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ABSTRACT. In these notes we present in printed form the content of a se-
ries of lectures given by five of the authors at the International Workshop
in Classical Analysis held in Yaoundé in December 2001. Our purpose is
to introduce the problem of LP-boundedness of weighted Bergman projec-
tors on tube domains over symmetric cones, and show some of the latest
progress obtained in this subject. We begin with a complete description
of the situation on the upper half-plane. Next, we introduce the geometric
machinery necessary to study the problem in higher dimensions. This in-
cludes the riemannian structure of symmetric cones, the induced Whitney
decomposition and the introduction of a wider class of spaces with mixed
LP9-norms. Our main result is the boundedness of the weighted Bergman
projector on the weighted mixed norm spaces L9, for an appropriate range
of indices v, p,q. Finally, we conclude by discussing various applications,
further results, and open questions.
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FOREWORD

In December 2001 the “International Workshop in Classical Analysis, Par-
tial Differential Fquations and Applications” was held in Yaoundé, Cameroon.

Here we present an outgrowth of the notes of a series of lectures that five
of us' delivered on that occasion. These notes were carefully taken by Cyrille
Nana?, who also wrote the first coherent draft.

We provide in these lecture notes an introduction to the analysis of weighted
Bergman spaces on tubes over symmetric cones and, at the same time, a self-
contained presentation of the joint results we have obtained during the past
few years ([5].[2], [3], [8], [4]).

During the academic year 2001/02, the first named author gave a graduate
course based on the same notes and he is indebted to his students for many
corrections and improvements.

It is pleasure to thank the people and the institutions that promoted and
supported the workshop. We mention in particular the Ministry of Research
of Cameroon, the University of Yaoundé, and the CIMPA. A. Bonami ac-
knowledges support from the Foreign Ministry of France, G. Garrigés from
Universidad Auténoma de Madrid, M. Peloso and F. Ricci from CIMPA for
their travel funding.

Finally, A. Bonami, G. Garrigés, M. Peloso and F. Ricci wish to express their
appreciation to D. Bekdllé for his kind invitation and wonderful hospitality,
extended to all the participants of the workshop who patiently attended our
lectures. Special thanks go to Jocelyn Gonessa, who, together with Cyrille
Nana, spent a lot of energy for the success of the workshop.

ID. Békollé, A. Bonami, G. Garrigés, M. Peloso and F. Ricci.
2A Ph. D. student of D. Békollé.
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1. BERGMAN SPACES IN THE UPPER HALF-PLANE OF THE
1-D COMPLEX SPACE

We begin our presentation with the simplest case: the upper half-plane H
of the one-dimensional complex space C. This is the prototype of a tube
domain over a cone, the cone being the positive real half-line (0,00). This
approach gives us the opportunity to introduce the subject in a more familiar
context, and to describe and prove many of our results using elementary tech-
niques. Such presentation will also help understanding the problem in higher
dimensions, where many new limitations appear and subtle difficulties must
be overcome.

The results we present here in one-dimension are all well-known, and can
be found scattered in the literature (see e.g., [23], [13] or [26] for basic prop-
erties of Hardy and Bergman spaces). In our presentation, we will try to be
as self-contained as possible, emphasizing the proofs which are keener to be
generalized to higher dimensions (specially arguments involving group invari-
ance). This approach will end up with three apparently different problems
which will be considered later in higher dimension, and which will turn out to
be equivalent, providing a common point where geometry, real and complex
analysis merge. We solve them completely in the one dimensional case.

1.1. Definitions and basic properties.

Let H(H) be the space of holomorphic functions on H, where this domain
denotes the upper half-plane in C,

H=R+i(0,00) ={z+iye C:y > 0}.
We first define the Bergman spaces.

DEFINITION 1.1. Given p € [1,00), the (unweighted) Bergman space AP =
AP(H) is defined by

AP = H(H) N LP(H, dzdy)

- {F & HO) s [Pl = [ [ 1P+ i)y < oo}.

Given v > 0 and p € [1,00), the weighted Bergman space AP = AP(H) is
defined by

Ar — {F & H(H) : ||F|, = / / IF(x + iy)Pde y 2 < oo}.
0 R

We shall denote by L? the Lebesgue space associated with the measure
y’“tdxdy. Observe that AP = AP for v = 1.

Below, we give examples of functions in these spaces. We leave the verifica-
tion as an exercise to the reader.
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EXAMPLE 1.2. Let a > 0 be fixed.

(i) The holomorphic function F, defined on H by F,(z) =
AP if and only if v > 0 and p > ”T“;

(ii) The holomorphic function G, defined on H by G,(2) = % belongs to
Aﬁifandonlyifu>0andé<p<”T+1.

+ (e belongs to

The next proposition gives basic inequalities for functions in AP.

PROPOSITION 1.3. Let p € [1,00) and v > 0.
(i) There exists a constant C = C(p,v) > 0 such that for all x +iy € H and
for all F' € AP the following inequality holds:

. _vtl
[F(x+iy)| < Cy 7 [|F] ag-

(ii) There ezists a constant C' = C(p,v) > 0 such that for all y € (0,00) and
for all F' € AP the following inequality holds:

IFC+iy)ll, < Cy 7 || Fllag-
(iii) For all F € AP, and for all y > 0, the following holds:
(1.4) lim F(z+iy) =0.

|z|—o00
PROOF: Before starting the proof, let us remark that AP is invariant by
translations and dilations. More precisely, we fix + € R and y > 0, and
consider the translate of F' € AP under z, given by Fi(u+iv) = F(x 4+ u+iv).
Then Fj is also in AP with same norm as F. Analogously, if we define the
dilate of F' by Fy(u + iv) = F(y(u + iv)), then Fy is in AP with norm

vl
[F2llaz =y~ 7 ([ F|az-

Let us now prove (i). From the invariance properties above, it suffices to
consider the case = 0 and y = 1 (which can be applied afterwards to (F})s).
Let D(zo,7) denote the disc of center z; and radius r. The mean value
property, Holder’s inequality and the fact that v*~! is bounded below on the

interval [2, 2] imply that

|F(1)|] = C|// F(u+ w)dudv|
< Cp(// |F'(u + iv)[Pdudv)
D(i,3)

/ / F(u+w)Pduv' dv| < Cpu ||| az-
1
2

3 =

S =

pl/
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(ii) Again, by invariance it suffices to prove the case y = 1. Proceeding as
above we obtain

(1.5) |F(x + \p<0/ / F(u+ w)|Pdudv.
|[v— 1|<1 lu—z|<

2

Then, integration with respect to = gives:

[// 1dyc]F u+iv)[Pdu| d
lu—z|<5

2

IFC+al < 6 [
lv—1<

Wl

: / / |F(u+ iv)Pdu)o” " dv < Cpo|| Iy
lv—1<3%

2

(iii) Once more, we may assume that y = 1. Rewriting (1.5) we see that:
|F(x+1)]P < C/|v s /RX[xé,er;}(u)‘F(“ + i) [Pdu v’ dv.

Then, from the dominated convergence theorem it follows that
lim |F(x+1)P =0.

|z[—o00

O

EXERCISE 1.6. Modify the proof of part (iii) above to show that the limit
in (1.4) holds uniformly in y over compact sets of (0,00). Combine this fact
with (¢) to show that, when v > 0, yo > 0, then for all F' € AP,

lim F(z) = lim F(z+iy)=0.
Sz>y0 Tltj_>y0

COROLLARY 1.7. Let p € [1,00) and v > 0. Then for every compact set K
of C contained in H, there exists a constant Cx = Ck(p,v) > 0 such that for
every F' € AP, the following estimate holds:

sup [F'(2)| < Cre|[Fllaz-
zeK
PROOF: This follows immediately from assertion (i) of Proposition 1.3. O

COROLLARY 1.8. For all p € [1,00) and v > 0, the Bergman space AP is a
Banach space.

PROOF: The function F +— ||F|| 4z defines a norm on A?, because of the
equality || - [[a2 = || - ||zz and AP is complete in this norm. Indeed, let {F,}
be a Cauchy sequence in A2. By Corollary 1.7, for every compact set K of C
contained in H, we get:

sup [Fy = Fr| < Clcl[ Fy = Bl ags
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it then follows that the sequence {F,} converges uniformly on every compact
set K of C contained in H. By Weierstrass Theorem, its limit F' is a holo-
morphic function on H. On the other hand, since the space L? is complete,
the Cauchy sequence {F,} converges in L? to a function G € LP. Therefore,
we can extract a subsequence [, that converges a.e. to G. This implies that
G = F almost everywhere on H. Furthermore, {F,} — F in AP. O

We point out that we could as well have defined the spaces A? for non
positive v, and prove the same propositions. This is of no interest, since an
easy consequence of Proposition 1.3 in this case is the fact that the weighted
Bergman spaces reduce to {0} when v < 0. Before giving the proof of this fact,
we need to recall basic properties of the Hardy classes, which may be seen, in
some way, as the limit classes when v tends to 0.

1.2. Hardy spaces on the upper half-plane.

Proofs and details of the results surveyed here can be found, e.g., in [10, Ch.

11} and [13, Ch.II].

DEFINITION 1.9. For p € [1,00), the Hardy space HP = HP(H) is the space
of holomorphic functions on H which satisfy the estimate

—00

1
|wmm:$m{/ wu+wwm} ‘o
y>0

It is clear that || - ||g» is a norm on HP. The next lemma follows from the
mean value property and Holder’s inequality (proceeding as in Proposition 1.3
above).

LEMMA 1.10. For every z = x + iy € H and for every F' € HP

wwns(i)ﬁFmp

Ty

Moreover, for every compact set K of H we have

4 ;
FOI <\ cgisteomy ) |l
ilellgl (2)|—<ﬂd¢st(K,8H)> Il

COROLLARY 1.11. For allp € [1,00), H? is a Banach space.

Again, we use the same kind of proof as for Bergman spaces.

The next result is an easy consequence of the residue theorem, and gives
the Cauchy integral representation for functions satisfying an HP-integrability
condition.
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PROPOSITION 1.12. Let F € HP|1 <p < oo. Then for all z=x+1y € H

and € € (0,y), we have
1 < F(t+i
F(z) = _/ Flt+ie)

2 J_t+ie— 2z

DEFINITION 1.13. The kernel C(z + iy) = Cy(x) = %WZ—W is called the
Cauchy kernel of H.

In the sequel, for every function ¢ : H — C and for every y > 0, we denote by
¢, the function defined on R by ¢,(z) := ¢(z +1iy). Then the Cauchy integral
formula may be written as follows: for all y > 0 and € € (0,y)

F,=F xC,_..

The next theorem is also well known, and gives the existence of boundary
values for functions in H?. The proof for p > 1 is simple and only makes use
of harmonicity. We state below the full result comprising also the case p =1,
for which we refer, e.g., to [10, pp. 190-195] or [18, pp. 317-323] (the latter,
in the case of the disk).

THEOREM 1.14. Let F' € HP, 1 < p < co. Then,

(i) The function y — ||F,||, is non-increasing and continuous fory € (0,00);

(ii) [[Fyllp tends to |[F'||a» as y tends to zero;

(iii) There ezists a function Fy € LP(R) such that F, converges to Fy in the
LP norm as y tends to zero; also F, = Fy* Cy = Fy x P, for every y > 0.
Moreover, F, tends to Fy in LP when y tends to 0.

Here P,(z) denotes the Poisson kernel in H. It is given by
Iy
P,(x)=—
y( ) T .TQ 4 y2 )
has integral 1, and defines an approximate identity (while the Cauchy kernel
does not).

Let us now give applications of the last theorem for weighted Bergman
spaces. We first remark that Assertion (ii) of Proposition 1.3 can be read
in the following way. For F' € AP and ¢ > 0, the function F(- + ic) is in H?,
with norm bounded by Ce v, Moreover, we have the following proposition.

PROPOSITION 1.15. Let FFe AP, 1 < p < co. Then,
(i) The functiony — || Fy,||, is non-increasing and continuous fory € (0,00);
(ii) F(-+1e) is in AL for positive €, and tends to I in AP as € tends to zero.

PROOF: The proof of (i) is a direct consequence of the fact that F'(- + ic) is
in HP. It is clear from (i) that F(- + i¢) is in AP for positive €. It remains to
prove that [ [|F, — F,..||Py*~'dy tends to 0. This is an easy consequence of
the Dominated Convergence Theorem. a
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REMARK 1.16. Let us now prove that, if v < 0 then A2 = {0} for every
p € [1,00). Indeed, it follows from Proposition 1.3 adapted to this case that,

for every F' € AP, the function G(z) := (i(f))m
H? for m large enough. Hence, the function g : (0,00) — [0, 00) defined by

9(y) = Jg |G(z 4 iy)|Pdz is non-increasing. Moreover

IFI%, > IGI%, = / oy dy

belongs to the Hardy space

Yo
> [ ooy = () x 0.
0

So, g(y) = 0 for every y > 0. This implies that G (and also F') is identically
zero on H.

We now prove a density result which will be used often below.

PROPOSITION 1.17. Let v > 0 and 1 < p < co. Then, for all 4 > 0 and
1 < ¢ < oo the set Al N AD is dense in A.

PROOF: Let m > 1 be large enough so that so that

1
Aq
iz - O

(1.18) Gm(z) =
(see Example 1.2 above). Given F' € AP and € > 0 we consider

FO(2) = Gn(e2)F(z +ig), z€H,
which belongs to A% N AP since both factors are bounded (the second one,

by Proposition 1.3). Further, the pointwise limit of F*)(2) equals F(z) when
e — 0. We have already seen that F'(- + ie) tends to F' in AP. It remains to
see that the same is valid for G,,(e-)F. Again, it follows from the Dominated
Convergence Theorem.

O

1.3. A Paley-Wiener Theorem.

Let us first recall the version of the Paley-Wiener Theorem which is adapted
to Hardy spaces.

PROPOSITION 1.19. (i) For every g € L*(0,00), the following integral is
absolutely convergent,

1 o
1.20 F(z) = — e g(&)d z € H),
(1.20) 0= = Hood (em
and defines a function F € H? which satisfies

(1.21) |Fs = / " ge)P.
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(ii) The converse holds, i.e., for every F' € H?, there exists g € L*(0,00) such
that (1.20) and (1.21) hold.

PROOF: Let us prove (i). The integral on the right hand side of (1.20)
is absolutely convergent, and defines a holomorphic function. Moreover, it
follows from the inverse Fourier formula that the Fourier transform of F), is
given by
Fy(€) = V2mg(y)e ™.

By Plancherel formula, || F,[|3 = [ e2¢|g(£)[*d¢, and Formula 1.21 follows at
once. Conversely, using Theorem 1.14 and the fact that the Fourier transform
of the Poisson kernel is equal to e ¥¥l, if v/27¢ is the Fourier transform of Fy,
we get that

F(z +iy) = \/LQ_T( /+00 e Vel g(&)de (z € H).

It remains to show that ¢ is supported in (0,00). But, if we cut the integral
into two parts, the integrals over (—oo, 0) and over (0, c0), the first one gives an
anti-holomorphic function, while the second one gives a holomorphic function.
Since F'is holomorphic, it means that the first one is 0. By Fourier uniqueness,
this implies that g vanishes on (—o0,0), and allows to conclude.

Let us now consider the weighted Bergman spaces.

THEOREM 1.22. (Paley-Wiener) (i) For every g € L*((0,00),£77d€) the
following integral is absolutely convergent,

1 oo
1.23 F(2) = — Zg(€)d € H),
(1.23) O == [ ood e
and defines a function F € A2 which satisfies

L) [~ dg
(1.24 IFI: = | 9P
0
(ii) The converse holds, i.e., for every F € A2, there exists g € L*((0,00), £V d€)
such that (1.23) and (1.24) hold.

PROOF: (1) Again, the integral on the right hand side of (1.23) is absolutely
convergent, since by Schwarz’s inequality

/0 e e)|de = / (e ) (e |g(€) ) de

Oolzf2§ % > 2%)é
s(/o e yd&) (/0 9OFG ) <o

(recall that v > 0). This implies that the right hand side of (1.23) defines a
function F' which is holomorphic in H.
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To prove (1.24), we use the Plancherel formula. By (1.23), we have that

/ F(a + iy)Pde = / e g(€)Pde
R 0

and therefore

/OOO(/R !F($+iy)’2dx)yvd_5 _ /OOO |g(§)\2(/000 €2y£yud_5)d£

—T() / T lge)r (jg,

To prove (ii), we use Paley-Wiener Theorem for Hardy classes. For every
e > 0, there exists g. which is in L?*(0, 00) such that

1 R
Fz+i6:—/ e g (£)dE.
( ) Nord (£)d¢
The uniqueness of the Fourier transform implies that

e_alggs(g) = 6_6595’ (é)
We take g(&) = e*¢g.(£) to conclude that F' is given by the required formula.

Again, by the Plancherel formula and Fubini’s Theorem for positive functions
as above,

171 = [ o[ ey =16 [ oo g

This last integral is finite, which we wanted to prove. O

EXERCISE 1.25. Let v > 0 and 1 < p < 2. Show that for all /' € AP there
exists g € L' ((0,00), €77 d€) such that (1.23) holds and

lgll L SO
LV ((0,00).¢ " 7 de)

(Hint: use Hausdorff-Young’s inequality.)

