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ABSTRACT. If £ is a Killing vector field of the hyperbolic space H3 whose
flow are parabolic isometries, a surface ¥ C H? is a &-translator if its
mean curvature H satisfies H = (N, ), where N is the unit normal of
3. We classify all {-translators invariant by a one-parameter group of
rotations of H3, exhibiting the existence of a new family of grim reapers.
We use these grim reapers as barriers to prove a half-space theorem of
the non-existence of £-translators included in vertical half-spaces.

1. INTRODUCTION AND RESULTS

Let ¥ be an orientable smooth surface and ¥ : ¥ — H® an isometric im-
mersion in hyperbolic space H?. The mean curvature flow (MCF in short) is a
differentiable map ¥ : ¥ x [0,7) — H? such that if ¥, = U(—,t), then ¥y = ¥
and %t = H(U;)N(¥;), where H(¥;) and N(¥;) are the mean curvature and
the unit normal of U, respectively [1, 4]. Our interest are those surfaces whose
shapes evolve along the MCF by translations along a direction of H3. These
surfaces are called translating solitons of the MCF, or translators for short. In
Euclidean space R?, translators ¥ along a direction v € R? are characterized
by H = (N, v), where H and N are the mean curvature and the unit normal of
Y, respectively. Translators appear in the singularity theory of the MCF after
a blow-up near type II singularities, according to Huisken and Sinestrari [12].

In the hyperbolic space, the same notion of translator can be stated by
considering the flow of isometries of H? determined by a Killing vector field
X € X(H?). Geometrically, the shape of a translator does not change during
the evolution along the one-parameter group of isometries generated by X. In
general, we call this surface a X-translator to emphasize the vector field X. In
contrast with the Euclidean space, the hyperbolic space is richer in terms of
Killing vector fields since the flow of isometries generated by such fields have
different geometric properties. Next, we recall the different isometries of H3
following [7]. In H? there are spherical rotations (a geodesic is pointwise fixed),
hyperbolic translations (two points of the ideal boundary H2_ are fixed) and
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parabolic translations (a point of H3_ is fixed). We remark that Do Carmo and
Dajczer referred to all of these three isometries as rotations, but in our set-
ting and commonly in the literature, by rotations we mean spherical rotations
and by translations we refer to either hyperbolic or parabolic ones. A surface
invariant by spherical rotations (resp. hyperbolic or parabolic translations) is
said to be spherical (resp. hyperbolic or parabolic).

Translators of the MCF whose shape evolves by spherical rotations and by
hyperbolic translations have been recently studied in [15]. In this paper, we
investigate translators that evolve by parabolic translations, which have not
been previously studied in the literature. In order to handle these translators,
consider the upper half-space model of H?, that is (R%,(,)), where R} =
{(z,y,2) € R3: 2 > 0}, (,) is the hyperbolic metric

<7> = 72<7>ea

z

and (,)e = dx? + dy? + dz? is the Euclidean metric of R3. The ideal boundary
M3, is the one-compactification of the plane of equation z = 0. In this model,
the vector field

(1) ¢ =ad, +bd,, abeR

is a Killing vector field whose flow of isometries are parabolic translations of H?.
Geometrically, these parabolic translations correspond to horizontal Euclidean
translations in the direction of the horizontal vector (a,b,0).

Definition 1.1. Let ¢ € X(H?) be a Killing vector field given by (1). An
immersed surface ¥ in H? is a &-translator if its mean curvature H satisfies

(2) H = (N,¢).

The aim of this paper is to initiate the study of {-translators and to obtain
non-existence and uniqueness results. The first step is the classification of
&-translators invariant by a one-parameter group of rotations or translations
of H3. A classification in all its generality of invariant ¢-translators under
any translation or rotation seems hopeless. When we turn our attention to an
analog situation in R?, non-trivial translators of the MCF invariant by rotations
only appear when the rotation axis is parallel to the translation direction. This
also happens in other geometric frameworks such as in the product spaces
M2 x R [2, 17] or the Lorentz-Minkowski space [14]. Finally, in the work [15] of
considering the Killing vector field of hyperbolic translations, the authors also
restrict to specific isometries that have a geometric relation with their vector
field in order to study invariant examples. Inspired by these situations, in this
work we will restrict ourselves to the following translations and rotations that
have a geometric relation with the Killing vector field &:

(1) (Hyperbolic isometries) Group of hyperbolic translations along the ver-
tical geodesic orthogonal to &;
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(2) (Parabolic isometries) Group of parabolic translations that are also
horizontal Euclidean translations;

(3) (Spherical isometries) Group of spherical rotations about an axis or-
thogonal to &.

