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Abstract

Motivated by the large ammount of results obtained for minimal and positive
constant mean curvature surfaces in several ambient spaces, the aim of this paper
is to obtain half-space theorems for properly immersed surfaces in R? whose mean
curvature is given as a prescribed function of its Gauss map. In order to achieve this
purpose, we will study the behavior at infinity of a 1-parameter family of properly
embedded annuli that are analogous to the usual minimal catenoids.

1 Introduction

One of the most beautiful theorems in the theory of immersed minimal surfaces in R3
is the half-space theorem due to Hoffman and Meeks [HoMe], which can be formulated
as follows:

Theorem 1.1 (Half-space theorem) A connected, proper, possibly branched, non-
planar minimal surface in R3 cannot be contained in a half-space.

Their proof is based on a clever application of two properties that minimal surfaces in
R3 satisfy:

1. The coordinates of a minimal surface in R? are harmonic and thus minimal surfaces
satisfy the tangency principle: two minimal surfaces cannot be tangent in an
interior point.

2. For every plane II C R3 and each line L orthogonal to II, there exists a 1-parameter
family of properly embedded minimal annuli {C(r)},~o that are rotationally sym-
metric around L, and such that: i) {C(r)},>o smoothly converges to a double
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covering of IT — (I N L) when r — 0, and ii) for each fixed ro > 0, C(rg) is a
symmetric bi-graph over II with both components having unbounded height w.r.t.
IT.

The 1-parameter family of properly embedded minimal annuli {C(r)},>0 are the minimal
catenoids. Note that this theorem is not true in an Euclidean space R™ of arbitrary
dimension, since minimal catenoids of dimension n — 1 for n > 3 are contained between
two parallel planes.

Inspired by the ideas developed by Hoffman and Meeks, the existence of half-space
theoerms in a class of immersed surfaces in several ambient spaces have attracted the
attention of a large amount of geometers, becoming an active and fruitful field of re-
search. In [RoRo], Rosenberg and Rodriguez obtained a half-space theorem for constant
mean curvature one surfaces in the hyperbolic three space H?3. Their proof is based in
the original ideas of Hoffman and Meeks and in the fact that minimal surfaces in R3
are locally isometric to constant mean curvature one surfaces in H>. Later, Hauswirth,
Rosenberg and Spruck [HRS] obtained a half-space theorem for constant mean curvature
1/2 surfaces in the product space H? x R, and they exploited it to prove that complete
multigraphs in H? x R are indeed entire graphs over the whole hyperbolic plane H?. Fi-
nally, Daniel and Hauswirth [DaHa] obtained half-space theorems for minimal surfaces
in the Lie group Nils, the Heisenberg space, and Daniel, Meeks and Rosenberg [DMR]
proved half-space theorems in Nil3 and also in the Lie group Sols.

Motivated by these results, our purpose in this paper is to obtain half-space theorems
for the following class of immersed surfaces in R3: let be H € C'(S?). We say that an
immersed surface ¥ in R? has prescribed mean curvature H if the mean curvature Hy,
of 3 satisfies at each p € X

Hx(p) = H(np), VpeX, (1.1)

where 77 : ¥ — S? is the Gauss map of 3. For short, we will say that 3 is an H-surface.

The definition of this class of immersed surfaces in R? has its origins in the famous
Christoffel and Minkowski problems for ovaloids, see e.g. [Chr]. In particular, the ex-
istence and uniqueness of ovaloids with prescribed mean curvature (1.1) was studied
among others by Alexandrov and Pogorelov [Ale, Pog]. Besides the milestones reached
concerning the uniqueness of ovaloids with prescribed mean curvature, the global proper-
ties of immersed surfaces in R? governed by Equation (1.1) remained largely unexplored
until the author in joint work with Galvez and Mira [BGM1, BGM2] developed the global
theory of surfaces with prescribed mean curvature. In [BGM1] we studied the structure
of properly embedded H-surfaces and curvature estimates for stable H-surfaces in R3.
In [BGM2] we studied rotational H-hypersurfaces, obtaining several examples with dif-
ferent geometric properties and a Delaunay-type classification result. See also [Bue] for
the resolution of the Bjorling problem for H-surfaces in R3.

The rest of the introduction is devoted to highlight the organization of the paper:

In Section 2 we recall some basic properties of H-surfaces in R?. Locally, H-surfaces
are governed by a quasilinear, elliptic PDE, and thus they satisfy the mean curvature



comparison principle and the maximum principle, see Lemmas 2.3 and 2.4. For the
particular case that the prescribed function H depends only on the height of the sphere,
then it can be realized as a 1-dimensional function and Equation (1.1) reads as

Hx(p) = H((np, e3)), Vp € X. (1.2)

In this situation, if H € €!([-1,1]), see Equation (2.3) for a proper definition of the
space €!([—1,1]), the study carried on in [BGM2] reveals that there exists a 1-parameter
family {X4/(r)},>0 of properly embedded annuli, called H-catenoids, parametrized by
their necksizes, that are bi-graphs over a horizontal plane and will play the same role as
minimal catenoids for our purpose. In Propositions 2.5 and 2.6 we state some comparison
theorems concerning the height and the derivative of the H-catenoids.

In Section 3 we analyze the behavior at infinity of the H-catenoids, i.e. the bound-
ness or unboundness of the heights of their graphical components. In Proposition 3.2
we prove that the behavior at infinity of a family of H-catenoids is determined by the
behavior of an H-catenoid X4 (rg), for an arbitrary ro > 0. In Proposition 3.4 we relate
the limit behavior of two functions H, F € €!([—1,1]) at the points y = +1 with the
behavior at infinity of two catenoids ¥(rg) and Xz (rg). We conclude this analysis
in Theorem 3.5, proving that two prescribed functions H and F with the same limit
behavior at the points ¥ = +1 determine prescribed mean curvature catenoids with the
same behavior at infinity.