1.4. Bergman kernels and Bergman projectors.

DEFINITION 1.26. Let H denote a Hilbert space consisting of complex func-
tions on an open set E. We call reproducing kernel for H, a complex function
K : E x E'— C such that, if we put K, (z) = K(z,w), then the following two
properties hold:

(1) for every w € E, the function K, belongs to H;

(2) for all f € H and w € E, we have

f(w) = (f, Ku).

It is worth noticing that these two properties imply that such a kernel K
satisfies the identity K (z,w) = K(w, 2), for all z,w € FE.
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PROPOSITION 1.27. For every v > 0, the Bergman space A% in H possesses
a reproducing kernel.

PROOF: By Corollary 1.7 used for the compact set {w}, we know that F
F(w) is a continuous linear functional on the Hilbert space A2. We combine
this with the Riesz representation theorem for such functionals. O

DEFINITION 1.28. The reproducing kernel for A%(H) is called the Bergman
kernel of H and is denoted by B(z,w). More generally, for v > 0 the reproduc-
ing kernel for A2 is called the weighted Bergman kernel of H and it is denoted
by B,(z,w).

We will see that the weighted Bergman kernel can be explicitly computed.

In what follows, the notation Log z and z® = e®°8? Rez > 0, a € C,
corresponds to the determination of the logarithm which is real in the positive
real axis.

THEOREM 1.29. Ifv > 0, then the weighted Bergman kernel is given by the

formula
2u—1 a5\ vl
B,(z,w) = Y (Z ‘ w) :

(e 1

PROOF: By the Paley-Wiener theorem, every function F' € A2 can be written
as

1 R
1.30 F(z) = — et g(&)dE,
(1.30) (0= == [ ealepae
for some g € L2(0, +00). Since B, (-,w) € A2, there exists g, € L? such that
1 <
B,(z,w) = — e g, (€)dE.
) == [ o

Now, since the kernel B, (-, w) is reproducing for A2, polarizing the isometry
in the Paley-Wiener theorem gives

dg
(26)

F(w) = (F.K,) = () / GG

The identification with (1.30) gives that

1 e —iwé

gw(f) = \/EF(V) (26)1/'
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Hence,
1 - i(z—w)€& v
| e e
o 1 e
27l (v) (—i(z —w))”“/o ek
2 T(v+1) v—ly (z —w) vt

B,(z,w) =

- 27l(v) (@)”“ oo

i

DEFINITION 1.31. The orthogonal projector from the Hilbert space L? =
L?(H) onto its closed subspace A? is called the Bergman projector of H and
it is denoted by P. More generally, for every v > 0, the orthogonal projector
from the Hilbert space L? onto its closed subspace A2 is called the weighted
Bergman projector of H and it is denoted P,.

PROPOSITION 1.32. For every f € L? and z € H we have that

(1.33) Pl,f(z):/HB,,(z,ujLiv)f(u+iv)duv”1dv.

PROOF: By the reproducing property of B, (z,w) and the self-adjointness of
P, in L*(H) we have:

Pz/f(z) = <Puf7Bl/(Wz))Lﬁ:<f7Pl/Bz/<'?Z)>Lg

= (£ B 2))p = /HBV<Z7U+iv)f(u+w)du v Ldu,

1.5. Problem 1: The boundedness of the Bergman projector.

We have just found an explicit formula for the orthogonal projector P, from
L? onto the subspace A%. Tt is natural to ask whether this operator extends
in some meaningful way to L for p # 2, and in that case whether the repro-
duction property of B,(z,w) (i.e., P,F = F) holds in AP spaces. The first
observation in this direction is that, for fixed z, the function B, (-, z) belongs
to LY if and only if ¢ > 1 (cf. Example 1.2). Therefore, the right hand side
of (1.33) is always well-defined whenever f € L? 1 < p < oo, and moreover,
it coincides with f when this last function belongs to A2 N A2. We already
mentioned the density of this last set in A2 (Proposition 1.17), so the repro-
duction property in AP will hold whenever P, defines a bounded operator on
LP. The next theorem gives a complete answer to these questions, that is, it
characterizes when P, is a bounded projector from L? onto AP.
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THEOREM 1.34. Let 1 < p < oo. Then the Bergman projector P, is a
bounded operator in LE if and only if p > 1. In this case, the operator P} with
positive kernel |B,(z,w)| is also bounded in LE.

PROOF: We first prove the necessary condition for p > 1. We test P, on

a specific function which is in all L2, namely f(w) = xp(w)v™""; where

w = u+iv, and B is the ball of radius 1/2 centered at i. Then the mean value
property applied to the harmonic function B,(z,-) gives us immediately that

B, f(2) = ¢By(2,1)

for some constant c. This function is in L? if and only if p > 1, which proves
the necessary condition.

To finish the proof of the theorem, it is clearly sufficient to prove that P is
bounded in LE. The main tool for the boundedness of operators with positive
kernels is Schur’s lemma, that now we state.

LEMMA 1.35. (Schur’s Lemma) Let (X, 1) be a measure space and K (x,y)
a positive kernel on X x X. Let T be the operator defined by

_ /X K (2, 9)F(y)dp(y).

For1 < p < oo, let p/ be the conjugate exponent. Suppose that there exist a
positive function ¢ and a constant C' such that

| Koy <oy
/K z, y)p(x)’dp(z) < Co(y)’

Then the operator T is well defined on LP(X, ), and it is and bounded on
LP(X, p).

PROOF: To prove Schur’s Lemma, it is sufficient to consider positive functions
f. An appeal to Holder’s inequality and the use of the first inequality gives
that

Tfay = ( / K(x,y)f(y)w(y)‘lso(y)du(y)>
< oy /X K (2, 9) (5P oly) P duly).

Integrating in z and using the second inequality we obtain the result. a
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Let us go back to the proof of Theorem 1.34. We will do it in two steps.
Again, we write

P, f(x+iy) = C/Ooo (/_+Oo(a: —u+i(y+v)" 7 f(u+ iv)du) v’ dw,

[e.e]

and notice that the operator inside the parentheses is a convolution operator
whose norm, when acting on LP(R), is bounded by the L'(R) norm of the
function (- +i(y+v))™~!. This quantity is easily computed, for y and v fixed,
and it is equal to ¢(y + v)~". Thus, using Minkowski inequality for integrals,
we get

IR+l < [ o) A+ o) o

Since the function v — || f(-+iv)]|, belongs to LP((0,00), v**dv), it remains to
prove that the operator with kernel (y+wv)™" is bounded on LP((0, 00), v" " dv).
We use Schur’s Lemma with the function p(v) = v~ It is sufficient to choose
a > 0 such that v —ap’ > 0, as well as v —ap > 0, and to use the homogeneity
of the kernel. O

EXERCISE 1.36. Use the ideas above and the Hardy-Littlewood maximal
function to show that P is bounded from LL(H) into L1, the latter denoting
the weak-L' space associated with the measure y*~'dx dy.

REMARK 1.37. It is possible to give a shorter proof of Theorem 1.34, using
directly Schur’s Lemma for P,;f. The advantage of the proof presented here is
that it can be easily adapted to have boundedness of the operator in mixed
norm spaces which will be introduced below.

1.6. Problem 2: Hardy-type inequalities in AZ.

The Cauchy formula allows to estimate F” in terms of F: writing F’(x +iy)
as an integral along the circle of radius y/4 centered at x + iy, one gets that

. 4
Fati < swp [F).
Y jw—z—iy|<y/4

As before, this quantity can be bounded in terms of the integral of F' inside
the ball of radius y/2 centered at = + iy:

C

(1.38) PIF @il < / ( / P+ iv)[Pdu)do.
Y* Jyj2<v<2y Jz—ul<y

Integrating on H, we obtain the inequality

(1.39) / yP|F' (z + iy)|Py” tdady < C’/ |F(u + i) [Pv”~  dudv.
H H
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Indeed, just change the order of integration in the right hand side of (1.38),

and use that
/ ( / dx)y” 'y *dy = cv” ™,
y/2<v<2y J|z—u|<y

for some positive constant c.

The converse inequality of (1.39) is much more interesting, and can be seen
as a regularity property for the PDE F' = GG, when G is a holomorphic data
with a certain integrability condition. Such type of property is commonly
known as a Hardy-type inequality. Clearly, there cannot be a version of it for
p = oo because of constant functions. In the next proposition we show that,
for all 1 < p < oo, there is a Hardy-type inequality in the Bergman spaces AP.

PROPOSITION 1.40. For all 1 < p < oo, v > 0, the derivation operator
maps continuously AP into A}, . Conversely, when 1 < p < oo, there exists a
constant C,, such that the following Hardy-type inequality holds:

(1.41) / |F(u + iv)|Pv" ™ dudv < Cp/ yP|F (x + iy)|Py”~  dady.
H H

PROOF: To prove (1.41), we shall give an explicit formula for F' in terms of
its derivative. In fact, since the function F is holomorphic, we can replace F”
by the partial derivative in y. Since F' vanishes at oo (Exercise 1.6), we can
write —F'(z + iy) as an integral of its derivative from y to +o00, and get that

“+o00
Pz +iy)| g/ F'(x + iv)|do.
Yy

As before, we use Minkowski integral inequality to see that the LP norm in the
x variable of an integral in v is bounded by the integral of the LP norm in z.
Doing this, we are reduced to a problem on L?((0, 00),v” " *dv). The estimate
(1.41) now follows easily from the following result.

LEMMA 1.42. (cf. e.g. [20], p. 272) For all 1 < p < oo, there exists a
constant C' such that, for all positive functions g on (0, +00),

“+o0 —+o00 p +oo
(1.43) / ( / g(v)dv> y'ldy < C / yPg(y)Py”~dy.
0 Y 0

PROOF: This is very classical, and may be found for instance in (cf. e.g.
[20], p. 272). We give its prrof for completeness. We are again considering an
operator with positive kernel. Moreover, this one is equal to %wa(v), which
is clearly bounded by c(y + v)“v”~! that we have already considered. This
gives the proof for p > 1. It is a simple consequence of Fubini’s Theorem when

p=1.
O
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1.7. Problem 3: Boundary values of functions in A?.

This paragraph is more difficult since it requires a good understanding of
distributions. It may be left aside at first reading.

We have seen that all functions in the Bergman space A% can be obtained
as a Fourier-Laplace transform of some function ¢ in a weighted L? space
(Theorem 1.22). In a sense, the distribution f = g can be seen as a “boundary
limit” of F' € A2, since at least formally,

1 .
F(x+1 —/ 't dg, hen 0.
( y)_>\/% i g9(§)d§,  wheny —

We want to give a precise meaning to this limit, ask whether such a boundary
limit exists for other values of p, and whether an elegant characterization
similar to Theorem 1.22 holds in that case. This question is more delicate
now, and the answer will make use of the Littlewood-Paley decomposition for
distributions with spectrum in [0, c0). We also point out that the language of
distributions is necessary when we look at boundary limits in H (rather than
on the Fourier transform side). Indeed, the elementary example F(z) = <
belongs to A2 for all v > 1 (see Example 1.2), but we cannot give a reasonable
meaning to its pointwise limait % since it is not a distribution.

In order to present the Littlewood-Paley construction, we start with an
elementary lemma on the existence of C* functions with compact support (cf.

[21]).

LEMMA 1.44. There exists a non-negative function ¢ on R, which is of class
C> with compact support in (1/2,2), and satisfying the following identity

) +o(/2) =1 for1<£<2

As a consequence,

d o279 =1 for {>0.

JEZ

We define ¢ as the inverse Fourier transform of ¢, and ;(-) = 27¢(27-). It
follows from the identity above that

(1.45) S fri=f

when f is a tempered distribution whose Fourier transform is supported in
(0, +00). The candidate for space of boundary limits can now be defined as
follows.
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DEFINITION 1.46. Let v € R and 1 < p < co. The (homogeneous) Besov
space BP is the space of classes of tempered distributions on R, modulo poly-
nomials, having Fourier transform with support in [0, 00) and such that

(1.47) 1£15p =D 271 f * wyllh < oo

JEZ

Besov spaces arise naturally in the theory of partial differential equations
when proving theorems on existence, uniqueness and regularity of solutions.
For complex analysis we shall content ourselves to consider tempered distribu-
tions whose Fourier transform is supported in [0, 00), while in PDE one needs a
more general space, without this restriction. We also remark that the “Besov
norm” given by (1.47) vanishes if and only if the Fourier transform of f is
supported in {0}, that is, if and only if f is a polynomial. So we get a norm
on the quotient space that we consider.

We can now state the main theorem of this subsection.

THEOREM 1.48. Let 1 < p < oo and v > 0. For all f € BY, the following
series of Fourier-Laplace transforms

(1.49) FO=Y 4 [ e Fraion e,

converges absolutely, and defines a holomorphic function which belongs to the
space AY. Moreover, all functions F' in AP can be written in this form for a
unique (equivalence class) f € BE, and there exists a constant C, independent

of f, such that
(1.50) CUIFlLag < I fllsp < CIIF|az.
PROOF: We shall show the absolute convergence of the series in (1. 49) by a

duality argument. For this, we use the observation that B? and BY
dual spaces with the duality pairing given by

(f.0)=lm 3" /fwj o+ Be(@)de

U,

are
—vp'/p

Using Plancherel’s theorem, we can make this duality look closer to the ex-
pression in (1.49), by replacing the integral above by an integral involving

(m)(mg) Indeed, it is easily seen that such factors vanish unless |7 —
k| < 1. As a consequence, we see that the duality pairing is also equal to

}Lrgollz:/f*¢g dr = lim |;/f )9 * @)z
<J k|<J

Going back to the statement of the theorem, we first observe that, at least
formally, the function F' in (1.49) is actually given by the equality

F(z)=(fg.), ze€H,
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where g, is the distribution whose Fourier transform is given by

7:(8) = xes0(§)e™,

To show/ that the expression in (1.49) is well defined, it is enough to see that
g. € BY o I As a first step, we compute in the next lemma the L" norm of
g: * Y.
LEMMA 1.51. For 1 <r < oo, there exists a constant C, such that

lg: w5l < G2Vt ez
PROOF: By a change of variable, we may also assume j = 0, since

gz 51l = 27" |l gas % .-

Moreover, if z = = + iy, g, * ¢¥; = ¢iy * ¥j(x + -) so that we may assume
x = 0. For r = oo, it is sufficient to prove the same estimate for the L' norm
of the Fourier transform, which is equal to e ¥ ¢. This last one is a direct
consequence of the assumption on the support of ¢. To prove the lemma for
other values of r, we remark that the same kind of estimates hold for the L'
norms of all derivatives d% of e7¥¢¢(¢), and in particular for its Laplacian (i.e.,

the second derivative), which is the Fourier transform of |t|*(g. * ¥)(t), up to
a constant. In particular, we get the estimate

e_y/4

< .
9% 00)| < O 1y

The conclusion of the lemma now follows immediately. O

p/

—vp'/p by a

Using the lemma we obtain an estimate for the norm of g, in B

constant times
(swems omwn)
J

Each summand is equivalent to an integral over the interval (27,2/1] so that
the norm of g, is bounded by

oo ’ ﬂ/
C’(/ t(u+1);€_yp/t/sﬂ>p — Oy~ D
t Y
0

which is finite. Thus, we have shown that F'(z) is well defined, and from here
we deduce that it is holomorphic by a routine argument.

To prove that F' € AP is a little more tricky. Instead of giving a bound for
F(z), as above, we first estimate its norm in the x variable, keeping y fixed.

We write Fy(z) = F(x + ty). Then, by Minkowski’s inequality
1 Fyllp < Z [ Fy * 5l p-
J

=
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Since F, is given through its Fourier transform, it is easy to compute the
Fourier transform of F, * ; and to see that it is, up to a constant,

(1.52) eV Y f = (e Yy + eV + eV )0 f

because of the support condition on ¢. Hence Fj * 1, is the convolution of
[ *; with a sum of three terms, for which we have already computed the L!
norm (see Lemma 1.51). Therefore,

1Fyllp < CZ e PV f Villp,
J
and we are lead to prove that
[e%¢) ) p )
[T(Z e ruly) va < oSzl
0 j j

Equivalently, we have to prove that there exists a positive constant €, such
that, for every positive sequence (a;), we have the inequality

00 . p )
/ ( E e ? yaj) vy ldy < C E 27" af.
0 j j

This can be thought as a Schur-type lemma: we shall multiply and divide
inside the series by 27%, for some small positive a. From Holder’s inequality
we deduce that

_ P . ‘
P T
J J
using the elementary fact that
Z e~ 2 yooip’ < pr—ap’
J
(as one can check by replacing this sum by an integral). A last integration

gives the required estimate provided we chose 0 < o < %.

We have proved the left hand side inequality of (1.50). Let us now prove
the right hand side, which is much more elementary. We want to estimate
|f * ;|- Let us choose y € (277,279, so that if £ is in the support of ¢,
the product y¢ is between 1/2 and 4. We write, as in (1.52)

—

[rpy=e"y; F,

and, as before, compute the L! norm of the function whose Fourier transform
is e¥1;. It is easy to see that this is bounded by a uniform constant when
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y ~ 279, Thus,

2—Jj+1
—vj —vj dy
Sl < X [ RIS
J J

2—Jj+1

sczl \F 2y dy = | FIF,.
7

—J

To conclude the proof of the theorem, it remains to show that every function
F € AP may be written as the Laplace transform of the Fourier transform of
some distribution f € BP. Now, the Paley-Wiener theorem and the above
estimate ensure that this is the case when F' is in the dense subset A2 N AE.
Then standard arguments of functional analysis give the result for all F' € AP.
g

1.8. Some remarks on Hardy spaces. One may ask what happens for
the three problems under consideration when the weighted Bergmans spaces
are replaced by the Hardy spaces.