In order to save notation and for clarity reasons in the exposition of the results,
hereinafter we simply say parabolic or hyperbolic translations and spherical ro-
tations, and they should be understood as one of the particular aforementioned
isometries.

The first result is the classification of hyperbolic and spherical &-translators.

Theorem 1.2. (1) Let X be a complete &-translator invariant by hyper-
bolic translations. Then, X is a totally geodesic plane containing the
two points at H3_ fized by the hyperbolic translations.

(2) There are no spherical rotational £-translators.

At this point, it is natural to consider the group generated by the compo-
sition of a spherical rotation and a hyperbolic translation, which leads to the
notion of a helicoidal motion and to investigate £-translators invariant by this
group. In Euclidean space, helicoidal translators of the mean curvature flow
were classified in [10]. In hyperbolic space, helicoidal spherical and hyperbolic
translators were studied in [15] where, in addition, the authors proved that
both families of surfaces coincide. However, we prove that there do not exist
&-translators of helicoidal type. This extends (2) of Thm. 1.2.

Theorem 1.3. There are no helicoidal £-translators.

We remark that according to the program established in this paper, the
helicoidal motions are the composition of specific spherical rotations and hy-
perbolic translations.

As a consequence of Thms. 1.2 and 1.3, it remains to study &-translators
invariant under parabolic translations. After an isometry of H?, any surface
invariant by parabolic translations can be realized as a cylindrical surface of
]Ri whose rulings are horizontal lines. By analogy with the Euclidean case, we
give the following definition.

Definition 1.4. A &-grim reaper is a {-translator invariant by parabolic trans-
lations.

Our first main result is a classification of the £-grim reapers. Up to a rotation
about the z-axis, which only changes the constants a and b in (1), we suppose
that the direction of the rulings of a parabolic surface is (0,1,0). In such a
case, the surface can be parametrized by

(3) U(s,t) = (x(s),t,2(s)), selCR,teR,
where s is the Euclidean arc-length parameter of the planar curve «f(s) =

(z(s),0,2(s)). The classification of the £&-grim reapers is given in the following
result. See Fig. 1.
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Theorem 1.5. Let be £ = a0, +b0y, a,b € R, and ¥ a complete {-grim reaper
parametrized by (3).

(1) If a = 0, then H = 0 and X is either a vertical plane parallel to
&, or belongs to a one-parameter family, parametrized in terms of the
mazximum height to the x-azxis. The generating curve of each example
s a strictly concave graph on the x-azis and intersecting orthogonally
such an axis at two points.

(2) If a # 0, then ¥ belongs to a one-parameter family, parametrized in
terms of the maximum height to the x-axis. The generating curve of
each example is a bi-graph on the x-axis and both graphical components
converge to the x-axis as t — 0.

FIGURE 1. The two types of generating curves of £-grim
reapers. Left: the vector field is §£ = J,. Right: the vector
field is & = 9, + bd,. The model of H? is the half-space model.

The last part of the paper concerns to obtain uniqueness and non-existence
results of {-translators. For that matter, we take advantage from the fact that
locally &-translators are solutions to a quasilinear elliptic PDE and the maxi-
mum principle applies. From this fact we use the £-grim reapers constructed in
Thm. 1.5 as barriers to derive the desired results. A first result is inspired by
the celebrated half-space theorem for minimal surfaces of Hoffman and Meeks
[11], that establishes that planes are the only properly immersed minimal sur-
faces in R? contained in a half-space. We extend this result for ¢-translators of
H3. Since the vector field ¢ given in (1) depends on the parameters a and b,
and because the £-grim reapers theirselves are contained in a half-space, it is
expectable that the sign of a or b has to be taken in account to fix what is the
vertical half-space that we are considering. On the other hand, it is natural
to consider vertical half-spaces because of the definition of the vector field &.
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A similar situation appears with an analog vertical half-space theorem in the
Heisenberg group [6].

Theorem 1.6. Let § = a0, +b0, and Il C Ri be the vertical plane of equation
x = x9. Then there are no properly immersed &-translators contained in the
vertical half-space

(1) O™ ={(z,y,2) E R} : z < zo}, if a>0;

(2) Ot ={(z,y,2) € RY: & >z}, if a < 0.

