THE CLASS OF GRIM REAPERS IN H? xR
ANTONIO BUENO, RAFAEL LOPEZ

ABSTRACT. We study translators of the mean curvature flow in the product space
H? x R. In H? x R there are three types of translations: vertical translations due
to the factor R and parabolic and hyperbolic translations from H?. A grim reaper
in H? x R is a translator invariant by a one-parameter group of translations. The
variety of translators and translations in H? x R makes that the family of grim reapers
particularly rich. In this paper we give a full classification of the grim reapers of
H? x R with a description of their geometric properties. In some cases, we obtain
explicit parametrizations of the surfaces.
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In the last decades, the theory of mean curvature flow (MCF for short) in Euclidean
space R3 is an active and fruitful field of research, see e.g. [12, 13, 15, 22] for an outline
of the development of this theory. Specifically, let 3 be an orientable smooth surface
and let ¢ : ¥ — R3 be an isometric immersion. Consider a variation of ¥ given by
a one-parameter smooth family of immersions ¢; : 3 — R3¢ € [0,7), T > 0, where
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Yo = 1. We say that {¢; : t € [0,T)} evolves by mean curvature flow if

o,
{ Si = HWON @),

¢0 = 7/%
where H(v;) and N (1/;) are the mean curvature and the unit normal of 1, respectively.
Of special interest are those surfaces that are self-similar solutions to the MCF in the
sense that the surface moves under a combination of dilations and isometries of R®. An
example of self-similar solutions that has received a great interest is when X evolves
purely by translations of the ambient space R?. Specifically, fix a unit vector v € R3.
A surface X is said to be a translator if the MCF evolves by

Yi(p) = ¥ (p) +tv.

Then, H (1¢) and N (1) coincide with the mean curvature H and the unit normal vector
of ¥ respectively. The evolution equation writes then as

H = (N,v). (1)

Translators also are important because they arise in the singularity theory of MCF
after a proper rescaling around type-II singularities [16]. Without aiming to collect all
the bibliography, we refer the reader to [11, 25] and references therein. Examples of
translators are those one which are invariant by isometries of R3. The simplest case is
then the translator is invariant in a spatial direction of R3. In such a case and besides
the plane, the translator is called a grim reaper. A grim reaper is a cylindrical surface
erected over a planar curve which is a solution of the curve shortening flow, the analogy
of the MCF in dimension 2.

A space where it is of interest the study of the MCF is the hyperbolic space H?.
Motivated by a work of Huisken in arbitrary Riemannian manifolds [15], Cabezas-Rivas
and Miquel considered the MCF in H? assuming that the volume is preserved along the
flow [8, 9]. If the initial surface is convex, an interesting question is how the convexity
is preserved or not along the flow and what is the limit. See also [2, 3, 10, 17, 14, 27].
In contrast to the Euclidean case, the study of the analogs of translators of H® has
been unexplored until the last year, when several authors, including the present ones,
approached this problem. Following the motivation from the Euclidean space, for the
definition of translator, it is necessary to consider the two types of translations of H?,
obtaining two types of translators [6, 19]. Each type of translations of H? has associated
a Killing vector field X € X(H?) which is placed in (1) instead of the vector v. Then
a translator with respect to X is characterized by the equation H = (N, X). In H3,
conformal vector fields can be also used in this equation. For some of these conformal
vector fields, the corresponding surfaces satisfying this equation are the analogs of self-
shrinkers and self-expanders of R? [7, 23]. In a more general setting, it was in [1] where
self-similar solutions to the MCF were investigated under the presence of a conformal
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vector field. Some results in H? were achieved in [1] by viewing this space as a warped
product.

The product space H? x R is other space where the MCF is interesting. The im-
portance of this space is because it is one of the eight model geometries of Thurston
[26]. The space H? x R is defined as the Riemannian product of H? with the Euclidean
real line R, endowed with the usual product metric. The product structure defines a
natural projection 7 : H? x R — H? whose fibers are vertical geodesic.

Following with the motivation from Euclidean and hyperbolic spaces, the definition
of translator of the MCF in H? x R consists in replacing the vector v of the right hand-
side of Eq. (1) by a Killing vector field whose isometries are translations of H? x R.
In order to make the definitions, we will consider the upper half-plane model of H?,
that is, the half-plane R = {(x,y): vy > 0} endowed with the metric (,) = y%(,)e,
where (, ). stands for the Euclidean metric in RZ. The ideal boundary HZ is the one-
point compactification of the boundary line y = 0, and consequently, we have the ideal
boundary of H? x R, namely, H? x R.

The product structure makes readily available three Killing vector fields which gen-
erate translations of H? x R.

(1) The vector field 0,. The corresponding isometries are translations along the
fibers. They are called vertical translations. From the Euclidean viewpoint,
they are Euclidean translations (x,y, z) — (z,y,z +t), t € R.

(2) The vector field 9,. Then 9, induces parabolic translations in H2. In our model
for H? x R, they are translations in the direction of the z-axis, (z,y,2)
(r+t,y,2), teR.

(3) The vector field 0, + y0,. The isometries of this Killing vector field are hy-
perbolic isometries. From the Euclidean viewpoint, they are dilations in R?,
(x,y,2) — (e'x, ey, 2), t € R.

Coming back to Eq. (1), it is natural to assume that the role of v can be played by
each one of the above vector fields. This motivates the following definition.

Definition 1.1. Let ¥ be an orientable immersed surface in H? x R. Let H and N be
the mean curvature and the unit normal of >. Then X is called

(1) a v-translator if H satisfies
H = (N,0.), (2)

(2) a p-translator if H satisfies
H = (N, 0:), (3)

(3) a h-translator if H satisfies
H = (N,z0, + y0,), (4)
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The theory of v-translators in H? x R was initiated by the first author in [4, 5]
obtaining the classification of rotational v-translators about a vertical geodesic. The
asymptotic behavior at infinity and several uniqueness and non-existence results were
also obtained. Independently, Lira and Martin [20] investigated v-translators in the
general setting of Riemannian products M? x R, in particular, when M? = H2. In
that paper, they studied rotational v-translators and also v-translators invariant by
hyperbolic and parabolic translations, but a specific geometric description of these
surfaces was missing. More recently, and the same time of the present paper, Lima
and Pipoli have studied v-translators in arbitrary dimension H" x R [18]. They have
extended the notion of v-translators to the so-called translators of the r-mean curvature
flow, where their Killing vector field agree with our Killing vector field 0,. In particular,
they also named parabolic and hyperbolic grim reapers to those v-translators invariant
by parabolic and hyperbolic translations.