Let us start with the third one. The characterization of those functions
which arise as boundary values of H? functions is now much simpler than for
the Bergman case.

THEOREM 1.53. Let 1 < p < oo. Then, the mapping

HP(H) — [P(R)
F — Pb

is an isometric isomorphism from HP(H) onto the subspace of LP(R) defined
as EP ={f € LP(R) : supp f C [0,00)}.

PROOF: By Theorem 1.14, the correspondence above is an isometry. We have
already showed the support condition on the Fourier transform for p = 2. For
general p # 2 one proceeds by density of H*N H? in H? (similar to Proposition
1.17 above).

We have also shown surjectivity when p = 2 (in Proposition 1.19). For
general p # 2, since the mapping is an isometry it suffices to show that the
range is dense. For p < 2, if f € L? with supp f C [0,00), and if {¢.} is a
smooth approximation of the identity, then lim. o || f — f * ¢.||, = 0, while
by Young’s inequality f * ¢. € E> N LP. When p > 2 and f € EP, one
considers f*(z) = G (ex)(f * ¢-)(x), where G,, is defined as in (1.18) with
m = m(p) large enough so that G,,(z) € L%(R) N L*>*. In particular, by
Holder’s inequality f € L? N LP. Also, the Fourier transform is supported in
the sum of the spectra of each of the factors, which is contained in [0, c0). We
have shown f¢ € E? N LP, while lim._q ||f — f¢||, = 0 follows easily by the
Dominated Convergence Theorem.
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O

The subspace E? of LP(R) is sometimes denoted' by H?(R). In particular,
for p = 2, the Hardy space H*(H) is a Hilbert space which can be identified
to the closed subspace H*(R) of L*(R)). This leads to the following expression
for the orthogonal projector.

PROPOSITION 1.54. The orthogonal projector S from L*(R) to H*(R) is
giwen by the following three properties:

(i) Sf is the inverse Fourier transform of fX[o,oo) ;

(i) 7 = lim f C,

(iti) Sf(x) = 3 f(x) + =T f(x), where Tf is the Hilbert transform of f, i.e.
the convolution of f with the principal value of %

PROOF: The proofs of properties (i) and (ii) are easily deduced from the
previous results. The equality between expressions (2) and (3) follows from a
well known limiting argument, which can be found, e.g., in [23, p. 218]). O

We can now pose the question of the LP-boundedness of the orthogonal
projector in H?, which leads to one of the first examples of a singular integral
operator in Harmonic Analysis: the Hilbert transform. The answer to this
question requires more sophisticated techniques than Schur’s lemma, which
are developed in any classical book on Complex or Harmonic Analysis (cf. e.g.
[10, p. 54] and [23, p. 186]).

THEOREM 1.55. (M. Riesz). For all 1 < p < oo, the projector S extends
to a bounded projector from LP(R) onto HP(R).

We will not consider Problem 2 in the context of Hardy spaces, since it does
not really makes sense.

To conclude this section we point out that, at least heuristically, the Hardy
spaces HP can be seen as a “limit” of the Bergman spaces A2, as v — 0. When
p = 2 this is quite obvious by the Paley-Wiener integral in (1.23): A2(H) is
isometrically identified with L?((0, c0), (I;(S)U d€), while, for H?(H), it is with
L?((0,00),dE). Thus, for good enough functions F' € H* N A2 | we have

: 2 2
lim V]| FlGe = [1F7-

This property remains true for general p > 1, based on the fact that, in the
sense of distributions:

vy X(0,00) () dy — Ogoy, as v — 0%,

However, it shouldn’t be confused with the real Hardy space, defined, e.g., in [21, Ch.
I11].
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The interested reader can try to state (and prove!) a correct theorem with this
principle. As we shall see, this principle is no longer true in several complex
variables: the limiting space of the weighted Bergman family... is not the
Hardy space! (see §6.2 below).

2. GEOMETRY OF SYMMETRIC CONES

This section is devoted to the theory of symmetric cones. These objects
provide a natural substitute to the half-line in higher dimensions, leading also
to many non-trivial (yet interesting) questions in the analysis of the associated
Bergman projectors. To be able to handle these problems in future sections
we first need to exploit the rich geometry of symmetric cones, and establish
the right analytic setting where complex theory can be carried out. We do not
intend to give here a detailed account of statements and proofs which can be
found in many texts (such as [11]), but we shall instead focus in describing
the main properties in three model cases: the cone of positive real numbers,
the Lorentz cone, and the cone of positive definite symmetric matrices. The
goal is to present to the non specialist a general overview of the group theory
involved in this problem, without having to face with the deeper results and
more specialized notation appearing in most geometry books.

2.1. Convex cones.

Let V be an Euclidean vector space of finite dimension n, endowed with an
inner product (-|-). A subset © of V' is said to be a cone if, for every x € )
and A > 0, we have Az € €. Clearly, a subset €2 of V' is a convex cone if and
only if z,y € Q and A, u > 0 imply that Az + py € Q.

Before giving examples, we give the next definition.

DEFINITION 2.1. Let Q2 C V' an open convexr cone. The open dual cone of
Q is defined by

(2.2) Y ={ycV:(ylx) >0, VxcQ\{0}}.
We say that ) is self-dual whenever Q2 = Q)*.

EXAMPLE 2.3.

(1) The octant: 2 = (0,00)" in V = R"
(2) The Lorentz cone in V = R™ (or forward light-cone), when n > 3:
A, ={y € R": A(y) > 0and y; > 0},

where the quadratic function A(y) = y — y3 — ... — y2 is called the
Lorentz form.
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(3) The cone of positive definite symmetric matrices in V- = Sym(r,R),
the space of all r x r real symmetric matrices. Here the dimension
(r+1)

is n = “5—, r > 1. The natural inner product on the vector space

Sym(r, R) is given by

T
=1 1<i<j<r
whenever X = (z;;)1<ij<r and Y = (y;;)1<i j<r are r X r real symmetric
matrices. We denote by Sym, (r, R) the cone, consisting of all positive
definite symmetric matrices (i.e., matrices with positive eigenvalues).

It is easily seen that all three families of examples are self-dual cones (see
[11, pp. 7-10]). When we set V' = R", it means that we endow it with the
canonical inner product. Even if all finite dimensional Euclidean spaces are
isometric to some R", it is more convenient to denote by V' the ambiant space.

There exist examples of cones in R™ (n > 4) which are not self-dual for any
inner product in R™: see [11, Ex. 1.10], even if we restrict to homogeneous
cones (see Definition 2.8 below). In this paper we shall only be interested in
self-dual cones. For further properties of general cones the reader can consult

11, §1.1].

Before going on, let us remark that two of our examples coincide in dimension

3.
LEMMA 2.4. The identification A3 = Sym (2, R). Consider the mapping
d:R* — Sym(2,R)

gien by
1

+
Yy = (y17y2>y3) = q’(y) = E (yl b2 vs ) )

Ys Y1 — Y2
which is an isometry from the Euclidean space R?® onto the inner product space

Sym(2,R). Then y € Ag if and only if ®(y) € Sym_(2,R).
PROOF: Observe that, if Y = ®(y), then
2A(y) =detY  and Voy =trY,

The next lemma gives a characterization of Q for a self-dual cone .

LEMMA 2.5. Let Q2 be an open convex cone which is self-dual in (V,(-|-)).
Then,

(2.6) Q={yeR": (ylx) >0, Vo € Q}.

In particular, Q2 is the interior of its closure, i.e., Q =(%).
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PROOF: The inclusion “C” is immediate from (2.2) and the self-duality of
Q. The converse is also easy: if y belongs to the right-hand side of (2.6), and
we choose any € > 0 and e € ) fixed, then we have

(y + ee|z) = (y|z) +e(e|lr) >0, VzeQ-{0}.
Thus, by self-duality y + ce € €, and letting € — 0, we get y € .

For the last assertion, observe that 2 C € is always true since €2 is an open
set. For the converse, just notice that the interior of the right hand side of
(2.6) is contained in the right hand side of (2.2), which by self-duality equals
Q. O

2.2. The automorphism group and homogeneous cones.

Let € be a fixed open convex cone in V', and let GL(V') denote the group of
all linear invertible transformations of R™. We define the automorphism group
G(Q2) of the cone by

G(Q) = {g € GL(V) : g0 = Q).

The group G(€2) is a closed subgroup of GL(R™), and in particular, a Lie group.
This is a straightforward consequence of the following lemma. The reader can
prove it as an exercise when the cone is self-dual, using the fact Q = (Q)°,
shown in Lemma 2.5 (this fact is also true for all open convex cones).

LEMMA 2.7. An element g € GL(V) belongs to G(Q) if and only if g = Q.

We denote by G the connected component of the identity in G(Q2). It is easy
to verify that G is a closed subgroup of G(2). Indeed, G is closed in G(2) as
a connected component of G(€). Also, G is a group because GG and G~! are
the ranges of the connected sets G x G and G under the respective continuous
maps (g,h) — goh and g — ¢ !; so GG and G~! are connected subsets of
G(Q) which both contain the identity and therefore GG C G and G~ C G.

In this paper we are interested in a special class of cones which behave well
enough under the action of G(12).

DEFINITION 2.8. An open convex cone {2 is said to be homogeneous if the
group G() acts transitively on €, i.e., for all x,y € Q, there exists g € G(2)
such that y = gx. An open convex cone (2 is said to be symmetric if it is
homogeneous and self-dual.

A simple exercise is the following:

EXERCISE 2.9. Let Q be a symmetric cone in (V,(:|-)). Then G(Q)* = G(Q)
and G* = G, where “” denotes the adjoint under the inner product (-|-).
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EXAMPLE 2.10.

(1) The cone ©Q = (0,00) is symmetric in R. Indeed, the automorphism
group is G(2) = G = Ry, and we can identify 2 with G - 1. The situation
is similar for the octant 2 = (0,00)", for which the identity component G =
{Diag (ai,...,a,) | a; > 0} = R"}. We leave as an exercise determining the
larger group G(f2) (careful!, there are n! identity components).

(2) The Lorentz cone 2 = A,, is symmetric in R™. To show this, we consider
the Lorentz group

O(1,n—1)={g € GL(n,R) | A(gz) = A(z), Yz € R"},

and its subgroup O4(1,n —1) = {g € O(1,n — 1) | g11 > 0}. In this case, we
will also describe completely the group G(€2). We shall show that

(2.11) GQ) =R, 0,(L,n—1) and Q=G(Q)-e,

where e = (1,0,...,0). For the first equality, the inclusion “C” is clear by
definition of the Lorentz group (and condition ¢g;; > 0). Let us now prove the
second equality. Using hyperbolic coordinates, an arbitrary point y € € can be
written as

(2.12) y=(rcht,rshtw), r>0,t>0, we R : |w|=1

This is the same as saying y = r k «a(t) - e, where

cht sht O 1 0
(2.13) a(t)=| sht cht 0 and K= ( 0 ) ,
0 0 I Fo

for some kg € SO(n — 1) (to prove the existence of kg, we have used the
fact that every point of the unit sphere in R"™! is obtained as the image
through a rotation of the vector (1,0,---,0)). This implies that y is obtained
from e using the action of the linear transformation r k «(t) which is clearly in
R, O, (1,n—1). At this point, we have already proved that €2 is homogeneous.

Let us go on with the description of G(2). It remains to show that every
element g € G(Q2) belongs to Ry O, (1,n — 1). Since we already know that
this last subgroup acts transitively on €2, it is sufficient to consider an element
g which fixes e. Then, ¢ fixes the whole x;-axis and also the cone boundary,
and therefore it must take the form of a two block matrix as in the right hand
side of (2.13), for some kg. Moreover, since g preserves the cone, restricting
to the plane {z; = 1}, we see that ko must leave invariant the unit sphere in
R, and thus xo € O(n — 1). This finishes the proof.
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We point out that our arguments show actually more: if we define the
subgroups

A={ra(t)|r>0,teR} and KZ{((I) 2)|li€0(n—1)}>

then we have found the Cartan decomposition of G(Q2), i.e., G(2) = KAK,
where K is compact and A abelian. Also, in (2.12) we have given a “polar
decomposition” for every y € 2, which allows us to identify €2 with the set
SO(n—1)x Ay (with Ay = {ra(t) € A|t>0}). We point out that this last
set is not a group, so this identification will not say much about the “geometry”
of Q (compare with §2.3 below). Finally, we leave as an exercise to the reader
the verification of

where the “S” in front of a subgroup indicates that the linear transformations
have all determinant 1.

(3) The cone Q = Sym, (r,R) is symmetric in Sym(r,R). Indeed, just
consider GL(r, R) as a subgroup of G(Q2) via the adjoint action:

(2.14) (g € GL(r,R),Y € Sym(r,R)) — ¢g-Y = gY¢* € Sym(r,R).

Now, every positive-definite symmetric matrix Y € ) can be written as ¥ =
X? = X -1, for another such X € Q (e.g., by diagonalizing Y). Thus, we have
shown 2 = GL(r,R) - I and the cone is homogeneous.

One can prove more: the automorphism group G(§2) coincides with GL(r,R),
via the adjoint action in (2.14). This is shown, e.g. in [11, Ch. VI], using an
analysis of their Lie algebras.

(4) A simple example of a cone  which is self-dual but not homogeneous is
the (regular) pentagonal cone in R?. Indeed, a linear transformation preserving
this cone must send each of the 5 boundary lines into another one of these lines,
and similarly for the 5 boundary faces. Therefore, if we consider the triangular
cones formed by the convex hull of three consecutive boundary lines, we see
that each of these must be sent into another such triangular cone. Thus, there
is a smaller pentagonal cone inside €2 which is left invariant by any linear
transformation in G(£2), implying that €2 is not homogeneous.

2.3.  Group structure of symmetric cones.

After having seen in some detail the examples above, we are ready to state
the main theorem about symmetric cones. We recall that, if G is a subgroup
of GL(n,R) and e € R", then G, = {g € G | ge = e} is called the stabilizer
subgroup of e in G. Also O(n) denotes the orthogonal group in R", i.e. the
group of all n x n real matrices such that k* = k=1, where k* is the adjoint of k
under the Euclidean scalar product on R"™. Finally, a subgroup H of GL(n,R)
is said to act simply transitively on a set ) if for all x,y € €1, there exists a
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unique h € H such that y = hz. We write as well O(V'), GL(V), etc, when
R"™ is replaced by the euclidean space V.

THEOREM 2.15. Let Q be a symmetric cone in V. Then,

(1) The identity component G of G(S2) acts transitively on ;
(2) There exists a point e € Q such that

G(Qe=GQ)NOV) and Go=GNOV).

(3) There exists a subgroup H of G which acts simply transitively on §2;
i.e., for all y € Q we can find h € H such that y = he. Moreover,
G = H K, the latter denoting the compact group K = G,.

This result is well-known and can be found in most geometry books which
deal with symmetric spaces. For the first two points we can refer, e.g., to
Propositions 1.1.9 and 1.4.3 of [11]. The second assertion is due to E. B.
Vinberg, being also valid in the more general setting of homogeneous cones
[25]. A complete proof for symmetric irreducible cones can be found in [11,
Th. VI.3.6].

Rather than trying to describe the proof (which makes use of deeper results
on Lie algebras), we shall verify the thesis of the theorem in our main example
1 = Sym, (2,R). For this we use the fact that G(©2) = GL(2,R), as described
in (3) of the previous subsection (in fact, such equality is also a consequence
of (2)). We point out that that the ideas in this proof are completely general,
and can be extended (with a little more complicated notation) to the cone
Sym, (r,R). Understanding this example will also help the reader who wants
to see the proof given in [11, Th. VIL.3.6] for general symmetric cones. To
follow this general proof, one should have at his disposal the language of Jordan
algebras.

PROOF of Theorem 2.15 for Q@ = Sym_ (2, R):

The first two statements in Theorem 2.15 are immediate (with e = I, the
identity matrix), so we shall focus only in the third assertion. Observe that
the group K = SO(2). Now, take a positive-definite symmetric 2 x 2 matrix

Y1 Ys

Y = € Sym(2,R).
(93 ?JQ) ym( )

Then y; > 0 and y,y2 — y3 > 0. Next consider the Gauss factorization of Y:

vy 10y (nn O L s/t
2.16 Y = = '
(2.16) (ys yz) (yg/y1 1) (O Y2 = 5‘%) <O 1

To understand this decomposition, one should recall the Gauss reduction of
the quadratic form with matrix Y:

Q&) = 11&5 + 2y361& + 1285 = 1 (& + ,523—;3)2 + (y2 — Z—%) (&)?,
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which gives us the factorization Q(§) = £*Y £ = (P&)* D (P¢), for the diagonal
Y3

Y1 ). Moreover,

matrix D = Diag (y1, yo— gyJ—%) and the change of basis P = 0 4

since D is a positive matrix, we can rewrite (2.16) as:
(2.17) Y = (P*VD)(P*VD)* = (P*VD) - I.