Bearing in mind the results obtained in Section 3, in Section 4 we study the behavior
at infinity of H-catenoids for concrete choices of the prescribed function H. Indeed, we
prove in Theorem 4.1 that the prescribed functions Ha(y) = —(1—%%)%, a > 1 generate
H-catenoids with unbounded height.

Finally, in Section 5 we take advantage of the analysis made in the previous sections
in order to obtain half-space theorems for properly immersed H-surfaces, provided that
H € C*(S?) satisfy some necessary hypothesis.

2 Properties of H-surfaces

Definition 2.1 Let be H € C1(S?). An immersed surface ¥ in R3 is an H-surface if
its mean curvature Hy, is given at every p € X by

Hs(p) = H(1p), (2.1)

where 1 : X — S? is the Gauss map of 3.

It is clear from this definition that the only ambient isometries which are also isometries
for the class of immersed H-surfaces are Euclidean translations; any other ambient
isometry changes the expression of 7 and thus would not preserve Equation (2.1).

Before formulating two key properties that H-surfaces satisfy, we need to introduce
the concept of when a surface is locally above other. Let be ¥ and Y5 two immersed
surfaces in the Euclidean space R?. Suppose that there exists some point p € 31 N g



such that (1x,)p, = (7%, )p, where 7y, stands for the unit normal of the surface ¥;. Take
coordinates (1,22, 73) € R3 such that dzz = (Mi)po- In this situation it is known that
each X; can be expressed locally around p as a graph x3 = u;(x1,22), ¢ = 1,2, defined
in the same open set () of the tangent plane T, = T} containing the origin o and
such that u;(o) = p.

Definition 2.2 With the previous hypothesis, we say that 3 lies locally above Yo if
uy > ug in S

The condition X1 lies locally above Yo will be written for short as 31 > .

The next lemma relates the mean curvature of two surfaces lying one locally above
of the other:

Lemma 2.3 (Mean curvature comparison principle) Let be 31,39 two immersed
surfaces in R? and denote by H; to the mean curvature of ¥;, i = 1,2. If %1 > ¥y around
some p € X1 N Xy, then Hi(p) > Ha(p).

The study made in Section 2.1 in [BGM2] reveals that H-surfaces in R? are solu-
tions of a quasilinear, second order, elliptic PDE. In particular, the class of immersed
‘H-surfaces satisfy the Hopf maximum principle in both its interior and boundary ver-
sions, a result that has the following geometric implication:

Lemma 2.4 (Maximum principle for H-surfaces) Let be 31,9 two immersed H-
surfaces in R3. Assume that one of the following two conditions holds:

1. There exists p € int(X1) Nint(X2) such that (nx,)p = (Nx,)p, where Ny, denotes
the unit normal of 3;, 1 =1, 2.

2. There exists p € 0X1 N 0¥y such that (ns,)p = (Mx,)p and (&s,)p = (&s,)p, where
(&s,)p denotes the interior unit conormal of 0%;.

Assume moreover that X1 lies around p at one side of YXo. Then 31 = Xo.

As we mentioned in the introduction of Section 2, the only isometries of R? that pre-
serve Equation (2.1) are Euclidean translations. Thus, if we expect to define rotationally
symmetric H-surfaces, additional symmetries have to be imposed to the prescribed func-
tion . In this fashion, if suppose that the prescribed function H € C'(S?) only depends
on the height of the sphere, then Equation (2.1) for an immersed H-surface ¥ reads as

HE(p) = H(np) = h(<np763>)v Vp € Ev (2'2)

where h € C*([—1,1]) and the quantity {(1x)p, e3) is the so called angle function, which
will be denoted for short by vs(p).



Now, the ambient isometries that preserve Equation (2.2) are the following: Eu-
clidean translations, the isometric SO(2)-action of rotations that leave pointwise fixed
any vertical line, and reflections w.r.t. any vertical plane; any of these isometries leaves
invariant the angle function of an immersed surface and thus preserves Equation (2.2).

Otherwise stated, we will restrict ourselves to prescribed functions that depend only
on the height of the sphere, and thus the class of H-surfaces are governed by Equation
(2.2). For the sake of clarity, the 1-dimensional prescribed function b that appears in
Equation (2.2) will be denoted again by H.

In Section 3 in [BGM2] the authors studied rotationally symmetric H-surfaces for
several choices of prescribed 1-dimensional functions H € C1([—1,1]), obtaining a large
amount of rotational examples with different topological properties and behaviors at
infinity. In this section we will restrict ourselves to the following class of 1-dimensional
functions

el([-1,1]) := {H € CY([-1,1]); H(y) <0, Vy € (=1,1), H(—1) = H(1) =0}. (2.3)

For the particular choice # € €*([—1,1]), Proposition 3.6 in [BGM2] proves the existence
of the following family of rotationally symmetric H-surfaces:

There exists a continuous l-parameter family {3(7)},~0 of properly embedded,
rotationally symmetric H-surfaces around the vertical line passing through the origin,
all having the topology of an annulus. For each rg > 0, ¥4/(rg) is a bi-graph over the
exterior of the disk D(0, rp) contained in a horizontal plane (which can be supposed to be
the plane {z = 0} after a vertical translation). The annulus ¥(r¢) is foliated by parallel
circumferences, and the smallest one is the given by the intersection ¥ (ro) N {z = 0},
which is called the waist of ¥4 (rg) and whose necksize, i.e. the radius of the waist, is
precisely ro. In particular, each ¥4 (ro) is contained inside R® — (D(0,7¢) x R).

Each component of the bi-graph defines an end of X(rg). We define X7, (rg) :=
Y#(ro) N {z > 0} (resp. ¥,(r0) := X3(ro) N {z < 0}) the upper (resp. lower) end
of ¥#(ro). If we denote by 75,,(r,) to the unit normal of ¥4(ro), then 75, () points
inwards at the waist, upwards at the upper end and downwards at the lower end.

s, (ro)

Figure 1: An H-catenoid for the prescribed choice H(y) = —(1 — %?)?, which is a
symmetric bi-graph over the horizontal plane {z = 0}. The waist is plotted in black.



