ac

an ,
2a 2a
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respectively. But then we have

| it it _ (—b—l—\/b2 —4ac) (—b— vV b? —4ac) _ dac

2a 2a N @

ISE e

which implies that « = ¢. Since (a,¢) € C'\ {(1,1)}, necessarily « = ¢ = 0, and

this contradicts our assumption and shows the claim.
O

Note that m,c — muy) in Fo, when (a,¢) — (1,1), (a,¢) € C. Indeed,
since m(,,) are all trigonometric polynomials, the convergence in H*(T) (with the
norm defined in (1.20)) follows from the convergence of each of the non-zero Fourier
coefficients of m, ) to the corresponding coefficient of m 1), or, equivalently, from
(a,¢) — (1,1) in R This shows that &, is not closed in F,.

On the other hand, one can show that &, is an open subset of F,. This actually

follows from the next lemma.

LEMMA 3.5 Let a > % and choose any 3 € (0,1) such that f < o — % Suppose
that mg € F,, and that K is a compact set on R, and let ¢ > 0. Then, there exists a

d=0(8,¢,K) >0 such that for every F € F, with ||F — moHAﬁ(T) < ¢4, then
I1rFe~ Hmo 6| <e, forall € €K.
7=1

In particular, if F, — mo in F,, then [[5Z, F,(277¢) — T2, mo(277€) uniformly

on compact sets of R.

PROOF:

Let us denote by
=11 F(277¢) and $(¢ H mo(277€), ¢ ER. (3.6)
7=1

By Lemma 2.12, both infinite products converge uniformly on compact sets and rep-

resent continuous functions in R. Note that, for every ¢ € R,

o0

@F(f)—ﬁ(f)zz l:[mo ORI —mo(27°€)) 2r(271), (3.7)
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where the series converges uniformly and absolutely. Indeed, the partial sums of the

series satisfy

-1

>l I_Imo TONF27E) —mo(27°€)) pr(27°) =

=1

Hmo Oer(27VE) = () = 4(), as N = oo,

the convergence in the last step following from Lemma 2.12 and the continuity of ¢p
at £ = 0. Suppose now that the compact set K C [-M, M], for some M > 0, and
take an integer jo > 0 such that 27 M € [—x,n|. Then, for all £ € K, and since
F(0) =mg(0) =1

6P = SO X 1FE) — mo(26)

Jo 00
< ZHF_mOHOO—I_ Z |2_Z§|5HF_m0HA/3(T)

/=1 {=j0+1

Then, if we take § < 3= and ¢ < 2;\4)15) , we have |[@p(£) —p(¢)] <e.

THEOREM 3.8 Let o > % Then, &, is an open subset of F,.

PROOF:

Suppose that mg € &, and let K be a compact set as in (2.15). Then, by Lemma
212, ¢(§) =112, mo(277€) # 0, when £ € K and, therefore, there exists a positive
number £ > 0 such that mingeg |@(€)| > 2¢. Given such K and ¢, the previous
lemma and Sobolev’s Imbedding Theorem 1.25 tell us that we can find a ¢ > 0 such
that, whenever I € F, and || — mol|ga(qy < ¢, then,

~ I F27¢)| <e, forall €€ K.

In particular, for each such function F, |I[5Z, F(277¢6)| > e, when £ € K and,
therefore, F' satisfies Cohen’s condition (2.15) (with the same compact set K as my)

and '€ &,. O
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From Lemma 3.5 we deduced that if F, — mg in F,, then [[Z, F,,(277¢) —
IIZ, mo(277¢) uniformly on compact sets of R. This local convergence on compacta

can actually be improved as the next theorem shows. The appropriate spaces in this

case are the local Sobolev spaces H{.(R) defined in §1.4.

THEOREM 3.9 Let o > % Suppose that F,,,mo € Fo, n=1,2,..., and that
Pul) = [T Fu(2776) and  3(¢) = [[ mo(277€), € €R. (3.10)
Jj=1 7=1

Then, if F, — mo in F,, we have that p, — ¢ in H}

loc(R)'
REMARK 3.11 Note that in this case we cannot expect to have ¢, — ¢ in H*(R).
Indeed, we can take a sequence {F,} C &, such that F,, — mg in F,, but mqg ¢ &,

(like in Example 1 above). In this case, ¢ cannot be in S, and, since S, is closed

(Lemma 2.9), @,, cannot converge to ¢ in H*(R).

REMARK 3.12 Note that Theorem 3.9, together with Proposition 1.55, imply that,
if @ > k+ % (for some k € Z"U{0}), we have

DWG, - DWG  for 0 < h <k,

where the convergence is uniform in compact sets of R. In particular, if we allow the
case o = oo (by replacing H*(T) by the Fréchet space C*°(T)), then the uniform
convergence on compact sets mentioned above holds for all the derivatives (h =
0,1,2,...). This particular case, with a different proof, was first shown by A. Bonami,
S. Durand and G. Weiss (see Proposition 2.4 of [BDW]).

PROOF: First of all, notice that, by Lemmas 2.12 and 2.22, the infinite products
in (3.10) converge uniformly and represent functions in H*(R). Therefore, ¢,,¢ €
H.(R). Let K now be a compact set in R. We need to show that ¢, — ¢ in
H-HH%UK. Without loss of generality we will assume that K = [—M, M], for some

M > 7. By Lemma 3.5 we know that ¢, — ¢ uniformly in K. Then,

ln — @HLQ(K) — 0, asn — oo. (3.13)
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We divide the rest of the proof into the usual three cases.
Case I: 3 <a<l.

We shall show that

. , dédn 3
au(@e= )= | [ [ G =200 — B -t ] 0 3
as n approaches infinity.
In the same way as in (3.7) we can write, for £,n € R:
P6) (et =3 H e ) 271 = ma(2 (¢4 )] 227, (3.15)

where the series converges absolutely.

By using (3.15) with @, and ¢ and subtracting both quantities, we obtain
(Pn =)&) = (Pn—P)E+n) =

=3 (X Ttz (€4 IR b —me ] TT FE7(E+0) -

X [F(27E) = Fu(2 (€ + )] 8al276) b+
#3° T2+ ) (B, = )27 = (5, = o) €4 )20
3 Dol (€4 ) o2 1€) = mof2 6 )] o2 16) = 2760 =

= A+B+C. (3.16)

Using this decomposition, our estimation reduces to:

wa,]&"(@n - SE) S wa,]&"(A) + wa,]x"(B) + wa,]x"(c)-

Consider first w, x(A). By using the notation in Lemma 2.25 we have

[N

-1

- t(a—ly ~ d¢ dn
wa i (A) <30 S IE —moll, 2772 |G vk, [/K/T | (€)= Fu(E+n)]?

(=1 h=1 |77|1+20f
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Now

. M .
10 - xx|2 = = sup D (@ xr)(E+2km)]P < (7 +2) |@nll2, < M +2,
keZ

and there is a positive constant ' such that sup, s, |[Ful[gay < € < co. Thus,

dn 3 < (-1
w%K(A)gx/M—I—Q[/n 4t = + wal n)?] | F — moll, Z =D

Inl>m |1

< C|F, — mOHHQ(T) — 0, asn — oo.

For the second term we obtain

 —t(a—L) |~ dn
wa(B) £ 3727173 |G k. [/l . 4|\ F = mol |2, RS + wal b — mo)z]
=1 n>m n
< CHFn—mOHHQ(T) — 0, asn — oo.

Finally, the third term is bounded by

o~ o—tla—L) i~ A dn
waie(€) £ Y 27 G = @) xall, [ [ A+ (o]
= n>= 1]

SOVMHZ sup [3a(6) = B(E)] =0, asn - o,
fe[_MvM]

where the convergence to 0 follows from Lemma 3.5. This shows (3.14) and completes

the proof of case 1.
Case 22 a=kcZ"

We need to show that:
|D® G, — D(k)c,BHLQ(K) — 0, asn— . (3.17)

By using Lemma 2.34 and the notation in (2.37), we can write
pOg6 - DYe =31 ¥ (5

h—1 L

[Z_: 1:[ 5] 2 5) [Fnﬁh(Z_hg) - msh(Z_hg)] 4 H Fn,sj (2_]5) QN(Z_Lf)‘I‘
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+H% i€) (Gn(276) - (270 |+

+(%)M[Zl Hlmo 277 ) [(F, — mo)(27"€))] 1:[1 F,(277¢) F,™W (27 ¢) 5, (271¢)

h=1 j=1 j=h+1

+ H mo(277€) (£, (275€) — mo®(275€)) g (276 +

+Hm)% o) (5, - 212 |

:{[1+11]+[1H+IV+V]}. (3.18)

Then, if we estimate the L*( K )-norm of each of these terms separately, we obtain

12y <

L
Z Z 2L Z 2112 HHmfjH Froey = me, | H HF”@HOO H@”HLZ)(K)

sup £;=1L ]:h-l—l
L L %] k+1
<C HmOHHQ(T) [ — mOHHa(T) HFnHHa(T) LZ:—1 9L/2 < C|F. - mOHHa(T) — 0,
as n approaches oo. The second term is treated similarly,

%] k+1
k ~ ~
H[[HB(K) < Z 9L/2 HmOHHQ(T) |@n — ‘PHL2(K) — 0, asn— oo,
L=1

where the convergence to 0 follows from (3.13). For the other three terms there is a
minor modification in which we introduce the notation in Lemma 2.25

kL L—1

o] 1 R
110 < 32 (5) 5 272 1F = ol 180 xacll IE g
h=1

< C|F, — mOHHQ(T) — 0, asn — oo.

HIVHL2 K) Z ( ) 2L/2 H@n . XKH* HFn(k) - mo(k)HL2(jf)

C||F, — mOHHQ(T) — 0, asn — oo.
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0 kL
Wiz < 3 (5) 272 1@ =2l I laco

< CVM+2sup |gn(é) — (&) — 0, asn — oc.
EeK
This shows (3.17) and completes the proof of case 2.
Case 3 a=k+e, k€Z' 0<e<l.

This case is a little more tedious to write, mainly because of the cumbersome
notation needed; however, all the estimations follow from the same type of arguments

that we used previously. We have to show that

ws,K(D(k)‘ran - D(k)cﬁ) =

d¢ dn 1z
[ 109, =36 = DO, = )+ fe] =0, as e, (319

By using (2.35), the notation in (2.37), and the same kind of decomposition as in

(3.15), we can write:
DWS(&) = DV + 1) =

s oy () [é{ﬁmsj(Q_j(§+n))[mep(Q‘pﬁ)—mep(Q_p(§+77))]X

L=1 sup{;=L 7=1

T w4

J=p+1

+TTme, 27 (€ + ) (2R — 22 (¢ + )] |

i=1

Now, using this representation with ¢ and @, and subtracting both quantities, we

obtain

DG, - 41O - DR -d)E+n =3 ¥ (5

L=1 sup¥{;=L

(T2 € ) e 2+ ) =27 )
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L

x HlFm] et 1) oy (279) = By (274 )] TT Koy 070 202700 |
+Hmsj H(E+ M) [(Fry = me)(277) = (Foy = me )27 (€4 m)]
< I Fue (270 202701+

Z{Hmsj ) I (46) = e (7€) TT e (27)

< B, (2776) = me, 27 TT Foe, (2760 u(2720) 4+
# T (275 ) b (2760 =y (2] T e 27900 - 220 |4
#3127 TT B (7€)

< [2a(27€) = Bu(2 (€ + )+
¥ H e (27 4+ 1)) (B = BN2EE) — (3 — D) ZH(E + )] } _

ol SR R o o e R Caees AR R

L=1 ¢#£(L,..., L=1 ¢=(L,....L)

(3.20)

The estimates needed to show that w.x(A) — 0, when n — oo, are essentially
the same as in the previous cases: we isolate the factor that contains the difference
| £, — mo|. (or, more generally, ||F), — mOHHQ(T) ), while we show that the rest of
the double integral [ [} W is bounded (by dealing with any of the increments

G +n) —G(£), where G = F, ., ,m.,,0,$, ). The calculations for w. x(B) — 0
follow the same pattern, the main difference with A being that the D®)(’s have to
be treated with || - |[z2(m-norms rather than | - |[... The cases By, Bs, and Bg contain

the essential features of these modifications. For completeness, we include the proof



124

of all the cases, but we encourage the reader to convince him or herself of the validity

of these arguments by just checking the non-obvious ones.

ws,]&"(Al) S
o] L L e ~
Z 5L Z — 1) molll 1 = moll, | Eulll 277D | Py oo P, (Pax) L %
N S b wir 2] <
n,e T 110~ We n,e =
[7]>7 =p oo |77|1+26 Ep
<C LZ:I oL/2 2k/2 HS‘BnXBH* HFn o moHa — 07 as n — 00.
o] L L
weac(A2) <2, 5 ZHmoH 277D | Py, Py (Saxs)l. X
.y 1k
[ Ay = me e + el sy =2, <
|n|>n | |
0 Lk—l—l k2
< C Z BY97) 25 @ux il [ Fn — mol|, = 0, as n — oo.
S L L kE g—p(e—1) 9k/2 k|~
wsk A3 S Z _L Z Z Hm0Ha2 ? 2 Hansq _mquoo HFnHa HS‘QNXI{H* X
L=1 p=1 g=p+1

dn
X 4l|lm. 2 + w.(m. )| <
[/|n|>7r | pHOO |12 ( p) N

%] Lk-|—2
< C Z 7] | F, — mol[, =0, as n— oo.

o0

Ik L
we i (Ag) < Z —L Z Imoll}, 27772 2472 (@ — @)xelL.

dn 2
X 4l|lm. 2 + w.(m. )| <
[ Al i + '] <

< Csupl(@n —@)(€)| =0, asn— oo

EEK
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L*
oL

o] L
We e (As) < Z Z ol 2722 || Frey = e oo I Falll we i ()

< C||F, —moll, =0, asn— oo,

where here we have used that, by (2.23), w. x(p,) < ¢ HFnHi-l'a < (. Finally,

o~

we i (As) < Z ‘WOHIZYQ_L(E_%) wWek(Pn—@) < Cwer(Pn—@) =0, asn— oo,

where the last convergence to 0 follows from (3.14), in case 1 above. This shows that

we i (A) = 0, as n — oo. We proceed similarly to estimate the terms corresponding

to w. x(B).

o] 1L—

wec(B1) Z—LZ (p— D|[Fn = mol|, 27772 x

dé€dn 13
§77]+

<UL LTI ) — (e ) 1) (27 L

< L — ey~ dn >
‘|'Z 9L HF mOHoo2 i 2)"9971)(18"”*|:/|77|>7r4HFn(k)Hi2T)| |1+2s+w6(Fn(k))2] .