In particular, if we define

N:{(,}} ?)IUGR} and A:{()(\)l )?Q)Mj>0},

we have shown that every Y € € can be written uniquely as Y = (na) - I, for
some n € N and a € A. Therefore, the (semidirect) product H = NA acts
simply transitively on Sym_(2,R). Moreover, just by multiplying we observe
that H is precisely the set of lower triangular 2 X 2-matrices, and thus a group
as stated in the theorem. Finally, we notice that this reasoning gives us as well
the Iwasawa decomposition of G = NAK, with K compact, A abelian and N
nilpotent. O

Now that we have described the main groups acting on the cone Sym, (2, R),
let us use the identification of the latter with the Lorentz cone As to have a
graphical image of the corresponding orbits.

EXAMPLE 2.18. Group action in the light-cone A3 of R3. Using the mapping
® in (4) of §2.1, we have the following correspondence for the action of the
groups N, A, K in As:

1+ % U —v
Nil N : 1o Y o f 2
ilpotent group N : v 1] — -5 1=-5 Y
—v v 1
ret 0 ch2t sh2t 0
Abelian group A : < 0 et ) Y +—— r*| sh2t ch2t 0 |y
0 0 1
cosf) —sinf L0 0
Compact group K : sinf  cosd Y 0 cosf —sinf |y.
0 sinf cos#d

The orbits of N are parabolas lying in the planes {z1 + 25 = ¢}, ¢ > 0,
which cut transversally the cone. The orbits of K are circles lying in the
planes {x; = ¢}, ¢ > 0, which cut horizontally the cone. Finally, the orbits of
A are straight half-lines through the origin (for usual dilations) and hyperbolas
(for dilations of type «(t)) contained in the half-plane {x3 = 0,2, > 0}, which
cut vertically the cone.
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From this example A3 = Sym_ (2, R), we have the intuition of the analogous
description in higher dimension for these two families of examples. We give it
now, and leave the proof as an exercise.

EXAMPLE 2.19. Group action in Sym,(r,R).

In this case, e is the identity matrix. We describe the three subgroups NV, A,
K, which act via the adjoint action, and identify with subgroups of GL(r, R).
Then K identifies with SO(r,R), A identifies with diagonal matrices with
positive elements on the diagonal, N identifies with lower triangular matrices
whose diagonal entries are 1.

EXAMPLE 2.20. Group action in A,,.

In this case, e is as before the vector (1,0,---,0). We have already described
the subgroup K, which identifies with SO(n — 1). We have also described A,
which identifies with R* x R*. For a = (a1, as), its action a - y is given by
r?a(2t)y, with a; = ret and ay = re”*. It remains to describe the action of N,
which identifies with R"™2. If h € N is given by the vector column vector v,
then, the action of h is given by

\U|2 [v] *
I+ =2, 7

h-y= PR |y
—v v 1

REMARK 2.21. The identification between a symmetric cone and the group
H is actually topological. 1.e., the correspondence h € H +— h-e € 2 is a home-
omorphism, when H is endowed with Lie subgroup topology of GL(n,R). To
verify this in the case Q@ = Sym_ (2, R), just observe that the inverse mapping
is given by:

U1 0
Y:(yl y3>esym+(2,R)H(\g y§>€H,

Y3 Yo \/—y—l yg—y—l

and hence it is continuous. This fact will be used in the next subsection, where
we exploit the structure of H as a riemannian manifold.

For general symmetric cones, one has also the Iwasawa decomposition G =
NAK, with H = NA. We then define the rank of a symmetric cone 0 as
the dimension of the subgroup A in the decomposition. Equivalently, the
rank of {2 is the largest positive integer for which there is a linear invertible
change of coordinates in V' that transforms €2 into another cone contained in
(0,00)" x R™". In our examples above one has

rank (0,00)" =n, rank A, =2, and rank Sym_ (r,R)=r.

For a different, but equivalent definition of the rank in terms of Jordan algebras
see [11, p. 28].
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We will also say that a symmetric cone € is irreducible whenever it is not
linearly equivalent to the product of at least two lower-dimensional symmetric
cones. E.g., (0,00)" is clearly reducible, while Sym_ (r,R) and A,, (n > 3) are
irreducible. Observe that the cone A, is equivalent to (0,00)?, and hence is
also reducible. From now on, we will restrict to irreducible symmetric cones.
Most results possess a generalization to reducible ones.

REMARK 2.22. Using the theory of Jordan algebras it is possible to classify
all irreducible symmetric cones of rank r. Roughly speaking, these are (0, 00)
for r =1, A, (n > 3) for » = 2, and the cones of positive-definite matrices
Sym_ (r,R), Her 4(r,C), Her (r,H), Her 1(3,0), when r > 3. Here H de-
notes the non-commutative field of quaternions, and O the non-associative of
octonions, being this last cone only symmetric when » = 3. Her stands for
Hermitian matrices. In view of this classification, it is clear that we are not so
far from the general case by just restricting to the examples presented in §2.1.
The reader wishing to learn more on the classification of symmetric cones is
referred to Chapter V of [11].

2.4. Riemannian structure and dyadic decomposition.

Having identified in Theorem 2.15 a symmetric cone with a subgroup H of
G, it is possible to endow a riemannian metric in () as follows: given a point
p € €2, consider the bilinear form

Qp VxV —R
defined as
G,(&,n) = (W '¢|h™'n), whenever p = he, h € H.

It is clear that for each p € Q, G,(+,-) is an inner product on V, and therefore,
G defines a non-degenerate smooth metric in 2. Moreover, this metric is G-
inwvariant, that is, for all g € G, p € ),

(223> ggp(gfagn) = gp(§777>7 5777 eV.

This is obvious by definition when g € H. In general, if p = he, since G = HK,
there exists k € K such that ghk € H, and then, since K = G, we can write
gp = ghe = ghke. Applying the definition of the metric we obtain

G (9€, gn) = ((ghk) ™' g€, (ghk) " gn) = (K~*h™ 16, k™ h™n) = (b€l M)

(by the orthogonality of the group K = O(n) N G), establishing our claim.
Associated with the riemannian metric G there is a distance function d: £ X
2 — R, defined as usual: for p,q € Q)

(220 i) = wt { [ o000},
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where the infimum is taken over the smooth curves v : [0,1] — Q such that
7(0) = p and (1) = g. The following proposition is an easy exercise using the
G-invariance of G.

PROPOSITION 2.25. The Riemannian distance d s invariant under the ac-
tion of the group G, i.e. d(gp,gq) = d(p,q), for all g € G, p,q € Q.

In order to understand how this distance looks like in a general symmetric
cone, we first consider the trivial case of the 1-dimensional situation.

EXAMPLE 2.26. For n = 1, we consider the symmetric cone = (0, c0).
Recall that, in this elementary case, G(§2) = G = H = R;. We identify the
cone €2 = (0,00) with the multiplicative group H = Ry. Then, for every
p € €2, the riemannian metric takes the form:

Gp(&m) =p '&pIn = ig'—;], ¢,neR.

The corresponding distance on (2 is therefore given by

d(p,q) = igf{/ol % dt},

where the infimum is taken over all smooth curves 7 : [0,1] — € such that
v(0) = p and (1) = g. Assume that p < q. We claim that d(p,q) = log (%).
Indeed, on the one hand, for every =,

L) LA —
/OWdtZ/o Wdt_logy(l)—logv(o)—10g(Q/P)-

Conversely, for the segment v(t) = (1 — t)p + tq, we have

Ol [ amp
/0 ) dt‘/o Ha—p)+p " = 1B

Notice the trivial invariance of the distance under the action of the group
G = Ry d(gp,9q9) = d(p,q) for every g > 0. As a consequence, a natural
covering of the cone with invariant balls is the dyadic decomposition of (0, 00):

(271,271) = Bioga(2') = {p € @ d(p,2’) <log2}, j€Z.

Let us recall that this dyadic decomposition has played an important role in
the analysis of Besov spaces related to the upper half-plane.

Our example above suggests an analogue to the dyadic decomposition for
general symmetric cones. This will be defined in terms of G-invariant balls,
using the riemannian distance d in (2.24). That is, given y € 2 and § > 0 we
denote Bs(y) = {£ € Q| d(§,y) < §}. We recall that the topology generated
by these balls is equivalent to the original topology of H, and thus to the
relative topology of € as a subset of V' (by Remark 2.21). Then we have the
following result.
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THEOREM 2.27. Let §) be a symmetric cone. Then, there exists a sequence
{& 132, of points of Q2 such that the following three properties hold:
(i) The balls By (&) are pairwise disjoint;
(ii) The balls B3(&) form a covering of €);
(iii) There is an integer N = N(§2) such that every y € Q belongs to at most
N balls B3(&) (“finite overlapping property”).

PROOF: Let {B;}52, be any countable covering of {2 with open balls of d-
radius 1 (it exists since the topology of 2 is locally compact). By induction, we
can select a subsequence {Bj, }32, so that, for each k, the ball B;, is disjoint
with Bj,, ..., Bj,_,. Then, the sequence {&;}7°, of centers of such balls satisfies
properties (i) and (ii). Indeed, the first one is immediate, while for the second,
take any point y € €2 and a ball B; containing the point. Then, by construction,
B; must intersect some ball Bj, , from which it follows that y € B3(&).

To show (iii), let 1 denote a left Haar measure in H, and i the induced

H -invariant measure in §2. That is, fi is defined by:
()= p({heH | he € EY), ECQ,

and satisfies fi(h - E) = (E), for all h € H. Then, if y € © and we denote
by J, = {k € Z. | y € B3(&)}, we shall show that Card(.J,) is bounded
by a constant depending only on €2. Indeed, since y € Niey, B3(&k), we have
Ukes, B1(&) C Ba(y). Since these balls are disjoint and the measure fi is
H-invariant we have

fi(Bi(e)) = i(Ba(y)) = p(Unes, B1(&r))
= Y i(Bi(&)) = Card (J,) i( Bi(e)).

=
Thus,

Card (J,) < j(Ba(e))/ia(Bi(e)) = N(Q), Vye,
which is a finite constant since the Haar is finite and does not vanish over open
bounded sets. O

REMARK 2.28. Sequences {{;} satisfying the properties of Theorem 2.27
are called 1-lattices of ). They will play the same role as the dyadic grid in
(0,00), and in particular, we shall use them in the analysis of functions with
spectrum in €2, e.g., to define Besov norms or to discretize multipliers. This
will be a crucial point where geometry and analysis merge for the solution of
our problem. Of course, there is nothing special about the radius 1, and we
could have as well considered §-lattices in €2, for all 6 > 0. These have the
additional remarkable property that, for each §y > 0, the number N in the
Finite Overlapping Property is independent of ¢ as long as 0 < 6 < g (see
2.44 below) .
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2.5. Analysis of symmetric cones.

In this last section we give an account of the most important functions
defined on a cone, in the sense that they preserve a fair amount of its geometric
properties. We do it for our two families of irreducible symmetric cones, but
it can be done in general, see the remark below. When 2 is the positive real
line, which is of rank 1, the analysis of the cone makes an intensive use of the
function A(y) = y which is clearly related to the automorphism group. We
want to find its equivalent in higher rank.

(1) Determinants and principal minors.
Consider first the vector space V' = Sym(r,R). Then, we define the k" -
principal minor of Y € V' as the determinant

Yii o Yk
Ak(Y): , ]{7:1,2,,7“
Yk - Ykk

Of course, A(Y') := A,(Y) is the usual determinant of Y as a linear operator in
R’", and hence, independent of the basis. The lower principal minors, however,
will depend on the choice of the orthonormal basis. Observe that,

(2.29)  Ar(Y) = Ai--- A, when Y = Diag (A1,..., ),

(2.30) Ag(a-Y) = A A2 AL(Y), when a = Diag (\r,...,\,) € 4,

(2.31) Ag(n-Y) = Ag(Y), whenne N,

where in the last case we recall that N is the subgroup of GL(r,R) = G(Q2)

consisting of lower triangular matrices with 1’s in the main diagonal. From
these two properties and the fact 2 = (NA) - I it can be shown easily that

Q=8Sym, (rnR)={Y e V|A,(Y)>0,Vk=1,...,r}.
Finally, we have the following homogeneity property:
(2.32) A(g-Y) = (Det g)» A(Y), when g€ G(Q),

where Det g denotes the determinant of ¢ as a linear transformation' in V
which preserves the subset € (recall the original definition of G(£2)).

(2) Determinant and principal minor for the forward light cones.

The previous cone had rank r, and we have defined r functions. Since the
forward light cone A,, has rank 2, we define two functions, which are still called
the principal minors, by

Ai(y) =y +y and  A(y) =Do(y) =yi — (1r+...+y,), yER"
!Observe that, when we identify G(Q) = GL(r,R), via the adjoint action Y — gYg*,

then Det g = (det g) >, where the latter is the usual determinant as a matrix in GL(r, R).
From this equality, (2.32) follows easily.
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As an elementary exercise, the reader can verify the equivalent of the above
properties for these two functions, that is

(2.33) A(a-y) = afAl(y), when a = (a1, a9) € A,

(2.34) As(a-y) = a?a% As(y), when a = (a1,a2) € A,
(2.35) Ar(n-y) = Ag(y), whenn e N,
(2.36) As(gy) = (Det g)= As(y), when g € G().

Now A and N are the two subgroups of the group G related to the cone A,
(see the example 2.20 above).

REMARK 2.37. The two cases above are two particular cases of a general
situation. That is, for a general symmetric cone €2 of rank r, we can define
r determinant functions Ay, which coincide with the previous ones in these
two families of examples, and which have the invariance properties given by
Equations 2.30, 2.31, ?? in terms of the groups N, A, K which appear in
the Iwasawa decomposition of GG. This is done by using the theory of Jordan
algebras (see [11, p. 114]). For the purposes of this paper, we will use below
general notations. This may be understood as an unified notation for the two
families of examples in a first reading. But it may also be used to understand
the general situation in a deeper study of symmetric cones.

(2) Generalized powers.
A generalized power in a symmetric cone 2 of rank r is defined by:

AS(y) = A(y)™ 772 Ag(y)*2 - - Ap(y)®, s=(s1,...,5,) €C",

where Ay are the principal minors from the previous paragraph, and y € 2
[11, p. 122]. For the case of the light-cone Q = A,, we have

A2 (y) = Ag(y)" 2 Ay)* = (g1 +12)" 2 (4 — (U3 + ... +y2))™.

These functions will play an important role when looking at the Bergman
projectors, since they are the natural test functions for Schur’s Lemma. From
a more geometrical point of view, their importance is justified by the fact
that they constitute precisely the set of characters of the group H; i.e., any
continuous multiplicative function on H is necessarily of the form:

h € H+— A®(he), for somes e C"

(see, e.g., [14, Lemma 2.4]).
For the analysis in subsequent sections, the main property of generalized
powers states that these remain essentially constant within each invariant ball.

THEOREM 2.38. Let 2 be a symmetric cone. Then, there exists a constant
C' =C(Q) > 1 such that, for allk =1,...,r,

1 < Ar(y)

(2.39) c - Ar(yo)

< C, whenevery € Bi(yo).
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PROOF: Suppose first that yo = e. Since the invariant ball B (e) is relatively
compact in € and the functions

Ar(y)
Ax(e)’
are continuous and positive, there must exist a constant C' > 1 such that
1. Ax(y)
C — Ak(e)

establishing (2.39) when y, = e.
In the general case, write yo = h-e. Then, the H-invariance of the distance
d gives

(2.40) y € Bi(h-e)=h-Bi(e) < h™'-y¢c Ble).

yEQr—> k=1,...,r,

< C, whenever y € By(e),

Moreover, we claim that the following homogeneity property is true:

Ar(y) _ Ae(h"-y)
Ak(h . e) Ak(e) ’

which combined with (2.40) and the previous case will gives us (2.39). Now,
property (2.41) for the determinant (i.e., & = r) is obvious from (2.32). In
the case of principal minors we shall only prove it for 2 = Sym_ (r,R). Use
the identity H = NA to write h = na, where n € N is a lower triangular
r X r-matrix, and a = Diag (A, ..., \,) is diagonal with positive eigenvalues.
Now, h™! = a7 'n~!, with n™' € N and a=! = Diag (\{',...,A\7'). Thus,
using properties (2.29) to (2.32) we conclude with:

_ Ay) Ay
AN Ag(na-e)

(2.41) VheH,

Ap(h™h e y) = A A2 Ag(n - y)

(3) The invariant measure in a cone.

We used in the proof of Theorem 2.27 the existence of an H-invariant mea-
sure in €2, that is, a measure fi satisfying fi(h - E) = i(FE) for all h € H and
E C Q. We obtained this measure from a left-Haar measure on the group H.
In this section we use the determinant function to obtain an explicit expression
for a G-invariant measure in ).

PROPOSITION 2.42. Let §2 be a symmetric cone. Consider the measure in

Q:
_ dy
M(E)_/EA@):, EcQ.

Then p is G-invariant, i.e., u(g- E) = u(E) for all g € G.
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PROOF: This measure is locally finite (over ) since A(y) is bounded above
and below on compact sets of 2. For the G-invariance, just perform a change
of variables and use property (2.32). O

COROLLARY 2.43. Let Q be a symmetric cone and By(yo) an invariant ball
centered at yo € ). Then,

‘Bl (yo)‘ ~ A(Qo)%y

where | - | denotes the Lebesque measure and the constants in “~” depend only
on €.