Besides the theory of v-translators, in Def. 1.2 we have introduced two new notions
of translators that have not been previously considered in the literature of H? x R.
Although the vector field 0, is a relevant Killing vector field, the Killing vector fields
9, and z0, + y9, coming from the factor H? are equally important from the MCF
viewpoint. So p-translators and h-translators are self-similar solutions of the MCEF in
H? x R that open new perspectives in this field.

As a first contribution to this unexplored theory of p-translators and h-translators, we
give a natural definition of grim reapers in H? x R that extends that of Euclidean space
R3 and is also consistent to the one considered in [18, 20]. Recall that a grim reaper
in R3 is a translator invariant by translations along a spatial direction. The translator
is associated with a Killing vector field of R?, which in this case, it is identified with
v. In our situation, a grim reaper in H? x R is defined as a translator invariant by a
one-parameter group of translations of the ambient space. Consequently, we have to
distinguish the one-parameter group of translations that will define these grim reapers,
and also take into account the vector field that defines the translator equation. The
next definition clarifies this distinction.

Definition 1.2. Let § € {v,p,h}. A vertical (resp. parabolic, hyperbolic) J-grim
reaper is a o-translator invariant by the one-parameter group of vertical (resp. parabolic,
hyperbolic) translations of H? x R.

Since we have three different types of translations and three different types of Killing
vector fields, we have a total of nine different types of grim reapers. In this paper and
for some cases, we are able to integrate the ODE fulfilled by the coordinate functions
of the corresponding generating curve, obtaining explicit examples of translators in
H? x R.

Another vector fields of interest that can be considered in the translator equation
are the conformal vector fields of H?. This gives a new family of translators which has
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not been previously considered in H? x R. So, we replace the Killing vector fields of
Def. 1.2 by particular conformal vector fields. Indeed, motivated by the recent works
[7, 23], we can also define self-similar solutions to the MCF in H? x R that extend the
notions of self-shrinkers and self-expanders. For this, we consider the vectors fields 0,
and —d,, which are conformal in H?.

Definition 1.3. A c,-grim reaper is a surface in H? x R such that its mean curvature
H satisfies

Similarly, a ¢_-grim reaper is a surface that satisfies
H = —(N,0,). (6)

These six new examples of grim reapers together with the nine grim reapers of Def.
1.3 add a total of fifteen types of grim reapers in H? x R. We will adopt the convention
that when use translators we mean all the three types of translators; grim reapers assigns
all types of grim reapers; vertical grim reapers are the vertical d-grim reapers, and so
on.

In this paper we exhibit a full classification of every type of grim reaper. A case
that can be considered as trivial is when the right hand-side of the translator equation
H = (N, X)) is zero, since the surface is minimal (H = 0). This occurs for vertical v-grim
reapers, parabolic p-grim reapers and hyperbolic h-grim reapers (Thm. 3.1). In Table
1 we summarize the profile curves of all the grim reapers. Each row corresponds to a
vector field, being the first three the Killing vector fields and the last two the conformal
vector fields. As for the rows, they indicate the one-parameter group of translations
under which the grim reaper is invariant. A direct consequence is the following:

Theorem 1.4. All grim reapers of H? x R are embedded surfaces.

Another consequence of this classification is that for Killing vector fields, parabolic
grim reapers have explicity parametrizations (Thms. 4.1 and 6.2).

Theorem 1.5. Parabolic 6-grim reapers, with § € {v,p, h} have explicit parametriza-
tions in terms of simple functions.

The organization of the paper is as follows. Section 2 of preliminaries shows the
parametrizations of the surfaces invariant by translations of H? x R. With these
parametrizations, we compute the mean curvature H and the normal vector N. This is
necessary in order to express the translator equation H = (N, X) as ODEs fulfilled by
the coordinate functions of their generating curves. As a consequence of these compu-
tations, in Sect. 3 we revisit the minimal surfaces invariant by a one parameter group of
translations of H? x R, since they appear as trivial cases for some grim reapers (Thm.
3.1). We also classify p-translators and h-translators of rotational type (Thm. 3.2),
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Parabolic Hyperbolic Vertical
yz-plane S1 xR xy-plane

0.
0, Q |
10, + Y0,
; .
= ~_—
9, ,5
) ' ' ' .
| e —L o

TABLE 1. Generating curves of the grim reapers in H? x R

proving that the only such examples are horizontal slices. In Sects. 4, 5 and 6 we clas-
sify the v-grim reapers, p-grim reapers and h-grim reapers, respectively. Subsequently,
in Sect. 7 we study the grim reapers defined by conformal vector fields of H? (Def. 1.4).

2. PRELIMINARIES

The purpose of this section is to investigate the translator equation H = (N, X) for
each of the grim reapers in H? x R, as defined in Definitions 1.3 and 1.4. For that
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matter, we begin by recalling the three types of one-parameter group of translations.
Then, we introduce suitable parametrizations for each grim reaper and compute their
mean curvatures H and their unit normals N. With all these computations we will
stand in position to study individually each of Eqns. (2)—(6).

Starting with the translations of H? x R, each one belongs to any of the following
one-parameter group of isometries:

(1) Vertical translations. These are generated by the Killing vector field 0,. Each
vertical translation is an Euclidean vertical traslation given by

V. H? xR — H? x R, Vi(x,y,z) = (z,y,2+t), teR.

The flow of a point (z¢, yo, 20) under these translations is the vertical straight-
line through (g, yo, 20). This curve is a geodesic of H? x R and its curvature is
0. The one-parameter group is V = {V, : t € R}.

(2) Parabolic translations. They fix a point of H? . Assuming that this point is oo,
they are Euclidean translations

P, -H?> xR — H? x R, Pix,y,z) = (x+t,y,2), teR.

These are generated by the Killing vector field 0,. The flow of a point (g, yo, 20)
under these translations is the horizontal straight-line through (zo,vo, z0) and
parallel to the z-direction, whose projection on H? is a horocycle. The one-
parameter group is P = {P, : t € R}.