This paper is organized as follows. In Sec. 2 we prove Thms. 1.2 and 1.3,
while in Sec. 3 we prove Thm. 1.5. It is of special relevance the proof of the
case a # 0, for which we study the qualitative properties of the generating
curve of a &-grim reaper by means of a phase plane analysis. In Sec. 4, we
prove Thm. 1.6 together other results of non-existence. To be precise, we prove
non-existence of properly immersed {-translators in the convex side of a Killing
cylinder (Thm. 4.4), and give conditions on the existence of compact graphical
&-translators over a domain in a vertical plane (Props. 4.5 and 4.6). Due to the
variety of translators and grim reapers that can be defined in H?, an Appendix
has been added to summarize the literature concerning it.

2. PROOF OF THEOREMS 1.2 AND 1.3

In the upper half-space model of H? there is a relation between the mean
curvature H of a surface ¥ and its Euclidean mean curvature H,., when X is
regarded as surface isometrically immersed in Ri. This relation is

(4) H(z,y,z) =zH.(z,y,2) + (N%s(x,y,2), (x,y,2)€ X,

where N€ is the Euclidean unit normal of ¥ and the subindex ()3 denotes the
third coordinate of the vector.

2.1. Proof of Theorem 1.2. We distinguish between hyperbolic and spherical
rotational surfaces.

First, assume that ¥ is a hyperbolic surface. Consider the group of hyper-
bolic translations along the vertical geodesic orthogonal to the vector field £.
Then such a hyperbolic translation is an Euclidean homothety from a point of
the ideal boundary of H?, which can be assumed to be the origin O. Therefore
the corresponding group is

H=A{(z,y,2) = t(x,y,2) : > 0}.
Consequently, ¥ can be parametrized as the radial graph of a curve a(s) =
(z(s),y(s),1), that is,
U(s,t) =ta(s) = t(xz(s),y(s),1), s€lICR, teR
Suppose that s is the Euclidean arc-length parameter. The Euclidean mean
curvature H, and unit normal N€ are
la|? (o x a, ') o X a

H, = © . N°¢= .
2t(|a)2 — (o/, )2)3/2 (le2 = (', )2)1/2
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Since N = zN*, then (N, &) = +(N¢,¢).. Thus (2) is

(o X a,&)e
—

As this equation holds for any ¢ € R, we deduce that the left hand-side of (5)
vanishes identically, that is, H = 0. The same occurs for the right hand-side of
(5), so (& x @, &) = 0, which implies that « is a horizontal line parallel to the
vector (a,b,0). This proves that X is a plane of R through O. Therefore ¥ is
a totally geodesic vertical plane if the curve s — (z(s),y(s),0) passes through
O, or ¥ is an equidistant plane in other case. Because the mean curvature of
an equidistant plane is not zero, the result holds.

Now, we assume that ¥ is a spherical surface. As stated in the Introduc-
tion, the spherical rotations S considered are those that leave pointwise fixed
a geodesic orthogonal to &; we assume such a geodesic to be the z-axis. Thus,
the elements of S are simply Euclidean rotations about the z-axis, being

\a|g<o/ X a, o)
) 2|2~ (o, a)2)

€

+(a/ x a); =

S ={(z,y,2) = (zcost —ysint,xsint + ycost, z) : t € R}.
Thus, a parametrization of a spherical rotational surface ¥ is
U(s,t) = (x(s) cost,z(s)sint, z(s)), se€lCR,teR,

where a(s) = (x(s),0, z(s)) is the generating curve. In the sequel we will in-
distinctly say rotation axis or z-axis. We assume again that s is the Euclidean
arc-length parameter, hence o/(s) = (cos6(s), 0, sin 6(s)) for some smooth func-
tion @ = 6(s). A straightforward computation shows that Eq. (2) writes as

/ !/
z (9' + Z) +a2' = —Z—(acost + bsint).
2 x z

Since the functions {1, cost,sint} are linearly independent and a, b are not both
identically zero, we deduce that the left hand-side is zero, that is, H = 0, and
from the right hand-side, we have z’(s) = 0 for all s € I. This implies that « is
a horizontal Euclidean straight line and ¥ is a horosphere. However, the mean
curvature of a horosphere is H = 1, obtaining a contradiction.