PROOF: Write yo = h - e, for some h € H. Then, using Theorem 2.38 and
the G-invariance of p we get:

n dy
Bi(yo)| = / dy ~ Alyo)? / .
Bi(vo) Bi(vo) A(y)r

= A(:UO)% w(Bi(yo)) = A(yo)% (Bi(e)) = cA(yo) -

33

O

Finally, it is well-known that, in a riemannian manifold, Euclidean balls and
riemannian balls centered at a fixed point are comparable when the radii are
small enough. That is, there are constants 0 < ¢; < 3 < 00, depending only
on (), such that

{reR"||xr—e| <cd} C Bs(e) C{x e R" ||z —e| <},

for all 6 € (0, 1] (see, e.g., [19, §9.22]). This, and the properties of the invariant
measure, imply that

u(Bs(y)) = n(Bs(e)) ~ Ale)~ / Ly

Thus, a repetition of the proof of Theorem 2.27 yields the following:

COROLLARY 2.44. Let 0 < § < 1 be fized and {&;} be a d-lattice in Q.
Then, there exists a constant N depending only on 2, such that every point in
Q2 belongs to al most N balls of the family {Bss(&;)}.

(4) Trace and inner product.

Let Q be a symmetric cone in V' with inner product (:|-). Let e be the
“identity point” defined in Theorem 2.15. We define the trace of a vector
y € V (associated with {2, e, (-]-)}) by:

tr (y) = (yle).
Observe that this apparently obvious definition extends the usual one in the
case of symmetric matrices. For the light-cone, tr (y) = y;.
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The main result for this function states that, as it happens with the principal
minors, the trace remains essentially constant within invariant balls. In fact,
we have a stronger result:

THEOREM 2.45. Let Q) be a symmetric cone. Then, there exists a constant
C =C(Q) > 1 such that, for all € € Q,

L _ o)
2.46) — < < C, whenever y € By(yp)-
| ¢ = (wlo )
PROOF: Assume first yo = e. The proof then is easy, since the inner product
(y|€) is a positive and continuous function when y,& € Q (by self-duality).

Thus, restricted to the compact set Bi(e) x {{ € Q| |£] = 1} this function
of two variables is between two positive constants C'; and C5. Replacing &£ by
¢/|€] in numerator and denominator of (2.46), we establish the theorem for
Yo = €.

For the general case, just write yo = h - e, for h € H, and notice that

(yl€) W”*MW-Q_

(v0l6) (efh* - €)
Then, one concludes easily using the first case and (2.40) (we are also using
that n = h* - £ € Q; see Exercise 2.9). a

REMARK 2.47. We point out that, although the above definition is conve-
nient for us, in the theory of Jordan algebras the trace typically appears with a
different definition, independent of the inner product of the underlying vector
space (see [11, p. 29]). In fact, it is precisely from such definition of trace how
one chooses a “distinguished” inner product in a Jordan algebra (see [11, pp.

37,51]). A clever reader will find out the reason for using the “natural” inner
product Tr (XY) in the space Sym(r,R) (see §2.1).

(5) The inverse transformation of the cone.

Let © be a symmetric cone and H the subgroup of G(£2) for which 2 = H -e
(according to Theorem 2.15). Then, for every point of the cone y = h - e,
h € H, we define its inverse by:

(2.48) y = ()" e
Observe that y~! belongs also to the cone (since G* = @), and moreover
(=)' = y. To verify the latter, take any k € K = G. = G N O(n) such
that h = (h*)"'k € H (recall that G = HK). Then, using that k* = k~! we
conclude:

(y ) i=(h-e) =) e=(hk)-e=h-e=y.
Observe also the following property of the determinant:

(2.49) Aly ) =A™ yeq,
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which follows easily from (2.48) and (2.32).

Again, this notion of inverse extends the usual one for positive-definite sym-
metric matrices. Indeed, for one such matrix Y = h - I = hIh*, we have

Y= ()"t = (h*) T

In the case of the light-cone in R3, a direct computation gives:

v = x W v —us), Y€ As.

In the higher dimensional Lorentz cone A,,, the same formula holds replacing
the vector by (y1, =2, .-, —Yn)-

The main property of the inverse transformation, for the purposes of these
notes, is stated in the following theorem.

THEOREM 2.50. Let 2 be a symmetric cone, and (H,e) be as in Theorem
2.15. Then, the transformation

yeQ—I(y) =y 'eqQ,

is an involute isometry in Q. Le., T*(y) =y and d(y~',y,") = d(y,y0), for
all y,yo € Q2.

PROOF: The involution was already shown above. We will prove the isometry
only for the cone 2 = Sym, (r, R) of positive-definite symmetric matrices. In
this case we have Z(Y) = Y !, with the usual inverse. By definition of the
distance, being an isometry is equivalent to

(2.51) Groyy (DyZ (€], DyI [n]) =Gy (&,m), V& n e Sym(r,R).

Now, it is a classical exercise in algebra to compute the differential of Z, which
equals

DyT[¢]=-Y %Yy ! ¢¢eSym(r,R).

Thus, if Y = h -1 = hh*, then Y!' = (h*)"*- T = ((h*)"'k) - I, for some
k € Gr = GNO(Sym(r,R)) such that the matrix in parenthesis belongs to H.
Then, by definition of the metric G:

Grv) (DYZ[E],DyZ[n]) = Guoyr (Y'Y LY Y1)
= ((k7'n7) - (Y TREY ), (kTR - (YY)
= (A" (W) AR TR R (W) TR () TR TY)
= (A7), AT (b)) = Gra(€,m).
O

A simple consequence of the previous, which we shall use often below, is the
identity: By(yy') = (Bi(y))™!. In particular, we have the following:
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COROLLARY 2.52. Let Q) be a symmetric cone and {§;}32, a 1-lattice as in
62.4. Then the sequence {5;1}3";1 is also a 1-lattice, and moreover it holds

é S (y|§) S C’, Vy € 31(6;1)7 f € Bl(&j),

for a constant C' = C(2) > 0. The sequence {5]_1} is called the dual lattice of
{6}

PROOF: Simple exercise using the definition of 1-lattice and Theorems 2.45
and 2.50. O

2.6. Two remarks on Jordan algebras and symmetric spaces.

REMARK 2.53. We point out that the inverse transformation is very deeply
related with the algebraic structure of symmetric cones, and their underlying
vector spaces. The definition we gave above (using the group H) is good enough
for our purposes, but it is not the usual way to introduce it in the literature.
For example, in the vector space of symmetric matrices V' = Sym(r, R) there is
a product composition law for which Y ~! is an algebraic inverse element. This
is not the usual matrix product (which does not preserve V') but the so-called
symmetric product:

XY +YX
XoY = +, X,Y € Sym(r,R).

Observe this product is commutative, but not associative! Also, the identity

(1)

matrix [ = I, is a neutral element for “o”, and any invertible matrix X in
the usual sense is also invertible for “o”, being X —1 an inverse element. The
inverse element for o, however, may not be unique? in V', but it will be unique
in the subspace of polynomials P[X] = span {I, X, X?,...} (see [11, p. 30]).
This is therefore the right definition of o-inverse, which whenever it exists,
coincides with the usual X 1. Finally, it is important to notice that from the
inverse operation one can recover the cone Q@ = Sym_ (r,R), as the identity
component of the set of invertible (or o-invertible in the above sense) elements
in V.

These properties are not restricted to symmetric matrices, and in general
there is a deep theorem (due to Vinberg) stating that the underlying vector
space of a symmetric cone can be endowed with a commutative (but not asso-
ciative) product for which S is the identity component of the set of invertible
elements in V (see Theorem I11.3.1 in [11]). The product law obtained in this
theorem satisfies the axioms of a Jordan product, and with it the vector space
V becomes a Fuclidean Jordan algebra. 1t is from this important theorem how

1 0

1 a .
0 _1)andY(a 1 ),forwhlchXoX

2Consider the simple example, X = <
X oY =1 (see, [11, p. 30]).
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one can classify all irreducible symmetric cones (see Remark 2.22), and the
reason why Jordan algebras enter into play to understand this theory. The
reader wishing to learn more on this topic is encouraged to read the first eight
chapters of the text [11].

REMARK 2.54. There is yet another approach to the inverse transformation
arising from riemannian geometry, and which avoids completely the use of
Jordan algebras. Roughly speaking, the approach is the following: associated
with a self-dual open convex cone €2 there is a positive function

o) = [ Cay, weq
Q

called the characteristic function of ). It can be shown that the function log ¢
is strictly convex (i.e., the second derivative D?log ¢ is positive definite), and
thus it defines a riemannian metric in €2 by:

G.(€,n) = DeD,logd(z), &mneV.

Associated with ¢, one can also define an involution in 2 by:
¥ =—=Vlogop(x), z €,

with the property that  — z* has unique fixed point (say e € Q) and (x|z*) =
n. With these definitions ) becomes a riemannian symmetric space, and the
involution x +— x* an isometry for G. One can show that this approach is
equivalent to the previous one, and in fact, y* = %y‘l and G = %G (see [11,
pp. 15,58]). To learn more on this approach the reader can consult Chapter I
of [11].

3. WEIGHTED BERGMAN SPACES ON TUBE DOMAINS OVER
SYMMETRIC CONES

In this section we extend to several complex variables the results proved
in the first four paragraphs of Section 1 for the upper half-plane. Thus, we
establish an appropriate analytic setting where Bergman spaces and Bergman
projectors can be studied, introducing the right concepts with which a Paley-
Wiener Theorem can be proved. The structure of symmetric cones is exploited
in two ways: first because they constitute domains of positivity (i.e., have a
partial order), providing us with the right properties for Hardy-type norms;
second because of the group action and the homogeneity of determinants, which
lead easily to an explicit expression for the Bergman kernel. Many of these
results are known in the literature, and we refer to Chapter I11 of [23] for
results dealing with Hardy spaces, and to Chapters /X and XIII of [11] for
the L? theory of Bergman spaces. We also give a detailed account of (weighted)
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mixed norm Bergman spaces, which appear in some papers of the authors (see,
e.g., [5]).
3.1. Weighted Bergman spaces and weighted Bergman kernels.
In the sequel, we shall assume that 2 C V, with V' of dimension n > 3, is
an irreducible symmetric cone, that is, a symmetric cone which is not linearly
equivalent to the product of at least two lower-dimensional symmetric cones.
We denote by r the rank of the cone €.
The following property defines a crucial element in the analysis of symmetric
cones: the Gamma function of Q. We refer to Chapter VII of [11] for more
properties on it.

PROPOSITION 3.1. ([11], Corollary VII.1.3)
(1) For A € R, the integral

2(%—1)
r—1 7

Lo(A) = 7+ T = §)..0(A = (r = 1)3),

where I'(x) denotes the usual Euler gamma function.
(2) Fory in Q and A > 2 — 1 we have

/ e @A (@) T dr = To(N)A(y) .

We refer to [11] for the proof of (1). Let us remark that (2) can be obtained
from (1) by a change of variables which maps e to y.

we have

converges if and only if A > — 1. In this case, if d =

Even if we shall not use it right now, we write the generalization of this
proposition to generalized powers of the Determinant function.

PROPOSITION 3.2. Fory € Q and s = (s1,52,...,5,) € C" with fes; >
(G—1)™=t 5 =1,...,r, then

e~ (Ely) A i: s) AS(y !
| a0 5755 = Tale) A%

Moreover, this integral converges absolutely if and only if the condition on s is
satisfied.

We refer to [11] for the explicit value of the constant, ['g(s). Let us remark
that the condition on s is the condition for local integrability of A® relatively
to the invariant measure. y~' is the inverse of y, which has been defined in
the previous section.

In the sequel, we shall call T =V + i€ the tube domain with base € in the
complexified vector space V +iV.
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REMARK 3.3. From Proposition 3.1 (2), for A > 2 —1 fixed and z = v +iy €
To, it follows that the integral

1 —(E12) A ()2
rQ@)/Qe A(EPde

is absolutely convergent and defines a holomorphic function in the tube domain
Tqo. This holomorphic function is an extension of the function A(y)~* defined
on 2 and so we shall denote it by A= (f)

COROLLARY 3.4. Let A > — 1 be fived. Then,

Z

(i) Aly+y') = Ay), Vy,y €Q
(@) [A Mz +ay) /)| <A@,  YreR", yeq
PROOF: Immediate from the second part of the previous proposition. a

Let v be a real number and 1 < p < oo. We shall denote by LP the
weighted Lebesgue space LP(Tq, AY~* (y)dxdy). We define the Bergman space
AP = AP(Tg) as the subspace of LP = %, consisting of holomorphic functions.
We define the weighted Bergman space Afi as the subspace of LP consisting of
holomorphic functions. We write the norm as || - || 42 = || - || 2.

We first state two basic properties of weighted Bergman spaces on tube
domains over symmetric cones. The following result is the extension of Propo-
sition 1.3 to several complex variables.

PROPOSITION 3.5. Letp € [1,00) and v € R. Then, the following properties
hold.

(i) There exists a constant C' = C(p,v) > 0 such that for all x + iy € Ty
and for all F' € AP,

n
v+

|F(z +iy)| < CA™ 7 (y)[| F ag-
(ii) There exists a constant C' = C(p,v) > 0 such that for all y € Q and for
all F € A?, we have
IEC+iy)llp < CATF (y)|1F| -

PROOF: The weighted Bergman space AP is invariant through translations
and automorphisms of the cone 2. Then it suffices to prove that for all ' € AP,
F(ie) < C|[Fllag

and

[E(-+ie)llp < Cl[Flaz-
These follow using the mean value property in the same way as in the proof
of the analogous results in one variable (Proposition 1.3). O

We are linked to use Hardy spaces, as in the one-dimensional case. Let us
give their definitions and first properties.
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DEFINITION 3.6. For p € [1,00), the Hardy space H? = H?(Tg) is the space

of holomorphic functions on Ty which satisfy the estimate
1

VE L :sup{ / |F<x+¢y>|pdx} .

yeN
We have the analogue of the main theorem in the one-dimensional case.
THEOREM 3.7. (1) Given F € HP, the function
y € Qe [F(-+iy)llp

in non-increasing in the sense of the partial ordering on Q defined in (3.9).
Moreover, for every t € €,

lim |F(x+i(y +1t)) — F(x +it)|Pde = 0.
y—0,y€Q Jpn
(2) Given F € AP4, then for every t € ), the function Fy(z) = F(z +it) is
in the Hardy space H® for every s > p.

PROOF: For the proof (1), see 23, Th. II1.5.6]. Assertion (2) is a consequence
of Proposition 3.22 (2). O

Let us give a first application. We prove, as in the upper-half plane, that
the space is reduced to 0 when the weight is not locally integrable, that is
v < — 1. The proof is due to to Daniele Debertol.

PROPOSITION 3.8. Let 1 < p < oo. Then, for all v < % — 1 we have
A} ={0}.

PROOF: Assume first that 0 < v < 2 —1. Then by part (ii) of Proposition 3.5
and part (i) of Corollary 3.4, for every F' € AP, the function G(z) = F(z + ie)
belongs to the Hardy space H? on tube domain 7§, (for the definition and basic
properties of Hardy spaces, see §3.3 below). Therefore, by Theorem 3.7, the
function

veQ—gly) = [ G+ iy
is non-increasing with respect to the par‘t/ial ordering < of the cone; that is
(3.9) r<y iff y—xzel.
Then, [|F(-+w)|l, > ||F(- +i(y + e))]|p, and therefore

IFI, > IGI7, = / 9(y) A

> [ oy 2 e [

y=e

_n

" (y)dy

yeQ

Now, by Theorem VIL.1.7 of [11], the latter integral is infinite when v < 2 —1.
Since || F'||",» < oo, we conclude that g(e) = 0 and as a consequence, g(y) = 0
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for every y € Q such that e < y. This implies that G (and also F') is identically

zero on 1gq.
Assume nextu that v < 0. The result still follows because the function
H(z) = F(2)A» (2) belongs to Af. O

As a consequence, in the sequel we shall always assume that v > 2 — 1. Tt
follows from Proposition 3.5 (i) that for every z € Tq, the point evaluation
linear functional F' +— F(z) is continuous on AP. We can prove in the same
way as in the 1-dimensional case that for v > % —1 and 1 < p < oo, AV is
a Banach space (this is also valid for Hardy spaces). In particular, equipped

with the inner product

(F,G) = /QF(Z)G(Z)A”_:L(y)dxdy, z =T+ 1y,

A% is a Hilbert space. So, by the Riesz representation theorem, for every
z € T, there exists a unique function k, € A2 such that

F(z) = (F k2).

The kernel B, (z,() = k.(() is called Bergman kernel of T when v = 2 and
weighted Bergman kernel of Tg for all v > % — 1. Moreover, the orthogonal
projector P, from the Lebesgue Hilbert space L2 onto its closed subspace A%
is called the Bergman projector of Tq when v = =, and the weighted Bergman
projector of T for all other values of v. It can be shown, in the same way as

in Proposition 1.32, that P, is given by
(3.10) P,f(2) :/ B, (2,8 +it) f(s +it) AV~ (t)dsdt (f € L?).
Ta

We shall adopt the notation L7, (€2) = L* (2, A(§)#dE).