L=1

To treat the double integral we use a Lipschitz condition on F,, and, then, periodize
over £. Let 0 € (0,%) be such that 0 < ¢ 460 < 1. Then, if % < e < 1, we have
F, € H2(T) C A*t(T) and, by (1.28),

|FL(6) — E(E4+ )P < C|F? In*=*2.

Suppose, on the contrary, that 0 < ¢ < . Then, F, € H'*(T) C /\%""E(T) and
Ful€) = Falé + ) < C a2 ol ™+,

Therefore, when || <1, we always have

[Pa(€) = Ful6+m) P < CIEL I, ¢ eR. (3.21)
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The double integral, then, becomes

L [ B6) = Bule + )P IS g2 gl S <

o2 [ [IRO©F p©F woae] [ [ 1t [ ]

< O2577 1 Guxil 1B,

Thus,

o] L2 R 0 L
weie(B1) < C 3 s l@axw Ll 1 =molle + € 3 577 1w —moll.. =0,

as n approaches co. In a similar way, we deal with By, B3 and By. Observe that

(3.21) is crucial in these three estimations.

~

B0 5 o 2 021070 [ [ 1RO e w61

X 4| F, —m 27—|-/ F,—m 7] T
[/| 51 H OHoo |77|1_|_25 |77|§1H OHa |77|1_29

) Ls—— dT/
+C Z |&n K ||, [/|77|>7r4HFn(k)_mo(k)H;(T) T —|—w5(Fn(k)_m0(k))2]

1
2

< C||F, —mgl|, =0, asn — oo.

| L . L-1
cec(B) £ 30 5p 3270 B 1A= mll »
L=1 p=1

g=p+1

[// [mo(€) — mo(€ +n)[* 1,0 (27H47€) (xxepn) (277 ﬁfﬁlr

T R AP e R A o

o0 L2 R
<C Z SL72 { 1F, — mol| + 1@nxxll, 15, - mo(k)HLz(T) } — 0, asn — oo.

We K (B4) S
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o] 1 L-1 N _ dfd?’/ %
S 2 Uﬂm ol €+ IR Oxk(f,- 2l R ]
L=1 p=1 77|
o~ 1 - (k)2 dn (k)y2 ]2
+3 g2 ING -l [ Amo N i+ | <
=1 ny>m 77
L 5 5 5 G
< Y s (1B P 1@a=@)xall. +lmoll, 1Ba—2)xll. | =0, as 0 = o,
L=1
ws]&'(B5)<
SN e N R . d¢dn 17
> 5 2”2WFTW\U/M1 OF xaw(€) [En(O)Gale+m)P St |
L=1 2 g=1 |77|
<1 ~ ~ dédn 73
#3202 D[ [ LIRS - me O xax©) 124(6) ~ Pulé + )l i ]

To estimate the double integrals above we need to use this time a Lipschitz condition
on ¢,. Let us denote by G(&) any of the 2r-periodic functions 1,0 or 1,0 gy (R
Then,

L LI6@F sl = autewnl S = [ [ e[ [

The first double integral is easily bounded by

~ ~ 2 dfdn
Jior L GOF xar (@ 10(€) = ute +ml* 1 <

. dn
< G NC e | [, ot | < €6

For the second integral we proceed as follows. Let K = [—AM —1,4M 4+ 1], and let

w e Cfo(ff) be such that 0 <w <1 and w|_aar—12m41] = 1. Then, for |n| < 1, we

have

X2k () (@) = Pul-+m))[2 = Sup > Ixer(§+2km) (P (€4 2km) — @ (E 4 2km + 7)) |
€l kez

< 1w ) () = (wea) (- + )l (3.22)
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As in the last part of the proof of Lemma 2.22, we consider two cases. When 0 < ¢ < %,

by Corollary 1.38 and Proposition 1.52 we have

1(w@a) () = (W) (- +0)ll2 < Clulllwallzng < Clulllénli, .z < Clhl.

Then,

~ ~ 2 dfdn
S L GO X (©)180(O) = Bule 4 m g <

2 dn 2
< 6l [ Ml ir | < €6

In this case,

ws,]&"(BE)) < C HFn - mOHa — 0, as n — oQ.
When % < e < 1, again, Corollary 1.38 and Proposition 1.52 imply that, if we take
v € (2¢,2), then

3N — (103 ) - 2 v 5%,
[(w@n)() — (W) (- + )l < Clnl Hw%HHﬂ(R)

< C|U|W9%H < Clnl.

,21(

loc

Therefore,

(6 — e e dE
S L GOF xar (@ 10(€) = ule +ml* 1 <

dn
2 2
< ClGWen [, remam | < C Gl

which in turn shows again that

ws,]&"(BE)) S C HFn - mOHa — 0, as n — o0.
Finally, let us consider Bs.

We K (BG) S

=1 N N , déd
<3 g2 D[ IR () (B~ 20 - (B - BN+
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Here the double integral is estimated in the same way as for Bs. We split the integral
with respect to n in two parts, one when |n| < 1 and the other when || > 1. The

last case is always the easiest one:

Jraw [ e A )12 = £)(6) = (2 = BME+ ) (L <
[n]>1
k 2 ~ N 2 N N 2 df dT/
2 e L Ime(©) (|or@n = 20| +|ixz(@, - 2E +n) )WHE

I L _dn
< 2(@n — 2xaxl + 1B = Dl ) ImoPliaes | [ et
< Csup (@ — @)EO)P =0, asn— cc.

On the other hand, when |n| < 1, we introduce the same function w as for Bs to

obtain
Pax((@n = D)) = (Zn = D)+ 0)]2 <
1lw0(@n = D) = [w(@n = DN+ )12
If we assume that 0 < & < %, then Corollary 1.38 and Proposition 1.52 imply that
1[w0(@n = () = [w(@n = DN+ )2 <
< Clhlllw(@n = D < Clallen = ¢l oz

Thus,
[ L P OR B0 = 26 = (B0 = 206 + 1) xanl) foh <
< Clme® |2 [/ 7 |%] 160 — 3120 oz =0, asn—ox,
<t [ foc
where the convergence to 0 follows from (3.17), in case 2 above. This shows that
we i (Bs) — 0 and completes the proof of the theorem for the case o = k + ¢, when
0<ex % Suppose that % <e<1andlet y € (2¢,2). As before, by Corollary 1.38

and Proposition 1.52, we have

Heo(@n = 2)]() = (@ = DC+m) 12 < il @ = 7 s

o 2K

loc
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Then, since H'TW € (1,2), the case we just proved gives us

L S d¢ dn

(k) (e3]2 _ _ _ 2. <

S L Imo R B = 2O = (B = BE+ I xar(6) ooy <

< Cllmo® Ny [ st | 16 = 6 5 0, asn oo,
>~ L3(T) In|<1 |n|1—(w—25) Hlof 72?{

Hence, w. k(Bg) also goes to 0 in the case o = k+&, when % < ¢ < 1. This concludes

the proof of case 3 and establishes Theorem 3.9.

If we extend the domain of the mapping N defined in (2.43) from &, to F, then,
as we pointed out in Remark 3.11, N is not necessarily continuous (when it takes
values in H*(R)). The most we are able to say is the local convergence shown in
Theorem 3.9. When we restrict N to &,, Cohen’s condition (2.15) will allow us to
pass from local to global convergence (in H*) because of the constraint that the MRA

property (3.6) imposes on @, and ¢. The next lemma clarifies what we are saying.

LEMMA 3.23 Let o > % Suppose that F, — mg in &, and let ¢, be defined as
in (3.10). Then,

16 — @2 = sup ST 1@Gu(€ + 2km) — G(E + 2km)[P =0, asn—oco.  (3.24)
keZ

PROOF:
By (3.6) (and Corollary 1.18) we have that
D 1@al€+2km)[F = 3 |2(6 + 2km)[* = 1, for every € € [~m, 7], n > 1,
keZ keZ

where all the series converge uniformly on [—m,7]. Let us fix a positive number

e € (0,1). Then, we can find an integer ko > 1 such that

Z (& + 2k7r)|2 <e, forall £ €|—m, 7). (3.25)

%[> ko
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Consider the compact set K = [—(2ko + 1)m,(2ko + 1)7]. Then, by Lemma 3.5, we

can find ng > 1 such that, for all n > ng

€
An — ¢ f 11 K. 2
[Pnl) =Pl < g, foralln € K (3.26)
Therefore, when ¢ € [—7m, 7] and n > ng we have
N 1Ga(€ 4 2km) — G(E+2km)P < 0 (($n — P)(E + 2km)*+
keZ k| <ko

+2 3 @ H2kmP+2 Y |G+ 2km)P =T+ 1T+ 111

k> ko +1 (k> ho+1
By (3.25) and (3.26), we easily see that

52

I+11< ——— + 2¢ < 3e.
|k|§m (2ko + 1)?

On the other hand,
1
“IT=1— > |gulé+2km)]* =

2 Ik <ko
= ¥ Iae+2hm)P + ( S 1B +2km) = X |ul¢ +2km)?)
k| >ko+1 IkI<ko II<ko
<e+2 > (@—@u)(E+2km)| <e+ 2 = 3e.
|| <ko

Putting these two estimations together, we obtain that [ 4+ [ + Il < 9¢ and,
therefore, that

sup Y |@nl(& + 2km) — @(€ + 2km)|> = 0, asn — oo,
¢eT ke

which completes the proof of the lemma.

We are now ready to state our main result.

THEOREM 3.27 Let o > % Suppose that F,,mo € E,, n = 1,2,..., and that

F, = mg in &, Then, ¢, — ¢ in H*(R), where ¢, o are defined as in (3.10).
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PROOF:

The idea of the proof is the same as for Theorem 3.9. Now, we have to replace
the compact set K by the real line R, and make use of Lemma 3.23 whenever we
need to pass from local to global convergence (that is, from |[(@, —@)- xk]||, — 0, to
| — @ll, — 0). For completeness, we inlude some of the estimations here, leaving
the obvious ones to the reader. First of all note that

n—0oo

T 8, e = lim [ S 1@ - Q€+ 2AmPde =0, (329
keZ

To show that HS«an_SEHHQ(R) — 0, as n — oo, we use, as in Theorem 3.9, the definition

of norm for H*(R) given in (1.4) (or (1.6)).
Case I: $<a<l.

We shall show that

o~ o~

ol (S‘Qn_‘fo):

DU DU , dédn 2
L LG =200 =~ Gu =@t )l ] 0 asn oo (329

We proceed as when we showed (3.14), replacing K by R. Using the decomposition

(@n —PNE) — (@0 —@)E+n)=A+ B+,
given in (3.16), we obtain
Wa(Pn = ¢) < walA) + wa(B) +wa(C).

Then, if we repeat the estimations right after (3.16) above, we obtain

[N

-1

NOES>

{=1 h=1

ol - d¢ dn 13
Fn_ QZ(OZ 2) n |:// Fn _Fn 2 :|
£ = mall.. Il |, J1F€) = B+ )P o

< C|F, — mOHHQ(T) — 0, asn — oo.

One deals similarly with B. For C', we have

o~ o—lla—L) 1~ - dn
wa(C) < ZZ_; 2 Ho—3) HS«Qn — 99H* |:/|77 4@ + wa(m0)2:|

>
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< Cllgn —@ll, =0, asn— oo,

where the convergence to 0 follows from Lemma 3.23. This shows (3.29) and, together

with (3.28), completes the proof of case 1.

Case 20 a=keZ"

Here, we need to show that:

|1D® G, — D(’“)@HLQ(R) — 0, asn— . (3.30)
As when we proved (3.17), we use the decomposition
DWG (&) =DWG(E) =T+ T+ TIT+IV 4V,
given in (3.18). Note that the same arguments right after (3.18) imply that
I oy L DN oy 1V 2y < Ol = mol | gy — 0, as n — oo

For the other two cases we have:

12y < Cllén — @llrem — 0, asn — oo,
and
IVliz@ < Cllgn — @Il =0, asn— oo,
the first limit following from (3.28) and last one from Lemma 3.23. This shows (3.30)
and completes the proof of the second case.
Case 3 a=k+e, k€Z' 0<e<l.

In this last case we need to show that

(D3, — DWG) =

dé dn 12
[ L1096, = 86 = D3, = G)e P ] =0 asn s oo, (331)
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By using the decomposition
D@ = 2)(&) = DWN(Gn = @)+ 1) = [+ ...+ Ag] + [Br + ... + B,

given in (3.20), it is enough to estimate each of the terms w.(A;) and w.(B;), j =

1,...,6, separately. By following exactly the same arguments as right after (3.20),

9 ..

we can easily see that, when j = 1,2,3,5, we have
w.(Aj) < C||F, — mOHHQ(T) — 0, asn — oo.
In the case A4, we use Lemma 3.23 to obtain
we(A) < C3a—Fll. =0, asn— oo,
while for Ag we have
we(Ag) < Cwe(pn — @) =0, asn — oo,

the convergence to 0 following now from (3.29) in case 1 above. To estimate the
B;’s, one proceeds similarly. Note that By, By, Bs and By are treated by using (3.21),

giving us
w.(Bj) < C||F, — mOHHQ(T) —0, asn—o0, j=1,2,3,

while

w-(By) < C|lgp, — |, =0, asn— oco.

To deal with Bs, the only difference with the local method of Theorem 3.9 is that the
estimation in (3.22) should be replaced (by Corollary 1.38) by

Cn| HS‘BNHJQLF(R) ; when 0 < e < 3

18a() = 2al- + 02 < {

Y5 112 1
ClnlM I @nlly1g - when 3 <e <1,
for a suitable v € (2¢,2). In both cases, this implies

we(Bs) < C||F, — mOHHQ(T) — 0, asn — oo.
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Finally, for Bg, Corollary 1.38 tells us once more that

L L C Il @n — 33 e » when 0 < & < 1
1@ —@)() = (@0 — @) (- +1)|I2 <{ ®) 2

* — -~ _ ~1(2 l
Clnllln = 2l 1z g > when 5 S e <1
When 0 < e < 1, this gives us
we(Bs) < C'||pn — SEHHI(R) — 0, asn — oo,

the convergence to 0 following from case 2 above. This would complete the proof of

(3.31) when 0 < ¢ < 2. When 1 < ¢ < 1, we have
e Bo) S C g =l =0, a5 =,

where the convergence to 0 now follows from the fact that 1 < H'TW < % and the
previous case. This completes the proof of (3.31) and, with it, establishes Theorem

3.27.
O

COROLLARY 3.32 Let o > . Then N:&, — S, , given by (2.43), is a homeomor-

phism of topological spaces with inverse N™' = M |, defined as in Lemma 2.7.