2.2. Proof of Theorem 1.3. The proof is by contradiction. First, we need a
suitable parametrization of a helicoidal surface. Here we follow [15, Sect. 4].
Recall that a helicoidal surface about the z-axis is a surface invariant by the
one-parameter subgroup of rigid motions of H? which are the composition of a
rotation around the z-axis with a hyperbolic translation, being such isometries
elements of H and S as defined in the proof of Thm. 1.2. A parametrization
of a helicoidal surface X is given by

(s, t) = e(ea(s),1), s€ICR, teR,

where a(s) = (z(s),y(s),1), s € I, is a curve contained in the horosphere z = 1
and parametrized by arc-length. The constant h > 0 is called the pitch of the
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surface. Then the mean curvature H and the unit normal of ¥ are given by

p (hli(<h2 + 1)r? + h?) — (b1 — p)

m=5 2(h2 + (7 + hu)?) N (TM“))’

N=p <e“n,—7 + hu)> .
h
Here x and n are the curvature and the unit normal of «, respectively,
B B h
H= <Oé7 n>e7 pP= \/m?
and r? = 72 + p?. Since n(s) = —y/(s)0; + 2/(s)9y, it follows

(N,€) = e " ple''n, ad, + bd,).

= e 2"y ((—ay + ba') cost — (az’ + by) sint).

7= {(a,a)e,

Thus, equation (2) becomes
H
=2t 4 (ay’ — bx') cost + (ax’ 4 by')sint = 0.
p
Since the functions {e?"*, cost,sint} are linearly independent, then the coeffi-
cients must vanish on its domain I C R. In particular, we conclude H = 0 and
(N,&) = 0. From (N,¢) = 0 we deduce that X is a vertical plane orthogonal

to &, which it is also minimal. However, this surface is not helicoidal. This
contradiction finishes the proof.

3. PROOF OF THEOREM 1.5

In this section we prove Thm. 1.5 obtaining a full classification of the &-
grim reapers of H®. Let ¥ be a parabolic surface in H3. As stated in the
Introduction, the group of parabolic translations P considered are those whose
flow of isometries are also horizontal Euclidean translations. After a rotation
about the z-axis we can assume that the group is determined by the horizontal
direction (0,1,0) € R3, that is,

P ={(x,y,2) — (x,y,2) +t(0,1,0) : t € R}.

Hence, a surface invariant by P is a ruled surface of Ri whose all rulings are
horizontal straight-lines parallel to (0,1, 0).

We can parametrize ¥ by (3) where a(s) = (z(s), 0, z(s)) is parametrized by
the Euclidean arc-length. Then 2’ = cos 6, 2’ = sin # for some smooth function
6 = 0(s). The Euclidean mean curvature and unit normal of ¥ are H, = 6'/2
and N¢ = (=2/,0,2'). If ¥ is a &-grim reaper, according to (4), equation (2) is

9/ ZI

(6) a5t = —a—.

At this point, we distinguish if @ vanishes or not.



8 ANTONIO BUENO, RAFAEL LOPEZ

3.1. Case a = 0. Equation (6) implies H = 0. Parabolic surfaces of H? with
H = 0 were classified in [7, 9]. For completeness, we describe these surfaces. If
x' = 0 at some point, then the solution of (6) is 6(s) = 0, « is a vertical line
and ¥ is a totally geodesic plane parallel to (0,1,0). Suppose now 2’(s) # 0
for all s. Then « is a graph z = z(z) on the z-axis, and (6) is

2" 2
(™ 1+22 2z
In particular, the curve « is a strictly concave graph. Multiplying (7) by 2’
and integrating, there is a positive constant ¢ > 0 such that 1 + 22 = cz~*.
Hence, it can be deduced that « is symmetric about a vertical line and that «
intersects orthogonally the z-axis at two points. See Fig. 1, left. We denote
this &-grim reaper by G°(zg) indicating the maximum height 2o of a to the
x-axis.

Remark 3.1. Equation (7) appears in the context of singular minimal surfaces.
More exactly, solutions of (7) are —2-catenaries following the terminology of
[16, Prop. 1] and their shapes are well known. See also [5].

3.2. Case a # 0. After a reflection about a vertical plane and a hyperbolic
translation we assume a = 1, hence £ = 9, +b9,. From (6) the following system
is fulfilled

2’ = cosf

(8) 2z =siné

2
0 = = (sinf + z cosb).
Note that the first equation of (8) can be obtained from the second and third
ones, and that the parameter b does not appear. We define

R={(2,0): 2> 0,0 € R}.

Denote the orbits of (8) as v = (z,0), indicating the height z and the angle
0. By uniqueness, two distinct orbits in R cannot intersect, and the Cauchy
problem of (8) ensures the existence of an orbit passing through each initial
solution (zp,6p) € R. We point out that every orbit defines a generating curve
a of a {-grim reaper and backwards. This correspondence allows to translate
some geometric properties of a to the analytic behavior of its corresponding
orbit v, and vice-versa. The following result is straightforward and its proof is
omitted.