(3) Hyperbolic translations. They fix two points H2 . Assuming that both points
are (0,0) and oo, these translations are the Euclidean homotheties

H, H?> xR — H? x R, Hi(x,y,2) = (e'z, ey, 2), teR.

These are generated by the Killing vector field 20, + y0,. The flow of a point
(20, Yo, 20) is the horizontal straight-line through (¢, yo, 20) and (xg, yo, 0), whose
projection on H? is an equidistant line from the origin of Ri. The one-parameter
group is H = {H; : t € R}.
Using the three types of translations of H? x R, we have the corresponding types of
grim reapers given in Def. 1.3.

Our next goal is to introduce suitable parametrizations ¥ = W(s,t) of grim reapers
in order to compute their mean curvatures H and unit normals N. This is necessary
for computing the translator equations (2), (3) and (4). For that matter, we begin by
considering surfaces invariant under the aforementioned translations of R3 x R without
assuming hypothesis on its mean curvature.

(1) Vertical surfaces. The surface is a ruled surface with vertical rulings. Thus
U(s,t) = (z(s),y(s),t), se€lCR, teR. (7)

The generating curve is a(s) = (z(s),y(s)) contained in H? x {0}.
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(2) Parabolic surfaces. The surface is a ruled surface with rulings parallel to the
z-axis of RZ x R. Thus

U(s,t) = (t,y(s),2(s)), se€lCR, teR. (8)

The generating curve is a(s) = (y(s), z(s)) contained in the yz-plane.

(3) Hyperbolic sufaces. The surface is a ruled surface whose rulings are horizontal
half-lines starting from the z-axis. Hence, there exists r = r(s) such that z(s) =
cosr(s), y(s) = sinr(s), where r(s) € (0,7) because of the condition y > 0. A
parametrization for ¥ is

(s, t) = (' cosr(s), e sinr(s), 2(s)), sel CR, teR. (9)

We calculate the mean curvature H and the unit normal N of each of the above
three types of surfaces. We will employ local coordinates (z,y, z) for H? x R. A global
orthonormal frame of H? x R is { £, Fy, E3} where

E, = ya:ca Ey = yazp E3 = az
The Levi-Civita connection V of H? x R is given by

vE1E11 = E27 vE1E12 = _El

and Vg, E; = 0 in the rest of the cases. The mean curvature H of a surface X
parametrized by ¥ = (s, t) is given by the formula

bi1ga2 — 2b12g12 + boagn

H =
2(911922 - gfz)

Y

where
g = (Vs, Uy, g1z = (Us, ¥y)  goo = (Vy, ¥y),
and
bin = (N, Vg, U,), bia= (N, Vg, ), by = (N, Vy,T,).
Now we find H and N of the above surfaces.
(1) Vertical surfaces. Consider a surface ¥ parametrized by (7). Then X is a vertical

cylinder erected over the curve a(s) = (z(s),y(s)). A direct argument show that
the mean curvature of X is H = k,/2, where &, is the geodesic curvature of the

curve «. This is because the vertical rulings are geodesics of Y. However, we
compute H by completeness. We parametrize a by the hyperbolic arc-length

2'(s) = y(s) cosb(s)
{y'<s> — y(s) sind(s), 1o

for some smooth function 6 = 6(s). Then

VU, =cosOFE; +sinfFE,, YV, = L5,
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and
N =sin0FE; — cos 0 Es. (11)
Then g¢;; = d;;. Moreover,
VoV, = —sinf(0 + cos0) By + cos (0 + cos 0) Es,
v\psqjt - v\ptqjt = O
Hence, by; = —0" — cos @ and by = byy = 0. Thus
0" + cos b
5 .

Parabolic surfaces. The surface is parametrized by (8). Consider the curve
a(s) = (y(s), z(s)) parametrized by

y'(s) = y(s) cosb(s)
Z'(s) = sinf(s),

H=- (12)

(13)

for some smooth function 6 = 6(s). Then
1
VU, =cosOF, +sinfFE;, V,=—-F,
Y

and
N =sin0Fy — cos 0 Ejs. (14)
Thus g1; = 1, g12 = 0 and gop = 1/y?. Moreover,

VU, =0 (—sin0FE, + cos 0F3),

Vg VU = —cosOF,
— 1
Vq,t\lft = EEQ
Hence, by = —0', biy = 0 and byy = sin0/y>. Thus
0 —sin@

H=——0—. (15)

Hyperbolic surfaces. Suppose that the surface is parametrized by (9). Consider
the curve a(s) = (cosr(s),sinr(s), z(s)) parametrized by arc-length, that is,

r'(s) = sinr(s) cos p(s
(5) = sinr(s) cos () o)
Z'(s) = sinp(s),
for some function p = p(s). Then
U, = —sinrcos pEy + cosrcos pEy + sin pEs,

U, =cotrky,
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and
N = —sinrsin pE; 4 cosrsin pEy — cos pFs. (17)

Thus g1; = 1, g12 = 0 and g9y = 1/(sinr)%. Moreover,

Vi, ¥, =(p sinrsin p + sinr cos 7(cos p)> — 1’ cos 7 cos p) By

((sinr cos p)* — 7' sinr cos p — p’ cosrsin p)Ey + p' cos pEs
V. U, =(sinrcos p — 1/(cscr)?) By — cosr cos pEy,
Vi, ¥, = — cotrE; + (cot ) E,.

Hence,
b =7,
b1 = sinp (r' cscr — cos p),
bao = cot r csc 1 sin p.
Thus
H = —% (p' — cosrsinp). (18)

3. MINIMAL SURFACES AND ROTATIONAL TRANSLATORS

An immediate consequence of the computations of the previous section is the following
partial classification which states that three of the fifteen types of grim reapers are trivial
because they are minimal surfaces.

Theorem 3.1. Any vertical v-grim reaper, parabolic p-grim reaper and hyperbolic h-
grim reaper is a minimal surface.

Proof. 1t is immediate because in all cases, the normal vector of the surface is orthogonal
to the Killing vector field. 0

Minimal surfaces in H? x R invariant by vertical, parabolic and hyperbolic translation
are known [24]. For completeness, we revisit this kind of surfaces. See Fig. 1.