Because of the orientation that ¥4(r¢) has, we can parametrize the upper end Z;_“L (ro)
by rotating the graph of a function f2+ o) : (ro,00) — R around the vertical axis passing

through the origin. When fixing H € Cl([ ,1]) and ro > 0, in order to save notation,
the function f+ (r0) will be just denoted by fi. A parametrization of Ej_[ (ro) minus one
H

meridian is given by

Yy (x,0) = (xcosh,xsinb, fi(x)), x>rg, 0€(0,2m). (2.4)

The orientation induced by v, is given by the unit normal

1 .
Nfy = m(—ﬂr (z),1),

which happens to be the upwards one in this upper end. For this parametrization 9y,
the mean curvature HZ; (ro) Of 37, (ro) satisfies the following ODE

[ (x) + fi'(2)

2H 0)) = . Yz > . 2.5
E;ﬁl(ro)(wf+(x )) (1+f+/(1’)2)3/2 T 1—|—f+/($‘)2 z To ( )

As % (ro) is an H-surface, Equation (2.1) now reads as

+"(z) f+'(z)
2H(vr (x + , Vx> rg, 2.6
1) = (T S A T o
where vy, : $7 (rg) = R is the angle function
1

vi () = ————, Vx> ro. 2.7
)= s : (27)

Moreover, we can solve Equation (2.6) in terms of f(x) and conclude that is a
solution of the ODE

fi(x) = (1 + fjr(:v)z) <27—[(1/f+ ()1 /14 f(x)? — fjf(m)) . (2.8)

X

Let us analyze the lower end X7, (rg). If we parametrize ¥, (ro) as in Equation
(2.4) for a function f_, then this parametrization does not define an H-surface for the
prescribed choice H, since this time the unit normal induced by this parametrization,

namely
1 /
Ny = (_f— ($), 1)’ (29)
RV R I
is again the upwards one. In particular, the mean curvature with this parametrization
is positive. Nonetheless, up to a change of the orientation, which in particular changes

the sign of the mean curvature, this parametrization defines the lower end of 4(rg).

The functions f; and f_ will be called the upper height and lower height of X9;(ro),
respectively. These functions are defined in the same interval (rg, o), and they can be
smoothly glued together at x = 1y, where they meet each other at the plane {z = 0} in
an orthogonal way, defining the waist of the H-catenoid.



2.1 Comparison of the height and the derivative of #-catenoids

In the case that we have a rotational H-surface, and in particular for prescribed
mean curvature catenoids, the mean curvature comparison principle has the following
implication.

Proposition 2.5 Let be H,F € €'([-1,1]) and o > 0, and suppose that H(y) > F(y)
forally € (—1,1).

1. If hy(x) and fy(x) denote the upper heights of ¥4(r0) and Xx(ro), then hy(x) >
fe(x) for all x > rg.

2. If h_(z) and f_(z) denote the lower heights of X9,(r9) and Xz (ro), then h_(z) <
f=(x) for all x > rg.

Proof: The proof will be done for the upper ends of 34(r¢) and X z(rg), since the
argument is similar for the lower ends.

Consider the catenoids X r(rg) and Xy/(rp), whose necksizes are exactly ro. Both
Yr(ro) and Xy (rg) are tangent at ro with unit normals agreeing at their waists, and
thus the mean curvature comparison principle ensures us that ¥4(r¢) lies locally above
Y r(rg). Because Y (rg) lies locally above X z(rg), we have that hy(z) > fi(x) for
x > ro close enough to rg.

Arguing by contradiction, suppose that there exists some r1 > 7 such that hy(r;) =
f+(r1). Consider the slab S in R? determined by the vertical planes {z = 7} and

{z =11}, and denoteﬁ@i‘l(ro) 82(11/2}(7"0) to the intersections of %7, (rg) and Sk (ro)

with S. Notice that ¥7;(rg) and X%(ro) only intersect each other along their (compact)
boundaries, which are contained in 0S.

Consider the uniparametric group of vertical translations Ts(p) = p+ (0,0, s), s > 0,

P

and the translated H-surfaces T5(X%(rg)). Because the boundary of £%(r¢) is compact,

there exists some sy > 0 such that Ty, (S£(ro)) N $5;(rg) = @. Then, we decrease the

parameter s starting from so until we find an instant s; € (0, so) such that Ty, (X% (ro))

has a first contact point of intersection p; with X3, (ro). Since X3, (ro) and X%(ro) only
intersected along their boundaries, this point of intersection must be an interior one.
See Figure 2 for a diagram of this process.



_f"] /'7/-\._/

i (S Ge) S (r0)

[

{z = ro} Y(ro)

Figure 2: A diagram showing the upwards and downwards movement of the compact

piece E}(ro), arriving to a contradiction.

—_—

At py the unit normals of ¥3(ro) and T, (% (ro)) agree. Moreover, Ty, (X5 (rq)) lies

above Z;; (ro) around py, but their mean curvatures satisfy

— (p)=F — <H ~— =H((n —— )p) =H —~— (p1),
Ty @ = F O, e ) <H, o ) = Wl D) = Hoo (1)

where we have used that H(y) > F(y) pointwise. This is a contradiction with the mean

curvature comparison principle.

The same proof holds for the lower ends, by just considering vertical translations
that decrease the height. This completes the proof of Proposition 2.5. O

The next proposition gives us information about the derivatives of the H-catenoids.

Proposition 2.6 Let be H,F € ¢! ([—1,1]) such that H(y) > F(y) for ally € (—1,1),
and let be rg > 0 and xg > ro. Denote by hy,h_, f+, f— to the upper and lower heights
of X91(ro) and X x(rg), respectively. Then,

1. If hy'(zo) > f+/(z0), we have hy'(x) > fi'(x) for all x > xg.

2. If h-"(zo) < f-'(x0), we have hy'(z) < fi'(x) for all z > xp.

Proof: The proof will be done for the upper heights Ay, f, since it is analogous for the
lower heights. For the sake of clarity, we will drop the sub index (-)4, and just write
h, f. First, recall from Equation (2.8) that both h and f are solutions of the ODE’s

W (x)

) = (14 ) (2Hn) TG - 1),

(2.10)

@) = (1+ 7'@) (27w VT P - 220,

X
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where v, = 1/4/1+ h/(z)? is the angle function of £ (r¢), and the same holds for vy.