Proposition 3.2. The following properties hold.
(1) If v(s) = (2(s),0(s)) is an orbit, then F(s) = (z(—s),0(—s) — m) is
also an orbit. In particular, any orbit can be moved by translations
(2,0) = (z,0+km), k € Z. Consequently, we will restrict the coordinate
0 to lie in 0 € (—m/2,7).
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(2) The curve T := RN {z = T'(0)}, where T'(§) = —tanb, corresponds
to points of o with vanishing Euclidean curvature. It only appears for
0 € (=7/2,0] U (7/2, x| and has the lines 0 = —7w/2 and 0 = 7/2 as

asymptotes.
(3) By periodicity, we define the phase plane of (8) as
(9) ©={(2,0) e R: 2>0, 0 € (—7/2,—arctan z)}.

(4) The lower component of I' and the line 8 = 0 divide © into mono-
tonicity regions where each coordinate function of an orbit is strictly
monotonous (Fig. 2, left). In particular, we conclude by periodicity
and monotonicity that we can restrict the study of the orbits to those
that intersect the line § = 0.

FIGURE 2. Left: the set R and the same orbit up to discrete
translations in the #-direction. The phase plane © has been
highlighted in blue. Right: the phase plane and the orbit
passing through (2,0), whose corresponding generating curve
a has maximum height 2 and was depicted in Fig. 1, right.

The first result depicts the global behavior of the orbits and of the corre-
sponding generating curves.

Proposition 3.3. If zg > 0 then there exists a unique orbit v,, passing through
(20,0), which converges to z = 0 as |s| increases. The corresponding generating
curve o, converges to z =0 and has Euclidean height zg.

Proof. Given zy > 0, consider the solution a,, of (8) with initial conditions
x(0) =0, 2(0) = 2z¢ and #(0) = 0, and let ,, denote the corresponding orbit.
The initial conditions yield that at s = 0 the height function of «,, attains
a local maximum. Indeed, '(0) = —2/22 < 0, 2/(0) = 0 and for s > 0 close
enough to s = 0 the orbit «,, lies in the region § < 0 and z > —tan6, hence
0’'(s) < 0. By continuity, v, ends up intersecting I' at some instant sg > 0
where 0’(sg) = 0, hence «, has vanishing curvature at s = sg. Then, 6'(s) > 0
for s > sp since v,, lies in the region z < —tan6. Consequently, ., ends up
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converging to the boundary component z = 0, and the motion of the orbits
in the phase plane forbids ~,, to converge to (0,—m/2). On the other hand,
for s < 0 close enough to s = 0, 7, lies in the region 6 € (0,7/2) and when
s < 0 further decreases it can behave in two ways: either v,,(s) — (0, 0,) with
0. € (0,7/2], or 7., intersects the line § = 7/2 at some s; < 0 and then ends
up converging to (0, 6.) with 6. € (7/2,7].

In the first case, a,, is always a graph on the z-axis because ' = cos@
never vanishes. In the second case, o, fails to be a graph precisely at s = s;
because 2’(s1) = 0, but it can be expressed as a vertical bi-graph whose both
components are smoothly joined at x(s1). In both cases, the maximum height
of o, is zp at z = 0. O

After this proposition we know that when s diverges, at least one of the ends
of any orbit of © must end up converging to some (0, 6,). The following result
restricts the possible values of 8, and the behavior of the parameter s.

Proposition 3.4. Let v(s) be an orbit and assume that v(s) — (0,0,) as
s — Sy. Then 0, =0 and s, = oo, or 0, =7 and s, = —o0.

Proof. Let 7y, be the orbit passing through (z9,0) at s = 0. Arguing by
contradiction, assume that ,, converges to some (0,6,) with 6, # 0, .

First, assume that s increases from s = 0, hence 6, € (—n/2,0). Thus
Z'(s) =sinf(s) — sinf, < 0as s — s, < oo. In fact, s, < 0o because otherwise
0z, which is arc-length parametrized, would eventually cross the line z = 0,
a contradiction. Therefore, o, (s) — (24,0) as s — s,, with z, = z(s.) and
z(s4) = 0. Fix some Z € (0, z,) with z, —% < 1 and let § such that £ = x(§). In
the interval (8, s.), we write ., (s) as a graph a — (2,0, u(x)) with z € (&, ).
Then, Eq. (2) becomes

" 2 2 i
(10) w2 W
1+ u'? u  u?
Integrating from & to x, we have

arctan ' (z) = _2/; ﬁdt + ﬁ + A(%), A(%) = arctan (%) — u(QL%)

By the mean value theorem, there is ¢, € (Z, ) such that

(11) arctanu’(x) = —é(m—fc)—i—%—f—A(f).