(1) Vertical minimal surfaces. The generating curve « is a geodesic of H? because
the rulings are also geodesics and the surface is minimal. This means that « is a
half-circle of H? centered at the line of equation y = 0. We can also solve H = 0
from (10) and (12). Then a(s) = (z(s),y(s)) = (c1 tanh(s) + ¢, ¢1/ cosh(s)),
c1 > 0, ¢y, co € R. This curve is a half-circle of radius ¢, in the xy-plane centered
at (cz,0).

(2) Parabolic minimal surfaces. Now (15) yields 6(s) = siné(s). The solution of (13)
isa(s) = (e 29),s >0, 2o € Rand a(s) = (y(s), 2(s)) = (#@,02—1—2 tan~!e?),

c1 > 0, ¢1,co € R. The first curve corresponds with the slice H2 x {2}, 20 € R.
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(3) Hyperbolic minimal surfaces. Now (18) implies that p = cosr sin p. The vertical
plane x = 0 and the horizontal slices are hyperbolic minimal surfaces. In this
case it is not possible to get an explicit integration of (16) in all its generality.
Besides these trivial examples, we assume that ’ and p’ are not null. Dividing
p' = cosrsinp by ' = sinr cos p and after some manipulations and integration
yields

sinr = csin p, c> 0.
We refer the reader to [24] for further details.

FIGURE 1. Minimal surfaces in H? x R invariant by a one-parameter of
translations. Left: vertical surface. Middle: parabolic surface. Right:
hyperbolic surface

Although this paper is focused on grim reapers, it is natural, once two new notions
of translators have been defined in H? x R, to ask about rotational examples. Here
by rotational we mean a surface of revolution about a vertical geodesic. In the case of
v-translators, the classification of rotational v-translators was obtained in [4]. If we now
consider the other two vector fields, that is, p-translators and h-translators, it is natural
to expect that no many examples can exist because the rotational axis is orthogonal to
the Killing vector fields. Indeed, we prove this in the following result.

Theorem 3.2. Slices H? x {20}, 20 € R, are the only p-translators and h-translators
of rotational type.

Proof. Let ¥ be a rotational surface of H? x R. Without loss of generality, we assume
that the rotation axis is the vertical geodesic through the point (0,1,0). We need a
parametrization of ¥ which is a bit cumbersome in the upper half-space model: see
[24]. This parametrization can be found in the more convenient Lorentzian model for
H? x R and carry it to R2 x R. The generating curve of ¥ is a curve a(s) = (y(s), z(s)),
s € I C R, where y(s) € (0,1) for all s € I. The parametrization of 3 is

N 2 (y(s)? — 1) sint 2y(s) (s
Wiet) = ( 2(y(s)* +1 = (y(s)* = D cost) y(s)* + 1 — (y(s)* — 1) cost’ ( )) '
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The value of H is independent on the variable . On the other hand, we compute the
right hand-side of (3) and (4). A first case to consider is that y(s) is a constant function,
y(s) = yo. This means that ¥ is a vertical cylinder over a circle of H?. Letting z(s) — s
and after some computations, we obtain
sint
(N,0;) = —, (N,20, +y0,) = ycost.
)

Since the left hand-side of (3) and (4) is independent on the variable ¢, we arrive to a
contradiction and this case is not possible.

Thus y(s) is not a constant function. This means that we can consider o parametrized
by a(s) = (s, z(s)). By repeating the computations, we have

ssintz’'(s) scostz'(s)

(N,0,) = — . (N, 20, +y0,) =

s22/(s)? + 1 s22/(s)2 4+ 1
In both cases, we conclude that H = 0 and 2'(s) = 0 for all s € I. Thus z(s) is a

constant function, z(s) = zo. Then « is a horizontal line and ¥ is (an open set of ) the
slice H? x {0}. O

4. V-GRIM REAPERS

In this section, we classify the v-grim reapers by distinguishing if they are parabolic
or hyperbolic.

4.1. Parabolic v-grim reapers. The classification of parabolic v-grim reapers has as
result the explicit parametrization of the surface.

Theorem 4.1. The parabolic v-grim reapers of H? x R are parametrized by (8) where

(1)
s —328

a(s) = (y(s), 2(s)) = (evs, NG )- (19)

The generating curve a(s) is an embedded vertical graph whose height function is
unbounded and has a contact point with the ideal boundary H2, xR as s — —oo.
See also [24].

0 1/5 4 1 V/5s
< v/5 sinh \/_s +5cosh(\/_s)) exp{gtan (2(1+\/_tanh 2 ))}’
z(s) —%

5cosh(v/5s) + /5 sinh(v/55) )> |

<tan (;(1 + /5 tanh \/——5)) + log( 10

2
(20)
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The generating curve «(s) is an embedded vertical bi-graph whose height func-
tion z(s) attains a global minimum and y(s) a global mazimum. Moreover, the
surface has two contact points with the ideal boundary H2 x R as |s| — oo.

Proof. Suppose that 3 is a parabolic v-grim reaper parametrized by (8), where the

generating curve « satisfies the equations (13). From (14), we know (N, 0,) = — cos¥.
Using (15), Equation (2) we deduce

0" =2cosf + siné. (21)
A trivial solution of this equation is § = — arctan 2, which yields after integration (19).

If 6 is not constant then

V/5s
),

From this expression of §, we can solve (13), obtaining as solutions (20). The properties
of the surface are immediate by the explicit parametrization of a. See Fig. 2, left and
middle. 0

1
0(s) = 2tan_1(§(1 + /5 tanh

F1GURE 2. The first two pictures show the generating curves of parabolic
v-grim reapers. The last two show the corresponding parabolic v-grim
reapers.

Remark 4.2. Consider v-translators in the space H" x R with coordinates (x, z), x €
H", z € R. In Thm. 11 of [20], the authors prove the existence of v-translators foliated
by horospheres at each hyperplane z = ¢, ¢ € R, (see also [18]). These hypersurfaces
are parabolic v-translators in our notation. In Thm. 4.1 (case n = 2), we have obtained
explicit parametrizations of the surfaces and their main geometric properties.
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As in the Euclidean case R?, we can ask about the existence of tilted v-grim reapers
in the context of H? x R. Recall that in R?, the translators invariant by a one-parameter
group of translations are planes containing the vector v in (1) and grim reapers, non-
planar translators parametrized as ruled surfaces. There are two types of grim reapers.
First, those ones whose rulings are orthogonal to v and where the generating curve
is a grim reaper curve. A second type of grim reapers are when the rulings are not
orthogonal to v. The generating curve is not a grim reaper curve but a suitable dilation
and translation in the parameters of that curve.