THEOREM 3.11. (Paley-Wiener) Let v > — 1. Given g € L{,,(Q), the
formula

(3.12) F(2) :/ei(zmg({)d{, z € Ty,
Q

defines an element of A%; moreover,
(3.13) IF%: = Cullglizz ),

with C,, = (2m)" Lg(v)27™.

Conversely, given F € A2, (3.12) and (3.13) hold for some g € L%V)(Q).

PROOF: The proof of this theorem is very similar to its counterpart in di-
mension 1 (Theorem 1.22). We first prove the direct part. The integral on



BERGMAN PROJECTORS ON TUBE DOMAINS OVER CONES 43

the right-hand side of (3.12) is absolutely convergent, because by Schwarz’s
inequality, for z = x + iy,

/Q 0 (¢)]d = /F (WO () (Jg(€)| A% (€)) de

<(/ e-2<y'f>A”<s>ds)% (/ |g<»s>|2A-”<f>oz§)é

= (To(v +2) A~ (2y))? gl 2@ < oo

The latter equality follows by Proposition 3.1 since v > —1.
To prove (3.13) we use the Plancherel formula to obtain the equality

| PG inPas = @ay [ 2006 P

Moreover, by Fubini’s theorem and Proposition 3.1, we get

17 = [ ([ 1 ki) 8 pay
= n [ ([ emlgtera) A g

COATGI, ( / e—2<y'f>A”—f<y>dy) e
e / 9(E) PA(€)dE = Cu g2

We prove the converse part as in the one-dimensional case, using the corre-
sponding Paley-Wiener for the Hardy space H?(Tg). Basically, once we know
that functions in H?(T) may be written as in (?7), with g a square integrable
function which is supported in 2, the proof is exactly the same. This is an
easy consequence of the following result, which is well known.

LEMMA 3.14. (Theorem II1.2.3 of [23].) Let B be an open connected subset
of R" and let Ty denote the tube domain over B. Then for every function F
in the Hardy space H*(Tg), there exists a measurable g : R — C satisfying the
estimate

sup / ¢~2009|g()|2dE < oo,

yeB
such that for every z € Ty

P = [ g

Indeed, when B is €, the integrability condition forces g to vanish outside
Q, letting y tend to infinity, with (y|¢) < 0. O
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From Theorem 3.11, we obtain an explicit expression for the weighted Bergman
kernel B, in the tube Tj.

THEOREM 3.15. The weighted Bergman kernel B, of Tq is given by

B,(w,z) = d, A (w .‘Z> '

1

with d, = C;'T(v + ).

Here, A (WT_Z) ~"% is the determination of the power defined in Remark 3.3.

PROOF: Since z € T the functions F and B,(., z) are in A%, By the Paley-
Wiener theorem (Theorem 3.11), there exist two functions g, g, € L2(2) such
that for w € Tq

(316) Plu) = [ @0g()de
0
and
Bw,2) = [ . (de
0
The polarization of the isometry (3.13) gives

(317) F(z) =(F,B,(,2))az = Co(9, g=) 120 = Cy/ﬂg(é“)gz(é)ﬁ_”(f)df-

Comparing (3.16) and (3.17) implies

9:(€) = CleTFEAM(g).
Therefore by Remark 3.3,

(3.18)  B,(w,2) :C,jl/

(W1 i EO AV (£)d = d, A (w Z— z) 3
Q

3.2. Mixed norm weighted Bergman spaces. Our main interest is
the study of the three problems that we have completely solved in the one-
dimensional case. We will see later that the solution is simpler in different
spaces, which are part of a larger family of Bergman spaces. This is why we
enlarge our class of spaces, by introducing mixed norms. For 1 < p,q < o0, let

L = LY (Q, A(y)” *dy; LP(R", dx))
be the space of functions F(x + iy) on Tg such that

me—(éw%+wmA@%M@ <
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(with the obvious modification if p = o). We call A7 the closed subspace
of L7 consisting of holomorphic functions. These spaces will be called mized
norm weighted Bergman spaces. For p = q, we have L2P = [P and AbP = AP,

Before proceeding further, we give some examples of functions in A2, Given
£ € R, we denote by Aﬂ(%iy) the holomorphic determination of the 5— power
which reduces to the function A%(y) when o = 0. To illustrate our examples
we need the following lemma, which also defines beta functions on the cone.

LEMMA 3.19. ([11]) For «, 8 real, the integral
olt) = [ A%+ 0 ()dy

1s convergent if and only if 3 > —1 and a + 3 < —27” + 1. In this case,
I p(t) = Co g AP+ (2).

PROOF: We shall show that this is an easy consequence of Proposition 3.1.
The condition 3 > —1 is necessary for the local integrability. Since A(y +t) is
bounded below for fixet ¢, it is sufficient to restrict to the case when o < —2+1.
Then, we can write

Aly+t)=c /Q e~ WHIOA(g)7o 7 de.

Using Fubini Theorem, and integrating first in y, we have to consider the
integral

/ e~ A (£) 022 ge.
Q

The necessary and sufficient condition on « + 3 is given in Proposition 3.1,
which allows to conclude easily.

LEMMA 3.20. Let o € R. Then,
(1) the integral

(3.21) Taly) = / A (I—Ziyﬂdqj

converges if and only if o > 27” — 1. In this case, Jo(y) = CoATF 7 (y), where
—ar+n n « -2
Cu = [2-"To(a - 2)][Fa(3)] -
(2) The function F(z) = A~ (Z2) with t € Q, belongs to APY if and only
2n

. n_y n_g .
if a > max ( r— 4 %) In this case,

p rp
|Fllags = CapgA~" (1)
PROOF: (1) Interpret the integral in (3.21) as the L? norm of A~% ().

By Proposition 3.1, Remark 3.3 and the Plancherel formula, the integral J,(y)
is finite if and only if o > 27” - 1.
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(2) The conclusion follows from part (1) and Lemma 3.19. O

We record the following extension of Proposition 3.5 to mixed norm Bergman
spaces. The proof is the same. The reader will observe that we use the
invariance of the spaces under the action of translations in x, and the action
of the group G.

PROPOSITION 3.22. Let p,q € [1,00) and v > % — 1.

(1) There exists a positive constant C = C(p,q,v) such that for all x + iy €
Tq and for all F € AP

|F(x +iy)| < CA™ 5 (y)||F|| ape.

(2) Let F € AP, Fory € Q, the function F(- + iy) belongs to L*(R™) for
all s > q. Moreover, there exists a positive constant C' = C(p,q, s,v) such that
for all y € Q,

IF(+iy)lls < CA™0 7679 ()| F| ags.

We pass now to the density theorem. For the particular case of the Lorentz
cone, this was proved in [5], Corollary 4.5.

THEOREM 3.23. For all p,q,p,0 € [1,00) and p,v > % — 1, the subspace
ADI N AR s dense in the space ADY.

PROOF: Let F € AP4. Given o > 0 and € > 0, let

Foo(2) = F(z +ice) A (62 j ’e> .
We claim that:
(1) Feo € AD? with [|[Feollape < [[F[|age;
(2) tity |~ Frallags = 0
(3) for «v large enough, F,, € A7,
For claim (1), by Remark 3.3, observe that if z = = + iy,

(3.24) A (“ i Ze) | <A %(ey+e) < A%(e) = 1.
The desired conclusion then follows because ||F(- + i€e)|| gpa < || F|| sp.a.
For claim (2), using (3.24) and Theorem 3.7, we get
IEC+iy) — Feal- +iy)llp < 2[F(+iy)ll,p-
On the other hand,
1F(+iy) = Fea(- + i)l
SNF(+iy) = F(-+ily+iee) |, + [[F(-+iy) (1= A7 (=ie(- +iy) +e)) [
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The first norm on the right-hand side tends to zero by assertions 1 and 2 of
Theorem 3.7 and so does the second one by dominated convergence. Now,

|F = Feoll g = / IF (- +iy) — Feal- + iy) | 2AY 7 (y)dy
Q

which also tends to zero by dominated convergence.

Finally, to prove claim (3), first assume that p > p. Observe that if € < 1,
then A(ey +e) > €Ay + e) and similarly for A(y + ee). By (3.24) and
Proposition 3.22, there exists a positive number 7 and a positive constant
Ce o such that

[Feal+iy)ll, <A™ (ey +e)||[F (- +i(y +ee)) |,
< Cop Ay + @) F| ape.
Then

o

||Fe,a||A"’U < Oe T
" P

Fllape ( IR em“-f(y)dy)
9]

By Lemma 4.8 below, we can take o large enough so that the previous integral
converges.
Next, if p < p, we use Holder’s inequality to obtain that

1Feal+iy)lly < IFC+ily + ee)lly [[A™ (—ie(- + iy) + )| u -

p—p

By Proposition 3.22,

1F (- + iy + €e)) [l < CAT (y + )| | ape

and by Lemma 3.20, if « is chosen large enough,

A (—ie(- +iy) +€)|| o < C.A 5 (y + o).

p—p

Therefore,

o

—« "(P*P)_g o _n
| Feallape < Cn ( / Al 200 () 4 ) A r(y)dy)

which again converges if « is large enough, by Lemma 4.8. O

We intend now to show that the mixed norm Bergman spaces are simpler
in the case when p = 2. The L? norm in the x variable can then be computed
using Plancherel formula, and the geometric tools of the last section can be
used.
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First, recall that for p = ¢ = 2, by the Paley-Wiener theorem (Theorem
3.11), F € A2? if and only if F = Lg, with g € L%(Q2). Here the Laplace
transform Lg of g is defined by

£o(:) = [ glepe=sde
Moreover,

Pl = Co [ lote)Fa™

Using the dyadic decomposition of the cone @ (Theorem 2.27), if we write
B‘7 = Bg(gj), we have

|F ) = C, / MUGIRSGL
<OZ/ a0 < Ly A @/\g )P,

where the latter inequality follows by Theorem 2.38.
Conversely,

S ae) [ @i <a Y [ oo
= [ 1OPA™O S v €)de

By the finite overlapping property of the balls B;, there exists a positive integer
N such that for every £ € Q, > xp,(§) < N. Then
J

> ave) / (@ <N | lat@Pa (€ = e NI

We have thus established the following result:

PROPOSITION 3.25. There exists a constant C = C(v) > 1 such that for
every '€ A% if F = Lg with g € L? we have

l V(. 2 2 —V(¢ 2
G 2ATE) , lo@PaE <P < CYae) |, lo@rae

We intend to extend this proposition to the mixed norm weighted Bergman
spaces A%9, when it is possible. The first inequality will be proved hereafter,
while the second one is postponed to the next subsection. We will see that
this is related with the third problem of the first section (boundary values
of Bergman spaces), and that the boundedness of the Bergman projection is
involved in the values of ¢ for which it is valid.
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We denote by b the space of all measurable functions g on €2 such that

320) ol = (S o) o) ) eoo
Let

qy - 2r

v+2-1 .
~ #_1 if n > 2r
00 otherwise.

LEMMA 3.27. Assume q < q,. Then, there exists C > 0 such that for every
g € b we have

[ la@le0de < Clglgat) 5.
Q
In particular, g is a locally integrable function in €.

PROOF: By Lemma 2.38 and Schwarz’s inequality, we get

~Wlé) g ~Wlé) g
/Q!g@\e fﬁ;/Bj'g@‘e ¢

<> [ gt

< 3 o) ( / \g<s>12df) % ( / | ds) g

Recall that A~7 (£)d¢ is a G-invariant measure on € (Proposition 2.42). Also,
by Corollary 2.43 we have

(3.28) [Bs| ~ AT():
Now, the bound (3.28) implies that

[ at©lede < OT ( / | !9(5)\2d€) AR ()

= OZ(M(@) ( /B j Ig(€)|2d§> é) (e—””y'@M*Z@j))

1
7

< lgllss (Z evq’(ylij)AQ’(gi«+Z)(£j)) ! ;
J
where the last step follows by Holder’s inequality. Again, (3.28) implies
S e UATGETD () < 0 e U AT G () / dt.
J

J J
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Therefore, by Theorem 2.38, the finite overlapping property and Proposition
3.1, we obtain

ZB_Vq/(yIEj)Aq/(%Jr%)(gj) < CZ/ e_%q,(y‘g)ﬁql(%Jﬁ)*%(g)dg
! i 7B
SC’N/e—vlq’(ylé)Aq 2T+q)_7(§)d§
Q

=ONTo (¢ +9)) A F T gy) < o0

since ¢'(5: + ¢) > ¢ — 1. The conclusion now follows. 0

THEOREM 3.29. Let q < G,. Given F € A%9, there is a unique function
g € bl such that F = Lg and

lgllz < ClIF 4z

PROOF: By density, take F € A%9 N A%2. By the Paley-Wiener theorem
(Theorem 3.11), there exists g € L7, (€2) such that

F(z) = Lg(z) = / g H0dE (2 € Ty).

Recall that for y € B;, y™' € Bj_1 = Bg(fj_l) since the mapping x +— 27! is
an isometry (see Theorem 2.50). Moreover, by Theorem 2.52, there exists a
constant A such that for all j, { € Bj and y € B , we have l < (&ly) < A.
Thus, for all y € B!, if C' = e*4,

/ 9(6)2de < © / 19(6) 2209 g
<c / 9(6)Pe00ge = ¢ / \Fla + iy) %d,

by the Plancherel formula. Therefore,

B; |(/ (€ |d€> <O/BJ (/n|F<x+z'y>|2da:)gdy.

Furthermore, if we write F, = F(-+iy) and y; = §j_1, since there is a constant
C such that for every j, [B;'| > CA7 (y;) (see (3.28)), we get

([ otora) <catw) [ IRl
B; By
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Moreover, by (2.49) we have A(&;) = A(y;)~!, and thus
a@)( [ oras) < et [ IR

<c [ ARy

Therefore, since the balls B ! also form a dyadic decomposition of © (see
Corollary 2.44),

> A ( I |g<5>|2ds) <oy [ ARy

< / AV ()| F llady

by the finite overlapping property for the balls Bj’l. This finishes the proof.
O

4. MAPPING PROPERTIES OF THE WEIGHTED BERGMAN
PROJECTORS

4.1. Statement of the main problem.
Recall that, for p € [1,00] and v € R we denote by

LP = IP (Tq, A7 (y)dady)

the weighted Lebesgue spaces and by AP, v > 2 — 1, the weighted Bergman
spaces. We consider the weighted Bergman projector P, defined in (3.10) as

P, f(2) :/Q (/nBy(z,u+iv)f(u+iv)du) A7 (v)dv  (f € L),

where B, denotes the weighted Bergman kernel whose expression was given in
Theorem 3.15.

Our main goal is to determine the values of p € [1, o] for which P, extends
to a bounded operator on L, in which case it is a bounded projector from L?
to AP. We observe that P, is a self-adjoint operator and hence P, is bounded
on L? if and only if it is bounded on L? , where p’ is the conjugate exponent

v

of p. We denote P the positive integral operator defined for f € L2) by

(@1) ij(z)—/ﬂ(/n\B,,(z,u+iv)\f(u+iv)du> AP (v)dv.
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We set
v 5 v4
(4.2) CIu:1+ﬂ_1> pv=¢, +1, and 101/224_1

Observe that 2 < ¢, < p, < p,. Finally, notice that if P} is bounded on L7,
then P, extends to a bounded operator from L to AP. The converse is also
true in the case n = 1 (see Section 1). This is no more the case for n > 3 as
the following theorem shows.

THEOREM 4.3. The following properties hold:
(1) The operator P} is bounded on LE if and only if ¢, < p < qy;

14

(2) If P, extends to a bounded operator from LP to AP, then pl, < p < p,;
(3) The operator P, extends to a bounded operator from LP to AP if p, <

P <Dv-

Let us make some comments on this theorem. When considering simulta-
neously assertions (1) and (3), we see that there are values of p for which the
Bergman projector P, extends to a bounded operator from L? to AP while
the associated positive integral operator P is not bounded on L. This is a
new phenomenon compared to all cases for which the Bergman projector is
known to satisfy LP estimates. The proof of assertion (1) uses basically the
same methods as in the upper half-plane, that is Schur’s lemma, which gives
LP continuity properties for integral operators with positive kernels. Hence,
in order to get the larger range of values of p given in assertion (3), we must
exploit the oscillations of the Bergman kernel. While trying to do this, we are
lead to use the Fourier transform in the x variables and consequently to focus
on L? norms in these variables. This is the reason why we enlarged our class
of spaces, by introducing mixed norms.

We recall that for p,q € [1, 00| we set

Lyt = L7 (Q,Aly)" " rdy; LP(R", d)) . ADT = L7 N H(Tw).

Assertion (1) will be proved in subsection 4.3. In fact, we shall prove a more
general result giving necessary and sufficient conditions on p,q for the LP4
boundedness of P". In subsection 4.4, we prove L2 estimates for P,. Finally,
we shall prove assertion (3) in subsection 4.5 using interpolation methods.
More precisely, assertion (3) will be obtained as a particular case of a result
giving a sufficient condition on p,q under which P, extends to a bounded
operator from LP? to A4, We also prove a necessary condition on p, ¢ so that
P, extends to a bounded operator from LP? to AP, fact that includes assertion
(2) as a particular case.