The homeomorphism between S, and &, has some other important consequences,
besides showing the interplay between scaling functions and low-pass filters. For in-
stance, it allows us to work with the somewhat simpler (and better described) space
&, of 2m-periodic functions whenever we want to find topological properties satisfied
by S,. In the next section we shall show that &, is a connected infinite dimensional
manifold. Corollary 3.32 tells us that the same condition will automatically be satis-
fied by S,. This will lead, in §5 below, to similar properties for the set of a-localized

wavelets.
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4 €&, 1s a connected infinite dimensional manifold

In this section we study some topological properties of £, and F,. The limiting case
when a = oo, in which &, and F., have the topology of the Fréchet space C>(T),
was studied by A. Bonami, S. Durand and G. Weiss in [BDW]. They showed that
both &, and F., are connected infinite dimensional manifolds (see Theorems 2.1 and
3.2 in [BDW]). We adapt their proofs to show similar properties for the spaces &, and
F., when a > % In most of what follows we will work with the latter instead of the
former. This assumption is not too general since, as we proved in Theorem 3.8, &, is
open in F,. Our first theorem will show that F,, is an infinite dimensional submanifold
of the Hilbert space H*(T). Formally, this comes from the fact that, for m¢ € F,,
Imo| is completely determined by its values in = = [ZF,Z) (by (2.2)), while arg(my)
can be any arbitrary real-valued functiont®} in H*(T). Roughly speaking, this gives
us a local homeomorphism mg — (|mol, arg(mg)) between F, and H*(T/2) x Hg(T),
this product space being itself homeomorphic to H*(T). The assumption mg(0) = 1
in (2.2), for mg € F,, has also to be taken into consideration, and will tell us that
F, actually lives in a “hyperplane” (and therefore a submanifold) of H*(T). Let us

now give a more precise meaning to what we are saying.

Suppose that a > % and consider, then, the following subset of H*(T)

H.={f € H*(T)| (0) = f(m)=0}. (1.1)

Note that H, is a closed subspace of the Hilbert space H*(T) and, therefore, H, and
H?(T) are isomorphic. Geometrically, H, represents a hyperplane of codimension 2

of H*(T).

THEOREM 4.2 Let a > % Then, F, is an infinite dimensional submanifold of

H*(T), in the sense that for every mo € F,, there exists a neighborhood of my,

{8} When z € C, by arg z we denote a real number such that z = |z]|e?®8% | Unless otherwise

specified, we will consider only the main branch of the argument, that is, argz € [—=, 7[.
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U C F,, a neighborhood of 0, V C H,, and a homeomorphism

¢:U =V, suchthat ®(mg)=0.

PROOF:
Let mgy € F, be fixed and define

mi(€) = e“mo(€ + ), (ER.

Then, my; € H*(T). Now, for every ¢ € T consider the unitary matrix

(mol€) mo(€ +7)
uer= (e meim): (4:3)

We use U to find a particular isomorphism between the Hilbert spaces {7 H(T) and
H*(T/2) x H*(T/2).

LEMMA 4.4 Let o > % and mg € F, be fivred. Let U be the unitary matriz defined

in (4.3) above. Then, the operator associated with the matriz:

U H*(T/2) x H*(T/2) — H*(T)
(G.H)— UG H) =G -mog+ H-my

is an isomorphism of Hilbert spaces with inverse U™' given by
FeH (T)— U F)= (G, H),

where

o) + F(E+m)mo(E+ ), €€

Q
o
!
~
o
3

(4.5)

(O + FE+m)mi(+m), C€

=
™
Il
=
™
3
TSRO

{7 Here, we say that f € H*(T/2)if f € H*(T) and f is m-periodic; in this case, we define the norm
||f||H°‘(11'/2) = ”f”Ha(T)' Equivalently, one can consider H*(T/2) as the Hilbert space of m-periodic
functions that satisfy (1.20) (or (1.21) and (1.23)) when T is replaced by =. In H*(T/2) x H*(T/2)
we will consider the product norm || (f,9) ||Ha(1r/2)xHa(1I/2) = HfHHa(nr/z)—i—ﬂg”Ha(qr/z) Jforall (f,g) €
HY(T/2) x H*(T/2).
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PROOF:

The proof of this lemma is easy. It is clear that both ¢/ and /=1 are linear and well-
defined (by Lemma 1.30). Moreover, U~ (F) = ' and U™ U(G, H) = (G, H).
We show that ¢/ and U~" are bounded. Let F € H*(T) and (G, H) € H*(T/2) x
H®(T/2). Then, by using Lemma 1.30, we obtain

[U(G, H)HHQ(T) = [|G'mo + HmlHHQ(T) < HGHHQ(T)HmOHHQ(T) + HHHHQ(T)HmlHHQ(T)

< (HWOHHa(T) + HmlHHa(T)) (G, H)HHa(T/z)xHa(T/z)v
and
U™ M raryayscararyay = 10 + F (- m)mo( =+ )| gragryz) +
[Emy 4+ F(+ m)ma( 4 )l garyzy < 2 Umoll e + Imallgeem) 1Ellga -

This shows that ¢ and #~! are bounded and completes the proof of the lemma.
O

Before embarking on the proof of Theorem 4.2 we need to consider one more

technical detail. Let o > % be fixed and consider the following notation:
I={fe H*(T/2)| f(0)=0} and ZIp={f€TI|/f isreal-valued}.

Note that Z and Zg are both closed subspaces of the real Hilbert space H*(T/2) (say,
with the symmetric inner product < f,g>= 2{(f,g)+ (g, f) }). Thus, it follows from
classical Hilbert space theory that there is an isomorphism between them (in fact,
they are isometrically isomorphic to /3). For the sake of completeness, we present

here the construction of one such isomorphism. Let

Jl : IRXIR%I

(F,G) — (F +iG).

This is clearly an isomorphism of real Hilbert spaces.
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On the other hand, we define J; : Ty — Zp x Ig as follows; if f(8) =3,z crpett(20)

is a function in Zy then, we let

(JL(f )= (F9), G9)) = (Z a2 N bkeik(?@)) :

keZ keZ
where
C2k — Cok—1, k >1
Cok + c2p—1, kK 2>1
ar = { Cp, k=0 and b, = ZC2Z+1_ZC%7 k=0
LeZ
Cok + Cokg1, k< —1 tez 0
C2k — Ck41, k < —1.

Note that, if f is real valued and f(0) = 0, then, c_y = ¢ and Y ez = 0. In
particular, this implies that a_j, = @ and b_j, = by, k € Z, and Yokez Ok = ez i =
0. Thus, .J; is a well-defined linear operator (between real Hilbert spaces). Moreover,
its inverse Jy ' (F, G), for F(0) = Yrez are™?) G(0) = Ypen bpe™?) € T, is given
by:

TE.O)0) = X exe ),

kEZ
where
b
Cof = i —2|_ k? k 7£ 0
co = ag and ar — by dep — b,
Cok—1 = 5 C_(2k-1) = R k>1.

We leave to the reader the verification that JyoJ; ' (F,G) = (F,G), Jy o o(f) = f,
and both J,, J;! are bounded. Then, J = JyoJ; : Iz — T is one of the isomorphisms
seeked.

We can now continue with the proof of Theorem 4.2. We are looking for a home-
omorphism ® between a neighorhood of mq € F,, and a neighborhood of 0 € H,. In
order to do so, we proceed via H*(T/2) x H*(T/2), as in the following diagram:
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Fu ¢ > Ha
U | u (*)
é
U (F,) s U (M)

Note that U~*(mg) = (1,0) and U~*(0) = (0,0). Then, by Lemma 4.4, it is
enough to find a neighborhood {7 of (1,0) in

U (Fa)={(G,H) € H*(T/2)x H*(T/2) | |G|*+|H|> =1 and (G, H)(0) = (1,0) },
a neighborhood V of (0,0) in

U™ (Ha) = {(G,H) € H*(T/2) x H*(T/2) | (G, H)(0) = (0,0) },
and a homeomorphism

&: 0 =V such that ®(1,0) = (0,0).

Indeed, if we do this, we can define U = U(I7),V = U(V) and & = UoPold ™!, and
this would complete the proof of our theorem. Consider the following domain of the

complex plane

V3

Q:{ZEC|7<|Z|<2, |argz|<%}.

(See Figure 4.2 below.)
We define

U={(G,H)c H*(T/2) x H*(T/2) | G(T) C Q and || H||., < 1/2}nU(F.).

By Sobolev’s Imbedding Theorem 1.25, {7 is an open neighborhood of (1,0) in
U (F,). On the other hand, define

Vi= {(AH) € HY(T/2) x HY(T/2) ||| All, <7/6, ||H|, <1/2} NUT (Ha),
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B 1 2

Figure 4.2: Sketch of the region (2.

which is an open neighborhood of (0,0) in U~ (H,) N [HR(T/2) x H*(T/2)]. Then,
we define the homeomorphism ®* : [J — 1% by

"G, H) = (A, H), where A=arg(G)= llog %, for (G,H) e U.
i

We claim that ® is well-defined and continuous. Indeed, by using the results in §1.3
about Banach algebras, we see that G/ +— G//|G] is continuous (into H*(T/2)) when
o(G) C Q) (this is because |G| = VG- G and the square root is well-defined since
o(G - G) = |G*(T/2) C]2,4, which is simply connected and does not contain 0).

Moreover, since

T
(GG € {1 =1, argz < £ |,

we can use the holomorphic functional calculus of Theorem 1.40 to conclude that
G — log (G//|G]) is continuous in H*(T/2) and (A, H) € V*. On the other hand, the

candidate for inverse, (®¥)~!, is given by
(A H) > (4L [H(2 1), (A H) €V

Another use of the holomorphic functional calculus in H(T/2) shows that (®#)~*
is continuous and (®*)~"*(A, H) € /. Moreover, since ®f(®H)~L(A H) = (A, H),
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and (@) 1ed!(G, H) = (G, H), for all (A, H) € V' and (G, H) € {7, we have that
o [T — Vs a homeomorphism.

Now, the mapping
(A H) s JAH) = (J(A), H)

gives an isomorphism between V' = {(A4, H) € Tp x T | Al <m/6, ||H|  <1/2}
and the open set Jﬁ(Vn) =VCIxTI= U (H,). Hence, if we define

= Joh T =V CcU N (H,)

we obtain a homeomorphism that completes the diagram (*) above (with the map-

pings restricted to appropriate open sets). This establishes Theorem 4.2.

REMARK 4.6 We have not considered here any “differential structure” in the man-
ifold F,. One can do so by noticing that for any pair (®,U;), (®2,Us), as in the
previous theorem, such that U; N Uy # ), we have that

(I)loq)z_l : (I)Q(Ul N Uz) — (I)l(Ul N Uz)

is a C'*°-diffeomorphism between open sets in the real Hilbert space H,. This actually
follows from the construction of ® above and from elementary properties of H*(T)
(of the type of what we said in Remark 1.41). In the terminology of infinite dimen-
sional geometry (see, e.g., Chapter II of [LAN]), F, becomes a Hilbert manifold (or
a manifold modeled in the Hilbert space H, ~ H®(T)). We restrict the investigation
of this thesis to show the connectivity of F,, but stronger properties arising from the

differential structure might be true. We postpone this study to a future occasion.

Theorem 4.2 is also valid if we replace F,, by &,. This is just a consequence of the
openess of this last set in the first one, which we proved in Theorem 3.8 above. From

these considerations we deduce the following result:
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COROLLARY 4.7 Let a > % Then, &, and F, are locally connected topological

spaces.

PROOF: This follows from the fact that H, is connected and &, and F,, are locally
homeomorphic to H,,.

O

In order to show that F, is “globally” connected, given a pair of functions (mqg, m1)

in F,, we find a continuous path (in F,) that joins one with the other. One candidate

for such a path is t — m, = \/(1 — t)|mo|? 4 t|m1]? (note my satisfies (2.2)). Unfor-
tunately, taking the square root does not preserve the smoothness of the functions
mo and m; (although m, still belongs to L*(T)). It turns out that one can overcome
this difficulty when mg and my are trigonometric polynomials. Indeed, under these
conditions, the Fejér-Riesz Lemma tells us that we may choose a trigonometric poly-
nomial m; so that |m|* = (1 — ¢)|mo|* + ¢|my]*. The assumption that mg,m; € T
is not too general, and can be justified from the local connectivity of F, (Corollary

4.7) and the following density result (see also Lemma 1.47):

THEOREM 4.8 Let a > % and I € F,. Then, there exists a sequence of trigono-
metric polynomials {P,}>>, such that P,(0) =1 and P,(7) =0, n=1,2,... and
Py
VIR [Pl + )2

— F an F,, asn — oo. (4.9)

In particular, the set

{\/|P|2‘|‘|];(-—I—7r)|2 PeT,P0)=1, P(r) =0, |P|2‘|'|P(-—|—7r)|27£()}

is a dense subset of F,.

PROOF:

We showed in Lemma 1.47 that the set T of trigonometric polynomials is dense in

H*(T). Let {Q,}>2, CT be asequence such that @, — F' in H*(T) (e.g., take the
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n'"-symmetric partial sum of the Fourier series of F'). Then, by Sobolev’s Imbedding

Theorem 1.25,

lim @,(0) = F(0)=1 and lim Q,(7)= F(r)=0.

n—0oo

Therefore, for large n we have [Q,(0) — Q,(7)| >
)

@
3
5

PL(€) = g”E

£) —
n(0) = Qu(m)’
). Moreover, P,(0) = 1 and P,(m) = 0. Once

again, Sobolev’s Theorem 1.25 tells us that \/|P )2+ |Pu(é4+ )2 = 1 uniformly

Then, P, € T and P, — F in H*(T

in T. Therefore, for n large enough, we must have that
PG+ | Pa(E 4 1) > % for all £ € T
From the properties in §1.3 about Banach algebras we see that
(PO + 1Pale + m)P) 2 € H2(T)

and (4.9) holds. This completes the proof of the theorem.
O

REMARK 4.10 Note that if /' € &,, the trigonometric polynomials {FP,} in the
previous theorem can be taken to satisfy Cohen’s condition (2.15). This follows from

the fact that &, is an open subset of F,.