Let us write

¢H(x,y):(1+y2) (27—[( )vl—l—yZ—i), x>, y € [0,1].

1
V1+y?
Notice that Equation (2.10) can be expressed as

h'(x) = oy (x, W' (x)),
f(x) = ¢r(z, f'(x)).
As H(y) > F(y), then is straightforward that

¢’H(‘T’lay) > Qb]—'(l',y), Vo > To, Y € [0’ 1] (211)

In this situation, the following inequality holds

W'(x) = dp(x, W (2)) > dr(x, b (x)).

As B (z9) > f'(x¢) and f”(x) is a solution for the ODE ¢z (z, f'(z)), a classical com-
parison theorem for ODE’s applied to Equation (2.11) ensures us that h'(x) > f'(x) for
every r > Ig.

The same proof works for the case of lower ends. Notice that in this situation, because
the change of the orientation explained above, the mean curvatures are positives and
thus the comparison of the ODE’s in Equation (2.11) now reads as ¢x(z,y) < ¢r(z,y).
Now the hypothesis h'(z9) < f’(x¢) and the comparison theorem for ODE’s concludes
the proof for lower ends. This completes the proof of Proposition 2.6. O

Remark 2.7 Suppose that H,F € €Y([~1,1]) satisfy H(y) > F(y) for all y € (—1,1),
and let be 1o > 0. Then, we know that Xy (ro) lies locally above Xx(rg) near ro. In
particular, the functions hy, f+ defining the upper ends Z;:(ro) and E}(ro), respectively,
satisfy ho(x) > fy(z) and W (z) > fl(z), for x € (ro,70 + €) where ¢ > 0 is small
enough. In virtue of Propositions 2.5 and 2.6, this behavior is fulfilled for every x > rq,
and not only in a neighborhood of ry.

The same holds for the lower ends, after a change of the signs of the inequalities.

3 Comparison of the behavior at infinity of prescribed mean
curvature catenoids

Once we have formulated some comparison results for the height and the derivative
of H-catenoids, we take care of the behavior at infinity of the H-catenoids. First, we
need to settle on the concept of when an H-catenoid goes to infinity.

Definition 3.1 Let be H € €1([~1,1]) and o > 0, and consider the H-catenoid Xq;(ro).
Denote by f+ and f_ to the upper and lower height of ¥4(ro), respectively.



1. We say that ¥9;(r¢) has unbounded upper height (resp. bounded upper height)
if the function fi(x) is unbounded (resp. bounded).

2. We say that ¥9(r¢) has unbounded lower height (resp. bounded lower height) if
the function f_(x) is unbounded (resp. bounded).

3. If both fy(x) and f_(x) are unbounded (resp. bounded), we will simply say that
Y4(ro) has unbounded height (resp. bounded height ).

The behavior at infinity of an H-catenoid Xy (rg) is just the boundedness or un-
boundedness of its height functions. The following proposition proves that for a fixed
H, all the H-catenoids ¥4(r) have the same behavior at infinity.

Proposition 3.2 Let be H € ¢'([~1,1]) and ro > 0. Suppose that the H-catenoid
Y9(ro) has unbounded (resp. bounded) upper height. Then, all the H-catenoids {34 (r)},
have unbounded (resp. bounded) upper height. The same holds for the lower height.

Proof. As usual, we present the proof for the upper height, since the lower height case
is proved in the same way.

We start our proof with the case that the H-catenoid ¥4 (rg) has unbounded upper
height.

First, consider some 7, < ro and define A = r,/rop < 1. Consider the homothety
) : R? — R3, ®(p) = Ap for all p € R3, and let us define \Xq;(rg) := ®5(Zx(r0)).
The mean curvature Hys,,, () of AXg(ro) satisfies Hyx,, (rg) = 1/AHs,, (), and thus the
uniqueness of the Cauchy problem yields

AXg(ro) = E%y(r*)-

Note that an homothety does not change the behavior at infinity of an H-catenoid, since
it only multiplies by A # 0 its upper height.

Consider also the H-catenoid ¥3(r.). Thus, both ¥/(r.) and X /53 () are tangent
along their waists, and because A < 1 Proposition 2.5 ensures us that X (r,) lies above
S (1) As Yg(ro) was supposed to have unbounded upper height, then 33(r.) has
to have also unbounded upper height. On the contrary, at a finite point the H-catenoid
Y1 /am(r«) would intersect the H-catenoid Xgy(rx), which would yield to a contradiction
with Proposition 2.5, see Figure 3.
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T o

Yp(r) E1p(1s) = AZy(ro)

Figure 3: The homothetical H-catenoid A¥y(rp) has to stay below the H-catenoid
Y (rs).

Suppose now that r, > rg. We will use the fact that all the behavior at infinity
of the H-catenoids {Xy/(7)}r<r, agree with the behavior at infinity of ¥4(r9). When r
tends to zero, the sequence of H-catenoids {3 (r)}, converges to a double covering of
the plane {z = 0} minus the origin, see Proposition 6.2 in the Appendix. Thus, for r;
close enough to zero, the H-catenoid ¥4 (r1) would intersect the H-catenoid Yy(7,) at
the boundary of a slab S, and such that X4 /(r;) lies below X4/(r,) inside S. Moving
Y (r1) NS upwards and downwards as in the proof of Proposition 2.5 we arrive to a
contradiction with the maximum principle, see Figure 4. Thus, ¥#(r.) has to have
unbounded upper height as well.

Y(ro)

—

(&} T*)

T %
o

E’H(ﬁ)

Figure 4: The H-catenoid X4 /(r.) would be intersected by an H-catenoid ¥(r1) for
some rq small enough, contradicting the maximum principle.