Coming back to H? x R, and searching for tilted grim reapers, it is natural to consider
v-translators that are ruled surfaces whose rulings are parallel to a fixed vector v =
(v1,0,v3) in the xz-plane, where vy, v3 # 0. Notice that the vector field v10, + v30, is
a Killing vector field but the flow of the infinitesimal isometries that generate are not
translations of H? x R. Anyway, we can ask for those v-translators parametrized by

U(s,t) = (y(s),z(s)) +t(v1,0,v3), sel,teR. (22)

These translators will be called tilted v-grim reapers. After a reparametrization, we
can suppose in (22) that v; = 1 with vz # 0.

e sy
05 10 15 20

FIGURE 3. Left: the generating curve of a tilted parabolic v-grim reaper.
Right: a tilted v-grim reaper.

Theorem 4.3. Let ¥ be a tilted v-grim reaper parametrized by (22). Suppose that
the generating curve a(s) = (y(s), z(s)) is parametrized by (13). Then the function 0
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satisfies the ODE

1 + 202 cos? Oy?
1+ v3y?

Moreover, X is an embedded vertical bi-graph and has two contact points with the ideal

boundary H2. x R as |s| — oo.

0 = 2cosf +sinf

(23)

Solutions of (23) cannot be obtained explicitly as in the case of (21). In Fig. 3, left,
we show the generating curve of a tilted v-grim reaper, and in Fig. 3, right, we see the
surface of a tilted v-grim reaper. Analogously to the Euclidean case, the generating
curves are similar as in the case that v = (1,0, 0) and whose parametrizations are given
n (20). Again, the surface is an embedded bi-graph with two points at H? x R.

4.2. Hyperbolic v-grim reapers. We now study hyperbolic v-grim reapers. In con-
trast to the parabolic v-grim reapers, we cannot give explicit parametrizations of the
surfaces. To describe the geometric properties of these surfaces, we will study the phase
plane associated to the generating curves. Part of this section coincides with [18] in
their study of the 1-mean curvature flow (see also [20, Thm. 12]).

A first example of a hyperbolic v-grim reaper is the vertical plane of equation x = 0.
Indeed, this surface is invariant by the group H and because its generating curve is the
geodesic x = z = 0, the surface is minimal. Since N is horizontal, then (N, 0,) = 0.
Thus the surface satisfies (2).

For the general classification of the hyperbolic v-grim reapers, we know from Sect. 2
that the generating curve of a hyperbolic v-grim reaper is a(s) = (cosr(s),sinr(s), z(s)),
where 7 and z satisfy (16). From (17), we have (N, 0,) = — cos p, and by the expression
of H in (18), Equation (2) is

p = 2cos p+ cosrsin p.

We study the properties of this ODE system by projecting the solutions into the au-
tonomous second order system

r’ = sinr cos
{ p'=2cosp +psinpcos7“ re(0,7), pe(=m,m). (24)

The phase plane of (24) is the set

0 ={(r,p):re(0,n), pc(—mm},

with coordinates (r,p). The two equilibrium points are (7/2,7/2) and (7/2,—m/2).
These points correspond to the case that the generating curve « is the vertical straight
line z — (0,1,2), z € R, parametrized with increasing height if p = 7/2 and with
decreasing height if p = —m /2. Therefore, the surface is the vertical plane of equation
x = 0. This solution is already known.
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The orbits are the solutions v(s) = (r(s), p(s)) of (24) when regarded in ©, and they
foliate © as a consequence of the existence and uniqueness of the Cauchy problem of
(24) for initial conditions (rg, py) € O.

In virtue of the equations of (24), for any orbit v(s) = (r(s), p(s)) we have r'(s) > 0,
being only zero at the boundary lines p = +7/2. For the coordinate p, we first define
the curve A = {p = A(r)} N O, where

2
A(r) = — arctan ) T #7/2,
cos T

which is a non-connected graph on the r-axis. For r > 7/2, one end of A converges to
the equilibrium (7/2,7/2) when r N\, 7/2 and the other converges to (m,arctan 2). For
r < m/2, one end converges to the equilibrium (7/2, —7/2) when r * 7/2 and the other
converges to (0, —arctan2). If r(s) > 7/2 then p'(s) > 0 if and only if p(s) < A(r(s)).
Analogously, if r(s) < m/2 then p/(s) > 0 if and only if p(s) > A(r(s)).

Next, we see that we can restrict © to r € (0,7/2], p € (—n/2,7/2). First, note
that if v(s) = (r(s),p(s)) is an orbit then F(s) = (r(—s),p(—s) & 7) is again an
orbit. Consequently, if v lies in the strip (7/2,7), (resp. (—m,—7n/2)), then 7(s) =
(r(=s),p(=s) —m), (resp. F(s) = (r(—s),p(—s) + 7)) lies in the strip (—7/2,7/2).
To reduce the variable r € (0,7/2] just bear in mind that the orbits of (24) are anti-
symmetric with respect to the axes r = /2, p = 0. This comes from the fact that if
v(s) = (r(s), p(s)) is an orbit, then Y(s) = (7 — r(—s), —p(—s)) is again an orbit.

In the following result, we classify the solutions (24), given a complete geometric
description of the generating curves. By vertical graph we will mean a graph on the
xy-plane.

Theorem 4.4. Let be vy € (0,7/2] and v,,(s) = (r(s), p(s)) the orbit passing through
(ro,0) at s = 0. Let o, be the curve corresponding to ~,, with initial condition z(0) = 0.
(1) If ro = m/2, then vz/2 is anti-symmetric about the axes r = w/2,p = 0. When
s > 0 increases then o intersects A and vx/2(s) — (m,arctan2) as s — oo.
When s < 0 decreases then yx/2(s) intersects A and v /2(s) — (0, — arctan 2) as

s — —00.
The curve oo 1s a vertical graph and symmetric about the vertical plane

r=0.

(2) There exists . < w/2 such that 7,,(s) — (7/2,7/2) as s — o0, while ., (s)
intersects A and converges to (0, —arctan2) as s — —o0.