THEOREM 4.11 Let a > % Then F, and &, are arcwise connected topological

spaces.

PROOF:

Let us choose, as a fixed element of F,, the Haar filter: mg(§) = %, ¢ eT.
Let mg be an arbitrary element of F,. We will construct a continuous path in F,
that joins mg with my. Moreover, we will see that this path can be chosen within &,
if mg € &,.

We borrow the following result from [BDW].



145

PROPOSITION 4.12 : see Lemma 3.6 in [BDW]
Given a polynomial Q(z) = YN anz™ such that Q(1) = 1, there exists an integer

k, 0 <k <N, and a continuous map
[0,1] — C™(C) (4.13)

t — Qt
such that

(i) Qo(z)=2" and Q,=Q.
(11) Q¢ are all polynomials of degree < N, t € [0, 1].

(1i1) |Qi(2)]* = (1 —t) +t|Q(2)|?, when |z| =1, for all 0 <t < 1.

REMARK 4.14 We are considering the usual Fréchet topology in the space C'*°(C) =
C°>°(R?) in (4.13) above. That is, if f,,, f € C**(R?), we say that f, — f in C*(R?)if,
and only if, D*f, — DX f uniformly in compact sets of R? and for every multi-index

k = (kq, ko) such that k; > 0,¢=1,2.

REMARK 4.15 We will not prove Proposition 4.12 here, but a sketch of the proof
is as follows. When |z| = 1, consider the positive trigonometric polynomial (1 —
t) + t|Q(2)|* given in (ii7i) above. Then, an argument of the type used to establish
the Fejér-Riesz Lemma (see, e.g., Lemma 3.16 in Chapter 2 of [HW]) allows us to
construct a trigonometric polynomial @; such that |Q.(z)|* = (1—1t)+¢|Q(z)[*, when
|z| = 1. The selection of the ();’s is not unique in general, but with some care in the
process of construction we can make the coefficients of (); depend continuously on .
The integer k in (i) appears when passing from |z| = 1 to z € C, and is related to

the multiplicity of the zeros of (). For more details see [BDW].

Continuing with the proof of Theorem 4.11, let mg be a fixed element in F,,
and let P be a trigonometric polynomial (as in Theorem 4.8) such that mg and

P(|P)2+|P(-+m)|*)"2 can be joined by a continuous path in F, (we can do this by
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Corollary 4.7). We may assume that |P(£)]*+|P({+)> > £, when £ € T. Suppose
that P(¢) = XN\ a,e™ has degree N. Then, since P(1) = 0, we can write P as

1+ €%
2

P =™ (L) @), €eR,

where ) is a polynomial (in C) of degree < 2N — 1. Applying Proposition 4.12
to () we obtain a continuous map t — @y, t € [0,1], as in (4.13), and an integer k,
0 < k < 2N —1, such that properties (¢), (¢¢) and (¢7¢) of the proposition are satisfied.
Let us define

1+ €%

PAg) = e (5

) Qu), ¢eR, Lel0,1]. (4.16)

Then, the map
t— Pt

is continuous'®. Moreover,

. ip 1‘|‘€ié
i) g =t

(17) the trigonometric polynomials P;, ¢ € [0,1], have all degree < N.
1+ e

for some p € Z, and P =P.

2

+H PP, (€T, telo1]. (4.17)

(i) |PAEIF = (1-1))

In particular, note that (4.17) above implies that
[P +[P(E+m) = (1=)+t (IPOI +[P(E+m)*), €T, telo,1]. (4.18)

By our assumption on P, this last expression must always be greater than % There-

fore, we can define

Pi(€)
VIP(E + [Pi(e +m)]2

which is an element in F, for every t € [0,1]. Now, since we have the continuous

®,(¢) = tEeR, tel0,1], (4.19)

inclusion C°°(T) < H*(T), for all o > 1, we see that the map

{8} Here, the Fréchet space C(T) is considered to have the topology of the uniform convergence
in all the derivatives. That is, for f,, f € C®(T), f, — f in C°°(T) if and only if D*) f, — D) ¢
uniformly in T, for every integer k& > 0.
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[0,1] — F,
t— (I)t
is continuous and

. ip 1‘|‘€ié
i) e = et L

(i) ®i(€) = PO (IP(OP + [P+ m)P)5, €€R

forsomepeZ, —N <p <N -—1.

Note that &y # my unless p = 0. To complete the proof of the theorem we need to

join mpy (&) = L and e

i€ 14e'¢
2 2

with a continuous arc in £,. When p = 1 we saw how
to do this in example 1 of §3 (just connect the “pairs” (1,0) and (0,0) continuously

within the punctured circle C'\ (1, 1)). Iterating this process, we can connect, within

E., the filters # and e'7¢ 1+26i€ , for any p € Z. This, together with the map ®, above

and the local connectivity of Corollary 4.7, shows that F, is an arcwise connected
topological space.

Suppose now that the original function mg belongs to &,. Then, by Remark 4.10,
we can take P as in Theorem 4.8 in such a way that P € &,. In particular, we can
find a compact set K as in (2.15) such that P(277¢) #0, £ € K, j = 1,2,... Then,
the trigonometric polynomials P; defined in (4.16) must satisfy, by (4.17), the same
condition; that is, P;(277¢) £ 0, ¢ € K, j = 1,2,...,t € (0,1]. Therefore, the path
t €[0,1] — ®; defined in (4.19) lies within &, and, by the same argument as before,

we conclude that &, is connected by arcs.
O

REMARK 4.20 Note that, if mg is a trigonometric polynomial in F, of degree < N,
then, the path ¢ — ®, constructed above consists of trigonometric polinomials in &,
of degree < N, for every t € [0,1). In particular, the set of trigonometric polynomials

of degree < N in F, is connected. The same holds for the set of trigonometric

polynomials of degree < N in &,.
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5 Connectivity in the set of a-localized wavelets

In this section we introduce our main results related to the theory of a-localized
wavelets. The close link existing between these objects and the a-localized MRA’s
of §§ 2,3 and 4 (provided by a theorem of Lemarié) will move us along these lines to
obtain some interesting properties, such as a complete decomposition of the set W,
of a-localized wavelets into its connected components. It turns out that a wavelet
belongs to one connected component or another depending on the homotopy degree
of its “phase” v(§), that is, the unimodular, 27-periodic function necessary to re-
construct the wavelet from an MRA as in (3.9) of Chapter 1. In §5.3 we study the
functional equation that determines when a “simple phase” can be chosen (such as
v(€) = 1 or ), and we give a complete solution to it. We conclude the section
by presenting two theorems on connectivity of more general sets of wavelets, due to
different authors, in which no topological restriction such as the “homotopy degree”

appears.

5.1 Definition and properties of a-localized wavelets

DEFINITION 5.1 Let a > We say that a function v € L*(R) belongs to W,

1
5

when

(i) ¢ is an orthonormal wavelet (see Definition (2.1) in Chapter 1).
(ii) ¥ € H*(R).
(tii) There exists an ¢ > 0 such that ¢» € H*(R).
We consider W, as a topological space with the topology of L*((1 + |x|*)* dz); that
is, ¥n — ¥ in W, if and only if ¥, — ¥ in H*(R).
We say that ¢ € L*(R) belongs to W., when ¢ € W, for all a > % In W., we

consider the topology generated by the seminorms L*((1 + |z|*)V dz), N = 1,2,...,
meaning that ¥, — ¢ in Wa if and only if ¥, — ¥ in HN(R) for all N > 1.
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EXAMPLE 1

The Haar wavelet

1, when 0<z<!
Pn() = X028 = 1) = X0 (20 = 2) = { —1, when {<z< i

It is not hard to see that ¢y is an orthonormal wavelet. In fact, ¢y arises from an

MRA as in (3.10) of Chapter 1:

Vu(26) = e mp(E+7)gn(6), EER,

where mg (&) = #, ¢ € T, is the Haar filter and ¢y = x[_1, is the Haar
scaling function (see Example B in Chapter 2 in [HW]). It is clear that ¢y €
L*((1 4+ [¢]*)* dx), for all @ > 1. To see that (iii) in Definition 5.1 holds note that

~ »gl-COSé

V() =20e™"2 T27 £ eR,

and, therefore, ¢y € L*((1 4 |€]%)° d€) when 0 < & < %. This shows that the Haar
wavelet 1s in We,.
The Haar wavelet is just a particular instance of a more general case; namely, all

wavelets arising from a-localized MRAs are also in W,,.

THEOREM 5.2 Let a > 1 and suppose that {V;};ez is an a-localized MRA, and let
© be any a-localized scaling function'® with its corresponding low-pass filter mqo. Let

v be any unimodular 2n-periodic function in H*(T). Then, ¢ defined by

~

B(E) = e F () molE2+ m) B(£/2), £ ER, (5.3)

15 a wavelet in the class W,.

The previous theorem tells us that the class W, is naturally associated with the

class of a-localized MR As. It turns out that the converse is also true:

19} We remind the reader that an a-localized scaling function must satisfy (3.13) of Chapter 1 and
(2.1) of §2 in this chapter.
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THEOREM 5.4 Let o > £ and o € W,. Then, ¢ is a wavelet arising from an
a-localized MRA. More precisely, there exists an a-localized scaling function ¢, with
low-pass filter mg, and a 2m-periodic unimodular function v € H*(T) such that ¢ can
be written in terms of @, mg and v as in (5.3).

Moreover, suppose that @ is another a-localized scaling function, with low-pass

filter g, and v € H(T) is unimodular, and suppose that one can also write ¢ as:

SIS

P(€) = e T (€ mo(€/2 + ) B(£/2), EER. (5.5)
Then, there exists a unimodular y € H*(T) such that ¢(§) = /,L(f)c,é(f), £ ER, and

v and v are homotopically equivalent.

The two previous theorems are essentially due to P. G. Lemarié-Rieusset and
their proofs are far away from being trivial. We give a sketch of them, but for more
details we refer the reader to the original paper of Lemarié, [LEM], or to Chapter 3
of [KAH-LEM].

Sketch of Proof of Theorem 5.2

The first part of this theorem is not difficult. Suppose that {V;};cz is an o-
localized MRA with scaling function ¢ and low-pass filter mq. Then, by Lemma
2.3 we have that ¢ € H*(R) and mg € H*(T). In this case, for any unimodular
v € H*(T), the considerations in §3 of Chapter 1 and Lemma 1.35 tell us that ¢
defined as in (5.3) is a wavelet with s H?(R). In order to show that » € W,,
one needs to verify that (i7¢) in Definition 5.1 holds. This last part follows from the

following theorem of L. Hervé, whose proof we do not include here (see, e.g., Theorem

2 in Chapter 4 of [KAH-LEM], or the original work by Hervé in Chapter II of [HER]).

THEOREM 5.6 Let o > % and ¢ € S, (as in Definition 2.6). Then, there exists a

real number ¢ > 0 such that ¢ € H*(R).

To conclude the proof of Theorem 5.2 note that, by the theorem just stated,
¢ € L*((1+[£*)=d¢) and, since mg and v are bounded, we must have that also
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= L*((1 + [£]*)° d€). This shows that (4¢7) in Definition 5.1 holds and establishes

Theorem 5.2.

Sketch of Proof of Theorem 5.4

Suppose that v € W,,. To show that 1 arises from an a-localized MRA one follows

the steps listed below:

1. Since ¢ € H?(R) and ¢» € H*(R), by using complex interpolation, it is possible
to find two numbers o/ > L and ¢ > 0 such that |§|5/$(§) € HY(R) (see

Lemma 2 in Chapter 2 of [KAH-LEM]).

. If this is the case, the dimension function, defined by the series:
=3 ST (2I(E + 2km))?, £ ER, (5.7)
J=1 kel
converges uniformly on compact sets of R\ 27Z. Indeed, by Corollary 1.17 we
know that Y ,cz |€+ 2k |2 [{b(£+2km)|?> converges uniformly in [—7,7]. Then,
forall j >1land 0 < é < ¢ <,
1
Z |;/) 21 (£ + 2kﬁ))| (2]5 B2 Z |QJ £+ ka)|2s I (2](§_|_ 2kﬁ))|
kEZ keZ
1 2¢" .0 2
iy S ek 2w [T+ 2 < e |l D

n€T k7

<

Summing over j > 1 we obtain the uniform convergence in [—m, 7]\ (=4,6) of

the series in (5.7).

. Since the function Dy is integer-valued a.e. and [7_ Dy (€)dé = 2n (see (3.8)
in Chapter 7 and Lemma 4.16 in Chapter 3, respectively, of [HW]), we must
have that Dy (¢) =1, a.e.& € R. Thus, Proposition 3.8, part (V), implies that
Y arises from an MRA.
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4. Formally, step 3 establishes the theorem, except for the fact that the MRA

might not be localized. The construction of a scaling function ¢ such that
¢ € H*(R) requires a more delicate analysis. For the interested reader, we
present here the main ideas, but we strongly recommend a consultation of the
original reference (Theorem 2 in Chapter 3 of [KAH-LEM]) for further details.
Consider the orthogonal projection operator onto Vo, FPp: L*(R) — V4, given by
the kernel

po(x,y) =Y qi(z,y) =d(x —y) = gz, y),

7<0 7>0
where each ¢;(z,y) = Ypez 29(2'2 — k)p(2/y — k) is the kernel of the or-
thogonal projection Q;: L*(R) — W;, for j € Z. The steps involved in the

construction of ¢ are the following:

(1) One can show that Py commutes with translation by integers and that the
kernel po(x,y) satisfies some “nice” decay conditions away from the diagonal;

more precisely, po(z,y) € Li,.(R x R) and

[ e )P (U4 e =yl dy da < o,
0,1] JyeR
this coming from ¢ € H*(R)N L*((1 + |z|*)* dx).