From the discussions made above we may also conclude that if ¥4;(rg) have bounded
upper height, then all the H-catenoids {¥/(r)},~0 have bounded upper height.

The same arguments work for the lower height, and thus Proposition 3.2 is proved.
O

Let be H € €!([~1,1]) and r¢ > 0. The phase plane study made in [BGM?2] ensures
us that the mean curvature of each H-catenoid vanishes near infinity, and thus the
angle function at the upper (resp. lower) end has to converge to 1 (resp. to —1). This

11



fact suggests us that the study of the H-catenoids near infinity is closely related to the
behavior of the prescribed function H at the points y = £1.

First, we give a definition concerning two prescribed functions with the same limit
behavior.

Definition 3.3 Let be H,F € ¢'([-1,1]).

1. We will say that H and F have the same behavior at y = 1 if and only if

. Hy)
i;ﬂ% W = Cl, (31)

where Cy is a non-zero constant. This condition will be denoted by H ~1 F.

2. We will say that H and F have the same behavior at y = —1 if and only if

o H(y)
yl_l)I?Ell m = 02, (3.2)

where Cy is a non-zero constant. This condition will be denoted by H ~_1 F.

3. If Equations (3.1) and (3.2) hold, we will say that H and F have the same behavior
at y = x£1. This condition will be denoted by H ~ F.

A straightforward consequence from this definition is that each relation ~1,~_; and ~
is an equivalence relation in the set of functions ¢*([—1,1]).

The fact that two functions H and F have the same behavior at either +1 or both,
is equivalent to the following: for each e € (0,2) there exist non-zero constants M, M’
(depending on ¢) such that

It H ~ F, then MH(y)
If H~_1F, then MH(y)
If H~F, then MH(y)

IN

Fly) < M"H(y),  Vyel[-1+¢1],
Fly) < M'H(y),  Vyel-1,1-¢], (3.3)
Fly) < M'H(y), Vye[-1,1].

IN

IN

The following proposition reveals that two functions with the same behavior at either
y = *1 generate classes of prescribed mean curvature catenoids with the same behavior
at infinity.

Proposition 3.4 Let be H,F € €'([~1,1]) and ro > 0, suppose that H ~1 F and
consider the prescribed mean curvature catenoids ¥9(ro) and X x(ro). Then, the catenoid
Y4 (ro) has bounded (resp. unbounded) upper height if and only if Xx(ro) has bounded
(resp. unbounded) upper height.

The same holds when H ~_1 F for their lower heights.

12



Proof: We present the proof when H ~j; F, since the case for the relation ~_; is
analogous.

Because H ~; F, Equation (3.3) ensures us the existence of non-zero constants
M, M’ such that
MF(y) < Hy) < M'F(y), Vye0,1].

Consider the H-catenoid X4(r), and suppose first that ¥4 (r9) has unbounded upper
height. Now consider the catenoid X 7(rg). Both X4 (rg) and Xy #(rg) are tangent
along their waists, and because M'F(y) > H(y) for all y € [0, 1), Proposition 2.5 ensures
us that X 7(r9) lies above X4(rg) always. As the upper height of ¥9;(r¢) is unbounded,
the upper height of ¥y #(r¢) has to be also unbounded. Because X/ #(rg) and Xz (ro)
have the same behavior at infinity, we conclude that ¥ £(rg) has also unbounded upper
height.

If the upper height of 3(rg) is bounded, we compare ¥(rg) and the catenoid
YmrF(ro).

The same comparison arguments hold for the case when H ~_; F. This proves
Proposition 3.4. O

Combining Propositions 3.2 and 3.4, we state the following theorem

Theorem 3.5 Let be H,F € €([-1,1]), 70 > 0 and consider the H-catenoid X3;(ro).
Then,

1. If H ~q F, then the upper end of each F-catenoid has the same behavior at infinity
as the upper end of 3(ro).

2. If H ~_1 F, then the lower end of each F-catenoid has the same behavior at
infinity as the lower end of Xy/(ro).

3. If H ~ F, then both ends of each F-catenoid have the same behavior at infinity as
the ends of ¥9(ro).

4 The behavior at infinity of some prescribed mean curvature
catenoids

The arbitrariness of the prescribed function in Equation (2.8) disables us to explicitly
study the behavior at infinity for an arbitrary choice # € €¢!([~1,1]). However, the
study carried on in Section 3 ensures us that the knowledge of the behavior at infinity
for some family of H-catenoids automatically reveals the behavior at infinity of the
family of F-catenoids, for each F € €1([—1,1]) such that F ~ H.

Motivated by this fact, in this section we will study the family of H-catenoids for
some concrete choices of the prescribed function H. Specifically, we will study the 1-
parameter family of €!([—1,1]) functions Ha(y) := —(1—y*)®, a > 1. Let us emphasize
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that we are only interested about the behavior of the prescribed functions at y = £1.
Hence, the exponent 2 in the function —(1 — y?)® is only for ensuring that H, vanishes
at both y = +1. For instance, at y = 1 the function H, has the same behavior as the
function —(1 — y)“; the same holds at y = —1 and the function —(1 + y)?.

The theorem that we prove in this section is the following:

Theorem 4.1 Let be a > 1 and consider the function Ha(y) = —(1 — y?)®. Then, for
each F € €([—1,1]) we have:

1. If F ~1 Ha, the F-catenoids {Ez(r)}r>0 have unbounded upper height.
2. If F ~_1 Ha, the F-catenoids {Xx(r)}r>o have unbounded lower height.

3. If F ~ Ha, the F-catenoids {Ex(r)}r>0 have unbounded both upper and lower
height.

Proof: We will present the proof of Item 1, since Items 2 and 3 are proved similarly.

Fix some a > 1. We will prove Item 1 of Theorem 4.1 by showing that for some
ro, the Hq-catenoid 34, (19) has unbounded upper height. Then, in virtue of Theorem
3.5 the upper ends of all the F-catenoids {E£(r)}r~o for F ~; H, will have the same
behavior at infinity as ¥4, (19).