The curve ., s a vertical graph converging to the vertical line at the point
(0,1,0) as s — oo, with r(s) — w/2 and z(s) — 0.

(3) If ro € (r4,m/2), when s > 0 increases then 7,,(s) intersects A and converges
to (m,arctan2) as s — oco. When s < 0 decreases then v,,(s) intersects A and
converges to (0, —arctan 2) as s — —oo.

The curve oy, 15 a vertical graph.
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(4) If ro € (0,7,), when s > 0 increases then ~,, lies at the left-hand side of ~,,,

intersects the line p = w/2 where its r-coordinate attains a maximum and then

Yro(8) = (0,7 — arctan2) as s — oo. When s < 0 decreases then ., intersects

A and converges to (0, — arctan 2) as s — —oo.

The curve o, fails to be a vertical graph just at the time sy > 0 for which
p(so) = /2.

In all the cases, oy, ts strictly contained in Ri x [0,00), being tangent at z = 0 ezactly
at the point a,,(0).

Proof. Let ro € (0,7/2], fix the initial condition (ry,0) and let 7,, be the solution of
Eq. (24) such that ~,,(0) = (ro,0).

First, assume 79 = 7/2. Then, 7/, is anti-symmetric about the axes r = 7/2, p = 0.
For s > 0 increasing, both of its coordinates r,p increase until 7,/ intersects I' at
some point (752, — arctan 2_). Then, r keeps increasing and p decreases when

COST /2

Yx/2(8) — (m,arctan2) as s — oo. By the anti-symmetry of v, /,, we conclude that
Yx/2(8) = (0, —arctan 2) as s — —oo. See Fig. 4, left, the orbit in blue. The curve a,/,
associated to /2 is a vertical graph, since 2z’ = sin p in virtue of (16) and |p| < 7/2 and
symmetric about the vertical plane z = 0, as well as the corresponding v-grim reaper.
See Fig. 4, right, the curve in blue. This proves (1).

FIGURE 4. Left: the behavior of the different solutions of (24). Right:
the corresponding generating curves of the v-grim reapers.

Let 79 < 7/2 be close enough to 7/2. Then, 7,, has to intersect [' as s increases
and then converge to (7, arctan 2) by monotonicity. Recall that when 7,, intersects I,
it defines a unique point (7o, — arctan %) Moreover, if ry < r; then ry < 7 since 7,
and 7, cannot intersect. Let us restrict I' to the values r € (7/2,75/5]. By existence
and uniqueness, for each (7o, — arctan ﬁ) € T, there is a unique 9 € (0,7/2] such
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that the orbit ~,, intersects I' at (7o, — arctan cos2?0)' See Fig. 4, left, the orbit in red.
Again,|p| < 7/2 hence «,, is a vertical graph.

When 7y — 7/2, then ry — r, for some r, > 0. We assert that 7, is positive. Indeed,
an orbit «y passing through some (7, 7/2) must end up intersecting the line p = 0 as the
parameter s decreases. See Fig. 4, left, the orbit in orange. The curves associated to
these orbits fail to be vertical graphs, since p(sg) = 7/2 for some sy and hence «;, (so)
is vertical. This proves that r, = 0 cannot happen, since otherwise this orbit and -,
would intersect, a contradiction.

Note that for every (¥, m/2) we obtain a point (ro,0), 79 > 0. Moreover, if 7y < 7
then rg < r1. Again, as 7y — /2 we have ro — 7. At this point, it may happen 7 < r,
and for every ry € [7,r,], the orbit v,, — (7/2,7/2). We prove that this case cannot
occur and therefore 7 = r,.

As usual, let be vz = (7(¢), p(t)) and 7,, = (r.(s), p«(s)) the orbits that pass through
(7,0) and (r.,0), respectively. We use the parameter ¢ to refer to 7; and s to refer to
Yr,. First, see that

1(0) = (sin7,2), AL (0) = (sin., 2).

Moreover, fix some py € (0,7/2) and let tg, so such that :(fo) and ., (so) both intersect
the line p = pyg, that is p(tg) = p«(so). Since 7(tg) < r.(so0), it is immediate that

Geometrically, if we express the orbits v; and ~,, as graphs p = p(r) and p. = p.(r),
then p'(r) > pi(r.). Consequently, it cannot happen that both 7; and ~,, converge
to (7/2,7/2) unless # = r,. This proves the existence and uniqueness of an orbit ~,,
converging directly to (w/2,7/2). See Fig. 4, left, the orbit in brown. The curve a.,
is a vertical graph since |p| < /2, but p(s) — 7/2 as s — o0, hence «,, tends to be
vertical. Since r(s) — 7/2 as s — oo we conclude that ;. converges to the vertical
line z — (0, 1, z). This proves the item (2).

In all the cases, the z-coordinate of the generating curve «,, satisfies z/(s) = sin p(s),
hence 2z’ only vanishes at the instant s = 0 where z(s) attains a minimum. Consequently,
z(s) > 0, which yields that «, is contained in R% x [0, 00) and v, is tangent at z = 0
exactly at a,,(0). This concludes the classification of the generating curves of the
hyperbolic v-grim reapers. 0

The v-grim reapers generated by moving each of their generating curves along hyper-
bolic translations share their same properties. In Fig. 5 we plot the hyperbolic v-grim
reaper corresponding to Thm. 4.4.
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FiGure 5. Examples of hyperbolic v-grim reapers.

5. P-GRIM REAPERS

In this section we classify p-grim reapers. When the surface is invariant by parabolic
translations, we know that the surface is minimal (Thm. 3.1). This case will be
discarded. We begin with vertical p-grim reapers.

Theorem 5.1. Let ¥ be a vertical p-grim reaper parametrized by (7), where the gen-
erating curve a(s) = (x(s),y(s)) satisfies (10). Then
2sin @
0 = —cosh — 2207 (25)
)
Moreover, « is a bi-graph over y = 0 and converges to it as r — 0o.