4.2. Positive integral operators on the cone.
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We consider the following positive integral operator T' defined on the cone
Q by

(4.4 To(s) = [ A+ 0o o).

In the next subsection we shall see that 1" is closely related to the operator
P . Recall that g, = 1 + w%5. We shall need the following theorem.

THEOREM 4.5. The operator T is bounded on L1 (Q, A"~ (v)dv) if and only
fa, <q< g
PROOF: (Sufficiency) We will use Schur’s lemma (Lemma 1.35) as in the

one-dimensional case. For K(y,v) = A™"(y + v), it suffices to find a positive
function ¢ on €2 such that the following two properties are satisfied:

(4.6) /QK (y,v)8(v)7 A5 (v)dv < Co(y)?
and
(4.7) / K (y, v)6(y)7A" % (y)dy < Co(w)".

As Schur’s test functions we take ¢ = AS, for appropriate s. We rely on the
following lemma, which may be found in [5], Lemma 3.3, for the light cone.

LEMMA 4.8. For v € (), the integral

1(t) = /Q Aly + 0P A% () A~F (y)dy

1s convergent if and only if the following conditions hold:

n/r—1 n/r—1
RS TCA

s;>(j—1) for j=1,...,r

In this case,

I(t) = CAS(H)AP(1).

PROOF: The scheme of the proof is the same as for Lemma 3.19. The
conditions on s allow to restrict on values of 8 for which A(y + t)? can be
written as a Laplace transform, using Proposition 3.1. We then use Proposition
3.2 to reduce to the integral

/ e~ HOA (€A (€) de.
Q

To go on with the proof, one needs to write AS(£71) in terms of £&. We refer to
[11] for the general case, and go on for the light cone, where all formulas are
explicit. We get

AT = (A28, (9),
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where we note

(4.9) AT(§) =& + &

To get the result, we change of variables so that & is replaced by —&,, use
Proposition 3.2 again (the second range of conditions on s comes from it), and
use (4.9) with ¢ in place of £&. This finishes the proof in this particular case. O

Let us go on with the proof of the sufficiency for the forward light cone. An
application of Lemma 4.8 in this particular case gives that (4.6) holds when

we take ¢ = Afl AP whenever (31, 3, satisfy

1 /n v 1 n
—(——I/—1><ﬂ1<0, —E<ﬁ1+ﬁ2<a<—§+1)

and estimate (4.7) holds when

1(E—u—1> < fp1 <0, —Z<ﬁl+ﬁz<1(—ﬁ+1>.
q\2 q q\ 2

Thus, both of 3; and (7 + B> must lie in the intersection of two intervals.
Assume ¢ > ¢/, i.e. ¢ > 2. Then ; must lie in (& (% —v— 1) ,0) which is a
non-empty interval. For (5, we must have

v 1 n v 1 n
B+ B € ——,—(——+1> N ——,—(——+1) .
¢ ¢\ 2 q q\ 2
Since ¢ > 2, then —% > —Z and therefore, the previous intersection is non-

empty if —g < % (—g + 1), ie. if ¢ <1+ +%5 = q,. The case ¢ < ¢’ can be
treated accordingly; it gives the dual condition q, <qg<2.

The general proof, for an arbitrary symmetric cone, follows the same lines,
using Lemma 4.8.

(Necessity) We prove the necessity part of the theorem in the case of an
arbitrary symmetric cone. If we take the characteristic function of the invariant
ball Bi(e) as a test function g, from Theorem 2.38 we know that A(v) and
A(y+w) are almost constant on the support of g(v) as functions of the variable
v. So if T, is bounded on L (Q, A7 (v)dv), the function A™(y + e) is in
L1 (Q, A”*%(y)dy). Using Lemma 3.19, we get the necessary condition ¢ > ¢/,.
The dual condition g < g, follows from the self-adjointness of T O

4.3. Estimates for the positive integral operator P .
Recall that g, = 1+ w*5. We shall prove the following extension of Theorem
4.3 (1). '

THEOREM 4.10. Let p,q € [1,00|. The operator P) defined by (4.1) is
bounded on LY if and only if

¢, <q<q.
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PROOF: For a function g : To — C, we write g, () = g(x+1y). It is sufficient
to consider non-negative functions f. Then,

Pl f(z+iy) = (P f), (@)

=, [ ([ 18876 - i) o
=d [ (18,571 £) @7

By the Minkowski inequality and the Young inequality, we obtain that

12 ), ooy = ([ (P2, @) tr)’

—d, (/ (/ (|Ay+(’;+ ) *fv> (x)A”_?(v)dv)pdx);
<d, / ( / (12,571« 1) (x))”dx)‘l’w—’f@)dv

(v+3 v—=o
—d, [ 1AL e Rl @

(VJF v—=1
<d, / 1Al A (0)do.

The L' norm of Ay 10 ) is given by assertion 1 in Lemma 3.20. This implies
that

(P2 ), lanty < Cu | A7 1Al A" )
= T(I£.ll) (9),

where T is the positive integral operator defined in 4.4 on the cone 2. Recall
that by Theorem 4.5, this operator T is bounded on L9(, AY~*(v)dv) if
¢, < p < q,. Therefore,

1B fllope = ( LI e ?<y>dy)q

<c, ( / (T(Ilfvll)(y))qﬁ”_7(y)dy)
Q
= CIT - £l

Lo, AY=F (v)dv)

if ¢/, < p < q,. This finishes the proof of the sufficiency part.
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(Necessity) We need to show that P, is unbounded on L2? when g > g,.

v

To do this, we will show that, if P} is bounded on L2? then T is bounded
on L4 (Q, A”_%(v)dv). This fact will follow from the next lemma and a ho-
mogeneity (dilation) argument. We adapt the proof from [8], where it is given

for p=q.

LEMMA 4.11. There are positive constants v and ¢ such that, for all z =
x+iy € Tq and v € Q with |v| < and |y| < 7,

/ |B,(z,u+iv)|du > cA(y + v)™".
lul<1
PROOF: It is sufficient to prove the inequality
|18 il ede = eay)
Bi(y)

Indeed, one can also show that the Euclidean norm is almost constant on
invariant balls of radius 1 (this is proved in detail in [4]: |¢|/|y| is bounded
by an universal constant on the ball Bi(y). As a consequence, the invariant
ball Bi(y) is contained in the Euclidean ball {|z| < 1} if |y| < ~, for some
~v. Now, we can use the fact that A is almost constant on the invariant ball,
which allows to write that the left hand side is equivalent to

e dx
/ Al +iy)| =2
- A

Using the action of G and the formula of change of variable for A, we see that
this last quantity is equal to A(y)’“%, multiplied by the same integral when
computed for y = e. This last factor is clearly a positive constant.

A(y)

O

To get the announced implication, using Lemma 4.11, we test P on spe-
cific L2 functions, namely g¢(2) = Xpaj<2(®)k(y), 2 = x + iy, with k €
L7 (9, A¥=7(y)dy) supported in Q@ N {|y| < 7}. For z such that |z| < 1,
and y € Q such that |y| <+, one has the inequality

Pifetin) e [ A+ o) "g0)Qu) Fdv

By assumption, there exists a constant C' independent of g, such that

fyeQ,\y|<v (fQ Ay + U)_VQ(U)A(UV_%dU)q A(y)vdy
< C [, 9(v)TA(v)" " dv.
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By homogeneity of the kernel, we can replace the constant v by any positive
constant N: for every positive function g on €2, we have the inequality

Srcapen (o Aly +0) 7 g(v)A(v)*~*dv)" Aly)"~+dy
<C fvEQ,|v\<N g(v) A(v)"~ " dv.

Using the density of compactly supported functions, we get the same inequality
without any bound on integrals. This means that the operator 7" is bounded,
and gives the restriction on gq.

4.4. The boundedness of P, on L.

We recall that ¢, = 1 + %5 and set Q, = 2q,.

We will first show how to relate the spaces b? and A24.

THEOREM 4.12. Assume 1 < ¢ < Q,. Given g € b4, then Lg € A%? and

1£91[ 420 < Cllglleg-

PROOF: Write I = Lg. For every y € Q, F,(z) is the inverse Fourier
transform of the function ¢ — g(€)e~Wl¥). By the Plancherel theorem,

1P e = [ 116" )y

(4.13) - /Q ( /Q |g(f)|26‘2(“)d5) A )y

By Theorem 2.38 and (4.13), we deduce that

(414) ||FH?412/(1 S /Q(ZJ: 672'Y(y‘£j) /B;] |g<£)’2d£)2AV:(y)dy

First assume that 1 < g < 2. We recall that for 6 € (0,1),

e >

J
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Since 4 < 1, it follows from (4.14) and Proposition 3.1 that

1P, <0 [ e ([ loopac) st

< Z( / | |g(€)l2d€) % [ emuart iy
Ty ( / l9(¢ |d£) ~(g96)

- cu,mz( [ 00RiE) 8416 = sl

Assume next that 2 < ¢ < @),. At this point, our intention is to use Holder’s
inequalitywith the introduction of some factor related to some generalized
power of the Delta function. Again, to simplify the computations, we restrict
ourselves to the particular case in which 2 is the Lorentz cone A,, so that
r=2and Aly) = vy} —y5 — ... —y2 and Ay(y) = y1 + y2. To simplify the
notation, we call p = ¢/2. We also take a real multi-index s = (s1, $2) to be
selected later. An application of Holder’s inequality gives

S e [ o) < (S| | 9(6)4)" AT )2 (6) )
(Ze SIS RISI)

e

From (4.14) it follows that

I 20 < C/ (Z e‘QV(y'Sf)(/Bj Ig(é)|2d§)pAIS”J(fj)A_””(fj))

An ]'
£

x (Z e‘”@'%iw’@jmw’(@))p AT (y).
J
Notice that by Theorem 2.38, (3.28) and the finite overlapping property of the
balls Bj, the sum in the second parenthesis on the right-hand side is bounded

by
_ / , df
I =C 29yl AP () AS2P - ‘
[ emea @an© g5

We use Proposition 3.2, as well as (4.9) to obtain that
I = CA™CrE27 (2 AT (27y)
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if 590" > § — 1 and (s1 + s2)p’ > 0. In this case, Proposition 3.2, if —(s; +
sp)p+v >7% —1and —syp + v > 0 we have

|F||A2q_02(/ 9(E)FdE) AT ()a (s
(. e‘”“’““A?W<y>A—<81+82>P+”—3<y>dy>
An
- Y A A re)A )6 [ o )
J

- CZA_"(&')< /B j |g<5>|2d£)g = Cllgll;

where the constant C' depends on the involved parameters.
Therefore the conclusion follows if we choose s; and s9 such that the follow-
ing conditions are satisfied:

n
s9p’ > 5~ 1, (s1+s2)p" > 0;

and

n
Sop < U, (31+82)p<y—§—|—1.

The parameter s, can be suitably chosen since § —1 < v. For sy, s1 + so must

lie in <0, #) which is a non-empty interval. O

The statement of Theorem 4.12 is false for ¢ > @), as the next theorem
shows.

THEOREM 4.15. For q > Q,, there is a function g € bl such that Lg does
not belong to LP1.

PROOF: We give the proof for the particular case of the cone Sym, (2, R)
of 2 x 2 real positive-definite symmetric matrices. For ¢ = (? gg)

3 &2
Sym_ (2, R), we recall that A(§) = Det § = && — &. Take

-

o6 = eomeai) (14 1og S2) .

Then if I denotes the 2 x 2 identity matrix,

116 Louli = [ ereati (1 ; M%Q_ ¢
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lll =3 &7(6) (/ 9(¢ 2d§>

=Y A (/B o) (1410 5 2) d§)2

J

-1 3
<C) ( [ A ee s (1+ 105 52) d5>
/ (Dt (5)) :
schj/BjA (&)e? (1+|1og ) e

by Theorem 2.38, the Holder’s inequality and (3.28). Hence, by the finite
overlapping property,

(417)  |gl% <C / 1 AG=DEVE (£) (1 + |log
v Sym, (2,R)

and

1S}

)
&

It now suffices to show that the right-hand side of (4.17) is infinite while the
right-hand side of (4.16) is finite. This is given by the next lemma.

)" 2de.

LEMMA 4.18. For o and 3 real, the integral

A
Los = / e S A(E) (1 4 | log “N)ﬂds
Sym (2,R) &1

1s finite if and only if one of the following two conditions is satisfied:
(1) a>—1;
(2) a=—1and g < —1.

PROOF: We use the Gauss coordinates of { € Sym_ (2, R) defined in §2.3 by

& 12 &

— )2 _ —
51_)\7 §2 61_ ) gl_v

Then A(€) = A?u? and
oo e 2—(v2+1)A2 8
log = 4 / / / e IOV N2 20 (1 49 log ) NP pdAdpudly
0 R
= Ja,,@Kaa

where

Jop = 4/ e 2t (1 + 2| log )’ dps
0
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K, = / h ( / h e‘“Q’\zdv) A\2et3,=X g\ — ¢ / b e~ N \2H2
0 —00 0

Next observe that K, < oo if and only if &« > —32 while J, 3 < oo if and only
if either « > —1 or both @« = —1 and § < —1. O

and

We will now show how this last theorem is related to the boundedness of
the weighted Bergman projection. We consider the following commutative
diagram:

2 b 2
Ll/ Al/

.| Te

A2 A ()

Notice that £ : L?,,(2) — A7 is invertible by Paley-Wiener theorem (The-
orem 3.11). Given ¢ € L2 and F = Lg € A2, since P,F = F, the self-
adjointness of P, implies

<PI/¢7 F>A,2J = <¢7 F>LZ2, = <¢7 [’g>L12,

Now, by the Plancherel formula, if 7~! denotes the inverse Fourier transform,

6. Lo)iz = | St iy) ( / g<s>ei<x+w><d5) A2 (y)dedy

To

- [([ s <s>e—<y©><x>dm)w—f<y>dy

-/ ( [ igia@e e df)A”‘( )y
(4.19) -/ (A” / 3y(O)e WA (y)dy)@w@)ds,

where equality (4.19) follows by Fubini’s theorem. Therefore, for g € L?y)(Q),
equality (4.19) and the polarization of isometry (3.13) in the Paley-Wiener
theorem imply that

<¢a 'Cg>L2 = < I/¢’ >
Comparing (4.19) and (4 20) then gives

AV / by (€)eWOA (3)dy.
We shall need the following lemma.

LEMMA 4.21. Ifq > 2, then for all ¢ € L%, T € b3 and | T¢|lyg < C||¢|| 2.0-

L<2U) ()"
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PROOF: By Schwarz’s inequality and Proposition 3.1,

oo < a0 [ 1h@rev0a way) ! (f e-@w—ﬁ(y)dyf
- i@ [ ibere vonr i) g

Furthermore, by Hélder’s inequality and Theorem 2.38,

<oA% () (/ewyfj(/w) |d§) ())%
- CﬁA?(éﬁ)(A(/Bj M;y(g)ﬁdg) Au—’i(y)dy)

q—2

y (/ e~ 701D Av-2 )dy> ?
() /(/ 3,(6)] dg) AV (g)dy

IToe, SOW/Z(/ 16,(6) \dé)gA”?@)dy

< O [( ] 0P 2 )
j J

because if p > 1, every sequence of positive numbers {a;} satisfies

Yo df< <Z %’)p-

J J

N

Thus,

Here, r = ¢/2 > 1. Next, by the finite overlapping property and by the
Plancherel theorem,

ol < Lo [ ([ 1te0006) a2 i
=l [( [ o)

= V?W@£]H¢||%3ﬂl7

as we wished to show. O
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We can now prove the following result.

COROLLARY 4.22. If Q) < q < Q,, then P, extends to a bounded operator
from L%9 to A%9.

PROOF: Without loss of generality, we may assume that 2 < ¢ < Q),. By
Theorems 3.29 and 4.12, £ is a bounded isomorphism from % to A%9. Then,
it follows from Lemma 4.21 that P, = LT extends to a bounded operator from
L29 to A4, O

4.5. LP? boundedness for the weighted Bergman projector P,.

If we interpolate the LS or L1 estimates obtained in Theorem 4.10 with
the L2 estimates established in Corollary 4.22, we obtain the next theorem
which generalizes Part 3 of Theorem 4.3.

THEOREM 4.23. The weighted Bergman projector P, extends to a bounded
projector from LP4 to AP of
1 1 1
<-<1-
qvp q QP
PROOF: For a fixed value of v, we have the following picture:

/ A

units < 1.2em, 1.2em > x from0to8, y from0to6 < 10pt > [.3,.5] from—.50t060 <

A< Opt,bpt > at2 — .512—7 idpt,0pty, at -.5 5.5 D jOpt,5pty at 1.1157 .6557 é
iOpt.5pt,, at 5.5 -.5 F jbpt,Opt,, at -.5 3.1 B {Opt,0pt; at .8 2.7 C' jOpt,3pty, at
2 5.2 F iOpt,0pt; at 1.6586 1.4286

n_q n_q n_q n_q n_q
FIGURE 1. D:(@,V&?), E:(2(%11)+V,2(%21)+V), F:(O, T% )

By interpolation, P, is bounded on L for (%, %) in the interior of the light-
shaded hexagon of vertices

G (R (o)

and their symmetric points with respect to (%, %) O

On the other hand, P, does not extend to a bounded operator on L7 on
the dark-shaded regions of the figure, as the next result shows. This result
generalizes part (2) of Theorem 4.3.
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THEOREM 4.24. P, extends to a bounded operator on LP4 only if
n n v+r-—1 n
——l<—4—"— <v+ -
r rp q r
PROOF: Recall that P, is a self-adjoint operator and hence, P, is bounded
on L2 if and only if P, is bounded on L2-7. Apply P, to the function f(z) =
A~V (y)xpgie) (2), where z = z+iy and b(ie) is an Euclidean ball with centre

ie relatively compact in Tq. It is clear that f € ) LE9. Moreover, by
1<p,q<o0

the mean value property, there is a positive constant C' = C'(n) such that for

every z € 1q,
Pf(z) = CA* (’Z i ZQ).