(1) For each £ € T, one “periodizes” Fy into Pt L*([0,1]) — V&, by consid-
ering the kernel pg(:zj, y) = Ypez polz,y — k)e @445 One can show that Pt
is an orthogonal projection and that VOg consists exactly of the periodization of
all the “nice” functions in V5. That is,

= {fa) =D e — k) | f € Von LAH((1 + |=|*)* da)}.

keZ

(1i7) It is not hard to see now that POg is a compact operator and, therefore,

that V¢ is finite-dimensional. Moreover, dim V{f = 1, for all £ € T.
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(iv) One carefully constructs a function g € Vo N L*((1 + |2]*)* dz) such that
¢¢ is a “basis” for the 1-dimensional space Vog, for each £ € T. Note that this
happens if and only if

(9% 9% 2oy = D [9(§ +2km)? £0, € €T,
keZ
Therefore, {g(- — k)}rez is a Riesz basis for V5, and one can define ¢ by
9(¢)
9(& + 2km)?

?(6) = { €R,

which would satisfy the required conditions.

. Once we have found our a-localized scaling function, the original wavelet
can now be recovered from ¢ and mg by formula (5.3), for some unimodular

v € L*(T). To show that v € H*(T) note that, if we write 7 in terms of its

Fourier series, 7(£) = Ypez cke™ %, (5.3) implies that

cr = /R;/)(:L') Pz —k)dx, ke€eZ,

where ;Zﬁ(f) = e‘igmo(g —|—7T)<,5(%) € HY(R). Then, the same type of argu-
ment as the one following (2.5) gives us that 3 ez |cx|*(1 + |k|*)* < co. This

completes the proof of the existence part of the theorem.

. Finally, we turn to the “uniqueness” of the choice (v, ¢, mg). Let (I, @, o) be
as in (5.5). Then, by the remark after (3.1), there exists a unimodular function
(o € L*(T) such that 3(€) = u(€)@(€), € € R. The same argument as in 5 above

gives us that p € H*(T). Moreover, we have

P(26) = mo()@(&) = pn(2)uf)mo(§)P(£), €€ R.

Thus, the uniqueness of the coefficients in the orthogonal expansion of %99(5) in

terms of {¢(- — k) }rez implies that

mo(§) = p(26)p(§)mo(€), € € R.
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On the other hand, (5.3) and (5.5) imply that

D) = e E (€ molE/2 + ) (£/2) =

= SR UEZ+ 1) () molE/2 + ) H(E/2) B(E/2), € ER,

Again, the uniqueness of the coefficients in the orthogonal expansion of ¥ in

terms of {*(- — k) }rez (where 1% is defined as in step 5 above) gives us

£ —— £

(&) =) p(g +m) & p(5), €T (5.8)

Now, suppose that 7 is homotopic to €*¢ and that y is homotopic to ¢, for

two integers k,{ € Z. That is, there exist two continuous paths

[0,1] x [0,27] = S'={z € C||z|] =1}
(t,&) — Hi(¢)
(t,&) — L&)

such that Ho(&) = 0(€), Hi(€) = ¢* and I5(€) = p(€), L(€) = . Then, the
path

(1,8) = Jo(&) = H (&) L(&/2 4+ m) 1,(§) I (E/2)

is a homotopy starting at Jo(¢) = v(£) and ending at J;(§) = (—1)" e*. This
implies that  has homotopy degree k£ and, hence, that v and © are homotopically

equivalent.

REMARK 5.9 Theorems 5.2 and 5.4 also hold in the limiting case o = oo, after

replacing the sets W, and H*(T) by W., and C*(T), respectively, and the object

“a-localized scaling function” by “scaling function with polynomial decay”, as defined

in (2.14).
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DEFINITION 5.10 We shall denote by E.. the set of low-pass filters corresponding
to scaling functions with polynomial decay; that is, E = N, s 1E = E N C(T), for
2

any o > % In this context, &, is endowed with the topology of the Fréchet space

C*(T). For convenience, sometimes we will denote C*(T) by H*(T).

DEFINITION 5.11 Let % < a < oo, We say that a 2m-periodic function v belongs
to the set M, if v € H*(T) and |v| = 1. Note that M, is a closed subset of H*(T).

With this new notation in mind one can restate Theorems 5.2 and 5.4 jointly as

follows.
COROLLARY 5.12 Let L < o < oco. Then,
T: M, x & — W,
(vymo) — T'(v,mo) = ¢,

where 1 is defined in terms of (v,mg) by

HE) = eSO molE/2 5 1) [[mo(2776), € <R,

i=2

is a continuous map onto W,.

5.2 Connectivity in VWV, and the homotopy degree of a wavelet

Note that part 6 in the proof of Theorem 5.4 shows that “(III)=(IV)” in Propo-
sition 3.8 of Chapter 1 does not necessarily hold in the a-localized case, unless v has
homotopy degree 0. One can ask whether in this last case the “phase” v = 1 is attain-
able. The answer turns out to be “no”, as the examples in §5.3 show. However, the
importance of the homotopy degree of the phase has to be taken into consideration

and motivates the following definition.

DEFINITION 5.13 We say that a wavelet ¥ € W, % < a < o0, has homotopy
degree k € 7 if the function v of Theorem 5.4 is homotopically equivalent to e*¢. The
set of all such wavelets will be denoted by W,
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Note that ¢» € W, has degree k if and only if ¢'(- + k) has degree 0. In fact, the
shifting map ¢ + ¥ (-4k) is a homeomorphism from W onto W), In applications,
the wavelets ¢ and (- + k), although distinct as functions, represent the same object,
and do not require a separate study. The reason for this is that the wavelet coefficients

of a given function f € L*(R) coincide except from a shift by k:

<[+ e>=<fbjr> G lET,

where < f,g >= [p fg denotes the inner product in L*(R). We will see in (5.19)
below how the degree k of a wavelet is associated to the “center of mass” of ||
This relation will be decisive in the study of the connectivity of the space W,. One
can see this already from the following remarkable fact: within the same MRA, it is
not possible to join a wavelet ¢» € W, with its shift ¢>(- + k) by means of a continuous
path in L*((1 + |x|*)*dz), unless k& = 0. Indeed, an informal argument for this
assertion is as follows. Suppose there is a path of wavelets ¢ +— 1, continuous in
L*((1 + |z|*)* d=), with g = ¢ and ¢y = ¥(- + k), and such that, for each ¢ € [0,1],
the wavelet ¢, arises from the same MRA as t». Then, there must exist a 2m-periodic,

unimodular function 14 in H*(T) such that

~

Di(€) = v(€)D().

Now, ¢ # 0 in a compact set K ~g; T (this follows from 3> ;7 |$(§ + 2km)|? = 1,
and the same arguments as in the proof of Cohen’s condition, in Lemma 2.18). From
here we can conclude that the map ¢t — 1, = ;Zt/;ﬁ defines a continuous path of
2m-periodic, unimodular functions joining 1 with ¢*¢ (in H*(K) = H(T)). This is
clearly a contradiction (unless k& = 0).

In Theorem 5.34 below, we will prove (in detail) a more general statement; namely,
that ¢ and ¢ (- + k) cannot be joined at all with a continuous path in W,. These
results contrast strongly with the fact that, if one only considers the L*(R }-topology

in the the set W,,, then, it is possible to connect these two wavelets with a continuous
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arc of wavelets, all of them belonging to the same MRA (see Remark 5.41 below). This
kind of results on connectivity of sets of wavelets with the L?(R )-topology have been
obtained recently by the group of researchers known as “The WUTAM Consortium”.
It still remains open whether the set of all wavelets is connected in the L?(R )-topology.

We give an account of the existing partial results in §5.4.

THEOREM 5.14 Let a > % Suppose that ¢ is a wavelet in W, with homotopy

degree k € Zi. Then, there exists a continuous path

[07 1] — Wék)

t|—>77bt

such that Yo = v and Yy = Yy(- — k), where ¢y is the Haar wavelet. In particular,

the topological space W¥) is arcwise connected for each k € 7.

PROOF:

By Theorem 5.4 we know that there exists an a-localized scaling function ¢ with
associated low-pass filter mg, and a unimodular function v € H*(T) homotopically
equivalent to e such that ¢ can written in terms of (v, mq,r) as in (5.3). Now,
Theorem 4.11 and Corollary 3.32 tell us that we can join (@, mg) to (gg, my) with a
continuous path (in S, x &,) of the form ¢ — (¢, m:) = (N(my),my), t € [0,1]. It
suffices to show that we can find a continuous path ¢ — 14 in H*(T) joining v(&) to

e* . Indeed, if this is the case, the arc ¢+ 1;, where ), is given by

A5+ )Gl5), eR

will do the job. The construction of 14 is just a consequence of the homotopical

equivalence between v and e**¢, as we show in the following lemma.

LEMMA 5.15 Let o > % and suppose that v:[0,2r] — S' is a unimodular function

in H*(T) homotopically equivalent to e*¢. Then, there exists a continuous map

H:[0,1] — H°(T)
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such that H(0) = v, H(1) = ¢, and H(t) € M,, ¥t € [0,1].

PROOF: We may assume that & = 0. If not, consider 7(£) = e=*v(£) to find a map
H as in the statement of the lemma. Then, H(t) = eikgﬁ(t) will do for v. Suppose,
therefore, that v is homotopic to the constant function 1. Without loss of generality,

we may also assume that v(0) = 1.
CLAIM
There exists § € H*(T), real-valued, such that v(§) = O € ¢ T.
If we show the claim, the lemma follows by taking H(t) = ¢/!=9%) ¢ € [0, 1].

Proof of CLAIM

To prove the claim we use the principle of analytic continuation{!'®}. Let us denote

the disk centered at z = 1, with radius 1, by Ag =D(1, 1), and let
go(z) =logz € H(Ao) = {f: Ag — C| [ is holomorphic in Ag },

where we take the branch of the log defined in C\ | — o0,0] D Ag. We may continue
analytically (go, Ao) along the curve v to find disks Aq, ..., A,, a partition of [0, 27]:
0 =350 < 81 < ... < 8pq1 = 2m such that v([s;,si41]) C Ay i = 0,1,...,n, and

holomorphic functions g; € H(A;) such that
gi(Z):gH—l(Z), ZEAimAi+17é®7 ZZO,l,,n—l

By the monodromy principle (see, e.g., Theorem 2 in Chapter 8 of [AHL]), and since
v is homotopic to 1, we must have that ¢g,(z) = go(2), z € A, N Ag. Thus, we have

found an analytic continuation of the log along v. Define now

n(é) = (&), €€lsisin]l=1L, i=0,1,...,n.

{10} For the definition of analytic continuation and related theory see Chapter 16 of [RUDZ2], or
Chapter 8 of [AHL].
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Since the range of v, is a subset of A; and g; is holomorphic in that disk, the
results about Banach algebras in §1.3 apply here and, after appropriate glueing of the
extremes of the intervals [;, one obtains that (&) belongs to H*(T). Moreover, since
the g;’s are continuations of the log z, we have ¢”¢) = 1/(€). Then, 0(¢) = In(€) will
do the job.

REMARK 5.16 Note that the proof of Theorem 5.14 also works for & = oo. This
particular case was previously shown by A. Bonami, S. Durand and G. Weiss using

similar techniques, although the concept of homotopy degree was not considered there

(see Proposition 3.4 in [BDW]).

The matter of whether one can choose a “simple” phase (&) to write the wavelets
in W, as in (5.3) is not yet very clear. If we do not require any localization condition,
Proposition 3.8 in Chapter 1 shows that v can be taken to be 1 (after an appropriate
choice of the scaling function ¢). However, in the a-localized case, v has to keep the
same degree of homotopy regardless of the scaling function that we take. A natural
question would be if v can be taken to be the “simplest” function with degree k, that
is, v(£) = e¢*. In the case a = oo this can certainly be done, as we will show in
the next Proposition. For % < a < oo, the answer is no. The role played by phases
in the study of the connectivity of W, is extremely important, since they force the
homotopical constraints that isolate each of the W*) from one another. A more
careful treatment of the possible choices of phases when % < a < oo is postponed

until §5.3, although the main ideas on how to choose them is given in Proposition

5.17.

PROPOSITION 5.17 : see Théoréme 4 in [LEM]
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Suppose that v € Wy, that is, i is a wavelet satisfying (2.14) and such that
for some positive ¢, ¢p € H*(R). Then, there exists a scaling function™} o with
polynomial decay and with low-pass filter mg € C(T), and an integer k € Z such
that

B = e rm o) cer (5.18)

The number k is uniquely determined by

1
k5= /Rx|¢(:1;)|2d:1;, (5.19)
while the function @ is unique up to a factor (—1)Me™e, for some M € 7.

PROOF: We already sketched in Theorem 5.4 how to find a scaling function ¢
with polynomial decay and low-pass filter mg € C*(T), and a unimodular function
v € C(T) such that (5.5) holds (see [LEM] for more details). Suposse that 7 has
homotopy degree & € Z. We first prove the uniqueness part of the proposition.
Suppose there is a scaling function ¢, with polynomial decay and low-pass filter mg €

C*°(T), such that (5.18) above holds. Then, ¢ must be given by ¢(&) = u(£)@(§), for

a unimodular g € C*(T) and, therefore, its low-pass filter must satisfy

mo(§) = p(26) (&) mo(§).

As in (5.8), this implies that  can be written as:

(&) = M p(Q u(E2) (&2 +m), €eT. (5.20)

Assume for the moment that g has homotopy degree 0 (if deg(p) = M, we can replace
w by (=1)YMe=M&y, which is also a solution to (5.20)). By studying equation (5.20) we

will find an expression for g in terms of © that will lead to our uniqueness statement.

111} In this proposition, the scaling function ¢ is not supposed to satisfy condition (2.1) (that is,
#(0) might not be equal to 1). We can still define the filter mg uniquely in terms of ¢, but the
converse is not true; the infinite product formula (2.11) determines @ up to a unimodular constant.

That is, 2(€) = 2(0) [[;2, mo(279¢), € € R.