Proof. We know that z'(s) = y(s)cos0(s), y'(s) = y(s)sinf(s). Then, by the expres-
sion of N and H in (11) and (12), the equation (3) writes as (25). Then # and the
coordinate functions of a are solutions of the nonlinear autonomous system

2’ = ycosd,
Yy = ysinb,
2sin 6
0 = —cos — 7
Y

Since the second equation can be obtained by solving the former and the latter, we
project any solution to the (y, #)-plane and study the system

Yy = ysinb,
2sin 6
0 = —cos — 7
)
At this point, we remark that a similar system appeared in [6] in the framework of
translating solitons in H? with respect to the Killing vector field 9,. The only difference

here with the work [6] is that we now consider a(s) = (z(s),y(s)) parametrized by the
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FIGURE 6. Left: the solutions of the nonlinear autonomous system ful-
filled by the generating curve of a vertical p-grim reaper. Right: a vertical
p-grim reaper

hyperbolic arc-length, and in [6] the curve was parametrized by the Euclidean arc-length
2% +1? = 1. Nevertheless, the discussion for this system is similar to the one depicted
in [6]. We only summarize the main ideas in order to make this proof self-contained.

The function @ can be restricted to lie in 6 € (—7/2, 7); every orbit is defined by the
initial condition (yo,0), yo > 0, where y, stands for the maximum (Euclidean) distance
of the orbit to y = 0; and every orbit is a compact arc converging to the points (0, 0)
and (m,0) as s — 400 respectively. See Fig. 6, left. The generating curve « fails to be
a graph over y = 0 precisely at the instant when the orbit intersects the line 6 = 7/2,
where 2/ = 0. Finally, in [6] it was proved that when the parameter s of any orbit
diverges to oo (resp. —o0), the orbit converges to (0,0) (resp. (0,m)).

Consequently, « is a bi-graph over y = 0. Since the parameter s — +o00 and § — 0, 7,
the curve o cannot converge to y = 0 with a cusp point, hence its z-coordinate satisfies
z(s) = 00 as s — +oo. See Fig. 6, right.

O

We finish this section with hyperbolic p-grim reapers. We find that surfaces are not
only minimal, but actually only horizontal slices.

Theorem 5.2. Slices H? x {2}, 20 € R, are the only hyperbolic p-grim reapers.

Proof. Suppose that ¥ is parametrized by (8), where the generating curve « satisfies
(16). Using (17), we have (N, d,) = e *sinp. From (18), Equation (3) is

p — cosrsinp = —2e "sin p.
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Since this identity holds for all t € R, we deduce H = 0 and sin p = 0. From p = 0, we
have z(s) is constant, z(s) = zy € R. The solution of H = 0 gives the half-circles

x(s) = cos(2arctan e), y(s) = sin(2 arctan e®).

Therefore, ¥ is the horizontal plane of equation z = z, that is, the slice H? x {2,}. 0O

6. H-GRIM REAPERS

In this section we classify h-grim reapers. Recall that the case when the surface is
invariant by hyperbolic translations, then the surface is minimal (Theorem 3.1). In the
following result, we approach the case when the h-grim reaper is vertical.

Theorem 6.1. Let X2 be a vertical h-grim reaper parametrized by (7), where the gen-
erating curve a(s) = (x(s),y(s)) satisfies (10). Then 6 satisfies
2xsinf
Y

Proof. The fact that 6 is a solution to the aforementioned ODE is immediate from
(11), (12) and because (N, z0x 4+ y0d,) = xsinf/y. By (4), the function 6 satisfies (26).
Together (16), the curve « satisfies

0" = cosf — (26)

x' = ycosb,
y = ysiné,
2xsin 6

Y

From this system we see that the generating curve « is symmetric with respect to the
line z =z = 0.

At this point, we cannot project a solution (z,y,6) to an autonomous 2D-system
because of the dependence of both x,y in the expression of ¢'. If we express a(s) as a
graph (z,y(x)), the mean curvature and the product (N, z0, + y0,) are

1 + y/2 + yyll y/

He TtV W N 20,1 y0) = — L,
Ay ) =

0 = cosf —

hence y(x) is a solution of

. 2£C / 1 + /2
= yy)Q( yo) (27)
By the even condition on «, it suffices to consider x > 0. Let us assume initial conditions
y(0) = yo > 0,%'(0) = 0. Then, "(0) = 1/yo > 0 and y() attains at x = 0 a minimum.
Moreover, this is its unique critical point since y'(z) = 0 implies y"(z¢) = 1/y(zo) > 0
and hence would be another minimum, making impossible the existence of a maximum
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or an inflection point. In particular, the right-hand side of (27) is bounded and hence
y(x) is defined for every x € R.

Now, for > 0 increasing the function y(x) also increases. Thus y'(z) > 0 for x > 0
since y'(z) never vanishes again. We claim that y”(z) vanishes at some point and hence
y(x) changes its curvature. Arguing by contradiction, assume that y”(x) > 0 for every
x > 0. By (27) this would imply

y(z) > 2zy/(x), Va > 0.

Now fix some zy > 0 and an integration from zy to x > z( yields

y()
y(o)

At this point, letting xy — 0, we conclude that the left-hand side of this equation is
eventually negative, a contradiction since its right-hand side is always positive. Conse-
quently, y(z) is strictly convex around x = 0 and then changes its curvature at some
xo > 0. See Fig. 7, left for an example of vertical h-grim reaper. O

log x — log zy > 2log

In the case of parabolic h-grim reapers we get an explicit parametrization of the
surface.

Theorem 6.2. The only parabolic h-grim reapers are slices H? x {20}, 2 € R, and
surfaces parametrized by (8), where the generating curve is

a(s) = (y(s), 2(s)) = 2(ci cosh(s),co + tan"' €%), ¢,c0 € R,y > 0. (28)

Each surface is a bi-graph and it is contained between the slices H? x {21} and H? x {z,},
to which it 1s asymptotic.

Proof. Using (14), we have (N, d,) = sinf. From (15), Equation (3) is
§' = —siné.

A trivial solution is a constant function 6(s) = 0. Using (10), they correspond with
horizontal planes of equations z = zy. If 0 is not constant, and after integration, we
find A(s) = 2cot™! e*. Now an integration of (13) yields (28). See Fig. 7, right. Last
statement is consequence of the generating curve (28). For example, after a vertical
translation, we can assume c¢; = 0. Then the change 2z = %talf1 e® changes the
parametrization of a by «a(z) = (Clb%z, z), z € (0,7). This proves that « is a graph on

the z-axis and asymptotic to the horizontal lines of equations z = 0 and z = 7. O
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F1GURE 7. Left: a vertical h-grim reaper. Right: a parabolic h-grim reaper.