The study of the behavior at infinity of the H,-catenoid ¥4 (r9) will be done by
proving several claims.

Claim 1. Consider the upper end of the Hq-catenoid Xy, (ro) parametrized as the
graph of a function f(x). Then,

70

Proof of Claim 1. It is known that the upper end of the minimal catenoid C(rp) is
parametrized by the function

x4+ /22 — 12
g(x) =rolog (7‘00>

fl(x) <

Yz > rg.

s T > Trg.

At distance x = ro, both C(rg) and Xy, (1) are tangent along their waists, where
their unit normals agree. The mean curvature comparison principle ensures us that
C(rp) lies above X4 (r¢) around & = r¢. In particular, Proposition 2.6 ensures us that
g'(z) > f'(z) for all © > ry. Thus, the bound

70

fl(z) < ———, Va>ro,
2 —rf
holds by just substituting the value of ¢’(x). Hence, Claim 1 is proved. O
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We now derive an inequality involving the derivative of the function f(x). First,
observe that for the prescribed choices H, the value of Hq(v¢(x)) is given by

_ f’($)2a
Halvs(z)) = NS IODE
From Equation (2.8), we obtain the following
roN2a—1 L f"(2) Lovoam1 1
A e[ ) R LS

Integrating from ro to & > rg, we obtain

T 2a-1 To /() 1+ f'(ro)? IR ARY To
/TO () dt+log o< log< R ) ) <-3 /m () dt+log .

After taking exponentials and some operations yields

_ / f/(t)2a—1dt xf’(x) 1 T f’ TO / f 2a ldt
ro < . (4.1)
1+ f'(x)2  rof'(ro)

Claim 2. Let be o > 1 and f(x) the function that defines the upper end of ¥y, .
Then,

lim zf'(x) = co,
T—00

where ¢ is a positive constant.

Proof of Claim 2. Lets analyze the bound on f’(z) in Equation (4.1). Suppose
that the integral fé’; f(t)?*~'dt is finite when x goes to infinity and that the limit
lim, 00  f(x) exists. Then, lim,_,~ xf(x) is necessarily a non-zero constant co > 0.

Thus, our goal in this claim is twofold: firstly, we have to prove that the integral
f:g f'(t)?*~1dt is finite when z tends to infinity; secondly, we have to prove that the
limit lim,_,o 2 f(x) exists.

In order to prove that f;;o f'(t)**~Ldt is finite, we consider the minimal catenoid
C(rp). In Claim 1 we proved that

7"0

and by powering to the 2o — 1 we arrive to

2a—1
lim f'(z)%*! < <TO> , Vx> .

fi(z) <

Yz > 1o,

T—00

Integrating from rq to x yields

2a—1
* 1\ 2a—1 ‘ o
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Because @ > 1 we have 2a — 1 > 1, and thus the right hand side of Equation (4.2) is a
finite integral when x diverges to oco. This implies

xX
/ f(t)*dt < oo.
To
By making = tend to infinity in Equation (4.1) we conclude that zf’(x) is bounded
between two positive constants.

Now we will prove that lim,_, zf'(z) exists as a straightforward consequence from
the fact that x f'(z) is a monotonous function. Indeed, the derivative (zf'(x))’ is

(ef @) = F'@) + 2f"(2) = (@) + 2 (1+ F @)%) <2H<uf> 5 7w - "”) -

X

=z (1+ f'(2)*) 2Ha(vp) V1 + f'(2)? = f'(2) <0,
where we have used that f”(z) satisfies the ODE that appears in Equation (2.8) and
that H is negative and f’(x) is positive.

As z f'(z) is a monotonous function which is bounded between two positive constants,
its limit must be a positive number, say cg. This concludes the proof of Claim 2. O

Claim 3. The upper height of the H-catenoid X4 (ro) is unbounded.

Proof of Claim 3. From Claims 1 and 2 we know that there exists some positive
constant such that

of'(z) = co + h(x),
where h(x) is a positive function satisfying lim;_, h(x) = 0. Integrating f’(z) yields

F(x) = f(ro) + colog — + /z hit)dt.

To

Thus, the function f(z) is unbounded and so the upper height of ¥4(r9) is unbounded,
concluding the proof of Claim 3. a

Because ¥4, (r9) has unbounded upper height, this property also holds in the equiv-
alence class of H,, defined by the relation ~1, in virtue of Theorem 3.5. This concludes
the proof of Theorem 4.1. |

9 Half-space theorems for properly immersed H-surfaces

In this last section we will obtain half-space theorems for properly immersed H-surfaces,
by exploiting the study carried on in the previous sections concerning the behavior at
infinity of the prescribed mean curvature catenoids.

First of all, let us define the hemispheres by S2 :=S?*N{z > 0} and $% := $?N{z <
0}. The main theorem of this paper is the following:
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Theorem 5.1 Let be H € C(S?) and M a connected, properly immersed, non-planar
H-surface in R3.

1. If there exists F € €Y([~1,1]) such that

T

holds for some o > 1 and
H(z) > F((z,e3)), Vo € S2 — {es}, H(z) <0, Vo e S?,
then M cannot be contained in a lower half-space {z < co; co € R}.

2. If there exists F € €1([—1,1]) such that

. Fly)

holds for some 8 > 1 and
H(zx) > F((z,e3)), Vo € S — {—e3}, H(z) <0, Vo € S,
then M cannot be contained in an upper half-space {z > co; co € R}.

3. If Equations (5.1) and (5.2) hold for some F € €([-1,1]) and o, B > 1, and
0 > H(z) > F({w,e3)), Yz € S?, then M cannot be contained in any horizontal
half-space.

Proof: The proof of this theorem is based on the original ideas firstly introduced by
Hoffman and Meeks [HoMe]. First, suppose that the hypothesis of Item 1. are fulfilled.