161

Now, since & has homotopy degree k, we can write 7(¢) = €%€) | where
0(6) =kE+> 0%, €T, (5.21)
LeL

the series on the right representing a real-valued C'°°(T) function (this decomposition
actually follows from the proof of Lemma 5.15 we presented above). Similarly, we

can write p(€) = e where v € C*(T) is real-valued and can be expressed as:
(&) = Z’yge_wg, £eT. (5.22)

LeL

Since the two series in (5.21) and (5.22) represent functions in C'*°(T), the Fourier

coefficients must have polynomial decay, in the sense that, for any N > 1,
sup |0 |0]N = Cy < oo and  sup |y | |[/|¥ = C) < 0. (5.23)
LeZ LET

Equation (5.20) can be written in terms of (5.21) and (5.22) as:

0(26) + 2K = 3(26) = 4(6) —y(E+7), €€, (5.24)

for some constant K € Z. Expressing (5.24) in terms of Fourier coefficients, and since

all the series involved converge absolutelly, we have
O =1y — 2720, L€ Z\A0],

and, therefore,

Yo =—0yp—2K7m and v, = Z 2050 + 2t iy — Z 2j(92]g, (5.25)

Jj=0 j=0
the convergence of the limit on the right following from the decay of the ~,’s in
(5.23). This implies that if a solution (¢, mg) for (5.18) exists, ¢ has to be given by
2(6) = "O3(¢) or, more generally, by G(£) = (=1)MeMeeO3(¢), where M € Z
and v has its Fourier coefficients as in (5.25). To complete the proof of the uniqueness,
if (o, m, k) is another triad satisfying

Ho =t emiCangl), cer (5.20
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by Theorem 5.4 we must have k* = k, while by the reasoning above there exists an

N

integer M* such that @t(&) = (—1)M* eiM*cOG(£). Then,
PO = (MGG and  mf(€) = M MEm(¢), €€ R.

This completes the proof of the uniqueness.
For the existence, if one defines v by its Fourier series (as in (5.22)) with coefficients
ve given by (5.25) (we may take K = 0), then v € C*°(T) and (5.24) holds. Here, the

smoothness of v follows from the decay of {v;}sez:

[7e| < 2)2]|02M| < 2;)2] W < 4Cy W7 VN > 2.
]: ]:

Now, let z(€) = €7@ € C*(T) and ¢ = ¢, and let mg be low-pass filter associated
to ¢. Then, (5.24) implies (5.20) and, therefore, the triad (¢, mo, k) satisfies (5.18).
This establishes the existence part of the proposition.

Finally, we show the validity of the formula (5.19) that uniquely determines the
integer k in terms of . Because of its own interest and simple proof, we state it
separately as a lemma. For a different proof of this formula, in a more restricted case,

see, e.g., Proposition 10.1 in [VILL].

LEMMA 5.27 Suppose v is a wavelet that can be written as in (5.18) above, where
k € Z, ¢ is a scaling function with polynomial decay, and mqo € C*°(T) is its low-pass
filter. Then,

1 2
k+§:/Rx|¢(x)| d.

PROOF:

Suppose that ¢ can be written as in (5.18), then, using the Plancherel’s theorem
and the fact that (z¢(x))(¢) = Z;Z’(f), we have

fo= [ el de = 5 [ (o) () 5(6) de

= o [ e de
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Note that all the integrals above are absolutely convergent under the assumption that

¢ (and, hence, ¢) has polynomial decay. By taking derivatives in (5.18) we obtain

~

P(ED(E) = —i(% + B[P + %|¢(§/2)|2mo(§/2 +m)mo(§/2 + )+

1 . =
+5lmo(€/2 + )[*P(€/2)2(6/2)
where again all the summands are integrable functions in R. Thus,
1 1 T2 Z
Iy = (k+3) - ¥lle@ + - (A+B),
where, after a change of variables, A and B can be written as:

A= [ 1B(Omo(€ + mymi(€ + ) de

B= [ Imol¢ + )2 (€ de.
We will show that A = B and this will establish our result (because, by definition,
Iy is a real number). Indeed, by a periodization argument, we can write:

A = 3 [ IB(E + 2em) o€ + ) (€ + ) de

LeZ

= [ (€ +m) mGEF Y dE = [ mof€) mh(E) e

T

= o= [ IR mo(¢) mb(E) de.

where in the second and fourth equalities we have used 3 ,c7 |2(€ + 2¢7)]* = 1. On
the other hand, using |mo(&)|* 4 |mo(€ + 7)|* = 1, we have:

B = [ lmole+ ) ¢(6) 3(€) de =
= [ FOF@ e~ [ Imo(&) (€ 7 de.

Now, by differentiating in the scaling equation (3.4) of Chapter 1, and changing

variables, we obtain

[ AOF@ e = [ miy&)mal@ 1A de+ [ Imal©)I #/(6) 70 de.



164

Thus, we can write B as:

B = [ mi€)mal€) 12 de = A

This shows that [, = k + %, and establishes the lemma, and with it, the theorem.
o O

As we pointed out in the statement of the proposition, the scaling function ¢ does
not necessarily satisfy (2.1). It is true, however, that |¢(0)| = 1. By considering the

unimodular constant ¢(0) apart, we can restate Proposition 5.17 as follows:

COROLLARY 5.28 Let ) € W.,. Then, there exists a function mg € E,,, an integer

k € Z and a unimodular constant ¢ € C such that

(&) = cemi5 ek mo(&/2+m) ] mo(277€), € €R. (5.29)
7=2

If (mg,kﬁ,cﬁ) € & X Z x S' is another solution to (5.29), then k* = k and there

exists an integer M € 7 such that ¢ = (—1)M¢ and mg(f) = eMemy(€), €€ T.

PROOF: For the existence, use the solution in Proposition 5.17 with ¢ = ¢(0). For

the uniqueness, by Proposition 5.17 again, any other solution (mg,kﬁ,cﬁ) to (5.29)

must satisfy mg(¢) = eMemo(€) and @H(¢) = T2, mb(277¢) = (=1)MeMeg(¢) =

(—D)MeMEG(0) 152, mo(277€), for some integer M € Z and all £ € R. Solving for ¢*
we have ¢ = (=1)M3(0) = (-1)Me.

O

As a consequence of Corollary 5.28 we obtain the following characterization of the

space W, in terms of &,:
COROLLARY 5.30 Let k € Z and let

Typ:  S'x & — WH

(¢,mo) — Ti(c,mo) = ¥
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where ;Z is given by (5.29). Then, Ty is continuous and onto and every element
v € W has a discrete fiber T, "4,

In particular, if we let the equivalence relation “~7 in S* x E:
(e;mo) ~ (Fymp) = 3M € Z]e= (=Y, mo(€) = Momi(¢)
and we introduce the quotient topology in (S* x E..)/ ~, then:

Tki (Sl X goo)/ ~— Wéﬁ)

[(¢;mo)] = Tk(c,mo) = ¢
is a continuous bijection of topological spaces.

REMARK 5.31 Note that, although T}, is a continuous bijection from (S* x £.,)/ ~

onto W)

¥, it might not be a homeomorphism. In order to obtain a complete topo-

logical identification of W{) it seems that one must consider as well the topology of
the spaces H*(R) in the time domain of ¢, as we assumed this property to hold in
Definition 5.1 (¢7¢). However, since it goes out of the scope of this work to deal with

finer topologies, we shall take up this matter somewhere else.

As an example, we illustrate how the equivalence relation of the previous corollary
deforms the figure given at the beginning of §3, of the subset of filters in &, which
are trigonometric polynomials of degree < 3, to convert it from a punctured circle
into something resembling a ribbon{'?}. Indeed, after identifying the three points
(0,0),(1,0),(0,1), corresponding to the Haar filter (and noting that all the other

points belong to different equivalence classes), we obtain:

{12}We wish to thank Aline Bonami for pointing this out to us.
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Haar filter

(1,1

Figure 5.3: Figure 3.1 after identification with quotient map in Corollary 5.30.

We proceed now with a closer study of the of phases M,. From here, we will
extend formula (5.19) to the case 3 < o < oo, and show that the sets WW ke Z,

are disjoint connected components in W,,.

DEFINITION 5.32 Let L < a < oo and k € Z. We say that v € MY if v € M,

and v is homotopically equivalent to e™*¢.

Note that, for each & € Z, M is a closed and open subset of M,. This is a

consequence of the following general result:

LEMMA 5.33 [f {h,};2, C C(T), |ha| =1, forn >0, and h,, — ho uniformly in

T, then there exists a positive integer ng such that, for all n > ng, deg(h,) = deg(ho).

PROOF: The proof is easy. Suppose first that hg = 1. Then, if we take ng large

enough so that ||k, — 1| < %, n > ng, we must have deg(h,) = deg(1) = 0.

For a general hg, if h,, — hg, then hpho — 1. Thus, there exists a positive integer
ng such that deg(h,ho) = 0, for n > ng. Now for a fixed n > ng, let ¢ € [0,1] — H;
be a homotopy map such that Hy = hpho and H; = 1. Then, the map ¢ — hoH, is a

homotopy starting at h, and ending at hg, which implies that deg(h,) = deg(ho).
O
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We collect these and other properties of M) in the following theorem.

THEOREM 5.34 Let % <a< oo and let v(€) = ez coe™ € M. Then:

(1) > L]l €Z. (5.35)
LeL
(i1) For keZ, ve MW ifand onlyif k= PRALE
LeL

Moreover, for every k € Z, M) is a closed and open subset of M, and M., can

be decomposed in connected components by My, = U{MP) | k € Z}.

PROOF:

Suppose first that v € C*(T). Then, by Parseval’s equality

Lo[d= _ L/O” AN L/O% V(100 dt

i, = 2mi v(t) 27

= l ZZ'KCZC_ZZ Z£|Cg|2.
1

LeL Le

But the integral on the left represents the winding numbert™ of the curve v, which
is always an integer. Moreover, v is homotopically equivalent to ¢*¢ if and only if the
winding number is k. This shows (i) and (¢7) for the case o = c.

Suppose now that % < a < 00. Then, the series in (5.35) is absolutelly convergent
(by (1.20)). If we consider the symmetric partial sums of the Fourier series of v,
sn(é) = Zy<n ce® for N > 1, we have that sy € C°°(T) and, by Lemma 1.47,
that |sy| > % for N large enough. Now, the Banach algebra convergence properties

of §1.3 and Lemma 1.47 again, imply that

VN = SN —v an  HY(T).
|sn|

Thus,

| 2 Clleelon) P = leew) )] =1 22 (leelvn) [+ lee@) ) (lee(vn) | = lee(w)]) |

LeZ LEL

113} For a definition of winding number and properties see, e.g., Chapter 10 of [RUDZ2].
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< (1t 10011 (S Ml eon) eI ) < Cllon = v,

LeL Le

But this last expression goes to 0 as N approaches infinity, which implies that

lim > Ce(vn) [P =D le(v) | < oo (5.36)

N=reo i 27, (€7

Since every term on the left hand side of the above equality is an integer (because
vy € C(T)), there must exist a k € Z and an Ny > 1 such that for every N > Nj,
Yeez Ule(vn) | = k and vy € ME) ¢ MP. Now, by using that M) is closed
we conclude that ez £ |ei(v)|? = k and v € MP). For the converse of (i) note
that, since M) is open, if we knew that v € M®)_ for some k € Z, then for N
large enough also vy € M¥). This and the considerations right after Definition 5.32

complete the proof of the theorem.

REMARK 5.37 Note that the set M, % < a < oo, is not connected even if we
endow it with the (weaker) relative topology of C(T). In this case we still have the
homotopical constraint that keeps us from joining the functions 1 and e*. However,
if we consider M, with the (even weaker) topology of L*(T) we do obtain an arcwise
connected space. It is not hard to construct a continuous path within (M., H-HLQ(T))

starting at ¢ and ending at 1. Indeed, let b € C*(T) be such that 0 < b < 1,
bl;

1 =0 and bfg>1y = 1. Then, for ¢ € (0,1], define the function

[T

)

[T

reb(En). £ € [0.7)
Gil8) = {gb«zw _ o)1), €€ 2]

and extend it 2m-periodically to R, that is, 8:(&) = Bi(§ — 2km), if € € [2km,2(k+ 1)7]
(see Figure 5.4 below).

Note that 8, € C*(T), 0 < ; < 27 and if tg € (0,1], then 8y — (4, in C°(T), as
t — to. Let us define 14(§) = ¢P€) Then, clearly, 1, € M, and v, — v, in C*(T)
(and hence in L*(T)) whenever ¢, € (0,1] and ¢ — ¢5. We show that if ¢ — 0T, then
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N

w

N

i

t=1

Figure 5.4: The function g; for t = 1/6, 1.
[T (&) — €2 dé — 0. Indeed,

2 ) o '
/0 |Vt(§) - €Z£|2 df = /0 |€Z(ﬁt(£)_£) _ 1|2 df —

t . 27 . P
= / |el£(b(%)_1) — 1% d¢ —I—/ | € 91 1°d¢ <8 — 0, as t—0".
0 2m—1

Hence, t +— 14 is a continuous path from [0, 1] into (M, H"‘L?(T)) and connects
et with 14(¢) = O ¢ MO, By using Lemma 5.15 we can extend this path
(continuously) to end at 1 and, from here, the connectivity of (M., H'HLz(T)) follows

easily.

We turn now to the continuous analogue of Theorem 5.34 in terms of the space
W.,, which clarifies to a large extent the role played by the “homotopy degree” k of

Definition 5.13, while it gives a decomposition of W, in connected components.
THEOREM 5.38 Let % <a< oo and p €W,, then:
(i) [ alb@)f de e Liz
R 2 '

(i) For k€ Z, +eWW ifand only if / zlp(x)|Pdr =k + %
R

Moreover, for every k € Z, WP is a closed and open subset of W, and W, can be
decomposed in connected components by Wy, = UWW | k € Z}.
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PROOF:

The proof depends in the following simple lemma, continuous version of (5.36).

LEMMA 5.39 Suppose thal ¥, € H%(R), forn =0,1,2,... and that ¢, — o in
Hz(R). Then,
lim x|¢n(x)|2dx:/x|¢0(x)|2dx. (5.40)
R

n—oo Jp

Proof of Lemma 5.39

The proof is exactly the same as in the discrete case. Note that all the integrals

involved are absolutely convergent. Then, we have:

‘/R z ([ (2))? = [o(2)|?) da

<

— \ @ Qa@)] + 1ol ) ()] = ol )

< (L1l et + ool e ) ([ fel (o) = (o) )

< CH@/’n—@/)OHH%(R)%O, as n — oo,

and this proves (5.40).
O

To show Theorem 5.38, it is enough to establish (¢) and (i¢) in the statement of the
theorem, since the property that W is open and closed for every k € Z will follow
then from this and Lemma 5.39, while the connectivity of W(*¥) was shown in Theorem
5.14 above. For the case @ = o0, the validity of (¢) and (:7) was proven in Proposition

5.17. Let us consider then the case % < « < 00. By Theorem 5.4, we can write ¥ as:

D(E) = €7 u(€) mol€/2 + 7) B(£/2),

where v € M., my € & and ¢(§) = [I}Z, mo(27€) € S,. Suppose that v is
homotopically equivalent to ¥, that is, v € M. Then, in the same way as in the

proof of Theorem 5.34, we can find a sequence {vn}%_, C M) such that vy — v
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in H*(T). By Remark 4.10, we can find another sequence {mn}%_; C £ such that
my — mg in H*(T). Then, by Theorem 5.2 and Corollary 5.12, the functions ¢y
defined by

In(€) = e S o @ mn(ER T ) [ mn(2776), €€R, N> 1,

i=2

are wavelets in W) and @ZN — @Z in H*(R). Another application of Lemma 5.39

gives us that

1
2 _ . 2 . +
/RxW(w)l dw—nggo/RxWN(x)l de =k + 3,

and completes the proof of (i) and the “only if” part of (i¢). The remaining implication
follows from these two and the fact that the family {W®},c7 forms a partition of
W,.