Now, let x, / ., , € (&,2.) and name ¢, = ¢,,. Bearing in mind that
u(epn) > u(x,) because u is strictly decreasing, we get from (11)

2 2 oy e = @) +2
u(cn)( nE)+ u(xy,) +A@) > u(zy,)

Letting x,, — x., we obtain

arctan v/ (z,) = + A(%).

arctan u’(x,) >
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which is a contradiction since the left-hand side is negative while the right-
hand side diverges to oo. This contradiction ensures that -,,(s) — (0,0) as
s increases. In fact, s — oo since otherwise s — s, < oo and then a,,(s) —
(z,0), arriving to the same contradiction.
To prove that v,,(s) — (0,7) as s = —o0, we follow a similar argument. If
0. € (0,7/2] then 2’ = cosf # 0, and consequently there is z, < 0 such that
0, is a graph z — (z,0,u(x)) for z € (x,,0), with «”(x) < 0 and «/(z) > 0.
Note that if 6, = 7/2, then a,, would intersect orthogonally z = 0, failing to
be a graph at this intersection point. However, we just need to express a,, as
a graph in the open interval x € (x,,0). An integration of (10) from z to 0
and the mean value theorem for integrals yields
2z 2 2
+ - )
u(ee)  ul@)  u(0)
The left-hand side is a bounded function. However, if x — z, the right-hand
side diverges to oo, a contradiction. If 6, € (7/2,7), now a,, is a bi-graph
whose lower component is again a strictly convex graph that converges to z =0
at a finite point. The contradiction is the same as the one exposed in the proof
of 0, € (—m/2,0), concluding that ~,,(s) — (0,7) as s — —oo. This concludes
the proof of Prop. 3.3. ([

arctanu’(r) = —

¢z € (z,0).

Now we are in position to prove the case a # 0 in Thm. 1.5. From Props.
3.3 and 3.4 we know the configuration of any orbit in the phase plane. Given
zo > 0 there is a unique curve a,, whose Euclidean height is zp at z = 0 and
o, can be expressed as a bi-graph whose components converge to z = 0 as
x — 00. The corresponding parabolic surface G(zg) is a £-grim reaper fulfilling
all the properties stated in Thm. 1.5. See Fig. 1, right.

Remark 3.5. We finish this section with some observations concerning the
proof of Thm. 1.5.

(1) In order to indicate the dependence on a, let & = ad, + b0, and let
G%(z0) be the corresponding &,-grim reaper according to the notation of
Thm. 1.5. Fix ag > 0 and take zy > 0. Then G*(2q) varies continuously
between G° and G for a € [0, ag]. See Fig. 3.

(2) If a < 0 the corresponding &-grim reapers have the similar properties,
but now they converge to z =0 as x — —o0.

(3) We know that the generating curve of a -grim reaper is a bi-graph over
z = 0 and has a point of vertical tangent, pg, where both bi-graphs are
smoothly glued together. This point is unique and it is character-
ized for having the smallest z-coordinate. This provides an alternative
parametrization of the family of £-grim reapers by the height of pg.

4. RESULTS OF NON-EXISTENCE OF £-TRANSLATORS

In this section, we will use the properties of £&-grim reapers to prove the
non-existence of certain £-translators. For this, we will employ the maximum
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FIGURE 3. The 1-parameter family of £,-grim reapers as a €
[0,a0]. The ends of each G*(zp) tend to be concave graphs
converging orthogonally to the ideal boundary z = 0.

principle of solutions of elliptic equations for Eq. (2). In contrast to the
Euclidean space, it is not known if {-translators are minimal surfaces in a
weighted space in the sense of Ilmanen [13] (a similar situation occurs for x-
translators, see [15]).

Lemma 4.1 (Tangency principle). Let 31 and X be two connected §-translators
and assume that they are tangent at some p € X1 N Yo, around. If 3y lies at
one side of ¥o, then ¥1 = Xq in the largest neighborhood of p in 31 N Xa.