Arguing by contradiction, suppose that M is a connected, properly immersed, non-
planar H-surface contained in a half-space {z < ¢g; co € R}. After a vertical translation
we can suppose that M is contained in the lower half-space determined by the plane
IT := {z = 0}, but is not contained in any {z < —e; € > 0}. First, notice that M cannot
intersect the plane II. Indeed, if such intersection exists we would be able to find a point
p € M N1I, which is necessarily an interior tangent point. Denoting by n = e3 and ny
to the unit normals of II and M respectively, then one of the following two cases must
occur:

1. At p we have (1), = e3 = (nar)p. If H(ez) = 0, then both M and IT are H-surfaces
for the same prescribed function H, and II lies locally above M at p. The maximum
principle 2.4 ensures us that M = II, contradicting the fact that M is non-planar.
If H(es) > 0, then Hps(p) = H((nam)p) = H(ez) > 0 and II lies locally above M
around p; this is a contradiction with the mean curvature comparison principle
2.3.
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2. At p we have (nn), = es = —(nn)p. Because H is non-positive in S2, we have
Hpy(p) = H((nar)p) = H(—ez) < 0. If H(—e3) = 0 we arrive to a contradiction
arguing as in the previous item. If H(—e3) < 0 since II is planar we can change the
orientation of Il to be —e3 without changing its mean curvature. This contradicts
the mean curvature comparison principle 2.3, since II and M have at p both
unit normals equal to —es, II lies below M around p, II is planar and Hy/(p) =
H(—€3) < 0.

In any case we have that M NIl = @, and thus M is strictly contained in the half-space
{z <0}

Because M is a proper surface which does not intersect the plane II, the origin
o cannot be an accumulation point of M and thus there exists an Euclidean ball
B(o, Ry), Ry > 0 which is disjoint from M. Now consider the family of F-catenoids
{Ex(r)}r>0. In virtue of Equation (5.1) and Theorem 4.1, we ensure that the family of
F-catenoids have unbounded upper height. In particular, the upper end of ¥ #(r), which
we will denote by 1(r), is a graph with unbounded height w.r.t. the plane II, and this
holds for every r > 0. Notice that for every r < Ry we have (S%(r) N1II) C B(o, Ry),
and in particular 95 %(r) C B(o, Ry) for every r < Ry.

Again, as M is proper there exists € > 0 small enough such that the vertical transla-
tion M T := M +£(0,0,1) does not intersect the ball B(o, Ry). From its definition it is
clear that M ™ lies below the half-space {z < ¢}. Now consider the family of upper ends
{S%(r)} ry>r>0. The boundary of each % (ro) is contained in B(o, Ry), and thus they
do not intersect MT. Moreover, if the parameter r converges to zero, the upper ends
X1 (r) converge on compact sets to the plane {z = 0} minus the origin o, see Proposition
6.2. By continuity and because Z}(ro) has unbounded height w.r.t. the plane II, there
has to exist a finite, first interior contact point pg between some E}(ro), ro > 0 and
M™; see Figure 5.

Figure 5: The first interior contact point pg between some E;(ro) and M.
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Now we argue as follows:

1. If (nz}(ro))l’o = (Mas+)po, then XE(rg) lies locally above M around po. But at po
we have

Hyse 00 (90) = F (s o) Do €30) < H(1t 0 )o) = H((mag+ Do) = Hag (p0)-

contradicting the mean curvature comparison principle 2.3, since Z}*}(ro) lies locally
above M T around py.

2. If (nz;(ro))po = —(na)p,, then we change the orientation of M, obtaining a —H-

surface with the opposite orientation —ny; which lies in S2 Thus, E}(ro) would
lie locally above M around pg. But E}r(ro) has negative mean curvature at py,
and M ™ has non-negative mean curvature at pg after this change of orientation.
This is again a contradiction with the mean curvature comparison principle 2.3.

In any case, we arrive to a contradiction and thus M cannot be contained in a lower
half-space.

The same arguments apply for the case that Item 2 holds, by just comparing M with
the lower ends of ¥ #(r). The latter Item is a straightforward consequence from the two
previous cases.

This proves Theorem 5.1. O

Observation 5.2 Note that we are only interested about the behavior of the function
H near the points N = (0,0,1) and S = (0,0,—1). Thus, Theorem 5.1 is still valid
if we are able to find a negative, 1-dimensional function F satisfying Equations (5.1)
and (5.2), and such that H(x) > F({x,e3)) for every x in a small neighborhood of the
points N, S (where F is defined). Then, we would be able to extend the function F to the
interval [—1,1] in such a way that its extension is smaller than H in the whole sphere.

We want to finish this paper with further discussions on the existence of properly
immersed H-surfaces actually lying in a half-space. For that, fix any n > 0, consider the
function f,(z) = —1/2™ and let ¥, be the rotational surface generated by rotating the
graph of f,,(z). By substituting f/ (x) in Equation (2.7) we get that the angle function
vn(x) of 3, is a positive, strictly increasing function such that for every ¢ € (0,1)
there exists g = xo(e) > 0 with v,(z9) = 1 — . A straightforward computation from
Equations (2.6) and (2.7) shows that the mean curvature of ¥, in terms of v,(z) is
given by a 1-dimensional function H,, : (0,1] — R satisfying the following: there exists
g0 € (0,1) such that Hy(y) <0, Yy € [1 —eo,1), Hp(l) = 0 and Hy(y) has the same
behavior at y = 1 as the function —(1 — 32)*") where a(n) := 2%‘:27;; see Figure 6, the
blue plots.

Now, we restrict the function H,, to [1 — &g, 1] and smoothly extend it to the whole
interval [—1, 1] by a negative, even function H,(y). This function #,(y) belongs to the
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space €1([—1,1]) and consequently there exists the 1-parameter family of H,,-catenoids
{f](r)}r>0; see Figure 6, the orange plots. It is clear that, up to vertical translations,
the upper end of each f](r) agrees with the graph of —1/z" for = big enough; in fact, by
uniqueness they agree when the angle function of fl(r) reaches the value 1 — ¢ (that is,
when the extension H,, is again 7,). Therefore, the catenoids {Z(r)},-0 have bounded
both upper and lower heights, and in virtue of Theorem 3.5 the same holds for the
catenoids corresponding to the function —(1 — 32)®(),

Ho

—1 1—¢p

Figure 6: In blue, the graph (/)\f —1/2? and the function Ha(y). In orange, an extension
Ha(y) and the profile of an Hs-catenoid X(r) with bounded upper and lower heights.
The dashed part of X(r) is the one that agrees with the graph of —1/z2.