REMARK 5.41 Theorem 5.38 asserts that, in particular, there is no way to join
continuously a wavelet ¢ with its shift ¢(- + k) within the topological space W,,
while by the considerations in Remark 5.37, such a path would exist (and can be
taken to consist of wavelets from the same MRA as ¢) if we endow W, with the

weaker topology of L*(R). This answers the question we rose right before Theorem

5.14 above.

5.3 The problem of the phase in W,

In this subsection we go back to the problem posed right after Remark 5.16 of

finding a “simple phase” for wavelets in W,, when % < a < oo. Unfortunately,

difficulties appear very soon, since the counterpart of Proposition 5.17 is not true in

1

oy 5 < a < 00, it is not always

the a-localized case. In general, for a given ¢» € W
possible to express v in terms of (0,10, ) (as in (5.5)) with a simple choice of the

phase 7 (such as ¢**¢) if we still want to keep o€ H?(R). We will present an example
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below to illustrate what we are saying. As we saw in the proof of Propostion 5.17,

the existence of a nice phase for 1 is very closely related to the functional equation

7(26) = p(20) w(Op(€ +7), €T, (5.42)

where 7 € M is given, and y is the unknown, to be in the space ./\/lg),), for the largest
possible o'. Indeed, if we could write ¢ as in (5.18), for a scaling function ¢, with
associated low-pass filter mg and such that ¢ € HQI(R), then, for some unimodular
@€ HY(T), we must have $(€) = pu(€)5(€) and the same argument as in the proof of
Proposition 5.17 would imply that (5.42) must hold!". Now, if we write #(£) = ¢(®)
and u(&) = € where  and v are defined in terms of their Fourier series by

6(¢) = Z@g@‘“g and (&) = Z’yge_wé, £eT, (5.43)

ez €7,

then, (5.42) implies that the difference equation

00 = v¢ — 2720, l#£0
{ 00 = —% + 2[(7'[', (544)

holds, for some fixed constant K € Z, and conversely. Thus, all wavelets ¥ that can
be represented in terms of a simple phase as in (5.18), are associated with a sequence
{7¢}, solution to the difference equation (5.44), and conversely. In our example, we
consider a particular choice of § € H*(T) for which there is no possible solution ~ to

(5.44) that belongs to H*(T).
EXAMPLE 2

Suppose that o > 1 and let us fix a number % < 8 < 1. We define the following
lacunary series {6}z € H(T) :

eg:{zT;% ifl=2"j=>1

0, otherwise.

14 For simplicity, and without loss of generality, we will assume that the homotopy degrees of ¥
and g are both 0. The general case follows immediately from here after multiplication by ¢*¢ when
necessary.
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Note that > ez [0c]* [(]** = 351 ﬁ% < oo if # > 1. On the other hand, if we expect

{v¢}iez to be a function in H*(T) we must have that
lim (2" K |ygnt1p] = 0, forall k € Z.

In addition, if v is a solution to (5.44), then the equalities in (5.25) must hold. In

the case a = 1 this is already a contradiction since we would have v, = 3772, 270, =

Y7, &5 = oo, when § < 1. For the cases o > 1, we have

Z |7€|2 |£|2a — Z 22ma|72m|2 — Z 92ma | 22j02j+m|2
LeZ m=1 m=1 7=0
- —1)m .- j .- a—1)m .- r 1 2
SO CDoEVNED SELC T D i
m=1 j=m m=2 r=[log, m]+1 r
>o s e 20 f = oo
R 20 (logy m)? m=2 10%2 7

which is also a contradiction.

However, by modifying slightly the argument given in the proof of Proposition
5.17 we can still find solutions to the difference equation (5.44) with a minimal loss
of smoothness.

THEOREM 5.45 Let | < o < o0 and {0}z € H*(T). Then, there exists a unique
solution {7 }eez to the difference equation (5.44) in H'(T). Moreover, in this case,
{y¢} € H*(T) for all o' < a.

PROOF:

Following the same ideas as in the proof of Proposition 5.17, let us define {v,} by:
Yo=—0g+2Kn and vy =Y 20y, (€Z)\{0}.

We claim that Sz (14 [€]2)2" |y|* < oo, for all o’ < a. Indeed,

D el 1P < 30 (30270l PO < 3 (Z 22] oy 222”|9 e

{0 (£0 =0 (#£0 =0
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22(oz 1)

= 92(a-1) _ 1 Z Z Z 2H—p|m| 2054 | |2pm|2a_CY

p=0me27+1 ;=0

4a—1 . X
< 1 2 (S IO gy € Clone!) D150

p=0 sc7Z s€Z

Thus, {7/} € NueoH*(T) and this shows the existence part of the theorem. For
the uniqueness note that if we assume {7,} € H*(T) then an estimation of the type
ve = o(|{]), as |{] — oo, must hold, and iterating the difference equation we obtain,
for ¢ # 0,

Ve = Zn: 2050 + 2" Yot — io: 2050 = Ve

7=0 7=0

This completes the proof of the theorem.

REMARK 5.46 We point out that the choice of &/ = 1 for the “uniqueness” in
Theorem 5.45 is optimal. Indeed, the lacunary series

{z—f‘, =2 j>0
Y =

0, otherwise
satisfies gz [7e|2(1 + [€]2)* < oo, for all o/ < 1, and v, = 299, £ # 0, 4 = 0, so is
a non-trivial solution to the difference equation (5.44) with §, = 0 (and K = 0). In

fact, multiplying {~,} by any constant we obtain infinitely many other solutions.

With respect to the existence, we have left aside in the previous theorem the cases
when % < a < 1. It is still possible to find a solution {v,} € ﬁa/<aHa/(T) to the
difference equation (5.44), when {6,} is a given element in H*(T), in spite of the
fact that the series 3272 2/0,; might be divergent (as happens, for instance, with the
sequence {0, }sez of Example 2). To construct such a solution we iterate the difference
equation (5.44) “backwards”, assuming a priori that y5041 =0, ¢ € Z. Then, we can

define the coefficients 7, by:

—0o, if (=0
v =10, 4 if 0 €2Z+1 (5.47)
- Z?:l 2_]02"_Jp7 lfg - an7 n Z 17 p E 2Z ‘I‘ 1
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An easy computation shows that v, = 6, + 2v9, { € Z. We claim, further, that
{ve}eez € ﬂa/<aHa/(T). Indeed, let o/ < o < 1; then

SR = X X 2l o2 e P

{Z£0 n=1pe27Z+1 7=1
%) , n
S Z Z |2np|2a 222] a— 1 22 2]a|02n ]p|
n=1pe27+1 7=1
%) n , , ]
S Z Z 222710( |p|2a n2—2]a |02n—Jp|2
n=1 pe27Z+1 j=1
n
— |2n ] |2a|02n —3 |
;pezzza_l]z:l p | |20z o 22n(oz a’)
S Z Z Z |25p|2a |02 p|2 22n a—al
n=1pe27Z+1 s=0
> n
S D DICLTRIVAN D i
s=0 pe27Z+1 n=s+1
< Coor S 10,2 < 0.
reZ

The non-uniqueness of solutions to the difference equation (5.44) is again clearly seen
in this construction from the freedom we have to choose the odd coefficients of ~.
The statement we just made about existence is also sharp, in the sense that we
cannot improve Nyrco H®'(T) with the space H?(T) for a general solution {7} to
(5.44). Indeed, when {0,}¢cz is taken as in Example 2 (now for 2 < a < 1), the same

solution {v,}eez to (5.44) we have just found cannot be in H*(T) since

%) n ] %) llogy(n—1)] 1 2
Z |£|20‘ |W|2 - Z 22ne | Z 277 0gn—; |2 = Z 92n(a—1) Z QQTT
{#0 n=1 =1 3 ot 9ar2 Tﬁ
) 1 9 - .
Z C 22n(a_1) ‘Q(I_Q)ni =C —_— = Q.
> (logy n)” nZ:; (log, n)?8

Furthermore, no other solution {v,}ecz to the difference equation (5.44) will belong
to H*(T), for if it did, and since by iteration we always have that v = 2%71 —
S L0y, n > 1, then

j=1 27
o0 n

00 > Z 22noz |72n|2 _ 22271 a—1) |,_>/1 ZQn—jezn_]P Z

n=3 n=3 7=1
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Z 22n(a—1) {|71|2 4 |22n—j02n_J|2 -9 |71| | ZQn—j(an_]|} >
n=3

J=1 J=1

a—1)

WIZfW1+CZ: —wmczjl = o0,
ng )

which is a contradiction.
This, together with what was said in Proposition 5.17, gives a complete description
of the solutions to the functional equation (5.42), that can be compiled in the following

theorem:

THEOREM 5.48 Let 1 < o < 0o and I/ € MO and write (&) = %O for some
real-valued 0(§) = ez 0067 € H*(T). Consider the functional equation (5.42).
Then,

(1) If 1 < a < oo, (5.42) has a unique solution u(¢) = 7 ¢ ./\/l(lo) given
by Y(€) = Yyez yee™™, where yo = =0 and o = 352,205, £ # 0. Moreover, in
this case p € ﬂa/<aHa/(T). If @ # oo, there are examples for which the solution
p & H(T).

(16) If 3+ <a <1, (5.42) has infinitely many solutions p € ﬂa/<a./\/l£3). There

are examples for which none of the solutions belongs to H*(T).

We can rewrite this result in terms of a-localized wavelets and its associated low-
pass filters as we did in Corollary 5.28. Its proof is a repetition of the one given for

Proposition 5.17 and is left to the reader.

COROLLARY 5.49 Let ; < o < oo, k € Z and o € WW . Then, there exists a
low-pass filter mo € Narcaar such that (5.29) holds for some unimodular constant
¢ € C. Furthermore, if (mo,c) and (mg,cﬁ) are two solutions to (5.29) such that
mo, mb € HY(T), then, there exists an integer M € 7 such that ¢ = (—1)™c and

mb(£) = ¢Memo(€),
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5.4 Some results in connectivity for other sets of wavelets

We have already pointed out that when W, is regarded as a topological subspace
of L*(R), then it is arcwise-connected (see Remark 5.41). In fact, as long as we use
the topology of L*(R), much more general sets of wavelets, where no localization or
smoothness are assumed, can be shown to be connected. This matter has been treated
by different authors in the series of papers: [DAI-LIA], [HAN-LU], [ION-LAR-PEA],
[SPEE], ... The article WUTAM] compiles most of the results in the others and gives
appropriate credit to each author, stating some of the open questions that still remain
in the subject. It is not known, for instance, whether the set W of all wavelets is
connected in the topology of L?(R). For completeness, we include here the two main
results known in this direction:

THEOREM 5.50 : [DAI-LIA], [HAN-LU], [WUTAM].
Let Warra denote the set of all MRA wavelets with the topology of L*(R). Then,

for any pair o,y € Warra there exists a continuous path
[07 1] — WMRA
t— ¢t

starting at Yo and ending at 1. Moreover, each wavelet in the path can be taken so

that ¢, € C(R) and Uy =0 in a neighborhood of &€ =0, provided t € 10, 1].

THEOREM 5.51 : [SPEE], [[ON-LAR-PEA].

Let Wyysr denote the set of orthonormal wavelets v such that ;Z = Yk, for some
measurable set K C R, endowed with the topology of L*(R). Then, Wasr is arcwise
connected; that is, for any pair ¥o,1 € Wysr, such that ;Zj = Xk;, J = 0,1, there
exists a family of measurable sets Ky C R, 0 < t < 1, such that ¢y = (xk,)” is a

wavelet, for every t € [0,1], and the map
[0,1] — Warsr

Ly = (XKt)V
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is continuous into L*(R).

REMARK 5.52 This version of Theorem 5.51 was proved by D. Speegle in [SPEE].
In [ION-LAR-PEA] it is proved a similar theorem, but with an additional, non-trivial,
assumption on the sets Ky, K;. This assumption, satisfied by most MSF-wavelets
(but not by all of them), allows the authors of this paper to construct their family of

sets A in such a way that K; C Ko U K7, for all ¢ € [0, 1].



Appendix A

Examples and counter-examples

Equations (2.8) and (2.9) in Chapter 1 can be used, among other things, to construct
a variety of examples and counterexamples in wavelet theory. In this appendix we
present some of these, trying to answer questions related to the behavior of the Fourier

transform of a wavelet at the point £ = 0.

1 A band-limited wavelet with Fourier transform
discontinuous at 0

Let us point out to the reader that, from equation (2.8) (i) in Chapter 1, it follows
that if ¥ is a wavelet whose Fourier transform is continuous at 0, then it must have
;Z(O) = 0 (this is a version of what we said in §1 that i) must have “mean” zero:
;Z(O) = Jp ¥ = 0). In fact, something stronger is true if we assume, in addition, that
Y is band-limited, that is, that supp LE C [-M, M] for some M > 0. In this case, it
can be shown (see Theorem 2.7 in [BSW], or the same theorem in chapter 3 of [HW])
that ;Z must vanish in a neighborhood of 0. One can ask whether it is really necessary
to assume that ;Z is continuous at 0 in order to obtain this result. A partial answer
was given in [HWW] for wavelets with supp e [—87/3,87/3] (or, more generally,
with supp ¥ C [—47 + 4a/3,8a/3], for some 0 < o < 7). Indeed, when this is the

case, it can be shown that i is continuous at the origin and, moreover, vanishes on

[—27 /3,27 /3] (vespectively, on [—27 4 4 /3, 2 /3]). It was not known to the authors

179
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of [HWW] whether this property could be true for larger domains. We will start by

proving the following:

PROPOSITION 1.1 There is a wavelet ¢ whose Fourier transform has support con-

tained in C [—4m, 7] but does not vanish in any neighborhood of 0.