Proof. If we express locally the two surfaces as graphs of two functions u; and
ug on the (z,y)-plane, the difference function u = u; — ug, u = u(x), satisfies

(u+ aug + buy).

di Du 1
\ =—
1+ |Du|? u?y/1 + |Dul?

Writing this equation as > a;;(Z, u, Du)D;ju + b(Z, u, Du) = 0, we have

_ 1+ |Dul?
b(Z,u, Du) = %(u + auy + buy).
Since b(Z, u, Du) is non-increasing on the variable u for each fixed (Z, Du), the
maximum principle of quasilinear equations can be applied ([8]). O

Remark 4.2. Let be £, = a0, + b0y, denote by G* a £,-grim reaper for a # 0
and G° a grim reaper for a = 0 (and hence of H = 0). In Fig. 1, or Fig. 3,
we can move G towards G° by a translation in the direction of the z-axis and
arrive to an interior tangency point. Nonetheless, G° and G¢ are solutions to
different PDE’s and hence the tangency principle is not violated.

We use the &-grim reapers as barriers and the tangency principle to prove
Thm. 1.6.

Proof of Theorem 1.6. Without loss of generality, we assume a > 0 because
the arguments are similar if a < 0. After dilations of H?, let @ = 1. Consider
the plane IT = {# = z¢} and II~ the half-space © < xg9. The proof is by
contradiction, so let ¥ be a &-translator contained in the vertical half-space
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II~. Fix some py € X, take its third coordinate zy and bearing in mind Rem.
3.5 (3), counsider the &-grim reaper G whose points of vertical tangent planes
are at Euclidean height z5. Consider G; = G+1(1,0,0), which are &-translators.
By properness, ¥ has no boundary, nor accumulate at a finite point, hence X
can diverge to z — oo or converge to z = 0, or even both at the same time.
By increasing ¢ ! oo there is some ¢y > 0 such that G;, is contained in the
half-space IT*. Let ¢ \, —oc until £ = ¢; such that ¥ and G;, touch for the first
time. The existence of ¢; is assured because the line {(zg + ¢, 40, 20): t € R}
intersects necessarily G at some interior point. The tangency principle implies
that Gy, and ¥ agree, which it is a contradiction because G;, is not contained
in any half-space II™. This proves Thm. 1.6. (I

As a consequence of this result we find the non-existence of closed (compact
and without boundary) &-translators.

Corollary 4.3. There do not exist closed &-translators.

In the following result, we prove non-existence of {-translators contained in
Killing cylinders. Recall that a Killing cylinder C;, around a geodesic L is the
set of points that lie at a fixed distance of L. The convex side of Cp, is the
component of H? — Cy, that contains L.

Theorem 4.4. If £ = a0, + b0y, then there do not exist properly immersed
&-translators in H® contained in the convex side of a Killing cylinder Cy,.

Proof. By contradiction, suppose that X is a properly immersed &-translator,
contained in the convex side of a Killing cylinder Cy. After a rigid motion of
H?3, we can assume that L is the z-axis. In such a case, Cy, is an Euclidean cone
with vertex the origin of R3 and whose axis is the z-line. Its convex side is its
Euclidean convex side.

Consider the case a # 0 in (1). Fix some zg > z, = infyex 2(p) and let G(zo)
the &-grim reaper given by Thm. 1.5 whose maximum height is z5. Using a
similar notation that in the proof of Thm. 1.6, for ¢ sufficiently large, we have
that G¢(zo) does not intersect the convex side of Cr. Let now ¢ N\, —oco. Then
there is a first time ¢; of contact between ¥ and G;, (z9) at some interior point
because ¥ is proper and has points with height less than zy. Consequently the
tangency principle implies that G;, (z0) and ¥ coincide because both surfaces
are complete. This is a contradiction because G, (zp) is not contained in the
convex side of Cy,.

Suppose now a = 0 in (1). Notice that there must be points p € ¥ with
z(p) # 0 since on the contrary, ¥ would be the vertical plane = 0, which it is
not contained in the convex side of Cr. Let p* € ¥ be a point with x(p*) # 0,
say z(p*) > 0, and let 7 = x(p*)/2. Consider the solutions z) = z)(z) of
(7) where z(z1) = 2(z1 +A) = 0, A > 0, in particular, 2/(£52) = 0. If
A is sufficiently small, then the graphic of z, is outside Cp, or equivalently,
G2(xx)) N Cr = 0. Letting A ' oo the graph of zy is asymptotic to the
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vertical plane of equation z = 1 (see Rem. 3.1; also [5]). Since z(p*) > x1,
there is a first time \g such that G%(z(x,)) touches ¥. The tangency principle
implies that both surfaces coincide, a contradiction.