Note that the function a(n) : (0,00) — R is a continuous, strictly decreasing function
such that

lima() =1 lim a() =3

In particular, for every By € (1/2,1) we can choose ng = 3;02_6 ¢ > 0 such that a(ng) = So.
With these discussions, the next result follows easily:

Proposition 5.3 Let be § € (1/2,1) and define n = % Then, the catenoids corre-

sponding to the prescribed function —(1 — y*)? have bounded upper and lower heights.

We also want to emphasize that there are prescribed functions whose catenoids have
one end with bounded height and the other with unbounded height. For example, con-
sider the function H(y) = —(1 + )3*(1 — y)? and let X(r) be an H-catenoid. Then,
Theorems 3.5, 4.1 and Proposition 5.3 ensures us that the upper end of ¥(r) has un-
bounded height, while the lower end of ¥(r) has bounded height; see Figure 7.
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Figure 7: The profile of an H-catenoid for the function H(y) = —(1+y)%*(1 —y)2. The
upper end has unbounded height, while the lower end has bounded height.

6 Appendix

This appendix is devoted to prove that the H-catenoids converge to a double covering
of the plane minus the origin. The proof will be done by showing that the H-catenoids,
outside a compact set that converges to the origin, have uniformly bounded second fun-
damental form, and then we will be able to take limits as a straightforward consequence
of a compactness argument.

Proposition 6.1 Let be H € ¢'([—1,1]) and rq, and consider an H-catenoid X3;(ro).
Then, the squared norm of the second fundamental form of the upper end 2;{[(7’0) 18
given by

2\ /1 —vs, (.’E)2 2\ /1 —vs, v (1:)2
01y @) = 4835, (@) V17 @ (21~ ot

= 2H (v, (r0) (7))

(6.1)

T xT

Proof: We will derive this identity by computing the principal curvatures of the upper
end 7, (rg) parametrized as in Equation (2.4).

Indeed, this parametrization is doubly orthogonal and the principal curvatures al-
ready appeared in Equation (2.6); they are just the two terms on the r.h.s. of the
equality. Thus,

i () = f+" (@)
(1+ fi/(x)2)3/2
o) = f+'(2)

a1+ (@)

where f : (rg,00) — R is the function that defines the upper end £7,(rg) in Equation
(2.4).

Because |os,, (r) (%)* = £1(x)? + k2(x)?, Equation (6.1) yields by substituting the
values of k1(x) and kp(x), and using that f/(z) is a solution of the ODE (2.8).

This concludes the proof of Proposition 6.1. O
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Notice that for computing the quantity \UZ;{ (To)(x)|2 at the lower end X7 (rg) with
the parametrization given in Equation (2.4), we have to change its orientation that was
given by the unit normal defined in Equation (2.9), and the sign of the mean curvature.
We omit the details.

Proposition 6.2 Let be H € ¢'([-1,1]), and consider the I-parameter family of H-
catenoids {X3(r)}r=0. Then, {Sx(r)}r—o converges in the C3 topology to a double
covering of the plane {z = 0} minus the origin.

Proof. The proof will be done as follows: for each r > 0, we will find an open subset in
Y4 (r) with uniformly bounded second fundamental form, and such that this open subset
does not contain the waist of X4(r). At this point, a standard compactness argument
for H-surfaces obtained in [BGM1] will eventually conclude the result.

Thus, our main objective is to properly define an open subset in each ¥(r) having
uniformly bounded second fundamental form. We will focus as usual in the upper end of
Y4(r), since the computations for the lower end are similar. In order to save notation,
we will omite the super index (-)* referring to the upper end.

Let be z,, = 1/n, v, =1 —1/n? n € N. The phase plane analysis done in [BGM?2]
ensures us that for each (z,,v,) there exists an H-catenoid ¥y(ry), with r, < z,
uniquely determined by (zn,y), and such that the angle function vy, (..) of L3/(rn)
satisfies vy, () (Tn) = Vn.

Now, Equation 6.1 ensures us that the squared norm of the second fundamental form
of each ¥4 (ry,) is given by

]. — VZH
|02H(rn)($)|2 = 47{(1/2%(%)(33))24—2 \/

@2 (1= V5,00 (@)?
x

. — 2 (Vo) ()
Fix some n € N. If z > y > 7y, then v, () (%) > Vs, (r,,) (¥) and thus
In particular, we have
|JEH(M)($)|2 < |0'2H(7_n)(l‘n)|2, Vo > x,. (6.2)

If we compute |0y, () (z0)|?, we get

105y (@) 2 = AH(1 = 1/n)? +2:/2 — 1/n? (¢2 1 /n2 — 2H(1 - 1/n)) , VneN.

Because H is a negative function vanishing at y = 1, we can consider the bound —#H (1 —
1/n) < 1 for n > ng, where ng € N is big enough. Bearing this in mind, the following
estimate holds

‘O—EH(rn)(xn)P <42+ \/i), Vn >ng € N. (6.3)
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Now, plugging together Equations (6.2) and (6.3) yields
|05, o) (@) 7 <42+ V2),  VYn>ng €N, Vo > z,. (6.4)

Now we argue similarly in the lower ends X7, (r) to also obtain a uniformly bound of
their second fundamental forms.

Thus, for every n > ng the squared norm of the second fundamental form of the H-

catenoid Yy (1) = Xy (rn) N {x > x,} is uniformly bounded. At this point, a standard
compactness argument for H-surfaces, see e.g. Theorem 2.14 in [BGM1] ensures us that

—~—

the sequence Y (7,) smoothly converges in the C* topology to a double covering of the
the plane {z = 0} minus the origin. This proves Proposition 6.2. O
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