]

Now, by Lemma 3.20, P, f belongs to LN LZ only if v + > % + wf*l

v+2—-1

. The conclusion follows. O

and v+ 2 > =
REMARK 4.25. At this time, the problem of determining whether P, is

bounded on L2 for (%, 1) in the blank region in the above figure is open.

1
p’q
5. APPLICATIONS

In this section we give some applications of our main results, that is Theorem
4.23 and Theorem 4.24. For the particular case of the Lorentz cone, these
applications were described in [2]. We will not give details of the proofs, which
will appear somewhere else.

5.1. Transfer of L? estimates for the Bergman projector to
bounded symmetric domains of tube type.

First of all, it is well known (cf. e.g. Chapter X of [11]) that every tube do-
main Ty over a symmetric cone €) can be realized via a biholomorphic mapping
as a bounded symmetric domain D. “Symmetric” means that every point of D
is an isolated fixed point of an involutive automorphism of D and this property
implies the homogeneity of the domain. Such a bounded symmetric domain
is said to be of tube type. In one complex variable, the upper half-plane is
realized as the unit disc via the linear fractional transformation

d1+z

d(z) = T
The biholomorphic transformations from T, to D which generalize ® are known
as Cayley transformations. We assume that the bounded domain D is the
Harish-Chandra realization (cf. [11], p. 189) of the tube domain Tq. In this
case, we shall call D a standard bounded symmetric domain of tube type. In
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particular, D is starlike around 0 and circular, that is, ez € D if § € R and
z€D.

THEOREM 5.1. Let D be a realization of a tube domain T over a symmet-
ric cone ) as a standard bounded symmetric domain D. The conclusions of
Theorems 4.23 and 4.2 are valid with T replaced by D.

As an example, Theorems 4.23 and 4.24 for the tube in C", over the Lorentz
cone A,, (n > 3) are also valid for the Lie ball © of C" defined by

2
> 0}.
The proof of Theorem 5.1 is based on a transfer principle using the explicit
form of the Cayley transformation and some homogeneity arguments (see, [1]).

n

2
25

Jj=1

n

2
2

J=1

@:{zecn: <1, 1-2]z2+

5.2.  Duality (A9, AV,

THEOREM 5.2. Let p,q € [1,00) and v > * — 1. Assume that the weighted
Bergman projector P, extends to a bounded projector from LP9 to AP4. Then
the topological dual (AP9)" of AP identifies with AP>7 by means of the map

(5.3) Ge AP s Lg(F) = / F(2)G(2) A" (y)dy.
Q

PROOF: By Hélder’s inequality, it is clear that given G € AP, Lg is a
bounded linear functional on A2? with ||Lg|| < ||G]| ap- Conversely, let
L € (Ar?). By the Hahn-Banach theorem, L extends to a bounded linear
functional on L2 with the same operator norm. Since (L29)" identifies with
L{j/’q/ via the standard L?? duality pairing, there exists a function ¢ € Lllj"q'
satisfying || L|| = ||¢]|,».« such that for every F' € AP,

7L
L(F) :/T F(z)MA”’%(y)dxdy.
Q
But, P,F' = F and P, is a self-adjoint operator. Hence,
LP) = [ FERAEA (o) dody
Q

Under our hypotheses, ¢ € L2 implies P,¢ € A4, This proves that L = L
with G = P,¢ € AP 7 0
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5.3. Sampling and atomic decomposition for functions in weighted
Bergman spaces.

We first recall the definition of the Bergman distance on T§,. Define a matrix
function {g;x}i<jr<n on Q by
2
942 = 5
where B is the unweighted Bergman kernel of T,. The map 2z € T, — H, with
H.(u,v) = Z 95.k(2)u; Uy, (u=(w, ..., un), v = (v1,...,;v,) € C"),

1<j,k<n

log B(z, 2)

defines a Hermitian metric on C", called the Bergman metric. The Bergman
length of a smooth path v : [0,1] — T is given by

1
1) = [ {0,300} hat
0
and the Bergman distance d(z1, z2) between two points z1, 2o of Tg is
d(z1,2z2) = inf ()
v

where the infimum is taken over all smooth paths « : [0,1] — T such that
7(0) = z; and (1) = 2.

Recall that the Bergman distance d is equivalent to the Euclidean distance
on the compact sets of C" contained in T and the Bergman balls in Ty, are
relatively compact in Tg. Next, let R™ be the group of translations by vectors
in R™ and let H again denote the simply transitive group of automorphisms of
the symmetric cone 2 defined in Section 2. Observe that the group R" x H acts
simply transitively on T, and recall that the Bergman distance d is invariant
under automorphisms of R™ x H.

The following Whitney decomposition of the tube domain 7§, can be proved
exactly in the same way as the dyadic decomposition of the symmetric cone €2
(Theorem 2.27 and Corollary 2.44).

THEOREM 5.4. Given 0 € (0, 1], there exists a sequence {z;} of points of Ty
such that if By = Bs(z;), Bj = B%(zj),

(i) the balls B} are pairwise disjoint;
(ii) the balls B; form a cover of Tq;
(iii) there exists a positive integer N = N(QQ) (independent of 0) such that
every point of To belongs to at most N balls B;.

The sequence of points {z;} is called a §—lattice in Ty,.
To establish the sampling theorem for functions in AP, we need the next
result.
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PROPOSITION 5.5. There exists a positive constant C' such that for every
holomorphic F in Tq and for every 6 € (0,1), the following properties hold:

dudv
) |[F(z)P<6™ F p :
(i) [F(2)P < d(w)dl (w)] AT ()
(ii) if d(z,¢) < 6, then
dudv
F(z)=F(QP <Co? F p )
|F(2) = F(Q)" < /d(z’w)<1| (w)] AZ (o)

PROOF: We recall that the measure —24v_ is invariant under automorphisms

™ (v)

of Tq,. Therefore, it suffices to prove that

Flie)P <57 P (w)p -2
d(ie,w)<d AT (U)
and that, if d(ie, () < ¢, then
dud
IF(ie) — F(Q)PP < Co? / P (w) PV
d(ie,w)<1 A7 (v)

The first inequality follows from the mean value property and the equivalence
between d and the Euclidean distance in a neighborhood of ie. The second
inequality follows from the equality

F(ie) — F(¢) = VE(w) - dw
and from Cauchy estimates

IVF(w)| <C |F'(s + it)|dsdt

B(ie,1)
<C / (s + it)p-L9t )
Blie,1) A5 (1)

We can now prove the sampling theorem.

THEOREM 5.6. Let {z;} be a d—lattice in Tq, § € (0,1), with z; = x; + iy;.
(i) There exist a positive constant Cs such that every F € AP satisfies
S IFEPA™F () < CllFlLg.

J

(ii) Conwversely, if § is small, there is a positive constant Cs such that every
F e AP satisfies

1Fllag < Cs Y 1F () PAY (y;).

J
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PROOF: (i) By Proposition 5.5 (i), for every j,

dudv
F(z)P <6 F(w)P :
[F(z)|P < B§| (w)] AZ ()
On Bj, the function A(v) is almost constant; therefore,
d d
SR < G5 3 A / RS
(v
< CLo~ Z w)[PAYF (v)dudv

< Gpo~ ”IIFIIAz

because the balls B} are pairwise disjoint.
(ii) We have

|F(2)[PA" (y)dxdy
Ta

dxdy

<, ZA”n yj/ |F( W)

<G Yo [ ,(1F<zj>rp+|F<> F(z)P) AC“Z)

, 5 5 dxdy
e <ZA+ DF()P +ZA+ / F(2) = F(z)? N“(y)>’

since the invariant measure of B is 1ndependent of j (and equal to the invariant
measure of Bs(e)). Now, by Proposition 5.5 (ii), we obtain

|[F(2)[PAY (y)dady

To
n dudv  dxdy
<o(Lavwirere s [ [ jrapgt )
(S wirer e [ [ Fr s S

If we show that the sum of the second term above is bounded by a constant C,
independent of §, times the left hand side, then we can choose § small enough,
and conclude the proof.

Notice that, by the finite overlapping property of the balls B;, for fixed w,

dzd dzd
3 / Yy / Y o
z€Bj,d(z,w)<1 AT(y) d(z,w)<1 AT(?})

J

for some universal constant C', by invariance of the distance and of the measure.
Using this fact, and switching the integration order in the second term on
the right hand side above, we obtain the desired estimate. O



BERGMAN PROJECTORS ON TUBE DOMAINS OVER CONES 69

It is easy to deduce the atomic decomposition from the sampling theorem for
values of p for which the weighted Bergman projection P, is bounded. More
precisely, we have the following theorem (cf. [9]).

THEOREM 5.7. Assume that P, is bounded on L? and let {z;} be a §-lattice
in Tq. Then the following assertions hold:
(i) For every complex sequence {\;} such that

(5.8) D INIPATT(y) < oo,
J

the series Y A\;B,(2,z;)A"* ¥ (y;) is convergent in AP. Moreover, its sum F
J
satisfies the inequality
IFN5 < C D INIPAY T (y,).
J
(ii) For 0 small enough, every function F € AP may be written as

F(z) = Z AjBy(z, 2) AT (yy),

J

with

(5.9) D INIPAYTE () < C|F||ag.
J

PROOF: We call [2 the space of complex sequences {\;} which satisfies (5.8).
(i) From part (i) of the sampling theorem (Theorem 5.6), we deduce that
the linear operator

R: A — [P
F — RF={F(z)}

is bounded. Hence its adjoint R* : I — AP is also bounded. The conclusion
follows because

R ({\}) (2) = Z X By (2, 2) A ().

(ii) From Theorem 5.6 (ii), for 6 small enough, we obtain that
IF] < CIHF()H]

This implies that R* : [2 — AP is onto. Moreover, if ' denotes the subspace
of ¥ consisting of all sequences {);} such that the sum

ZAjBy(zazj)Ay+%(yj)

J
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is identically zero, then the linear map

BIN — A
{A = 2 NBu(z, ) A (y;)
J

is a bounded isomorphism. The continuity of its inverse gives estimates (5.9).
O

Finally, Theorem 5.7 gives the solution of a so-called Cartan B problem
which we now describe. To keep matters simple, we assume that Tq is the
tube domain in C? over the Lorentz cone €2 = As. Thus, n = 3 and r = 2.
Again, we denote by H the upper half-plane of the complex plane C. For
all p € [1,00), it is easy to show that the restriction f of F € AP(Tg) to
H? = H x H given by

R(F)(21,22) = F(21 + 22,21 — 22, 0)

belongs to the weighted Bergman space A?(H?). If dV denotes the Lebesgue
measure on H?, the latter space is the subspace of LP(H?, (y1y2)" " 2dV (21, 22))
consisting of holomorphic functions. Moreover, the restriction map*

R : A)(Ty,) — Ap(H?)

is continuous. We are interested in the range of p for which R is onto. It has
been proved in [7] that this is the case when p € [1,2rv+1). Theorem 5.7 leads
to an extension of the result to the range p € [2v+ 1, 2v 4 2). Moreover, there
exists a linear extension map.

This application may be extended to all tube domains over symmetric cones.
If the rank of the cone is r, H?> = H x H should be replaced by H" = Hx - --xH
(r times).

6. FINAL REMARKS

6.1. Hardy’s inequality, boundary values and Besov spaces.

In this subsection, we report briefly on the generalization of the three prob-
lems solved in Section in the upper half-plane. We refer to [4] and [8].
Throughout the subsection, {¢;} will be a fixed -lattice in 2. We construct
a smooth partition of the unity associated with the covering B; = B;(§;). For
this purpose, we choose a function ¢q € C°(Bs(e)) such that

O S Qb(] S 1 and ¢0|B1(e) =1.

1t is called a restriction map since it is actually given by a restriction when considering
the spherical cone instead of the Lorentz cone.
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For every j, we also write §; = g;e for some g; € GG. Then we can define

0;(&) = do(g; *€) so that
¢; € CX(Ba(;)), 0<¢; <1 and ¢, = 1.

We assume that £, = e so that there is no ambiguity of notations. Further, by
the finite overlapping property, there exists a constant C' > 1 such that if we

define ®(&) = Z¢](f)7

1

— <o < C.

SO <C
We also define ¢; € S by ¢; = ¢;/®.

PROPOSITION 6.10. The following properties hold:
(1) ¢y € C2(Ba(&));
(2)0<d;<land Y () =1V e
J

(3) the functions v; are uniformly bounded in L'(R™), so that there exists
a positive constant C' such that for all f € LP(R"), 1 < p < 0o and for
all 7,

LF 51l < ClIfllp-

We introduce a new family of Besov-type spaces B2, 1 < p,q < oo, v € R.
They are defined as equivalence classes of tempered distributions by means of
the semi-norm

I 1l5pe = (ZZA‘”@)IV *wjng)  JES®).

The Besov space BP? is a Banach space and does not depend on the choice of

{&} and {4}
On the other hand, we introduce a generalized wave operator O = A (;%)
on the cone ). That is the differential operator of degree r defined by the

equality
1d . .
S(24) (9 - s, eem

1 dx
which corresponds in cones of rank 1 and 2 to
1d
and
1 0? 0? 0?
O=-(—-——=—+==5+-+==] in Q=A,.
4 < x? * dx3 e 8@%) o

The following theorem is proved in [4]:
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THEOREM 6.11. Let v > % — 1 and 1 <p < oo. With the notations

-1 .
v +—q, if >
q, = 1+ —, Qup = { pev 14v r

n . ’
r—1 00 otherwise

assume that 2 < q < q,,. The following properties are equivalent:

(1) P, extends to a bounded projector from LP7 to AP1;
(2) the Laplace operator L is a bounded isomorphism from BE9 to AP49;

(3) for m large enough, O™ : AP9 — ADY . is a bounded isomorphism.

In this theorem, assertion (3) generalizes Hardy’s inequality for Bergman
spaces (subsection 1.5) while assertion (2) implies that the space of boundary
value functions of AP functions is the Besov space BY?, i.e. (2) is a gener-
alization of results of subsection 1.7. For p = 2, we have proved part (2) in
Theorems 3.29 and 4.12 (see also Lemma 3.27). Moreover, in Corollary 4.22,
under the assumption 1 < ¢ < @,, we showed the implication (2) = (3).
For more details, the reader should consult [3]. Using Theorem 6.11, four of
the authors [4] were able to find other necessary condtions on p, g for the L4
boundedness of P,. This allows to color in dark parts of the blank regions in
the previous figure.

6.2. Projections to Hardy spaces.

It is natural to ask whether the projection F,, which is the orthogonal pro-
jection onto the Hardy space H?(Ty), which identifies with a closed sub-space
of L*(R™), extends to a bounded operator on LP(R™), i.e. under which as-
sumptions on p Theorem 1.55 extends to several variables. The answer has
been known for thirty years:

THEOREM 6.12. ([12],[22]) The operator Py extends to a bounded operator
on LP(R™) only if p = 2.

It is a consequence of the fact that the characteristic function of the unit ball
is not a Fourier multiplier of LP(R™) when p2. The Bergman projection, that
we have studied all along these notes, has a better behavior than the Szego
projection Fy. It still has some mystery, as we have shown, at least for us.

In the one dimensional case, we have seen that Hardy spaces are in some
way the limit of weighted Bergman spaces. It is no more true in higher rank.

Indeed, recall that the condition v > * — 1 for Bergman spaces AL is im-
posed so that the weight AY~ 7 (y)dzdy is locally integrable near the topological
boundary of T. We know that A = {0} when v < 2 —1. Also, by the Paley-
Wiener Theorem we see that the Hardy space in T, should correspond to the
value of the parameter v = 0. It is natural to ask what it is limit space ap-

pearing when we let v — 2 — 17 (compare with the 1-dimensional case in
the last paragraph of §1.7). The surprising answer was found by M. Vergne
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and H. Rossi in the case p = 2 (see [11, p. 270]). Namely, we obtain a new
holomorphic function space with a norm of Hardy type

Hp—{FEHTQ|sup// F(z+i(y +1))[Pdedu(t) < oo},
o0 JRr

yeQ

where 1 is a measure supported in the boundary of the cone. For the light-cone
A,, such measure is explicitly given by:
d /

[ rwane = [ 0004

In general, the measure u is a particular case of the so-called positive Riesz
distributions, and is obtained as the distributional limit:

du(t) = Vjiﬁr{11+ (v—2+1) A" 7 (t) xa(t) dt.

f e C.(R").

For more information about such Hardy-type spaces, see [14].
Let us mention that, for these new spaces, the behavior of the projector is
completely unknown.
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