O

We finish this paper with further results about non-existence of compact &-
translators. Recall that any compact &-translator must have non-empty bound-
ary in virtue of Cor. 4.3. We distinguish the cases a # 0 and a = 0 in (1).
First, assume a # 0. To simplify the notation, we will assume that a = 1.

Proposition 4.5. Let § = 0, +b0y. If ¥ is a &-translator, then the coordinate
function x5, cannot attain a local mazimum at some interior point. In partic-
ular, if 3 is a compact £-translator whose boundary lies contained in the plane
of equation x = xg, then int(X) is contained in the vertical half-space x < xq.

The same result holds if @ < 0 but this time x|y cannot attain a local minima
at an interior point.

Proof. The proof is by contradiction. Instead to use the tangency principle
comparing with &-grim reapers, we only use the ellipticity of Eq. (2). Let
p = (0, %0,20) be an interior point of 3 such that the function Ty attains
a local maximum. In particular, in a neighborhood of p, the surface ¥ is a
graph on the plane of equation x = 0. Let express ¥ as the graph of a function
v =v(y, z). A straightforward computation implies that Eq. (2) becomes

. Dv 2(1 — buy) 2v,
(12) div = — + .
V14 [Dv? 23y/1+|Dv|?>  zy/1+ |Dv|?
Since the function x5 is just the function v = v(y, 2), we know that v, and v,
vanish at (yo, 2z0). Then Eq. (12) is now simply

2
(vyy +v.2) (Yo, 20) = 3
20

However, the fact that v is a local maximum implies (vyy + v..) (Yo, 20) < 0
obtaining a contradiction because zy > 0. (]

For the case a = 0, that is £ = 0y, the above argument does not provide a
contradiction because now the right hand-side in (12) is 0. We now employ the
tangency principle.

Proposition 4.6. Let £ = 0y and X be a &-translator. If the coordinate func-
tion x5, attains a local mazimum (or minimum) at some interior point, then
3 is contained in a vertical plane parallel to the plane of equation x = 0. In
particular, if ¥ is a compact &-translator whose boundary lies contained in the
plane 11 of equation x = xg, then X C II.
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Proof. If p = (20,0, 20) be an interior point of ¥ such that the function x5
attains a local maximum (or minimum), then a neighborhood U C X of p is
a graph on the vertical plane II of equation x = xg and U lies on one side of
II. However II is another &-translator, hence the tangency principle implies
Y CIL O

We point that from Thm. 4.4 or from the first parts of Props. 4.5 and 4.6,
we also conclude the non-existence of closed &-translators (Cor. 4.3).

5. APPENDIX: GRIM REAPERS IN H?

In hyperbolic space there are different vector fields X to consider in (2)
as well as the corresponding notions of grim reapers. Due to this variety of
situations, in this section we summarize the recent developments achieved in
the literature about grim reapers of H3. In this paper we have studied the
case when X is a Killing vector field whose flow of isometries are parabolic
translations. When the flow of isometries are spherical rotations and hyperbolic
translations, the study was carried out in [15]. Another vector fields of interest
are the conformal Killing vector fields, as for example the vector fields 0.,
[3], and —0,, [18]. These vector fields are of interest because 0,-translators
and —0,-translators are the analogs of the Euclidean self-shrinkers and self-
expanders, respectively. In contrast to the vector fields £ and x, 0,-translators
and —0d,-translators are minimal surfaces in a density space in the sense of
Ilmanen [13].

To precise the notion of grim reaper, a X-grim reaper is said to be a X-
translator if it is invariant by parabolic or hyperbolic translations. To simplify
the notation, we write (P, X)-grim reaper or (H, X)-grim reaper, respectively.
We summarize all types of grim reapers in H?.

Theorem 5.1. The X-grim reapers in H> are the following.

(1) (H,§&)-grim reapers and (P,&)-grim reapers have been classified in this
paper: see Thms. 1.2 and 1.5 respectively.

(2) If x is the Killing vector field whose flow of isometries is formed by
spherical rotations or hyperbolic translations, then (H,x)-grim reapers
and (P, x)-grim reapers are classified in [15].

(3) (H,0,)-grim reapers and (P,0,)-grim reapers are classified in [3].

(4) (P,—0,)-grim reapers are classified in [3] and (H, —0,)-grim reapers in
[18].
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