7. GRIM REAPERS FROM CONFORMAL VECTOR FIELDS

In the previous sections, we have obtained the classification of all grim reapers sat-
isfying the translator equation H = (NN, X), where X € X(H? x R)) is a Killing vector
field generating vertical, parabolic and hyperbolic translations of H? x R.

In this section we study grim reapers considering now that X is the conformal vector
field 9, and —d, in H?. Here we are studying solutions of equations (5) or (6). The
first result is when the surface is invariant by hyperbolic translations, proving that the
surfaces are trivial.

Theorem 7.1. The only hyperbolic ci-grim reapers are the vertical plane of equation
x =0 and the slices H* X {z}, 20 € R.

Proof. From (17) and the parametrization (9), we have (N,+d,) = +e ‘sinpcotr.
Since the expression of H in (18) does not depend on the variable ¢, we deduce H = 0
and cosrsinp = 0. If r = /2 then the surface is the vertical plane of equation = = 0.
If p =0, then z(s) is constant, z(s) = 2y, and the surface is the slice H? x {2,}. O

We begin by studying the vertical ci-grim reapers. We will see that c,-grim reapers
and c_-grim reapers are similar to the grim reapers that are horo-shrinkers and horo-
expanders of H3, respectively. Both types of surfaces are defined as translators with
respect to the conformal vector fields +0, of H? and were studied in [7] and [23]. In our
setting here, the generating curve is contained in H? and we consider a vertical grim
reaper, whose rulings are orthogonal to the vertical fibers of H? x R. Moreover, the
mean curvature equation is H = (N, £0,), with +0, being a conformal Killing vector
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field of H3. This is the reason why both cases we will simplify the arguments and we
refer to [6, 23] for further and specific details. We begin with c,-grim reapers.

Theorem 7.2. Let ¥ be a vertical cy-grim reaper parametrized by (7) such that its
generating curve a(s) = (z(s),y(s)) satisfies (10). Then ¥ is one of the following
examples:

(1) The vertical plane of equation y = 2.

(2) The vertical planes of equation x = xq, xo € R.

(3) A one parameter family of entire graphs G (yo) on the xz-plane that are periodic
along the x-direction. The value yo indicates the FEuclidean distance of G*(yo)
to the plane y = 0. As yo — 0, then G (yo) converges to a double covering of
a vertical plane of equation ¥ = xo; if yo — 2, then G (yo) converges to the
vertical plane of equation y = 2.

Proof. Using (5), (11) and (12), we find that the function 6 satisfies
cos (2 —y)

Y
If cosf = 0, we obtain the vertical planes of equation x = xq as solutions. From this
equation, the vertical ¢, -grim reapers are determined by this equation and system (10).
On the other hand, multiplying (29) by sinfcos, we have a first integral, namely,
cos = cy?e*¥ for some constant ¢ € R. For the study of solution, it is enough to
consider the autonomous system

J ysiné
< 0 ) = | cosf(2—y)
)
See Fig. 8, left, for a representation of the corresponding phase plane and its solutions.
Notice that (y,0) = (2,0) is an equilibrium point of this system, which corresponds
with the vertical plane of equation y = 2. From now we are in a similar situation that

the study of grim reapers that are horo-shrinkers of H3. We refer to Sect. 3 on [7] to
complete the details. See Fig. 8, right. O

0 = (29)

In case of vertical c_-grim reapers, the study is analogous to the horo-expanders that
are grim reapers: see [23]. Details are skipped and we just plot the corresponding phase
plane (Fig. 9 left), and the c_-grim reapers (Fig. 9, right).

Theorem 7.3. Let ¥ be a vertical c_-grim reaper parametrized by (7) such that its
generating curve a(s) = (x(s),y(s)) satisfies (10). Then
g 08 O(y —2)
Y
Moreover, 33 is one of the following examples:
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F1GURE 8. Left: the phase plane of the vertical c,.grim reapers. Right:
generating curves and the vertical ¢, -grim reapers.

(1) The vertical plane y = 2.

(2) Vertical planes x = xo, xo € R.

(3) A family of surfaces whose generating curves are connected arcs with both end-
points converging to y = 0.

(4) A family of surfaces whose generating curves are connected arcs with ope end-
point converging to y = 0 and its other endpoint converging to oo.

(5) A family of surfaces whose generating curves are connected arcs with both end-
points converging to y = oo.

The last type of grim reapers to consider are the parabolic c4-grim reapers. This will
finish the classification of grim reapers in H? x R. Nonetheless, we see that these grim
reapers are somehow analogous to the vertical cL-grim reapers, since the corresponding
phase planes share the same properties. Figures 10 and 11 show the phase planes and
parabolic ¢ -grim reapers

Theorem 7.4. Let 3 be a parabolic ci-grim reaper parametrized by (8), where the
generating curve a(s) = (y(s), z(s)) satisfies (13). Then the function 0 satisfies
o sinf(y £ 2)
y :

In particular, the phase planes are analogous to the ones depicted in Thms. 7.2 and 7.3
and hence their solutions.

Proof. From (14) and the parametrization (8), we have (N,+d,) = £sinf/y. Then
the result follows from the expression of the mean curvature in (15) and the equations
(5) and (6). The corresponding phase planes are symmetric with respect to the line
0 = 7/2, instead of the line § = 0, but the solutions share the same properties.
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F1GURE 9. Left: the phase plane of the vertical c_.grim reapers. Right:
generating curves and the vertical c¢_-grim reapers.

For instance, parabolic ¢ -grim reapers oscillate between a vertical plane and a double
covering of a horizontal plane, and are periodic surfaces about a discrete group of
vertical translations. In the case of parabolic c_-grim reapers, there are three types
of generating curves: one of them with two endpoints at y = 0; one of them with one
endpoint at y = 0 and the other at y = oco; and the last with bounded distance to y = 0
and a double point at y = oo. O

t I I 1 1
0 1 2 3 4 5 6 7

FIiGURE 10. Left: the phase plane of the parabolic c,-grim reapers.
Right: generating curves and vertical c -grim reapers.
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FiGUure 11. Left: the phase plane of the parabolic c_-grim reapers.
Right: generating curves and vertical c_-girm reapers.
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