REMARK 1.2 At the time we discovered it, this example seemed to be the only one
in the literature with these characteristics. However, some time afterwards, we found
an example of W. Madych of a scaling function with similar properties (see 3.1.2 in
[MAD]). After carrying out some computations one obtains from it an MRA wavelet

W with supp ¥ C [—37/2,47] and i discontinuous at 0 on the left.

PROOF:

The wavelet we construct to prove Proposition 1.1 will be an MSF wavelet. That
is, ;Z = Yk, for an appropriate set K’ C R. To construct K, we find a partition of
I =[-2m,—m)U (7, 2r] satisfying (2.6) of Chapter 1.

The partition of (7,2n] is obtained as follows: divide (7, 27] in two halves and
keep the right-hand one; do the same with the left-hand part. Continue this process

a countable number of times. The intervals obtained are:

2 4 1w (271 41
[n:<( DA Gl ) i [

omn ’ on—1 ’

T 3n/2 21

\4

FIGURE 1
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A partition of (=27, —n| is obtained by translating by —2m a partition of (0, 7].
The points (222,1#, n=1,2,..., satisfy:

T (2" + 1)m T

on+1 < 22n+1 < 2n

Let
~ 2"+ 1)r =«
Gn == (W,Q—n], n:1,2,3,... and
—~ T (2"4 D)rm
H, = <2n+1, ST ], n=20,1,2,...

(See Figures 2 and 3 below.)

A A

\4

n/16 /8 n/4 n/2 n/16 /8 n/4 n/2 B

\4

FIGURE 2 FIGURE 3

Then, {én}zo:l U {ﬁn}zozo forms a partition of (0, 7] and, hence,

G, = G,—2m, n=1,2,3, ...

= H,—-2m, n=0,1,2,...

forms a partition of (—2m, —n|. Now, we appropriately dilate these intervals to form

a partition of our set K as in (2.6) of Chapter 1:
K={u,Z27"1,} U{U,Z,G, } U{U;_,2H,}.

(See Figure 4 below.)
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2H2 2H1 2H G3 G2 G1 A I2 4 Il/2

-4n

\4

-3n on - n/8 n/4 n/2 T

FIGURE 4

Finally, we show that this new family of intervals can be translated back to form

another partition of /. Indeed, the set
2Hy + 47 = 2[Hy + 2] = 2H, = (r, 27]

is a partition of (m,2n]. Appropriate translations of the remaining intervals form a

partition of (—2m, —m]:
{2Hn —I_ 27[-}720:17 {Q_n[n - 27[-}720:17 {Gn}ZOZI

This can be seen by showing that

— 2"+ 1
OH, + 47 = 2H, = (1@] n=1,2,...
AL 22n
. 2"+ )r (2" ' 4+ D)7
2 - ( 92n 0 92n-1 ]7 n=12,... (1.3)
and
~ 2=t +1)r n
Gp1+2r=G,1 = ( S ,Qn_l], n=23...

form a partition of (0, w]. Note that the right-end point of 2H,, +47 coincides with the
left-end point of 2771, and the right-end point of 27" [, coincides with the left-end
point of G,,_; + 2.

Thus, ¢» = (k) is a band-limited wavelet, with supp =K C [—4m, —7|U]0, 7],

and such that || is discontinuous at 0 from the right.
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REMARK 1.4 This method of constructing MSF wavelets via the characterization
in (2.6) of Chapter 1 leads tipically to non-MRA wavelets (see, for instance, [FAN-
WAN], [DAI-LAR-SPE] or [SOA-WEI]). It is a remarkable fact that the wavelet ¢
constructed above does arise from an MRA, although none of the MRA conditions
have been used in the process. As a consequence, one obtains as well the existence of

band-limited scaling functions whose Fourier transform is discontinuous at the origin.

To show that ¥ comes from an MRA it is enough to check that

= f: Z |@Z(2](§ +2km)P =1, aefc(—m, 7] (1.5)

J=1k€eZ

(see Proposition 3.8 in Chapter 1 of this thesis). Now, if £ € (—7,0), the sum in (1.5)

reduces to
Z D€

the last equality following from (2.5) of Chapter 1 (see also Figure 4). On the other
hand, if ¢ € (0, 7] and j > 1 is fixed, the only k’s that contribute to the series in (1.5)

are k=0, —1:
Dufe) = §{|$(2j§)|2+I@Z(?j(ﬁ—?w))I?}
- i BEROP + B —2m) = A+ B.
Now,
B=1 = 2(£—2r)€U% 2H, = £cUX {H,+2r}=U% H,
= SIHEOE=0 — A=0

the previous to the last equivalence because, by (1.3), 2H, C H,_; \ 27", (see also
Figures 2, 3 and 4).
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2 More wavelets with Fourier transform discontin-
uous at 0

The construction in the previous example might seem a little mysterious"}, however,
more intuitive constructions can be performed by using the method of the MRA’s. We
present below one such example, solution to a different but closely related problem.

We already mentioned at the beginning of §1 of the appendix that if |;Z| is con-
tinuous at 0, there must be an interval around it in which ;Z vanishes identically.
In fact, for wavelets with supp ;Z C [-4m 4+ 4a/3,8a/3], 0 < o < m, this interval
(= [-27 + 4/3,2a/3]) has length, at least, 47/3 (see [HWW]). At first, this sug-
gested to the authors of [HWW] that a lower bound for the length of the “gap”
in which ;Z vanishes identically might exist. However, they proved later that there
are band-limited wavelets for which the length of the “gap” can be made arbitrarily
small (see Remark 1 in §3.2 of [HW]). Wavelets satisfying this property can be easily
constructed from their low-pass filters. A graphic idea is as follows. Let a,b be two
positive fixed numbers such that a* 4+ 6> = 1 and define my 27-periodically as in

Figure 5:

a a
} 2 /2 : >
IR I I T o S
FIGURE 5

Here, the interval I can be chosen as close to 0 as we wish (with the only requirement

jl}A careful reader will realize that there is a pattern in the way of choosing the intervals ffn and
(/,, that explains why (2" 4+ 1)7/2?"*! is the most suited extreme point between them.
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that (I/2) NI = 0); one easily shows, then, that mg is a low-pass filter and that

given by

SIS

mo(€/2 + ) ﬁ mo(277¢), (2.6)

i=2

p(E) = ¢

is a band-limited wavelet for which ;Z is an even function not vanishing on 2/ (for
more details, see [HW]).

A natural question would be if one could somehow modify the construction of the
filters above to obtain a wavelet with “gap” of length exactly 0. The answer is yes,
but under certain restrictions. By taking a filter mg as in Figure 6 below, one obtains
a wavelet ¢ for which ;Z is an even function not vanishing identically in any symmetric
interval around 0. Thus, the “gap” disappears! However, this construction has the
incovenience that # is no longer band-limited. At this point we do not know whether
there are wavelets ¢» with Fourier transform even and discontinuous at 0, but still

having compact support.

\4

-n“-nlz“ “n/z“n

FIGURE 6

We say a few more words about the example in Figure 6 before going into details. By
taking @ = 0, we obtain a non-band-limited MSF wavelet that arises from an MRA.

This example seemed also to be new at its timet?}, when the only non-band-limited

{2} We learned later, in a wavelet conference held in North Carolina, that X. Dai and R. Liang
found similar examples while studying connectivity properties of wavelets.
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MSF wavelets known did not arise from an MRA (see [FAN-WAN] or [DAI-LAR-
SPE]). For completeness, and its own interest, we present here a little more detailed
discussion of this example.

Divide the interval (7 /4, 7 /2] in halves and call the right hand subinterval obtained
Ji. Divide, then, the left one in halves and call the right hand subinterval obtained

Jo. Continue this process a countable number of times to obtain:

7o 2"+ )m (24 D)7
no 9on+2 ’ on+l ’

n=123,...

(See Figure 1 above for a “dilated” picture of this partition.)
Then, define the sets

I,=2""J,, n=1,2,3,... and [=U;_ 1, (2.7)
and the function
mo(€) = Xom2ani(€) + D_{axn, (&) + bx=—1,(§) }, £ € (0,7,
n=1

where a,b > 0 are such that «? + b* = 1. Extend mg evenly to [—m,0) and 27-

periodically to R. Then, by construction we have that:

(i) Imo(©)F +Imo(¢ +m)F =1, a.c. €R.

(17) For every € #0, Ing=no(§) € Z|Vn > nyg = mo(277¢) = 1.
Moreover, if we define 3(€) = [1°2, mo(27"€), € # 0, then, 3 € L*(R) and

(i) lim $(27€) =1, £#0.

(iv) For a.e.é € K =(—m,n], have @({) > a.

It follows from this and a standard argument{®} that ¢ satisfies the hypotheses of
Proposition 3.12 in Chapter 1 and, therefore, is a scaling function of an MRA (see

13} The “standard argument” we refer to is the following. Define fn = Xa2rK H?Il m0(2_j~). Then,

{fa(-+k)}rez is an orthonormal system in L?(R) for each n > 1. Since 0 < f,, < %gﬁ, the Dominated
Convergence Theorem implies that {¢(- + k)} must be an orthonormal system as well and, hence,
(3.6) of Chapter 1 holds. For more details, see Theorem 4.8 in chapter 7 of [HW].
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Chapter 7 of [HW]). In particular, if a function ¢ is defined as in (2.6), then, it
will be a wavelet for which, clearly, ;Z is even and ;Z(f) > ab, € € 2[. It is easy
to see that ¢ (and, therefore, ;Z) does not have compact support (try, for instance,
£ € 2"(m—1,-1), for n large). Hence, we have constructed a non-band-limited wavelet
with even Fourier transform discontinuous at 0.

We claimed above that by letting @ = 0 in this example, one obtains a non-band-
limited MSF wavelet arising from an MRA. This is true but the proof requires some
modifications. Note that, when ¢ = 0, condition (iv) above is vacuous and we cannot
use the “standard argument” to show that ¢ is a scaling function. Thus, condition (¢)
in Proposition 3.12 needs to be verified directly this time. However, in this case, mg
and ¢ are characteristic functions of measurable sets in R, say £ and 5, respectively,
and this condition is equivalent to:

d oxs(E42km) =1, ae.é€(—m, 7] (2.8)
keZ
In fact, it is enough to show the inequality “>” in (2.8), because “<” always holds
when S =N2,27"Kand K = E427, EN(E+7) =0 (see Lemma 2.21 in [HWW?2]).

For this example we take Iy, [5,... defined as in (2.7) above, but assuming this
time that [; is empty (in the course of the proof we will see why this assumption is
required). The same definition of mg and ¢ applies as well. Consider the following
sets:

K;' =2P(U5Z, [;y), for p>1 and Kt = U;OZIKZ;".
(For consistency with the notation we assume also Iy = ().) Note that, by construction,
K* C (0,7] and, for £ € (0,7], ¢(§) =0 if and only if £ € K'*.

Now, we translate each of the Kt’s to obtain new sets where ¢ = 1. Let

S;' = K;' — 2P,

p =L

We claim that $(£) =1, a.e.§ € SF. Equivalently, we need to show that mo(277€) =

L, forall j > 1, a.e.{ € S}. We have three cases:
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1. Suppose 1 < j < p—1 (this condition is empty if p = 1). Then,

mo(277€) = mo(277E 4+ 2P77€) = mo (277 (€ + 2Pm)) = 1,
because { +2P7 € K =27 Uy [,y and j # p.

2. If j = p, then 27P € 27P K f — 7 C [ — 7, so that mo(2776) =1 (= b).

3. fgj=p+k, £>1. Then,
—q —k — 4 —k —k 37T

2776 e 272K —m) 27 —7) C 2 —m =

but this is a dilation of the interval “/;” defined in (2.7) that we removed this
time from the set I. Hence, mo(277¢) = 1.

This establishes our claim. Repeating this process symmetrically with K~ =

— K™, we obtain that
S=(—m7]\(K*NK") U (U255 U (U2, S))

p=1~p

and (2.8) holds.

3 One last example

Our last example in this section is of a different nature, but still related to MSF

wavelets. We already mentioned that the equations:

(&) = Y [(E+ 2km)P =1, a.e. €€ (—m (3.9)

keZ
& => o) =1, ae € (—m,—=]U(=,7] (3.10)
: 2 2
JEL
are necessary and sufficient conditions for a function ¢ such that |@Z| = XKk to be

a wavelet. In particular, MSF wavelets are characterized in terms of their “ampli-
tude”, |;Z|, and admit arbitrary “phases”, meaning that (eia|$|)v is a wavelet for any

(measurable) real-valued function a on R.
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This is not the case when v is a non-MSF wavelet. In fact, if a wavelet has ;Z >0
then it must be an MSF wavelet. Indeed, if 1 > 0 and, for a fixed £ € R, ;Z(f) # 0, the
orthogonality relations in (5.6) of Chapter 2 imply that @(235) =0, V5 > 1. Then,
if ;Z(f) < 1, there must be a jo < 0 such that ;Z(Zjof) # 0 (by (3.10)) but, again,
the orthogonality relations (5.6) would imply that ;Z(Zjo"'kf) = 0, Vk > 1, which is
contradiction. Thus, ;Z(f) =1 and ;Z is the characteristic function of a set.

Therefore, the two equations above do not imply, in general, that ¢ = (|;Z|)V is
a wavelet, unless an appropriate phase is chosen. Something stronger is true: these
two equations do not imply, in general, that such a phase exists. That is, there are
functions satisfying (3.9) and (3.10) for which no real-valued function a = «a(¢)

makes (em|$|)v into a wavelet. The following simple example illustrates what we are

saying. Let
- %, if ¢ € (—m,—Z] U (m, ] U (27, 37] U (6, 7n]
(=11, ifee (T 2m)
0, elsewhere
A
T ,E; ,% n lzﬂ‘ %n 2n 3n 4‘15 5‘71: 6n n ~
FIGURE 7

It is easy to see (by just looking at the graph) that b satisfies (3.9) and (3.10).

However, (e**|¢|)” can never be a wavelet because

I ) 3
() = 5 O 20t e (T

and this would contradict Theorem 2.7 in Chapter 1.
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The question of what phases are attainable for a given wavelet is still not very well
understood, especially in the case of non-MRA wavelets. A more detailed discussion,
and other properties of phases can be found in [BSW], [WUTAM] or §5 in Chapter 3

of this thesis.
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